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Optimization of Capacitive Membrane Sensors for
Surface-Stress Based Measurements

Banafsheh Sajadi, Hans Goosen, Fred van Keulen

Abstract—Surface stress based measurement is a rela-
tively new mechanism in biological and chemical sensing.
The viability of this mechanism depends on the maximum
sensitivity, accuracy and precision that can be achieved with
these sensors. In this paper, an analytical approximate solu-
tion and a finite element model are employed to describe the
electromechanical behavior of a surface stress based sensor
with capacitive measurements. In the proposed model, a
circular membrane is assumed as the sensing component,
while only a smaller concentric circular area of its surface
is subjected to a change in surface stress. The presented
approximate analytical solution has a good correspondence
with the finite element model and is computationally fast
and accurate enough to be an effective design tool. Based on
this modeling study, we can determine the optimum design
of the sensor to obtain the maximum capacitive sensitivity.
Moreover, we study the effect of this optimization on the
precision of the system in surface stress sensing. This study
shows that the ratio of sensing area to the whole membrane
plays a key role in the overall performance of such a sensor.

Index Terms—Surface stress, Capacitive measurements,
Micro-membrane, Stoney’s formula, Sensitivity, Optimiza-
tion, Precision.

I. INTRODUCTION

The principle of bio-molecular recognition in nano-
mechanical sensors is based on molecular adsorption on
one side of a plate-like component [1], [2]. As a conse-
quence, the surface stress of the component changes and
this leads to deformation of the component. Next, the
corresponding deflection of the system can be measured
and used to estimate the surface stress and, thus, the
amount of molecular adsorption.

Several types of nano-mechanical components, includ-
ing cantilevers, doubly clamped beams and membranes,
are used for biological detection [1], [3], [4]. Can-
tilevers are the most commonly used structures in surface
stress based measurements. They are highly compliant as
compared to other types of structures and their micro-
fabrication technology is well established and simpler
than for membranes [2], [5]. However, when used in liq-
uid environments, cantilever structures may restrain most
types of readout techniques. For example, an electrolyte
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solution around the cantilever allows for Faradic currents
which limit most electric readout techniques. In addition,
due to the high compliance of cantilevers, even a small
flow can affect the cantilever’s deflection to a large extent
[6], [7].

Clamped plates and membranes, on the other hand,
can provide a separation between their detection and
sensing surfaces. Thus, in liquid environments, they
potentially benefit from a wider range of electric readout
techniques [7], [8]. However, compared to cantilevers, a
clamped plate is a relatively stiff structure.This structural
stiffness results from the boundary conditions which re-
strict both the transverse displacement and its derivatives
at the edges. Particularly, in case of a uniform surface
stress loading, it does not show any deformation, and this
leads to a poor sensitivity of the overall sensor [5], [9].
In order to narrow this drawback and to maximize the
sensing signal, the structural parameters of the sensor
should be optimized. The design freedom in such an
optimization is mainly restricted to the dimensions of
the plate, the shape and dimensions of the functionalized
area.

Based on finite elements simulations, it has been
shown that the output signal of surface stress based
capacitive sensors can be improved by adjusting the
geometrical parameters such as the gap between the
electrodes and specially, the size of the sensing or func-
tionalized area [10]–[12]. However, the finite element
simulations are only valid for specific choices of materi-
als and dimensions, and they do not provide any insight
to the problem. In addition, they are generally time-
consuming, expensive. On the other hand, an analytical
solution —if available— can provide a closed form
formulation for calculating the sensitivity of a sensor
with any dimension or material. Therefore, analytical
solutions are usually preferred for design purposes. In
addition, an analytical solution provides more insight to
the mechanics of the device, which is paramount for
its further development. To the best of our knowledge,
no analytical solution is available for calculating the
deflection of a fully clamped plate/membrane arising
from surface stress changes on a part of its surface.

Apart from the sensitivity, there are some other pa-
rameters which have to be considered when evaluating
the suitability of a sensor, such as linearity, repeatability,
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accuracy and precision. Accuracy is the degree of close-
ness of a measured or calculated quantity to its reference
(expected) value. Accuracy is closely related to precision
also called reproducibility. In general, in biological de-
tections, the poor surface coverage of target molecules on
the functionalized area (e.g. due to contamination of the
surface or poor adhesion), might result in a low accuracy
and precision [13]–[16].

It is commonly assumed that if the surface coverage
is uniformly dispersed, the surface stress induced by
the adsorption exhibits a non-linear dependence on the
surface coverage, and it steeply increases when the
coverage is near saturation [1], [17], [18]. However, at
low concentration of target molecules, or when the target
molecules or proteins are large, the distribution of the
coverage might be randomly dispersed or just accumu-
lated in one area [18], [19]. In which case, the surface
coverage is not as uniform, and the theoretical model will
not provide an accurate estimate of the concentration.
In practice, low precision can be tackled by employing
parallel probes in one measurement. However, still a high
reliability of individual sensing components is favorable.

This paper aims to find the optimal design of a
capacitive surface stress sensor with a circular clamped
plate/membrane as its sensing component. First, an ana-
lytical solution is presented to calculate the deformation
of such a plate due to a change in the surface stress,
while this change occurs only on a smaller concentric
area of its surface. Using this study, we can find the
optimum size of the functionalized area in order to create
the maximum deflection.

Next, we present a design for a membrane-based
capacitive sensor for surface stress measurements. Us-
ing the presented solution, the capacitive sensitivity of
this sensor is obtained analytically. Then, to verify the
competence of the approximated solution, the results will
be compared to a detailed finite element solution. Even-
tually, we will discuss the optimized sensitivity of the
membrane-shape sensors in comparison with cantilevers,
and the effects of material and geometrical parameters
on this sensitivity.

Moreover, using the finite element model, we study
the effect of the shape and position of the agglomeration
of target molecules on the ultimate response of these
types of sensors. We show that by optimizing the size of
the functionalized area, in addition to achieving a better
sensitivity, the performance of the sensor with respect to
precision can be improved.

II. ANALYTICAL FORMULATION

In micro-mechanical biological and chemical sensing,
the bonding of measurand molecules to the functional-
ized surface of a plate leads to a change in the surface
stress and as a result to bending of the plate. The

Fig. 1. The thin film and the substrate with different radii, and
an equivalent pretension in the thin film

surface stress variation for plate-like structures is usually
estimated analytically by applying the famous “Stoney”
equation. The latter provides a linear relationship be-
tween the tangential surface stress in the surface layer
and the curvature of the plate [20]. Stoney’s equation,
however, was initially derived for a system composed of
a pre-stressed thin film attached to and fully-covering a
relatively thick substrate with free boundary conditions.

There are many extensions and modifications of
Stoney’s equation to relax some of its simplifying as-
sumptions [21]–[23]. Yet, this equation has not been
extended or modified for a fully-clamped circular plate,
up until now. In this section, we shall derive a closed
form approximate solution for calculating the deflection
of a clamped circular plate due to a change in surface
stress on a circular and concentric smaller functionalized
area of its surface.

An isotropic and homogeneous clamped circular plate
of radius Rs is considered (Figure 1). As a substitute for
the functionalized surface layer, a thin film is assumed
to be attached to the substrate. The shape of the film
is circular and concentric with the substrate. The radius
of this film is Rf and it is subjected to a pretension
which is equivalent to the change in surface stress . The
thickness of the thin film and the substrate are hf and
hs, respectively, where hf

hs
� 1. The Young’s modulus

and Poisson’s ratio of the film and substrate are Ef , νf ,
Es and νs, respectively. The problem is considered to be
axisymmetric and Kirchhoff plate theory is employed. In
all other parameters to be introduced, the subscripts s and
f refer to the substrate and the thin film, respectively.

The chemical reaction between the functionalized
surface and the measurand bio-molecules introduces a
surface stress to the plate. This tangential surface stress
change is modeled with an equivalent tangential stress
resultant (σs) in the thin film. This stress resultant (σs) is
assumed to be isotropic, i.e. similar in radial and angular
directions, and uniform. In the analysis, we can either
consider the tangential stress resultant in the film, or
an equivalent isotropic and uniform in-plane strain εm.
This equivalent strain can be calculated with Hooke’s
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law giving

εm = σs
1− νf
Efhf

. (1)

If we attach the pre-stressed thin film to the clamped
plate, the system will deform to relax the stress in the
film. We analyze the equilibrium state of the film and
the plate after the relaxation, together as one system.

Let uf and us denote the radial displacements at the
mid-plane of the thin film and substrate after relaxation
of the system, and w the out-of-plane displacement in
both. Since the film is relatively thin, the variation of
its displacement and stress components in transverse
direction is negligible. The continuity of displacements
across the film/substrate interface requires:

uf = us −
hs + hf

2

dw

dr
. (2)

Based on Kirchhoff plate theory, the non-vanishing stress
resultant in the thin film and the substrate (Nr and Nθ
in radial and tangential directions) can be calculated as:

Nrf =
Efhf
1− ν2f

(
duf
dr

+ ν
uf
r

) + σs, (3)

Nθf =
Efhf
1− ν2f

(νf
duf
dr

+
uf
r

) + σs, (4)

Nrs =
Eshs
1− ν2s

(
dus
dr

+ νs
us
r

), (5)

Nθs =
Eshs
1− ν2s

(νs
dus
dr

+
us
r

). (6)

The tangential stress couples of the substrate in radial
and tangential directions (Mr and Mθ) can be calculated
by

Mrs =
Esh

3
s

12(1− ν2s )
(
d2w

dr2
+
νs
r

dw

dr
), (7)

Mθs =
Esh

3
s

12(1− ν2s )
(νs

d2w

dr2
+

1

r

dw

dr
). (8)

If we assume the plate and the film, together, as one
laminated plate, the non-vanishing stress resultant in this
structure can be calculated for r < Rf and Rf < r <
Rs, as

Nr =

{
Nrf +Nrs r < Rf ,

Nrs Rf < r,
(9)

Nθ =

{
Nθf +Nθs r < Rf ,

Nθs Rf < r.
(10)

In calculating the tangential stress couples of the system,
the equivalent moment due to presence of the thin film
should be considered. Hence,

Mr =

{
Nrf

hs+hf

2
+Mrs r < Rf

Mrs Rf < r,
(11)

Fig. 2. Cross section of a volume element at the edge of the
film, including the thin film and the substrate, and the associated
stress resultants and couples.

Mθ =

{
Nθf

hs+hf
2

+Mθs r < Rf

Mθs Rf < r.
(12)

For the laminated plate, the equilibrium in radial and
transverse directions can be expressed as [24]:

Nr −Nθ +
dNr
dr

r = 0, (13)

Mr −Mθ +
dMr

dr
r = 0. (14)

Using Equations (9)–(14), we obtain:
Nrf −Nθf +

dNrf

dr
r

+Nrs −Nθs + dNrs
dr

r = 0 r < Rf ,

Nrs −Nθs + dNrs
dr

r = 0 Rf < r,

(15)

and 
hs+hf

2
(Nrf −Nθf +

dNrf

dr
r)

+Mrs −Mθs + Mrs
dr

r = 0 r < Rf ,

Mrs −Mθs + dMrs
dr

r = 0 Rf < r.

(16)

Due to the presence of a discontinuity at r = Rf , the
equilibrium of forces and moments for a volume element
on the edge of the film should be considered separately:

Nr
−
f +Nr

−
s = Nr

+
s , (17)

and,

1

2
(hs + hf )Nr

−
f +Mr

−
s = Mr

+
s . (18)

The superscripts − and + denote the limits of the
functions in Rf from r < Rf and r > Rf , respectively
(see Figure 2). It should be noticed that here, the thin
film stress resultant Nrf includes the driving load σs.

Next, following Equations (2)–(16), the general solu-
tions for the displacement components us and w can be
calculated. Considering that the displacement should be
finite at r = 0, the general solution of the equilibrium
equations is obtained as:

w =

{
C1r

2 + C2 r < Rf ,

C3r
2 + C4 ln r + C5 Rf < r,

(19)
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us =

{
C6r r < Rf ,

C7r + C8/r Rf < r.
(20)

The radial displacement in the thin film (uf ) follows
from Equation (2). The parameters Ci (i=1–8) are
the unknown degrees of freedom to be determined by
satisfying continuity and boundary conditions, and the
equilibrium at r = Rf as expressed by (17) and (18).
Continuity at the edge of the thin film requires:

u+
s = u−s , (21)

w+ = w−, (22)

dw

dr

+

=
dw

dr

−
. (23)

The clamping boundary condition implies:

us|Rs = 0, (24)

w|Rs = 0, (25)

dw

dr
|Rs = 0. (26)

Hence, the unknown constants (Ci) can be calculated.
Because of their complexity, the resulting expressions
are not shown here. If we assume hf

hs
� 1, and if

the stiffness of the two materials is of the same order
of magnitude (thus, higher-order terms of Ef

Es

hf

hs
can

be neglected with respect to 1), the solution for the
displacement field can be simplified to:

w =



3σ
s

h2
s

1−ν2s
Es

[R2
f ln

Rf

Rs

+(1− R2
f

R2
s

) r
2

2
] r < Rf ,

3σ
s

h2
s

1−ν2s
Es

[R2
f ln r

Rs

+
R2

f

2
(1− r2

R2
s
)] Rf < r,

(27)

us =


− 1

2
σs

hs

1−ν2s
Es

(1− R2
f

R2
s

)r r < Rf ,

− 1
2
σs

hs

1−ν2s
Es

(
R2

f

r2
− R2

f

R2
s

)r Rf < r.

(28)

The maximum deflection of the system is at r = 0 and
is equal to

∆w = 3
σs

h2
s

1− ν2s
Es

R2
f ln

Rf
Rs

. (29)

Equation (29) can be looked upon as an extension of
Stoney’s formula for a film and substrate with different
radii, with clamped boundary condition. Obviously if
Rf → 0, no film is left on the substrate and the
deflection equates to zero. Also, if Rf = Rs, the
deflection of the plate would vanish completely. This
suggests the possibility of finding the optimum radius
for the functionalized area which leads to the maximum

deflection of the substrate. This, in turn, may provide
the maximum sensitivity of the sensors (e.g., based on
using optical readout techniques). Clearly, the maximum
deflection is achieved when ∂w|r=0

∂Rf
=0. By solving this

maximization problem, one can show that the optimum
ratio of Rf

Rs
is always Rf

Rs
= 0.606, and the corre-

sponding maximum deflection of the membrane (i.e. its
absolute amount) would be

∆wmax = α
σs

h2
s

1− ν2s
Es

R2
s, (30)

where α = 0.552 (when Ef

Es

hf

hs
� 1). This result

is comparable to Stoney’s solution for deflection of a
cantilever due to a change in its tangential surface stress,
where the thickness of the cantilever is the same as
the membrane and its length is equal to the membrane
radius:

wst = 3
σs

h2
s

1− νs
Es

R2
s. (31)

Equations 31 and 30 imply the maximum deflection
of a membrane, in optimized configuration, would be
0.184(1 + νs) times that of an equivalent cantilever.
The comparison between the sensitivity of cantilevers
and membranes will be discussed in more detail in the
Section “Results and discussion”.

III. SENSITIVITY OF THE CAPACITIVE MEMBRANE

SENSOR

In this section, the sensitivity of a capacitive sensor
for surface stress based measurements is studied. A
simplified model of this sensor with a micro-membrane
as its sensing component is considered. A part of its
surface is coated with a thin metal layer which, in fact,
plays two roles. First, its surface is functionalized with
probe molecules to adsorb the target molecules and sec-
ond, it acts as an electrode for capacitive measurements.
The whole structure is suspended over a conductive pad
which is the other electrode for capacitance measure-
ments. This conceptual design is graphically shown in
Figure 3. The initial capacitance between two straight
and parallel electrodes, can be calculated by

C0 = εrε0
Ae
d
, (32)

where ε0 is the vacuum permittivity, εr is the relative
permittivity of the material between the plates, Ae is
the electrode surface area, and d is the distance between
the electrodes. The adsorption of target molecules on
the metal layer will create a change in its surface stress
which causes the membrane to deflect. After deflection,
the capacitance of the system can be calculated by

C = εrε0

∫
dAe
d+ w

, (33)
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Fig. 3. The schematic of the capacitive sensor for surface
stress measurement, before (top) and after (bottom) the reaction
between the probe and target molecules

where w is the transverse deflection of the thin film (flex-
ible electrode). The sensitivity of the sensor is defined
as the relative capacity change to the input parameter,
i.e., change of surface stress in the functionalized area.
Using (32) and (33), the absolute change in capacitance
can be calculated by

∆C = εrε0π(
R2
e

d
−

∫ Re

0

2rdr

d+ w
), (34)

which can be approximated using the expression for w
in Equation (27), and the electrode radius (Re) can be
replaced by the radius of the thin film subjected to the
change in surface stress (Rf ). If the applied surface
stress change (σs) is small, the response of the sensor can
be linearized and therefore, the sensitivity of the sensor
will be proportional to ∆C/σs.

In order to maximize the sensitivity, the dimensions
of the sensor shall be optimized. Clearly, a higher sensi-
tivity can be achieved by decreasing the initial distance
between the electrodes (d). However, the electrode radius
(Re) has an optimum size which can be calculated
analytically by equating the first derivative of ∆C with
respect to Re (or Rf ) to zero:

∂(∆C)

∂Re
= 0. (35)

It should be mentioned that Re which optimizes the
maximum displacement is different from the one which
maximizes ∆C. The results of this analysis will be
discussed in Section “Results and discussion”.

IV. FINITE ELEMENT MODEL

In order to evaluate the accuracy of the presented
analytical solution, the simple sensor described in the
last section is modeled with finite element software
(COMSOL). The membrane is considered to be Silicon
(undoped) which is a very common choice for MEMS
devices. The electrode is chosen to be gold which is
one of the most used materials for immobilizing bio-
receptors on nanomechanical systems [1], [9], [10], [25].

The gap between the membrane and the bottom electrode
is assumed to be filled with low pressure air. The
mechanical properties of the chosen materials and other
specifications of the model are given in Table I.

The finite element model is 3D, and the mechanics
and electrostatics equations of the system are solved
fully coupled. The Silicon membrane and the thin surface
layer are discretized with tetrahedral solid elements and
triangular shell elements, respectively. The air gap is
also discretized with tetrahedral elements to calculate the
electrostatic field.

The surface layer of the electrode subjected to the
surface stress is modeled with a very thin membrane,
and the surface stress is modeled with a an equivalent
pretension in this membrane. A pretension of 10 mN/m,
which is a typical surface stress caused in biological
reactions, is applied to the surface layer. Then, the
mechanical and electrical response of the system are
calculated. This calculation was performed for different
electrode radii. The results of the FEM calculations and
the proposed analytical solution will be compared in
Section VI.

V. PRECISION OF THE SENSOR

In addition to sensitivity, accuracy and precision are
two other sensor parameters which have to be considered
in its design. Precision refers to the closeness of results
of the measurements, for a similar input, to each other.
Accuracy is the degree to which the average result of
the measurement, conforms to the reference (expected)
value. These two terms are graphically explained in
Figure 4.

In surface stress based measurements, in order to func-
tion as a sensor, the concentration of the target molecules
must be related to the surface stress, which in turn results
in different deflections. As mentioned in the Introduction,
a low density of the target molecules in the environment
results in a partial coverage of the functionalized surface.
Hence, only a part of the functionalized area will be

Fig. 4. A graphic definition of accuracy andprecision of a
sensor.
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TABLE I
MODEL PARAMETERS

Membrane Electrode Gap
Material Silicon Gold Air
Elasticity Modulus 169 GPa 80 GPa
Poisson ratio 0.2 0.3
Radius 125 µm Re
Thickness 0.5 µm 0.025 µm 2 µm
Relative Permittivity 11.68 1 1.006

subjected to the surface stress change. Let us denote the
ratio between this area to the whole functionalized area
as coverage ratio.

Here, we assume that the coverage ratio increases
monotonically with the density of molecules in environ-
ment [17], [19]. So, the coverage ratio is equal to 1, if
the concentration of target molecules is high enough and
the surface is saturated. Otherwise, the coverage ratio is
lower than 1.

When the coverage ratio is less than one, it could
imply a patch wise covering due to the agglomeration of
target molecules in one area. The shape and the position
of this agglomeration can influence the ultimate response
of the sensor. Therefore, the output signal is not only a
function of the coverage ratio, but also its shape, and
this accordingly reduces the precision.

In Section II we showed that if the coverage is
uniform over the functionalized area, a full size electrode
(Re = Rs) will result in very poor sensitivity. However,
when a poor coverage is obtained, the size of electrode
might seem irrelevant. In this section, we briefly study
the effect of the radius of the functionalized area (thin
electrode) on the performance of the sensor in case of
a partial coverage. For this purpose, two models with
different radii of the gold layer, one with maximum
sensitivity and one covering the whole membrane, are
considered. The finite element model employed is similar
to that of the previous section.

The shape of the surface layer (modeled with a thin
membrane) mimics the shape of the agglomeration of
the molecules. In the finite element model this shape is
controlled with a parametrized function as

x = X0Re +Re(Σ
n
i=0Ai cos(is)) cos(s),

y = Re(Σ
n
i=0Ai cos(is)) sin(s),

(36)

where x and y are the Cartesian coordinates and s is
a curve parameter from 0 to 2π. As a matter of fact,
Equation 36 resembles a Fourier Cosine expansion of the
actual shape of the agglomeration of the molecules. The
advantage of the Fourier representation is the level-of-
detail interpretation which is provided by the parameter
i. The low values of this parameter represent the coarse
structure of a shape, while higher values add the details.
In Equation 36, the parameter X0 is introduced to move

the created area out of the center. To study the effect
of the shape of the adsorption area on the output, this
parameter and the parameters Ai (assuming i=1–7) are
varied between 0 to 1 randomly. In addition, if the shape
intersects with the perimeter of the functionalized area
(
√
x2 + y2 > Rf ), only the inner part is subjected to

the surface stress change. Any curve intersecting itself
is skipped in the simulation, automatically.

Next, similar to the previous section, a pretension of
10 mN/m is applied to the surface layer, and deflection
and capacitance of the system are calculated. Figure
5, for example, shows one configuration of this model
before and after deformation. Due to different shapes
of the adsorption area, a range of capacitance change
is obtained for one coverage ratio. In practice, it is
desired to restrict the range of the response in order
to achieve a better precision in the sensor. Therefore,
using the COMSOL model, the effect of the size of

Fig. 5. A part of the Comsol model, including the silicon mem-
brane, the flexible electrode covering the whole membrane, and
the thin layer with a random shape mimicking an agglomeration
of molecules, A) before deformation, and B) after deformation
due to a positive surface stress change.
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the functionalized area on the range of the capacitance
changes is studied.

As a result of the FEM simulations, two factors of
eccentricity and circularity were found to be appropriate
and influential factors, for discussing the shape of the ag-
glomeration of molecules. Circularity (fc) is commonly
used in image analysis and allows us to see how far a
shape is from a circle. This shape factor is defined as

fc =
4πA

P 2
, (37)

where A is area and P is the perimeter of the related
shape. Clearly, this factor is one for a circle and less
than one for any other shape. Eccentricity (fe) is defined
as the ratio of the distance between the center of the
adsorption area and the center of the plate, to the radius
of the functionalized area. The results of this study are
presented and discussed in Section VI.

VI. RESULTS AND DISCUSSIONS

To discuss the effect of the size of the functionalized
area on the sensitivity of a membrane sensor, we consider
the model parameters given in Table I as a test case.
Considering that Silicon is a relatively stiff material (see
Table I), the simplifying assumption Ef

Es

hf

hs
� 1 holds

and consequently, the solution for the displacement field
is very close to the analytical solution presented by (27)
and (28).

Figure 6 shows the deflection for the center of the
plate as a function of the radius of the functionalized area
(electrode). The graphs in this figure are obtained using
the approximate analytical solution and the finite element
model. It shows that the results of the two solutions are
in close agreement which confirms the accuracy of the
presented approximate solution.

It should be noticed that this problem is solved for
a small surface stress of 10 mN/m, which does not
cause a large deflection. Therefore, the results of the
nonlinear finite element model lead to a slightly lower
deflection compared to the linear approximate solution.
Figure 6 clearly shows that the maximum deflection of
the membrane occurs when the radius of the electrode
is 0.6 of that of the membrane. This optimized radius
hardly depends on the choice of parameters, as long as
Ef

Es

hf
hs
� 1.

Figure 7 shows the change in the capacitance of the
sensor as a function of the radius of the functionalized
area (electrode). It should be mentioned that in our
finite element model, the permittivity of the Silicon
membrane and the air gap, and the fringing electric field
around the periphery of the electrodes are all included.
These factors (particularly the permittivity of the Silicon
membrane) cause an absolute difference in capacitance
from those predicted analytically. However, the relative

Fig. 6. Deflection of a silicon membrane due to 10 mN/m
change in surface stress, as a function of the normalized radius
of the functionalized area.

Fig. 7. The normalized capacitance change of the system
and maximum deflection of the curvature due to a change in
surface stress, as a function of the normalized radius of the
functionalized area.

capacitance change is similar for both the FEM and
analytical models.

As can be observed from Figure 7, the sensitivity is
maximum for an optimum radius of the functionalized
area, Re/Rs = 0.76. This optimum radius depends on
the choice of the parameters of the sensor, i.e., materials
and dimensions of the sensor. In order to compare the
effect of the electrode radius on the capacitance and
deflection of the system, the normalized deflection of the
membrane is also shown in Figure 7. The results clearly
show that the optimum radius to maximize the capacitive
sensitivity is different from the one which maximizes the
deflection.

This analysis was also performed for other choices of
materials, while preserving other parameters in Table I.
The normalized deflection and the change in capacitance
are shown in Figure 8 as a function of the radius of
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Fig. 8. A) The maximum deflection of a membranes normalized by the deflection of an equivalent cantilever and B) the normalized
change of the capacitance of the system due a change in surface stress, vs. Young’s modulus of the membrane and the relative
radius of functionalized area. The change in capacitance is normalized by (C0) the capacitance of the system if Re = Rs.

functionalized area and the Young’s modulus of the
membrane. It should be mentioned that for relatively
compliant materials (i.e. smaller Es), the simplifying
assumption Ef

Es

hf

hs
� 1 does not hold and hence, the

graphs in Figure 8 are obtained by the exact solution of
(19)-(26).

Clearly, the sensitivity of a mechanical sensor in-
creases if a more compliant material is employed for
the sensing component. This could also be observed
from Equation (30). In the current case, however, the
optimized size of the functionalized area also depends
to Es, and hence, so does the parameter α in (30).
In order to observe this effect, the maximum deflection
of the membrane, ∆w = w|r=0, is normalized by the
deflection of an equivalent cantilever, as given in (31).

According to Figure 8-A, by optimizing the radius
of the functionalized area, the deflection of a clamped
membrane can be optimized to a minimum of 22 percent
of an equivalent cantilever. For stiff materials, where
Es > 50 GPa (e.g. Si, SiO2, SiN), the optimum radius
is hardly dependent on the material property and the
optimum radius to maximize capacity is Re/Rs ≈ 0.76.
However, this optimum radius and the maximum achiev-
able deflection significantly differ for more compliant
materials (e.g., polymers). For instance, for a Young’s
modulus of Es = 20 GPa, the optimum radius changes
to Re/Rs = 0.54 and the deflection of the clamped
membrane can be optimized to 29 percent of an equiv-
alent cantilever.

Figure 8-B shows the change in capacitance of the
system as a function of the Young’s modulus of the
membrane and the radius of the functionalized area.
It shows that the maximum capacitive sensitivity, and
the associated optimum radius, strongly depend on the

material of the membrane. The overall capacitive sen-
sitivity of the sensor is increased by a factor 10 when
the compliance of the membrane is decreased by only
a factor 8. In fact, the results shown in Figure 8 imply
that this optimization has a better result for materials
with lower stiffness.

It should be mentioned here that if the membrane is
made of a conductive material (like doped Silicon), the
whole membrane serves as an electrode (i.e. Re = Rs).
Then, the gold layer will only provide the functionalized
surface (i.e. Rf 6= Re). In this case, the optimum radius
of the functionalized area (Rf ) to create the maximum
capacity change will be different and can be calculated
based on the solution method proposed in this paper.
For such a case using the test parameters at hand, the
radius of Rf/Rs = 0.71 will maximize the capacitive
sensitivity.

It is noteworthy that the other design parameter which
has an influence on sensitivity is the slenderness of the
membrane (S = Rs

hs
). As Equation (30) shows, the

deflection of the membrane increases monotonically with
the aspect ratio of the membrane. This means that by
increasing the slenderness, the sensitivity of the sensor
will increase. However, this parameter has no influence
on the optimum radius of the electrode for maximizing
the sensitivity of the system.

This analysis was performed based on a full coverage
of target molecules on the functionalized area and a
uniform surface stress change. Next, we discuss how
the optimization of the radius of the functionalized area
can affect the precision for biological and chemical
detections, if the coverage is not full and uniform. Figure
9 shows three differently shaped adsorption areas, though
with similar coverage ratios. Although these examples
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Fig. 9. Three different shape of the surface layer mimicking the agglomeration of molecules on the functionalized area, with
a same coverage ratio of 0.45, and different circularity A)fc = 0.23 and ∆C/Cmax = 2.126 × 10−4, B)fc = 0.52 and
∆C/Cmax = 1.032 × 10−4, c)fc = 1 and ∆C/Cmax = 3.021 × 10−4

Fig. 10. The capacity change for A) Re/Rs = 1 and B) Re/Rs = 0.6, as a function of coverage ratio for different shape-factors
of agglomeration of molecules.

have hyperbolical shapes, they clearly show how a
similar coverage ratio may result in completely different
capacity changes.

Figure 10 shows the normalized capacity change as
a function of the coverage ratio, while considering a
random circularity (and an eccentricity of zero) of the
area subjected to surface stress. The graphs are obtained
for two cases, namely, Re = Rs (Figure 10-A) and
Re = 0.6RS (Figure 10-B). As can be observed, the
maximum capacity change occurs when the shape of the
adsorption is circular, i.e. the shape factor is equal to
one.

When Re = Rs (Figure 10-A), the output of the
sensor has a strong dependence on the shape of the
agglomeration of molecules and this leads to a significant
reduction in the precision of the sensor. First of all,
there is no one-to-one relationship between the capacity
change and the coverage ratio. Second, a similar cover-
age ratio may result in a relatively large range of capacity
change. Moreover, the maximum capacity change occurs
when the coverage ratio is around 0.58, though, the
results indicate that the precision of the sensor is the
worst around this coverage ratio.

When Re = 0.76Rs (Figure 10-B), on the other
hand, the response of the system has a near linear

relationship with the coverage ratio and the maximum
capacity change occurs with the full coverage. Reducing
the size of the functionalized area can strongly confine
the dependency of the capacity change to the shape of
the adsorption area.

Figure 11 shows the range of the capacity change
caused by different eccentricity of the aggregation of
molecules. The results of the FEM simulations show
that for any coverage ratio, the maximum signal occurs
if the aggregation of molecules is concentric at the
functionalized area (i.e. fe is minimum or equates to
zero), and this signal decreases monotonically with the
eccentricity. Therefore, for a similar coverage ratio, a
large range of output signal might be observed. This
is only due to different eccentricities which results in
a very poor accuracy and precision for the sensor (see
Figure 11-A). Clearly, the maximum eccentricity can
be confined by reducing the size of the functionalized
area (see Figure 11-B). In fact, by reducing the size of
functionalized area, the response of the sensor has a near
linear and a one-to-one relation with the coverage ratio
of the target molecules.

In order to clarify the effect of reducing the size of
the functionalized area on the accuracy of the system,
the relative range of capacitance change due to the



PREPARED FOR IEEE SENSORS JOURNAL, JANUARY 2017 10

Fig. 11. The range of the output signal for A) Re/Rs = 1 and B) Re/Rs = 0.76 due to eccentricity of agglomeration of
molecules.

eccentricity of agglomeration of molecules is shown in
Figure 12. It can be clearly observed that for any radius
of the functionalized area, the poorest accuracy can be
expected for the lowest coverage ratio. For instance,
for Re/Rs = 1, when a small cluster of molecules is
adsorbed to the functionalized area, the range of the
response of the sensor is higher than three times its
average response.

The range of the capacitive signal for any coverage ra-
tio can be reduced to a large extent, when the size of the
functionalized area is decreased, which, in turn, increases
the accuracy and precision of the sensor. Evidently, this
increase in the accuracy and precision is limited by the
inherent signal to noise ratio of the sensor, in practice.
Overall, the results of this study shows that by decreasing
the size of the functionalized area, not only the sensitivity
of the surface stress sensors can be optimized, but also,
the linearity, accuracy and precision of the system can
be improved.

Fig. 12. The relative range of capacitance changes, due to
eccentricity of agglomeration of molecules for different radii
of the functionalized area.

VII. CONCLUSION

This paper presented an analytical solution for the
displacement of a membrane subjected to a surface stress
changes in a part of its surface. Using this solution, we
derived the sensitivity of a membrane-shape capacitive
sensor for surface stress measurement. The competence
of the proposed solution was verified by a comparison
with a detailed finite element model. The proposed
analytical solution presents a very accurate, fast and
robust tool that can be used for design purposes.

The results of this study imply that the relative size
of the functionalized area, has a significant influence on
the overall performance of such a sensor. This solution
shows that we can increase the deflection of the circular
membrane-shape sensor up to at least 22 percent of that
of an equivalent cantilever shaped sensor. It is important
to emphasize that using membrane sensors, in compar-
ison to cantilevers, allow us to benefit from capacitive
read-out techniques in liquid environments. Although the
absolute amount of capacity change is small, due to the
high resolution of capacitive measurements, the ultimate
(optimized) sensitivity may be comparable to —or even
better than— cantilevers.

Furthermore, it was noticed that using the proposed
optimized size of the functionalized area, the linearity,
accuracy and precision of the system can be significantly
improved. Consequently, the overall reliability of the
system can be increased.
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