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The research presented in this paper focuses on the effects of structural failures on the

safe flight envelope of an aircraft, which is the set of all the states in which safe maneuver

of the aircraft can be assured. Nonlinear reachability analysis based on an optimal control

formulation is performed to estimate the safe flight envelope using actual aircraft control

surface inputs. This approach uses the physical model of an aircraft, where the aerodynamic

stability and control derivatives are calculated using Digital Datcom. Symmetrical damages

to a Cessna Citation II are considered with 25%, 50%, 75% and 100% spanwise vertical tail

tip losses, leading to gradual shrinkage in the safe flight envelope. Based on the estimated safe

flight envelopes, a discussion on the effects of structural damages and different flight conditions

on the safe flight envelope is presented. In particular, the interpolatibility of the resulting safe

flight envelopes is demonstrated. This property is essential for a novel database driven flight

envelope prediction method; where a database of safe flight envelopes is created offline, later

to be accessed in real time.
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Nomenclature

B = Set of allowable/achievable states and input vectors

b = Wingspan, m

C• = Aerodynamic derivatives

c̄ = Mean aerodynamic chord, m

dx , dz = Perpendicular distance of lost part from new center of gravity, m

f = Nonlinear continuous dynamic system

g1, g2, g3 = Gravity components in wind axes, m/s2

H = Hamiltonian

J = Cost function

J• = Aircraft mass moment of inertia, kg.m2

K, L = Set of states

l = Implicit function

`β• , `r• = Parameters of roll moment polynomial model with angle of attack

m = Mass of aircraft, kg

mdamaged = Mass of damaged aircraft, kg

p = Co-state vector

p, q, r = Body angular rates, rad/s

rz = Thrust moment arm in z−axis, m

S = Wing area, m2

T = Time horizon, s, Total thrust, N

t = Time, s

U = Set of control inputs

u = input vector

V = Velocity, m/s

V, I, R = Viability, invariance and reachability set
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V1, V2 = Value function for viability and invariance

W• = Weights in cost function

x, Ûx = State of the system and time derivative of the state

x, y, h = Flat Earth east, Flat Earth north and Altitude, m

Yp• = Parameters of side force polynomial model with angle of attack

α = Angle of attack, rad

β = Sideslip angle, rad

γ = Flight path angle, rad

∆x , ∆z = Shift in center of gravity, m

δa, δe, δf δr = Aileron, Elevator, Flap and Rudder deflection, rad

ηp• , ηδa• = Parameters of yaw moment polynomial model with angle of attack

ρ = Air density, kg/m3

τ = Time instant, s

φ = State trajectory

φ, θ, ψ = Euler angles, rad

I. Introduction
Air travel is one of the safest modes of transport. This has been possible due to a continuous focus on aviation safety

over the years. A number of studies has been conducted to investigate the causes of in-flight failures and to recommend

the necessary steps to prevent such failures in the future. One such study by CAST/ICAO [1] shows that Loss of Control

(LOC) in flight was the primary cause of fatal accidents in civil aviation. The study presented a statistical analysis of

aircraft accidents during the period of 2006 till 2015 and it is indicated that LOC comprises as much as 23% of all

catastrophic aircraft accidents. LOC entails that the aircraft has left the safe flight envelope [2], which is defined as the

set of all the states for which the aircraft can be safely maneuvered. Structural damage to the aircraft deteriorates the

flying qualities [3], and as a result, the safe flight envelope may shrink and the aircraft may find itself outside of this

changed safe flight envelope, which leads to LOC.

To prevent LOC, it is very important to have knowledge about the restricted safe flight envelope of an impaired

aircraft [4–6], so that it can be ensured that the aircraft does not leave the safe flight envelope. This information can also

be used to improve the pilot’s overall situation awareness significantly [5, 6].
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The flight envelope has been estimated in the literature by means of various methods. The estimation methods

include wind tunnel testing, flight experiments and model based computation of achievable trim points [7, 8] or using

a vortex lattice algorithm coupled with an extended Kalman filter [9]. A more extensive and rigorous method is to

estimate the safe flight envelope by considering it to be a nonlinear reachability problem and to obtain the solution by

numerically solving the Hamilton-Jacobi-Bellman (HJB) partial differential equations or Hamilton-Jacobi-Isaacs (HJI)

equations when the presence of disturbances is considered in the analysis. Reachability analysis allows a very detailed

and accurate estimation of the safe flight envelope, however, the major challenge associated with such an analysis is the

“curse of dimensionality” [10]. Therefore, it limits the application of available numerical tools for online safe flight

envelope estimation to relatively low dimensional problems. To the best of our knowledge, the maximum dimension of

the safe flight envelope that has been estimated offline using the reachability analysis is four [11, 12]. Recently, several

computationally efficient methods have been explored for flight envelope estimation [13].

To circumvent the “curse of dimensionality" associated with the nonlinear reachability analysis, a database approach

toward flight envelope prediction and protection was first introduced by Tang et al. [14], however, the study conducted

in this research was only limited to actuator failure scenarios and did not include actual control inputs, rather a “virtual

input” in the form of angle of attack for the reachability analysis. The same concept has been recently reintroduced

[15–17] and extends the implementation of the database approach to structural damages. The basic principle of the

database approach is that instead of trying to solve the HJB/HJI equations in real time, a database of safe flight envelopes

corresponding to the most often occurring failures is created offline. This offline database is then carried on-board

of the aircraft and, when a failure occurs, the database is accessed to obtain the stored safe flight envelopes that are

closest to the actual failure. These candidate envelopes are interpolated such that they resemble the actual failure case.

The interpolated safe flight envelope is then used by the fault tolerant flight control system to prevent the aircraft from

leaving the safe flight envelope, thereby preventing loss of control. Moreover, this information is also displayed to the

pilot in order to improve the overall situation awareness. Figure 1 shows an overview of the database approach to flight

envelope prediction and protection.

Fig. 1 The database approach with offline (off-board) and online (on-board) segments displayed
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The focus of the current paper is on the offline part of the database approach in order to investigate the feasibility of

this novel method. The objective is to construct a database of safe flight envelopes corresponding to tip loss (in percentage

of span) of the vertical tail at various flight conditions. In particular, the study aims to show how structural failures

affect the safe flight envelope of an aircraft and how these effects can be grouped into categories. This information is of

great significance for the novel database approach to the real time flight envelope prediction and protection. The main

contribution of the current study toward safe flight envelope estimation is that, for the first time, the flight envelope for

the damaged aircraft is estimated using realistic control inputs and aerodynamic models.

The paper is arranged into sections as follows: Section II presents a brief introduction of the topics related to the

safe flight envelope estimation and the reachability set theory. The curse of dimensionality and the possible solutions to

the problem are discussed in section III. An aerodynamic and a mass model of the damaged aircraft is presented in

section IV. Sections V and VI present the trim and the safe flight envelopes for the longitudinal and the lateral motion of

the aircraft respectively. Lastly, a brief conclusion is presented in section VII.

II. Reachability Set Theory and Safe Flight Envelope
The conventional definition of the flight envelope refers to a region of airspeed and altitude where an aircraft is

required to operate or a constrained area in the velocity versus load factor graph [18, 19]. According to this standard

definition, only the quasi-stationary aircraft states are considered in defining a flight envelope. In order to incorporate

the constraints posed on the envelope by the aircraft’s dynamic behavior and for the purpose of avoiding LOC, the safe

flight envelope is formally defined as [20]:

The set of aircraft’s state space for which the aircraft can be safely controlled and loss of control can easily

be avoided.

This set is also referred to as the immediate flight envelope [14] or the dynamic flight envelope [20].

A. Reachability Set Theory

The reachability set theory is widely used in the safety analysis. It studies the behavior of entire sets of trajectories

of dynamic systems and determines whether these trajectories can reach a point from another in a given time.

Consider a continuous time system Ûx = f(x, u, t), a time horizon T ≥ 0, control inputs u ∈ U and a set of states K .

There are three main sets that can be formulated, associated with the set K and the trajectories that lead to K over a time

horizon T [21].

Invariance I(t,K): Set of all the states x(·) for which there exist all the inputs u(·) ∈ U[0,T ] such that x(t) ∈ K for

all t ∈ [0,T].

ViabilityV(t,K): Set of all the states x(·) for which there exist at least one input u(·) ∈ U[0,T ] such that x(t) ∈ K

for all t ∈ [0,T].
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Reachability R(t,K): Set of all the states x(·) for which there exist at least one input u(·) ∈ U[0,T ] and t ∈ [0,T]

such that x(t) ∈ K .

By comparing the above sets, it can be stated that:

I (t,K) ⊂ V (t,K) ⊂ R (t,K) (1)

Moreover, the principle of duality relates the reachability set and the invariant set as follows:

R (t,K) = (I (t,Kc))
c (2)

Figure 2 shows an illustration of these three sets. The smallest of these sets, as stated in Eq. 1, is the invariant set.

It is the set of states, where all the inputs lead to trajectories that remain inside the trim set K throughout the time

horizon T . Next is the viability set, which is the largest subset of the trim set K . It can be seen that there are trajectories

extending outside the trim set K , however, there is at least one input that keeps the trajectory inside the trim set over the

time horizon T . Lastly, the reachability set consists of all the states within and outside the trim set K for which at least

one input u(·) can bring the trajectory to the target set K within a time t ∈ [0,T].

K

I(t,K)

V (t,K)
R (t,K)

Successful Trajectories

Unsuccessful Trajectories

Fig. 2 Invariance (—), viability (- - -) and reachability set (– - –)

The system Ûx = f(x, u, t) can be evolved forward and backwards in time, which gives two further types of reachability

sets; forward and backward reachable sets:

Forward Reachable Set RF(t,K): Set of all the states x(·) for which a control input u(·) ∈ U[0,T ] exists at time

t ∈ [0,T], such that this set can be approached from at least one point in the trim envelope K .

Backward Reachable Set RB(t,K): Set of all the states x(·) for which a control input u(·) ∈ U[0,T ] exists at time

t ∈ [0,T], such that at least one state in the trim envelope K can be reached.

The viability set and the invariant set can be linked to SUPMIN and INFMIN optimal control problems respectively

[21]. Suppose that the open set K is associatedwith the zero level set of a function l : Rn → R by K = {x ∈ Rn | l(x) > 0},
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then the viability set can be given as:

V(t,K) =

{
x ∈ Rn |V1(x, t) = sup

u(·)∈U[t,T ]
min
τ∈[t,T ]

l (φ (τ, t, x, u(·))) > 0

}
(3)

In the above equation φ(τ, t, x, u(·)) is the state trajectory. Similarly, assume a closed set L that is associated with the

level set of a continuous function l : Rn → R by L = {x ∈ Rn | l(x) ≥ 0}, then the invariant set can be expressed as:

I(t, L) =
{
x ∈ Rn |V2(x, t) = inf

u(·)∈U[t,T ]
min
τ∈[t,T ]

l (φ (τ, t, x, u(·))) ≥ 0
}

(4)

It is suggested by Lygeros [21], that the characterization of value functions V1 and V2, given in Eqs. 3 and 4

respectively, can be represented as viscosity solutions to Hamilton-Jacobi partial differential equations. Hence, the

viability set can be written in the form of HJB PDE as:

∂V1

∂t
(x, t) + min

τ∈[t,T ]

{
0, sup

u(·)∈U[t,T ]

∂V1

∂x
(x, t) f(x, u, t)

}
= 0 (5)

And the invariant set is written in the form of HJB PDE as:

∂V2

∂t
(x, t) + min

τ∈[t,T ]

{
0, inf

u(·)∈U[t,T ]

∂V2

∂x
(x, t) f(x, u, t)

}
= 0 (6)

The HJB PDE given by Eqs. 5 and 6 can be solved either as an initial value problem or a terminal value problem in

order to compute a forward or a backward set respectively. Moreover, the principle of duality as defined by Eq. 2 is used

to obtain the reachability set. Eqs. 5 and 6 are solved numerically using the level set toolbox developed in Matlab® at

Stanford University [22, 23], using the algorithm presented by Osher and Fedkiw [24].

B. Safe Flight Envelope as a Reachable Set

The estimation of safe flight envelope as a reachability set problem has been researched in the recent past

[12, 14, 20, 21, 25]. This approach with uncertainty quantification and robustness in the estimated values of aerodynamic

derivatives is also discussed in detail [26, 27]. The idea is to observe the dynamic behavior of the trim states as they

evolve over a certain time horizon T i.e., reachability from the trim envelope. The trim envelope, which is the set of

stable and controllable states, is considered as an a-priori safe set. In terms of reachability, the safe flight envelope is

defined as the set of states that lie in the intersection of forward and backward reachable sets. The forward reachable set

refers to the set of states to which an aircraft can maneuver from the stable trim set. On the other hand, the backward

reachable set (or the survivable envelope [27]) refers to the set of states from where an aircraft can recover back to the

stable trim set. Hence, the safe flight envelope is the intersection between the aircraft’s capability to maneuver from the
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trim set and the ability of the aircraft to come back to the trim set. This is illustrated in Figure 3.

Fig. 3 Safe flight envelope [20]

Note that it is very important to calculate an accurate trim set in order to obtain a correct reachability set. Any

untrimmed state which is part of the initial set will lead to an inaccurate safe flight envelope. Computation of the

trim states has been discussed extensively in the existing literature. A common approach to compute the trim set is to

minimize a cost function using an iterative numerical optimization routine such that the state derivatives are minimized

[28, 29]. The trim solution for six-degree-of-freedom aircraft models has also been computed analytically [30]. The

advantage of such an analytical method is that it gives all the possible trim solutions, however, it is limited to aircraft

models that are linear in control inputs (thrust and control surface deflection). Interval analysis is used to compute the

trim solution for a six degree-of-freedom nonlinear F-16 model in horizontal flight [31]. The interval analysis computes

all the possible trim solutions within a search space. Another approach in trim set computation is based on bifurcation

and continuation methods [32], where the trim states are obtained as function of the control parameters and the stability

of each trim states is evaluated in order to identify the potential bifurcation point.

III. Curse of Dimensionality
Estimating the safe flight envelope as a reachability set using the level set method is computationally expensive; the

time and the memory required grow significantly with an increase in the problem’s dimension. The computational

complexity of the level set method is of the order O
(
Nn+1) , with N being the number of computational grid points and

n the dimension of the problem [13]. It has been suggested by Kitsios and Lygeros [10] that the “curse of dimensionality”

in the reachability analysis can be solved by exploiting the structure of the system dynamics using the principle of

timescale separation and solving the reachability problem in a sequential manner; first for the faster dynamics and then

for the slower dynamics.

Figure 4 shows the structure of timescale separation implemented for a reachability computation by Kitsios and

Lygeros [10]. First, the range of pseudo-controls (V , γ) is computed by defining the reachability problem for the faster

dynamics. In the next step, the viability set for the states with slower dynamics (x, y, h, ψ) has been estimated using the

pseudo-controls (V , γ) and the actual optimal inputs (CL , φ). This allows solving the higher dimensional reachability

problem in two steps of lower dimensional reachability problems (two and four respectively). However, although the
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dynamics have been split into faster and slower dynamics, these six states belong to the low bandwidth dynamics and

are slower than the states belonging to high bandwidth dynamics, such as body angular rates and aerodynamic angles.

The states belonging to fast dynamics will be of interest in case of a structural failure to the aircraft. Moreover, the

reachability computation performed by Kitsios and Lygeros did not consider actual control inputs to the system, but

rather “virtual inputs” in the form of lift coefficient CL and roll angle φ.

Fig. 4 Time scale separation implemented by Kitsios and Lygeros [10]

Lombaerts et al. [27] has suggested a structure that incorporates faster dynamics and includes actual aircraft

control inputs for the reachability computation. This decomposition of aircraft dynamics based on the principle of

timescale separation is presented in Figure 5. Note that the fast dynamics has been further decomposed into high and

middle bandwidth and these two sets are assumed to be decoupled. However, the suggested sequence of reachability

computations for faster dynamics is not feasible when only considering the control surface deflections as inputs for

the reachability analysis. Consider the nine-dimensional equations of motion of an aircraft [33]. Firstly, the rotational

equations of motion in the body-fixed reference frame are given by:

Fig. 5 Time scale separation of aircraft dynamics [27]


Ûp = (c1r + c2p) q + c3

1
2 ρV2SbCl (α, β, p, r, δa, δr ) + c4

1
2 ρV2SbCn (α, β, p, r, δa, δr )

Ûq = c5pr − c6

(
p2 − r2

)
+ c7

1
2 ρV2Sc̄Cm (α, q, δe)

Ûr = (c8p − c2r) q + c4
1
2 ρV2SbCl (α, β, p, r, δa, δr ) + c9

1
2 ρV2SbCn (α, β, p, r, δa, δr )

(7)
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where the moments of inertia are defined as, with Γ = Jxx Jzz − J2
zx :

Γc1 =
(
Jyy − Jzz

)
Jzz − J2

zx Γc4 = Jzx c7 =
1

Jyy

Γc2 =
(
Jxx − Jyy + Jzz

)
Jzx c5 =

Jzz − Jxx
Jyy

Γc8 =
(
Jxx − Jyy

)
Jxx + J2

zx

Γc3 = Jzz c6 =
Jzx
Jyy

Γc9 = Jxx

Secondly, the force equations of motion in the wind-axes reference frame are:



ÛV =
1
m

(
T cosα cos β − 1

2 ρV2SCD (α) + mg1

)
Ûβ = p sinα − r cosα +

1
mV

[
−T cosα sin β + 1

2 ρV2SCY (α, β, p, δr ) + mg2
]

Ûα = q − p cosα tan β − r sinα tan β +
1

mV cos β
[
−T sinα − 1

2 ρV2SCL

(
α, q, δf

)
+ mg3

] (8)

where T is the total thrust and the components of the gravity vector in wind-axes are given by:

g1 = g (− cosα cos β sin θ + sin β sin φ cos θ + sinα cos β cos φ cos θ)

g2 = g (cosα sin β sin θ + cos β sin φ cos θ − sinα sin β cos φ cos θ)

g3 = g (sinα sin θ + cosα cos φ cos θ)

And lastly, the kinematic equations are written as:


Ûφ = p + tan θ (q sin φ + r cos φ)

Ûθ = q cos φ − r sin φ

Ûψ = q sinφ
cos θ + r cosφ

cos θ

(9)

From Eqs. 7 and 8, it can be seen that the p, q, r and V , β, α are dependent upon each other. Therefore, the safe

flight envelope for angular rates (p, q, r) cannot directly be obtained using the reachability computation without the

information about the bounds of the velocity V , sideslip angle β and angle of attack α. Similarly, in order to obtain the

safe flight envelope for V , β and α, we need the information about the safe flight envelope for Euler angles (φ, θ, ψ) and

in order to compute the safe flight envelope for Euler angles, we again require the information of angular rates, see

Eq. 9. It can be concluded that, although the principle of timescale separation is useful for the reachability analysis

involving slower dynamics as suggested by Kitsios and Lygeros [10], it is not feasible and possible to use the same

principle of timescale separation for the faster dynamics. All in all, in order to compute the safe flight envelope of an

aircraft using reachability analysis with actual aircraft control inputs alone, a nine-dimensional reachability problem has
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to be solved, which is infeasible with current computational implementations.

Estimation of the longitudinal safe flight envelope in a reachability framework using the actual aircraft control inputs

(stabilizer deflection and engine thrust) has only been discussed once [12, 20]. Apart from that, in the literature hitherto,

reachability computation has been performed for the slower dynamics and therefore, the angle of attack and the sideslip

angle etc. have been used as the “virtual inputs”. However, the changes in the safe flight envelope of these virtual inputs

due to a structural damage or a system failure is not considered. In the current paper, the safe flight envelope for the

states with fast dynamics has been estimated using the actual control surface inputs.

For the current research, “curse of dimensionality” is addressed by decoupling the dynamics into longitudinal and

lateral dynamics. It should be noted, that the decomposition of aircraft dynamics into longitudinal and lateral dynamics

is based on the assumption that the aircraft is symmetric (Jxy = Jyz = 0). This assumption will no be longer valid in

case of asymmetrical damages and hence the decoupling of flight dynamics into longitudinal and lateral dynamics will

not be possible. Therefore, for the current research only symmetrical damages (spanwise damage to the vertical tail) are

considered. The spanwise damage to the vertical tail along with different flight conditions, will give a substantial insight

into the feasibility of the database approach.

A generalized structure for the safe flight envelope estimation with decoupled dynamics is shown in Figure 6, where

the longitudinal envelope can be obtained by using the control surfaces that affect the motion along the longitudinal axis

and the lateral envelope is computed using the control surfaces along the lateral axis.

Fig. 6 Safe flight envelope estimation using decoupled dynamics

The longitudinal dynamics is further reduced to a three dimensional problem i.e., α − θ − q safe flight envelope is

computed at a fixed velocity V . Flap and elevator deflections (δf , δe) are used as inputs for reachability analysis (Eq.

4) and thrust T is varied to keep the velocity constant ( ÛV = 0). Similarly, the lateral dynamics are reduced to a two

dimensional problem (β − r) by considering p = φ = 0. Rudder deflection (δr ) is used as an input to compute the safe

flight envelope and wings are kept level using aileron deflection δa.

IV. Modeling of the Damaged Aircraft
Solving the reachability problem using the level set method requires a dynamical model of the system, as indicated

by the term f(x, u, t) in Eqs. 5 and 6. One of the key parts of such a dynamic model is the aerodynamic model. In case
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of structural damage to an aircraft, the aerodynamic model parameters, in addition to mass and inertial properties of

the aircraft, can change. Furthermore, changes in the model structure may also arise due to inertial couplings. The

additional parameters that may appear in the model structure of an asymmetrically damaged aircraft can be estimated

either by wind tunnel testing or by a Computational Fluid Dynamics (CFD) analysis. A detailed wind tunnel research

was conducted at the NASA Langley Research Center in order to study the effects on the aerodynamic model parameters

(such as pitching moment coefficient Cm, rolling moment coefficient Cl etc.) of different damage case scenarios to

a conventional transport aircraft [34]. Moreover, Bacon and Gregory from NASA Langley Research Center have

presented a set of equations of motion for an asymmetrically damaged aircraft [35]. In the current research, however,

only symmetrical damages are investigated i.e., spanwise damage to the vertical tail, as mentioned in the previous

section. Model parameters for the nominal and the damaged aircraft are calculated using Digital Datcom [36]. The

Cessna Citation II laboratory aircraft (PH-LAB), Figure 7, is used as a reference aircraft for the damage modeling.

Fig. 7 Cessna Citation II laboratory aircraft

A. Assumptions

Model of the aircraft is required in order to compute the safe flight envelope. To develop a simple model of the

damaged aircraft, certain assumptions are made and are presented as follows:

• The mass of the horizontal tail and the vertical tail is assumed to be 2.5% of the total empty mass of the aircraft

and the mass of the dorsal fin is assumed to be 0.5% of the total empty mass of the aircraft.

• x% damage to the vertical tail entails x% loss in the span of the vertical tail and x% loss in the mass of the vertical

tail.

• In case of 100% vertical tail loss, it is assumed that the complete tail is lost including horizontal tail and the dorsal

fin.

• It is assumed that the damaged part of the vertical tail is a rectangular prism, with thickness equal to the maximum

12



thickness of the airfoil [37] and that the mass of the lost part is distributed uniformly throughout the rectangular

prism

• In Digital Datcom [36], all the distances are measured from the nose of the aircraft. With origin at the nose of the

aircraft, the x−axis is pointing towards the tail, the z−axis is upwards and the direction of y−axis completes the

right hand rule, see Figure 9.

• Digital Datcom does not provide the rudder control derivatives and hence actual values for the Cessna Citation II

obtained from flight data have been used. For the damaged vertical tail, it is assumed that the degradation in

control effectiveness of rudder is linear with the damage i.e., x% loss of vertical tail will lead to x% degradation

in Cnδr , Clδr and CYδr .

B. Effects of Damage on the Geometry and Mass Properties of the Aircraft

1. Change in Vertical Tail Chord Length

It is assumed that the increase in chord length from tip to root is linear, see Figure 8. Therefore, the tip chord of

damaged vertical tail is given by:

ctipdamaged
=

( ctipor iginal
− crootor iginal

boriginal

)
bdamaged + crootor iginal

(10)

b
original

b
damaged

c
tip
original

c
tip
damaged

crootoriginal

Fig. 8 Vertical tail damage

2. Change in the Mass of the Aircraft

From the second assumption, mentioned in the previous section, the mass of the damaged aircraft is given as follows:

mdamaged = moriginal − x% · mVT (11)
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In case of 100% vertical tail loss, the mass of the damaged aircraft is then computed as:

mdamaged = moriginal − mVT − mHT − mF (12)

where mVT is the vertical tail mass, mHT is the horizontal tail mass and mF is the mass of the dorsal fin.

3. Change in the Center of Gravity Location

Due to the symmetrical nature of the damage, the movement of center of gravity in y−body axis is neglected.

Furthermore, it is assumed that the change in center of gravity location is proportional to the loss in mass i.e.,

xc.g.damaged
=

(
mdamaged

moriginal

)
xc.g.or iginal

zc.g.damaged
=

(
moriginal

mdamaged

)
zc.g.or iginal

(13)

The use of different mass ratios is because the center of gravity in x−axis is moving towards the nose of the aircraft and

is moving away from nose in vertical direction due to the vertical tail damage (Figure 9).

4. Change in the Mass Moments of Inertia

Changes in the moments of inertia due to damage are caused by two main factors; 1) change in the position of the

center of gravity and 2) change in the mass of the aircraft. Therefore, both of these factors should be taken into account

for estimating the modified moment of inertia.

Fig. 9 Center of gravity shift due to tail damage (exaggerated view)

Referring to Figure 9, the moment of inertia of the damaged aircraft is estimated by the following formula:

Jidamaged
= Jior iginal

+ mdamaged∆j
2 − (JiLost Par t + mLostPartdj

2)

where i = xx, yy, zz and j = z, z, x

(14)

In the above equation, mdamaged∆j
2 is the correction for the change in the center of gravity location using the parallel
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axis theorem. The moment of inertia for the lost part is then subtracted from the overall inertia.

The physical parameters of Cessna Citation II are summarized in Table 1 for the nominal and the damaged aircraft

as estimated by methods described above.

Table 1 Physical parameters of Cessna Citation II

Vertical Tail Tip Loss [%] 0 25 50 75 100

Mass of Aircraft [kg] 5,500 5,477 5,454 5,431 5,299
Tip chord of VT [m] 1.110 1.465 1.820 2.175 –

Jxx [kg.m2] 26,032 25,779 25,622 25,540 25,280
Jyy [kg.m2] 36,388 36,131 35,966 35,869 35,632
Jzz [kg.m2] 59,818 59,131 58,435 57,726 53,556
Jzx [kg.m2] 2,718 2,301 1,971 1,729 791

xc.g. [m] 6.7800 6.7518 6.7237 6.6955 6.5322
zc.g. [m] -0.0500 -0.0502 -0.0504 -0.0506 -0.0519

Thrust moment arm rz [m] 0.6784 0.6786 0.6788 0.6790 0.6803

S [m2] 30
c̄ [m] 2.06
b [m] 15.9

C. Effects of Damage on the Aerodynamic Parameters

Aerodynamic effects of the structural damages were calculated using USAF Digital Datcom [36]. Digital Datcom

calculates the derivatives of symmetrical aircraft using the methods contained in the USAF Stability and Control

Datcom (Data Compendium) [38]. Digital Datcom allows the calculation of static stability, control device and dynamic

derivative characteristics of various symmetrical configurations at different flight conditions. Digital Datcom has some

operational limitations. One such limitation is that the control derivatives with regards to rudder control surface cannot

be obtained by Digital Datcom, as mentioned in the last assumption in section A. Additionally, attached flow is assumed

for the estimation of dynamic derivatives and hence is only valid for low angle of attack regime. For further details on

Digital Datcom limitations, see section 2.4.5 of Ref. [36].

Based on the aerodynamic parameters that are calculated using Digital Datcom, the following aerodynamic

polynomial model is constructed:

Longitudinal



CL = CL0 + CLαα + CLq

qc̄
2V + CLδ f

δf

CD = CD0 + CDαα + CD
α2α

2

Cm = Cm0 + Cmαα + Cmq

qc̄
2V + Cmδe

δe

(15)
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Lateral



CY = CY0 + CYβ β + (Yp0 +Ypαα)
pb
2V + CYδr δr

Cl = Cl0 + (`β0 + `βαα)β + Clp
pb
2V + (`r0 + `rαα)

rb
2V + Clδa δa + Clδr δr

Cn = Cn0 + Cnβ β + (ηp0 + ηpαα)
pb
2V + Cnr

rb
2V + (ηδa0 + ηδaαα)δa + Cnδr δr

(16)

The last terms in Eq. 16 are the rudder control derivatives and are estimated by the method described in the final

assumption in section A. Furthermore, few of the lateral stability derivatives calculated by Digital Datcom vary with the

angle of attack. Additional parameters of these lateral stability derivatives for a linear model in angle of attack are

defined as follows:
Clβ = `β0 + `βαα

Clr = `r0 + `rαα

Cnp = ηp0 + ηpαα

Cnδa = ηδa0
+ ηδaα α

CYp = Yp0 +Ypαα

(17)

Figure 10 shows the geometry of Cessna Citation II as calculated by Digital Datcom. It can be seen in Figure

10(e), that the 100% tail loss include loss in the horizontal tail, vertical tail and dorsal fin, as mentioned in the second

assumption in section A.

(a) Nominal aircraft (b) 25% VT loss (c) 50% VT loss

(d) 75% VT loss (e) 100% tail loss

Fig. 10 Digital Datcom output of Cessna Citation II

The static and the dynamic stability derivatives that are affected by the vertical tail damage are shown in Figure 11.

From the first plot, it can be seen that with 50% loss of the vertical tail, the aircraft is already directionally unstable,

which can be seen by the negative slope Cnβ . In the second plot, the yaw damping characteristics Cnr exhibit a similar

degrading effect throughout the angle of attack range. The third plot shows the variation of the side force coefficient CY

with the sideslip angle. With the loss in the vertical tail, the sideslip generates less side force compared to the force
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generated for nominal aircraft. Roll stability Clβ is also degrading with vertical tail damage. However, there is almost no

effect of the vertical tail damage on the roll damping Clr . Lastly, it is very interesting to look at the Cmα variation with

the angle of attack. There is an improvement in the static longitudinal stability with the loss of vertical tail, but as soon

as the complete tail is lost, the aircraft becomes longitudinally unstable. The improvement in the static longitudinal

stability with spanwise loss in the vertical tail is due to the fact that the center of gravity is moving forward without the

reduction of horizontal tail surface area and hence making the aircraft more stable longitudinally; whereas, longitudinal

instability with complete tail loss is rather intuitive and self-explanatory.
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Fig. 11 Effects of vertical tail damage (tip loss in percentage of span) on stability derivatives (obtained from
Digital Datcom) at Mach 0.4, sea level

V. Longitudinal Envelope
Longitudinal motion is the motion in the aircraft’s plane of symmetry (x − z plane) and is characterized by the state

variables: velocity V , angle of attack α, pitch rate q and pitch angle θ. Since the lateral motion is not involved, all the

state variables associated with the lateral motion are set to zero i.e.,

β = φ = p = r = 0
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Applying these conditions to the equations of motion described by Eqs. 7, 8 and 9 will result in the longitudinal

equations of motion: 

ÛV =
1
m

(
T cosα − 1

2 ρV2SCD (α) − mg sin (θ − α)
)

Ûα = q +
1

mV

(
−T sinα − 1

2 ρV2SCL

(
α, q, δf

)
+ mg cos (θ − α)

)
Ûq =

1
Jyy

(
1
2 ρV2Sc̄Cm (α, q, δe) − Trz

)
Ûθ = q

(18)

In the above equation total thrust T is assumed to be parallel to x−axis in body-fixed reference frame. Furthermore, in

the moment equation rz is the vertical distance between thrust line and body x−axis and hence the additional term Trz is

the pitching moment generated by Thrust. The model structure of aerodynamic coefficients (CD , CL , Cm) is given by

Eq. 15.

A. Longitudinal Trim Envelope

As described earlier, in order to estimate an accurate safe flight envelope, it is absolutely essential to determine a

correct trim envelope. A trim envelope is the set of stable and equilibrium states for which the state derivatives are equal

to zero i.e., {x|f (x, u, t) = 0, (x, u) ∈ B}, where B represents the bound on the control inputs and the allowable states

where the model is valid.

The trim envelope is commonly estimated by minimizing a cost function for some fixed states. The cost function for

the longitudinal motion that is minimized using the fminsearch function of Matlab® is as follows:

J = WV
ÛV2 +Wα Ûα

2 +Wq Ûq2 +Wθ
Ûθ2 (19)

In the above equation WV , Wα, Wq and Wθ are the weights of V , α, q and θ respectively. The aircraft is trimmed at

symmetric and generic straight flight at various combinations of angles of attack and pitch angles. A two dimensional

grid (α, θ) is set up with constant velocity and zero pitch rate. The thrust is varied to maintain a constant velocity, leaving

the flap and the elevator deflections as free parameters that are varied in order to minimize the cost function defined by

Eq. 19. Table 2 summarizes the grid setup and the optimization parameters for the estimation of the longitudinal trim

envelope for Cessna Citation II. The trim envelope is comprised of only those grid points, for which control inputs are

within the bounds and the following conditions are satisfied:

�� ÛV �� ≤ 1 × 10−4 [m/s2], | Ûα | ≤ 1 × 10−4 [rad/s], | Ûq | ≤ 1 × 10−4 [rad/s2],
�� Ûθ�� ≤ 1 × 10−4 [rad/s] (20)

Figure 12 shows the variation of the longitudinal trim envelope with different altitudes at Mach 0.4. As the altitude

increases from sea level to 10,000 m, a gradual increase in angle of attack and pitch angle is observed. The increase in
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Table 2 Parameters for the longitudinal trim envelope computation

Bounds Grid Resolution Cost Function Weights
T ∈ [4448.2, 22241] [N]
δf ∈

[
0, 40 π

180
]
[rad]

δe ∈
[
−18 π

180, 16 π
180

]
[rad]

α ∈
[
−14 π

180, 14 π
180

]
[rad]

θ ∈
[
−30 π

180, 30 π
180

]
[rad]

q = 0 [rad/s]

αres = 0.01 [rad]
θres = 0.055 [rad]

WV = 10 (for nominal aircraft)
WV = 0 (for 100% tail loss)

Wα = Wq = Wθ = 10

angle of attack can be explained by the fact that as the altitude increases with constant Mach number, dynamic pressure

is decreasing (due to decrease in air density and airspeed). Hence, an increase in the angle of attack is required to

maintain the same aerodynamic forces and moment, such that the state derivatives are zero. Moreover, an increase in the

angle of attack entails that the pitch angle is also increased in order to keep the gravitational force component constant,

see Eq. 18.

Fig. 12 Variation of longitudinal trim envelope with altitude for nominal Cessna Citation II

Similarly, Figure 13 shows the variation of the longitudinal trim envelope with different Mach numbers at sea level.

On this occasion, there is a decrease in angle of attack and pitch angle. This opposite behavior can be explained by

the fact that as the Mach number increases from 0.2 to 0.4 at the same altitude, the dynamic pressure increases, and a

decrease in the angle of attack is required to maintain the aerodynamic forces and moment. Also, the pitch angle has to

be decreased in order to compensate for decreasing angle of attack in the gravitational force term. Figure 14 shows the

longitudinal trim envelope at Mach 0.4 at 10,000 m shaded according to the control inputs thrust T , flap deflection δf

and elevator deflection δe.

Lastly, Figure 15 compares the longitudinal trim envelopes for the nominal aircraft and the damaged aircraft with

100% tail loss. The effect of the vertical tail damage alone, does not affect the longitudinal trim envelope significantly

and therefore only the longitudinal trim envelope for 100% tail loss scenario is discussed. The conditions imposed by

Eq. 20 for the minimization of the cost function defined by Eq. 19 are too strict for trimming the damaged aircraft

with 100% tail loss. Therefore, in order to get a sizable trim envelope for the damaged aircraft with no tail, much more
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Fig. 13 Variation of longitudinal trim envelope with Mach number for nominal Cessna Citation II
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Fig. 14 Longitudinal trim envelope shaded according to control surface deflections at Mach 0.4, 10,000 m

flexible conditions were imposed with WV = 0.

�� ÛV �� ≤ 1 [m/s2], | Ûα | ≤ 5 × 10−2 [rad/s], | Ûq | ≤ 5 × 10−2 [rad/s2],
�� Ûθ�� ≤ 5 × 10−2 [rad/s] (21)

The flexible conditions in the above equation consider accelerations and decelerations, thus does not in fact result in a

trim envelope, but rather a pseudo-trim envelope. It can be seen that even with the flexible conditions of Eq. 21, the trim

envelope has significantly shrunk. This is expected as the complete horizontal tail is lost including the elevator. Figure

15 also shows the contour plot of the longitudinal pseudo-trim envelope for the damaged Cessna Citation II with 100%

tail loss, shaded according to ÛV . It can be seen that the aircraft accelerates with pitch down and decelerates with pitch

up motion. This acceleration and deceleration is due to the flexible condition on ÛV as stated in Eq. 21. With almost

constant angle of attack, any change in pitch angle will require a change in thrust. However, change in the thrust is

limited by the fact that the thrust is generating a pitch down motion. An increase in thrust will cause the aircraft to pitch

down, while a decrease in thrust may cause the aircraft to pitch up, and these pitching motions cannot be compensated.

B. Longitudinal Safe Flight Envelope

In section II, the safe flight envelope was defined as the intersection between the forward and the backward reachable

sets. The forward or the backward reachable set is computed by solving the HJB equation, Eq. 6, as an initial value or a

terminal value problem respectively to get the invariant set and then the principle of duality is utilized, Eq. 2, to obtain
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Fig. 15 Comparison of longitudinal trim envelopes for nominal and damaged Cessna Citation II at Mach 0.4,
sea level

the reachability set. Eq. 6 is solved using the level set method toolbox [22, 23]. The trim envelope K computed in the

previous section is evolved over a time horizon T and is described by the following implicit function:

l (x) = min {x1 − αmin, αmax − x1, x2 − θmin, θmax − x2, x3 − qmin, qmax − x3} (22)

The level set method requires at least one grid point inside the trim set so that the implicit function can be evolved in

time to get a meaningful reachable set. However, the longitudinal trim envelope K is a two dimensional plane (α, θ)

with q = 0 rad/s. Therefore, it is assumed that the states in the near vicinity of q = 0 rad/s are also part of the trim set, to

be specific {q ∈ K | |q | ≤ 0.01 rad/s}, which yields an implicit surface defined by Eq. 22. Moreover, it can be noticed

that l (x) ≥ 0 for x ∈ K and l (x) < 0 for x < K . Table 3 outlines the parameters that are specified for the reachable set

computation.

Table 3 Solver settings for the reachable set computation (longitudinal safe flight envelope)

Parameter Setting

Computational Domain

[
−20 π

180, 20 π
180

]
rad

×
[
−45 π

180, 45 π
180

]
rad

×
[
−45.8 π

180, 45.8 π
180

]
rad/s

Number of Grid points 100 × 100 × 100
Time Horizon 1.0 s

The system defined by the last three equations of Eq. 18 result in a Hamiltonian function of Eq. 6:

H (p, x, u) = p1 Ûα + p2 Ûθ + p3 Ûq (23)

where p in the above equation are the co-states of the value function in Eq. 6: p1 =
∂V2
∂α , p2 =

∂V2
∂θ and p3 =

∂V2
∂q . The

quantity to be minimized in the Hamiltonian of Eq. 23 becomes:

− p1CLδe δe
ρS
2mV − p1CLδ f

δf
ρS
2mV + p3Cmδe

δe
ρSc̄
2Jyy V2 (24)
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The minimizers, δe and δf , depend on the sign of the co-states p1 and p3. Recall that V > 0 and CLδ f
> 0, then the

optimal control inputs for minimizing the Hamiltonian are:

• δe =


δemin if p3Cmδe

ρSc̄
2Jyy V − p1CLδe

ρS
2m > 0

δemax if p3Cmδe

ρSc̄
2Jyy V − p1CLδe

ρS
2m < 0[

δemin, δemax

]
if p3Cmδe

ρSc̄
2Jyy V − p1CLδe

ρS
2m = 0

• δf =


δfmin if p1 < 0

δfmax if p1 > 0[
δfmin, δfmax

]
if p1 = 0

whereas thrust T is varied, such that the velocity V is constant throughout the computational domain of the reachability

analysis and is computed by setting the first equation of Eq. 18 to zero and solving for the thrust. The ranges of the

control inputs are stated in Table 2.

Figure 16 shows the variation of the safe flight envelope with different Mach numbers at sea level for the time

horizon T = 1 s. Clearly, with the increasing Mach number, the aircraft’s maneuverability increases as shown by the

increasing size of the safe flight envelope. Furthermore, it can be seen that there is a noticeable difference between the

forward and the backward reachable sets; there are states that can be reached within T = 1 s, however, coming back to

the trim envelope from the same states is not possible, and vice versa. Another interesting fact to notice here is that

the backward reachable set encompasses and extends beyond the computational domain in the α − q plane. Similarly,

the forward reachable set at Mach 0.4 at sea level, completely encompasses the θ − q plane. It is observed that the

reachability set extends far from the region, where the linear aerodynamic model and/or structural limits are valid.

The variation of the safe flight envelope with different altitudes at Mach 0.4 is shown in Figure 17. As the altitude

increases from sea level to 10,000 m, the safe flight envelope shrinks. With increasing altitude at constant Mach number,

density and airspeed decreases and hence the dynamic pressure drops, which makes the aircraft less maneuverable.

The comparison of the safe flight envelopes for the nominal and the damaged Cessna Citation II is presented in

Figure 18. An enormous reduction in the size of the safe flight envelope with the complete tail lost is visible. The

backward and the forward reachable sets extend in the opposite direction in the α−axis. As the elevator is lost, positive

pitch angles and pitch rates are not reachable from the trim envelope. On the other hand, thrust is causing the aircraft

to pitch down which can be observed by the fact that the forward reachable set is stretching towards negative pitch

angles and pitch rates, however, coming back from these negative states is impossible as these states are not part of the

backward reachable set. While thrust is fixed in order to maintain the velocity, the only control available is the flap

deflection, giving a slight room for maneuverability in the angle of attack.

In order to quantify the change in the size of the safe flight envelopes, number of grid points inside the reachable set
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(a) Mach 0.2; sea level (b) Mach 0.3; sea level

level
(c) Mach 0.4; sea level

Fig. 16 Longitudinal safe flight envelope for nominal Cessna Citation II with T = 1 s (variation with Mach
number)

(a) Mach 0.4; sea level (b) Mach 0.4; 5,000 m

(c) Mach 0.4; 10,000 m

Fig. 17 Longitudinal safe flight envelope for nominal Cessna Citation II with T = 1 s (variation with altitude)

as a percentage of total grid points (100 × 100 × 100) is plotted against different flight conditions and tail damages in

Figure 19. As can be seen, that the increase in percentage grid points inside the reachable set (forward and backward) is
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(a) Nominal aircraft (b) 100% tail loss

Fig. 18 Comparison of longitudinal safe flight envelopes for nominal and damaged Cessna Citation II with
T = 1 s at Mach 0.4, sea level

almost linear with increasing Mach number. Similarly, the decrease in the size of the safe flight envelope is also nearly

linear with altitude. Furthermore, the third plot in Figure 19 shows that the reachable sets for the 100% tail damage have

shrunk remarkably and the percentage of grid points inside the reachable set has reduced to just 0.11%.
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Fig. 19 Change in the percentage of grid points inside the longitudinal reachable set

The computed reachable sets were validated by Monte Carlo analysis. As an example, Figure 20 shows the time

evolution of the control inputs and the states for one such Monte Carlo simulation with incremental inputs performed for

backward reachable set. The state trajectory is initiated at (α, θ, q) =
(
18 π

180 rad, 31 π
180 rad, 0 rad/s

)
, which lies inside

the backward reachable set. As can be seen in the top plot that for the Monte Carlo simulation, the flap and the elevator

deflection is randomly changed after each time increment dt = 0.1 s, whereas in the second plot the thrust is almost

constant, since it is varied to maintain the velocity. The third plot shows the state trajectory itself. The aircraft undergoes

extreme maneuvers in order to reach the trim envelope, with state changing at a very high rate i.e., after every 0.1 s. It

can be concluded that although the reachability analysis accurately computes the safe flight envelope, many of the states

that are part of the “theoretical” reachable set (forward or backward) may not be reachable in reality. This is due to the

fact, that the pilot may not be able to fly such a complex maneuver or the trajectory passes through the states that lie

outside the aerodynamic and/or structural limits of the aircraft.
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at

Mach 0.4, sea level – Monte Carlo analysis for backward reachable set, nominal Cessna Citation II

VI. Lateral Envelope
Roll, yaw and sideslip define the lateral motion of an aircraft. The state variables that characterize the lateral motion

are: velocity V , sideslip β, roll rate p, yaw rate r and roll angle φ. Since no longitudinal motion is involved, q = Ûq = 0,

whereas the angle of attack α and the pitch angle θ are fixed with Ûα = Ûθ = 0. With these conditions, Eqs. 7, 8 and 9 can

be reduced to lateral equations of motion:



ÛV =
1
m

(
T cosα cos β − 1

2 ρV2SCD (α) + mg1

)
Ûβ = p sinα − r cosα +

1
mV

[
−T cosα sin β + 1

2 ρV2SCY (α, β, p, δr ) + mg2
]

Ûp =
1

Jxx Jzz − J2
zx

(
Jzz 1

2 ρV2SbCl (α, β, p, r, δa, δr ) + Jzx 1
2 ρV2SbCn (α, β, p, r, δa, δr )

)
Ûr =

1
Jxx Jzz − J2

zx

(
Jzx 1

2 ρV2SbCl (α, β, p, r, δa, δr ) + Jxx 1
2 ρV2SbCn (α, β, p, r, δa, δr )

)
Ûφ = p + r sin θ

cos θ cos φ

(25)

In the above set of equations, g1 and g2 are the components of the gravity vector as were presented in section III.
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A. Lateral Trim Envelope

The lateral trim envelope is computed by minimizing the following cost function for some fixed states:

J = WV
ÛV2 +Wβ

Ûβ2 +Wp Ûp2 +Wr Ûr2 +Wφ Ûφ
2 (26)

For the current research, a one dimensional (β) trim envelope has been computed with p = r = φ = 0 at fixed

longitudinally trimmed angle of attack αtrim and pitch angle θtrim (straight level flight), see Table 4. The parameters

for the lateral trim envelope computation for the Cessna Citation II are listed in Table 5. Sideslip angle is considered

trimmed, if the inputs are within the bounds and the following conditions are satisfied:

�� ÛV �� ≤ 1 × 10−4 [m/s2],
�� Ûβ�� ≤ 5 × 10−3 [rad/s],

| Ûp| ≤ 1 × 10−4 [rad/s2], | Ûr | ≤ 1 × 10−4 [rad/s2],
�� Ûφ�� ≤ 1 × 10−4 [rad/s]

(27)

Table 4 Longitudinal trim states used for lateral trim computation

Flight Condition (αtrim, θtrim) [rad]
Mach 0.2, Sea level

(
0.286 π

180, 5.73 π
180

)
Mach 0.3, Sea level

(
−0.286 π

180, 2.86 π
180

)
Mach 0.4, Sea level

(
−1.43 π

180, 0 π
180

)
Mach 0.4, 5,000 m

(
−0.286 π

180, 2.86 π
180

)
Mach 0.4, 10,000 m

(
0.286 π

180, 5.73 π
180

)

Table 5 Parameters for the lateral trim envelope computation

Bounds Grid Resolution Cost Function Weights
T ∈ [4448.2, 22241] [N]
δa ∈

[
−34 π

180, 34 π
180

]
[rad]

δr ∈
[
−22 π

180, 22 π
180

]
[rad]

β ∈
[
−20 π

180, 20 π
180

]
[rad]

p = r = 0 [rad/s]
φ = 0 [rad]

βres = 0.007 [rad] WV = Wβ = Wp = Wr = Wφ = 10

The trimmed sideslip angle for the nominal Cessna Citation II at various flight conditions is presented in Figure 21.

Similarly, Figure 22 shows a comparison of lateral trim set for different damage cases at Mach 0.4 at sea level. No major

change is observed, either with the flight condition or with the vertical tail damage. However, a slight decrease can be

noticed in the trim set for the damaged Cessna Citation II with 75% vertical tail loss. The almost unvarying behavior of

the trim set with the vertical tail damage is due to the fact that although the rudder control effectiveness is decreasing
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with the spanwise damage to the vertical tail, the side force Y generated by the sideslip is also decreasing, allowing the

aircraft to trim at almost the same sideslip angle.
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Fig. 21 Lateral trim set for nominal Cessna Citation II at various flight conditions
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Fig. 22 Effects of vertical tail damage on lateral trim set for Cessna Citation II at Mach 0.4, sea level

Figure 23 present the variation in control inputs for trimming the aircraft laterally at various flight conditions.

Similarly, Figure 24 shows the control input variation for trimming the damaged aircraft. It is interesting to see that

the behavior of rudder deflection is reversed around 50% of vertical tail damage. This result is consistent with the

result presented in Figure 11. The aircraft becomes laterally unstable around 50% of vertical tail damage and hence an

opposite rudder deflection is required. In both figures, thrust and control deflection limits are shown with dotted lines.
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Fig. 24 Control input variation for lateral trim envelope for damaged Cessna Citation II at M 0.4, Sea level

B. Lateral Safe Flight Envelope

A two dimensional (β − r) safe flight envelope is computed with Ûp = p = Ûφ = φ = 0 by evolving the trim set K

forward and backwards in time. By considering the states in the proximity of r = 0 rad/s to be part of the trim set i.e.,

{r ∈ K | |r | ≤ 0.01 rad/s}, the following implicit function is defined:

l (x) = min {x1 − βmin, βmax − x1, x2 − rmin, rmax − x2} (28)

Here as well, it can be noticed that l (x) ≥ 0 for x ∈ K and l (x) < 0 for x < K . Table 6 outlines the parameters that are

assigned for the two dimensional reachable set computation.

Table 6 Solver settings for the reachable set computation (lateral safe flight envelope)

Parameter Setting
Computational Domain

[
−60 π

180, 60 π
180

]
rad ×

[
−57.3 π

180, 57.3 π
180

]
rad/s

Number of Grid points 200 × 200
Time Horizon 1.0 s

The Hamiltonian function in Eq. 6 for the lateral safe flight envelope computation is defined as:

H (p, x, u) = p1 Ûβ + p2 Ûr (29)

where the co-states in the above equation are: p1 =
∂V2
∂β and p2 =

∂V2
∂r . With the aileron deflection δa being varied to

prevent the aircraft from rolling and thrust T to maintain the constant velocity, the only minimizer in the Hamiltonian

function in Eq. 29 is the rudder deflection δr , which yields the following quantity to be minimized in the Hamiltonian

function:

p1
ρS
2mVCYδr δr + p2

ρSb

2(JxxJzz−J2
zx)

V2 (
JzxClδr + JxxCnδr

)
δr (30)

28



Then the optimal rudder deflection to minimize the Hamiltonian function becomes straightforward:

• δr =



δrmin if p1
ρS
2mVCYδr + p2

ρSb

2(JxxJzz−J2
zx)

V2 (
JzxClδr + JxxCnδr

)
> 0

δrmax if p1
ρS
2mVCYδr + p2

ρSb

2(JxxJzz−J2
zx)

V2 (
JzxClδr + JxxCnδr

)
< 0[

δrmin, δrmax

]
if p1

ρS
2mVCYδr + p2

ρSb

2(JxxJzz−J2
zx)

V2 (
JzxClδr + JxxCnδr

)
= 0

The required aileron deflection δa to keep the aircraft level is computed by setting Ûp = 0 in Eq. 25 and solving for δa.

Moreover, the required thrust T is computed by setting ÛV = 0 in Eq. 25 and solving for T .

Figures 25 and 26 show the variation of the lateral safe flight envelope with different flight conditions for the

nominal aircraft. As expected, the safe flight envelope grows as the velocity of the aircraft increases, shown in Figure 25.

Additionally, the safe flight envelope shrinks as the altitude increases from sea level to 10,000 m, see Figure 26.
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Fig. 25 Lateral safe flight envelope for nominal Cessna Citation II with T = 1 s (variation with Mach number)

-40 -20 0 20 40

[deg]

-40

-20

0

20

40

r 
[d

eg
/s

]

Trim Backward Forward

(a) Mach 0.4; sea level

-40 -20 0 20 40

[deg]

-40

-20

0

20

40

r 
[d

eg
/s

]

Trim Backward Forward

(b) Mach 0.4; 5,000 m

-40 -20 0 20 40

[deg]

-40

-20

0

20

40

r 
[d

eg
/s

]

Trim Backward Forward

(c) Mach 0.4; 10,000 m

Fig. 26 Lateral safe flight envelope for nominal Cessna Citation II with T = 1 s (variation with altitude)

Figure 27 shows the lateral safe flight envelopes for Cessna Citation II for various vertical tail damages at Mach 0.4

at sea level. As the percentage of spanwise vertical tail damage increases, the safe flight envelope shrinks. The range of
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sideslip angle in the forward and the backward reachable sets decreases with the vertical tail damage. However, the yaw

rate range is almost the same for various damages. This shrinking in the safe flight envelope is unlike the shrinking

in the safe flight envelope due to different flight conditions. At higher altitudes and lower Mach numbers, the overall

maneuvering capability of the aircraft decreases and the aircraft cannot simply reach high sideslip angles and high yaw

rates. On the contrary, due to spanwise vertical tail damage the aircraft can reach to or comeback from high sideslip

angles but at high yaw rates.
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Fig. 27 Comparison of lateral safe flight envelopes for nominal and damaged Cessna Citation II with T = 1 s
at Mach 0.4, sea level

Lastly, Figure 28 presents the safe flight envelopes for the nominal Cessna Citation II at Mach 0.4 at sea level for

three different time horizons. As the time horizon decreases, the lateral safe flight envelope shrinks in β−axis i.e., a

limited range of sideslip angle is reachable with almost same yaw rate, unlike the safe flight envelope for the damaged

vertical tail where higher sideslip angles were reachable, however, at higher yaw rates.

The changes in the lateral safe flight envelope due to different flight conditions, vertical tail damages and time

horizons are summarized in Figure 29. With different flight conditions, the change in the lateral safe flight envelope has

the same behavior as in the longitudinal safe flight envelope i.e., the safe flight envelope changes almost linearly with
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Fig. 28 Lateral safe flight envelope for nominal Cessna Citation II at Mach 0.4, sea level (variation with time
horizon)

different flight conditions as suggested by the results presented in the top two plots of Figure 29. Figure 29(c) shows

that the reachable set expands linearly with increasing time horizon T . The shrinkage in the reachability sets with the

vertical tail damage is shown in Figure 29(d). The percentage of grid points inside the reachable set decreases with

increasing spanwise vertical tail damage, however, the change is not linear.
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Fig. 29 Change in the percentage of grid points inside the lateral reachable set

In order to demonstrate the feasibility of the database approach, the variation of the number of grid points inside the

reachable set with Mach number and altitude has been fit with a linear model. One trial Mach number and one altitude
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level is investigated. Table 7 presents the comparison between the actual and the approximated number of grid points

inside the reachable set. The results obtained from linear model and level set method are quite comparable and the

premise of interpolation between flight conditions within the database has been verified.

Table 7 Comparison of level set method and interpolation with linear model for nominal Cessna Citation II
with T = 1 s for two different flight conditions

Flight Condition Reachability Set No. of Grid Points inside Reachable Set Error

Actual 1st Order Approx.

Mach 0.35, Sea Level
Forward 20966 20646 -1.53 %
Backward 31922 31018 -2.83 %

Mach 0.4, 7500 m
Forward 11062 11598 4.84 %
Backward 15380 16105 4.7 %

Similarly, variation of the number of grid points inside the reachable set with spanwise vertical tail damage, Figure

29(d), has been fit with a quadratic polynomial model. Two spanwise vertical tail damages are investigated in order

to substantiate the hypothesis of interpolatibility. Table 8 shows the comparison between the number of grid points

inside the reachable set computed using the level set method and the second order polynomial interpolation. For both

damages, it can be seen that the quadratic polynomial interpolation has approximated the number of grid points inside

the reachable set fairly close to the actual results obtained by the level set method for both backward and forward

reachable sets. The idea of interpolation in the database approach is corroborated by the comparison presented in Tables

7 and 8. One important thing to note here is that a successful implementation of the database approach requires an

online detection and isolation of faults and damages. This is part of the ongoing research [15–17].

Table 8 Comparison of level set method and interpolation with quadratic polynomial model at Mach 0.4, sea
level with T = 1 s for two damage scenarios

Damage Type Reachability Set No. of Grid Points inside Reachable Set Error

Actual 2nd Order Approx.

40% VT Lost
Forward 17882 18912 5.76 %
Backward 23208 24759 6.68 %

60% VT Lost
Forward 11976 11745 -1.9 %
Backward 15306 14699 -3.9 %

VII. Conclusion
In order to investigate the feasibility of the novel database approach for online flight envelope prediction, three

dimensional longitudinal and two dimensional lateral safe flight envelopes for the nominal and the damaged Cessna

Citation II at various flight conditions are computed and presented in this paper. For the purpose of decoupling the
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dynamics, symmetrical damages with spanwise vertical tail damage are considered.

The safe flight envelopes are computed by defining a nonlinear reachability problem and solving it with the level set

method through an optimal control formulation using actual aircraft control surface inputs. A nonlinear reachability

analysis is based on the physical model of an aircraft. Therefore, a simple method to compute the physical parameters of

the damaged aircraft (mass, inertia etc.) is presented. Moreover, the aerodynamic stability and control derivatives are

calculated using Digital Datcom.

It is shown that, although the principle of timescale separation is very useful to solve the problem of “curse of

dimensionality” in the reachability analysis for the slower dynamics, it is not feasible to implement the same principle

for the reachability computation for faster dynamics when considering the aircraft control surfaces as inputs.

By analyzing both longitudinal and lateral safe flight envelopes, it is observed that the reachability set extends far

beyond the region where the linear aerodynamic model and the structural limits are valid. Introducing the aerodynamic

model and structural limits will help restrict the computational domain. Moreover, it is also observed that the reachability

analysis computes a safe flight envelope that is “theoretically” reachable, however, practically it might not be possible to

reach such a state due to high rate of control input or the maneuver requirement, that is out of pilot’s bandwidth or

exceeds the actuator dynamics limits. It is proposed that the fidelity of the simulation can be improved and realistic safe

flight envelopes can be obtained by incorporating the actuator dynamics and pilot model in the safe flight envelope

computation.

It is demonstrated that the flight conditions have same effect on the longitudinal and the lateral safe flight envelopes.

The safe flight envelope expands almost linearly with increasing Mach number while it shrinks linearly with increasing

altitude. This result is consistent with the fact that with an increasing dynamic pressure, the maneuverability of an

aircraft increases, whereas the maneuverability decreases with increasing altitude. Similarly, the effects of various time

horizons on the safe flight envelope are also presented. It is shown that the safe flight envelope grows as the time horizon

is increased.

Furthermore, the lateral safe flight envelopes for Cessna Citation II with 0%, 25%, 50% and 75% vertical tail

losses are compared. The comparison is quantified by the number of grid points inside the backward and the forward

reachable sets. The results show that the number of grid points inside the reachable set declines almost quadratically

with increasing spanwise vertical tail damage. A second order polynomial model is fitted on this data and then two

candidate vertical tail damages are interpolated using this quadratic polynomial model. The same idea of interpolation

is also verified for different flight conditions by using a linear regression model. The comparison between the actual

and the approximated grid points inside the reachable set shows promising results and supports the hypothesis of

interpolatibility in the database approach.

It is further demonstrated that different flight conditions, various time horizons and the vertical tail damages have

different effects on the safe flight envelope. However, a unique trend can be observed for each of these categories.
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At this moment, only the symmetrical damages are considered. Future work will extend to asymmetrical damages.

It should be noted, however, that in case of asymmetrical damages, the decomposition of the flight dynamics into

longitudinal and lateral dynamics will no be longer valid and a nine dimensional safe flight envelope will have to be

computed. Therefore, a more computationally efficient method, such as minimal time schemes, has to be explored such

that the higher dimensional safe flight envelopes can be computed offline and a database of these safe flight envelopes

for various damages at different flight conditions can be constructed and analyzed. Furthermore, in order to compute a

more realistic safe flight envelope, consideration of robustness in physical parameters (mass and inertia, aerodynamic

derivatives etc.) along with atmospheric disturbances will be taken into account in the subsequent research. Additionally,

system dynamics will be modified by implementing the rate constraints on the control inputs and actuators to improve

the fidelity of computed safe flight envelopes. Moreover, future work will also include extensive and in-depth research

in physical modeling (mass and inertia model, aerodynamic model etc.) of the damaged aircraft. Another important

topic of the ongoing research is the damage and failure identification and classification.
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