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Abstract Fluid-filled fractures and fissures often determine the pathways and volume of fluid
movement. They are critically important in crustal seismology and in the exploration of geothermal
and hydrocarbon reservoirs. We introduce a model for tube wave scattering and generation at dipping,
parallel-wall fractures intersecting a fluid-filled borehole. A new equation reveals the interaction of tube
wavefield with multiple, closely spaced fractures, showing that the fracture dip significantly affects the
tube waves. Numerical modeling demonstrates the possibility of imaging these fractures using a focusing
analysis. The focused traces correspond well with the known fracture density, aperture, and dip angles.
Testing the method on a VSP data set obtained at a fault-damaged zone in the Median Tectonic Line, Japan,
presents evidences of tube waves being generated and scattered at open fractures and thin cataclasite
layers. This finding leads to a new possibility for imaging, characterizing, and monitoring in situ hydraulic
properties of dipping fractures using the tube wavefield.

1. Introduction

Subsurface fractures are of great interest in seismology and in hydrocarbon and geothermal exploration, as
they play a crucial role in determining the fluid flow and deformation processes in rocks. In order to charac-
terize hydraulic properties of fractures intersecting a borehole, low-frequency Stoneley waves (tube waves)
propagating along a fluid-filled borehole have been studied extensively in the past (e.g., Beydoun et al., 1985).
Contrary to indirect measurements (e.g., borehole televiewer), the tube waves sense directly the hydraulic
properties of the individual fractures, because these waves induce fluid exchange between the borehole and
the fracture. Tube waves can provide in situ permeability corresponding to micrometer- to millimeter-scale
fractures (e.g., Hardin et al., 1987; Hornby et al., 1989), as well as the permeability of larger-scale (cm to m)
geological faults (e.g., Li et al., 1994; Kiguchi et al., 2001).

Hydraulic fractures are generally characterized using two different attributes of tube waves: (1) scattering
(reflection and transmission) of tube waves (Hornby et al., 1989; Kostek et al., 1998; Tang & Cheng, 1993)
and (2) tube wave generation amplitudes (Bakku et al., 2013; Beydoun et al., 1985; Cicerone & Toksöz, 1995;
Ionov, 2007; Hardin et al., 1987; Li et al., 1994). The first attribute is caused by the pressure perturbation at the
fracture-borehole intersection, which is characterized in terms of the reflection and transmission coefficients.
The second attribute is observed in a vertical seismic profiling (VSP) due to the deformation of the fracture by
an incident P wave, which is evaluated using the generated amplitudes and the incident wave.

These conventional approaches assume the tube waves to be generated and scattered by a single fracture.
They cannot characterize closely spaced multiple fractures, because it is difficult to isolate tube waves from
each individual fracture. In order to overcome this problem, a novel use of the representation theorem, which
correctly predicts the interaction of tube waves due to multiple fractures, has recently been proposed (Minato
& Ghose, 2017). However, this previous study considers only horizontal fractures. In the present research, we
make a major extension of this approach in order to include the effects of the dip of the fracture. Analyzing the
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Figure 1. Fracture model in this study. A dipping fracture with aperture L0 and normal vector n̂ intersects a borehole
with radius R and unit vector ẑb. (a) Downgoing transmitted and upgoing reflected tube waves (red arrows) are
generated due to the incident tube wave and fluid flow into the fracture (blue arrows). 𝜃 = cos−1(ẑb ⋅ n̂) denotes
the dip angle and L1 the vertical extent of the fracture. R1 is the semimajor axis of the fracture-borehole boundary.
(b) An incident P wave with wave number unit vector k̂ deforms the fracture, causes the fluid flow (blue arrows),
and generates tube waves (red arrows).

effects of the dip angle is critical to characterizing closely spaced multiple fractures, such as a fault-damaged
zone, because the dip angles depend on the principle slip direction (Segall & Pollard, 1983). Also, the perme-
ability structure due to dipping fractures controls the deformation processes within the crust (Wibberley &
Shimamoto, 2003).

Here we first review briefly the existing theories for tube wave scattering and generation using a parallel-wall
open fracture model before presenting a new model for dipping fractures. Contrary to earlier studies that con-
sidered dipping fractures (e.g., Beydoun et al., 1985; Hornby et al., 1989; Li et al., 1994; Tang & Cheng, 1993),
our new model captures the simultaneous effects of dip angles, dynamic fluid flow, fracture apertures, and
fracture compliances. We then use this model to illustrate the interaction of total tube wavefield with dipping
fractures, including multiple tube wave generation and scattering. The correct prediction of the total tube
wavefield due to closely spaced dipping fractures, and imaging and characterization of these fractures have
not been possible so far. Our calculated reflection coefficient and effective tube wave generation amplitude
reveal the significance of dip angles. We perform realistic numerical modeling of the complex signature of the
total tube wavefield due to multiple dipping fractures. As conventional approaches are not feasible, we pro-
pose a focusing analysis for imaging and characterizing dipping fractures. Finally, we test the new method on
a VSP data set obtained at a fault-damaged zone located on the Median Tectonic Line, Shikoku, Japan, where
closely spaced dipping fractures are dominant features. Understanding this zone is crucial in the assessment
of deformation associated with plate subduction.

2. Review of Existing Tube Wave Models: Comparison With a Newly
Proposed Model

The generation and scattering of tube waves is a solid-fluid coupling problem where a fluid-filled fracture
intersecting a borehole deforms and causes a fluid flow (Figure 1). In order to show the differences and the
link between the earlier models and a newly proposed one (this research), we briefly review the theories for
a parallel-wall open fracture developed so far.

2.1. Tube Wave Generation Models
The tube wave generation models provide the analytical amplitude of the generated tube waves. In order
to derive the amplitude, they generally consider the following procedure; (1) the closure of the fracture
wall (dynamic aperture) is defined from the interaction of the incident plane P wave, (2) using the dynamic
aperture, the fluid pressure distribution in the fracture is solved using the equation of continuity for fluid,
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Table 1
Classification of Tube Wave Generation Models by Formulation of Dynamic Aperture, Fluid Flow Condition, Consideration of
Dip Angles, and the Boundary Condition at the Fracture-Borehole Intersection

Formulation of

Model dynamic aperture Fluid flow condition Dip angle Boundary condition

Beydoun et al. (1985) Displacement Darcy’s law Dipping Beydoun BC

Hardin et al. (1987) Stress Darcy’s law Dipping Beydoun BC

Ionov (2007) Displacement Low-/high-frequency Horizontal Ionov BC

approximation

Bakku et al. (2013) Stress Dynamic flow Horizontal Ionov BC

This research Stress Dynamic flow Dipping Ionov BC

and (3) the rate of volumetric fluid flow into the borehole is obtained from the pressure distribution, which
determines the amplitude of the tube waves. The various models developed so far can be classified by the
formulation of dynamic aperture, the fluid flow condition, the consideration of dipping structures, and the
boundary condition at the fracture-borehole intersection (Table 1).

We begin with the formulations for the dynamic aperture given in Hardin et al. (1987), viz., displacement
and stress formulations (Table 1). Beydoun et al. (1985) first consider the displacement formulation assum-
ing the dynamic aperture to be equal to the displacement amplitude of the incident P wave. Ionov (2007)
later derives the dynamic aperture by solving the scattering problem of the incident wave interacting with
a three-layered model (a fracture embedded in homogeneous background). The dynamic apertures derived
from both models are laterally invariant along a fracture. We classify such models as the displacement formu-
lation. This formulation is independent of the presence of the borehole. On the contrary, the stress formulation
assumes the aperture to be linked to the fluid pressure through the effective stress (Bakku et al., 2013; Hardin
et al., 1987). The dynamic aperture in this case is laterally varying, because of the presence of the borehole
and the boundary condition at the fracture-borehole intersection. A suitable formulation for the dynamic
aperture is still under debate. However, a recent model proposed by Bakku et al. (2013) exploits the advan-
tage of the stress formulation; it can handle the effect of fracture compliance, for example, roughness of the
fracture surface.

Earlier models consider Darcy’s law (Table 1) incorporating the effect of the static permeability and fluid vis-
cosity. The recent models, on the other hand, consider a high-frequency approximation (Ionov, 2007) where
the propagation mode is dominant in the fracture. Bakku et al. (2013) consider the dynamic fluid flow condi-
tion using the frequency-dependent permeability of a rigid fracture (Tang & Cheng, 1989), which is valid over
a wide range of frequencies.

Two different boundary conditions (BC) have been proposed at the fracture-borehole intersection. The ear-
lier models assume that the fluid pressure perturbation at the boundary is negligibly small, which we call the
Beydoun boundary condition (Table 1). Ionov (2007) later considers a more realistic boundary condition in
which the pressure at the boundary is equal to the amplitude of the generated tube wave (the Ionov bound-
ary condition). Recently, Minato and Ghose (2017) have derived the representation theorem for tube waves
and have shown that the Ionov boundary condition is equivalent to considering additional scattering to be
taking place immediately after the generation, which is caused by the Beydoun boundary condition. Note that
Minato and Ghose (2017) have used the model of Bakku et al. (2013). However, the representation theorem
derived by Minato and Ghose (2017) can incorporate any model developed so far.

The effect of dip angle is considered only in the models of Beydoun et al. (1985) and Hardin et al. (1987) (see
Table 1). Contrary to the dipping fracture models in the tube wave scattering problem which we discuss later
in section 2.2, the models of Beydoun et al. (1985) and Hardin et al. (1987) do not consider the effect of the
elliptical fracture-borehole intersection (see Figure 1). Due to the wide range of advantages (e.g., handling
dynamic flow, the Ionov boundary condition, and the fracture compliance), in the present study we consider
the model developed by Bakku et al. (2013) and extend this model to dipping fractures by introducing the
effect of the elliptical fracture-borehole intersection (Table 1). In order to achieve this goal, we employ the
equivalent circle approach which is first proposed in the tube wave scattering problem by Tang and Cheng
(1993). We will explain this approach in sections 2.2 and 3.

MINATO ET AL. DIPPING FRACTURES FROM TUBE WAVES 3
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Table 2
Classification of Tube Wave Scattering Models by Fluid Flow Condition, Consideration of Dip Angles, and Fracture Compliance

Fracture

Model Fluid flow condition Dip angle compliance

Hardin et al. (1987) Darcy’s law Horizontal Rigid

Hornby et al. (1989) Low-/high-frequency approximation Dipping (elliptical coordinate) Rigid

Tang and Cheng (1993) Low-/high-frequency approximation Dipping Rigid

Bakku et al. (2013) Dynamic flow Horizontal Compliant

This research Dynamic flow Dipping Compliant

2.2. Tube Wave Scattering Models
The tube wave scattering problem considers the fluid flow due to the pressure perturbation at the fracture-
borehole intersection (Figure 1a). The mass conservation equation across the fracture is used to derive the
reflection and transmission coefficients. We classify the existing models in terms of fluid flow condition,
consideration of dip angles and that of the compliant fracture (Table 2).

Hardin et al. (1987) describe this problem for a rigid, horizontal fracture. Hornby et al. (1989) later extend the
theory using low-/high-frequency approximation for dipping fractures. They consider the elliptical fracture-
borehole intersection and solve the scattering problem in elliptical coordinate system, which gives analytical
solutions containing Mathieu functions. Tang and Cheng (1993) propose a simple alternative approach replac-
ing elliptic cylinder boundary by circular cylinder one with the circle radius equivalent to the circumference
of the elliptical boundary (see section 3 for details).

Bakku et al. (2013) use the same equation of continuity as that in their tube wave generation model and derive
the transmission coefficient considering dynamic fluid flow condition and the effect of fracture compliance.
As we explain earlier, we use the model from Bakku et al. (2013) and extend it to dipping fractures (Table 2).

It is worthwhile to mention that Kostek et al. (1998) extend the theory of Hornby et al. (1989) to include the
elasticity of the fracture wall. Therefore, their model also considers dipping, compliant fractures. However, this
model is not same as that of Bakku et al. (2013). The model of Kostek et al. (1998) assumes the Stoneley wave
mode in the fracture to be one which is obtained from Ferrazzini and Aki (1987), which, in turn, is derived
from the boundary conditions at the interface between a nonviscous fluid and an elastic solid. On the other
hand, the model of Bakku et al. (2013) considers that the Stoneley wave wave number is obtained from the
boundary conditions for a rigid fracture which is filled with a viscous fluid (Tang & Cheng, 1989), and that the
wave number is modified due to the fracture compliance, using the equation of continuity (see equation 5 in
Bakku et al., 2013). The Stoneley wave mode considered in Kostek et al. (1998) is closely related to the Krauklis
waves (e.g., Ashour, 2000; Lipovsky & Dunham, 2015). The one considered in Bakku et al. (2013) corresponds to
the Biot slow wave (e.g., Biot, 1956 ). The differences and the relation between these two modes are discussed
in Koorneev (2008).

3. Theory
3.1. Total Tube Wavefield Due to Multiple Fractures
In a fluid-filled borehole embedded in an elastic medium, the Stoneley wave mode dominates at low fre-
quencies or large wavelengths (Biot, 1952). Therefore, solving the one-dimensional equation is sufficient for
evaluating tube wave propagation (Tezuka et al., 1997). From the quasi-static wave approximation (White,
1983), the equation of motion and the constitutive relation are represented by vertical particle velocity (vz)
and acoustic pressure (p). The impulse responses (Green’s functions) are characterized by the tube wave veloc-
ity cT = (𝜌−1

f
Keff)1∕2, where 𝜌f is the fluid density and Keff the effective fluid bulk modulus (Chang et al., 1988;

White, 1983).

Recently, Minato and Ghose (2017) have discussed the interaction of total tube wavefield with multiple
fractures. This is a one-dimensional multiple scattering problem involving scalar waves due to multiple,
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simultaneously acting sources. By exploiting the representation theorem, the total tube wave pressure field
(p) can be derived as a function of the tube wave generation potential (𝜙g) and scattering potential (𝜙s):

p(z, 𝜔) − pinc(z, 𝜔) = ∫
+∞

−∞
𝜙g(z′, 𝜔)Ḡpq(z, z′, 𝜔)pinc(z′, 𝜔)dz′

+ ∫
+∞

−∞
𝜙s(z′, 𝜔)Ḡpq(z, z′, 𝜔)

[
p(z′, 𝜔) − pinc(z′, 𝜔)

]
dz′,

(1)

where pinc is the pressure field due to the incident plane P wave, and Ḡpq(z, z′, 𝜔) is the Green’s function in
the reference medium at z due to a point source at z′. The tube wave potential functions (𝜙g and 𝜙s) contain
the hydraulic properties of the dipping fractures, that is, 𝜙g(z, 𝜔) =

∑N
i=1(𝜌f cT∕2)−1𝛾

(i)
g 𝛿(z − zi) and 𝜙s(z, 𝜔) =

i𝜔
∑N

i=1 𝜂
(i)𝛿(z−zi), where N fractures are located at zi (i = 1, 2,… ,N), 𝜂(i) is the interface compliance, and 𝛾

(i)
g is

the tube-to-P wave amplitude ratio. Here the interface compliance (𝜂) and the tube-to-P wave amplitude ratio
(𝛾g) are derived for dipping fractures in the following subsections. Equation (1) shows the interaction among
total pressure field, incident wave, and hydraulic fractures in terms of the potential functions. This gives us a
novel possibility for characterizing multiple hydraulic fractures using tube waves.

Note that equation (1) is obtained from the representation theorem of wave equation including nonwelded
interfaces (Wapenaar, 2007), by considering the relation between Green’s functions with and without the frac-
tures and by superposing actual Green’s functions with the amplitude determined from the tube-to-P wave
amplitude ratio (Minato & Ghose, 2017). Equation (1) has the same form as in the previous study. However,
here the potential functions (𝜙g and 𝜙s) contain new information on the dip angles.

3.2. Tube Wave Scattering and Nonwelded Interface Model for Dipping Fractures
We assume that a dipping fracture with an aperture L0 intersects a borehole with the borehole radius R
(Figure 1a). Due to the pressure perturbation at the fracture-borehole intersection, propagating tube waves
are reflected and transmitted at the fracture. The key physical mechanism to derive wave scattering at a dip-
ping fracture is mass conservation in the borehole across the fracture. Tang and Cheng (1993) derive this
across a dipping fracture in terms of the particle velocity in the fluid vz(z, 𝜔):

𝜋R2
{

vz(−L1∕2, 𝜔) − vz(+L1∕2, 𝜔)
}
− Le qf

||r=R̄ = 0, (2)

where the fracture is assumed to be located at z = 0, Le the circumference of the elliptical fracture-borehole
boundary, R̄ the radius of an equivalent circle representing this elliptical boundary (Tang & Cheng, 1993),
and L1 the vertical extent of the fracture within the borehole (see Figure 1a). Note that Le and R̄ are calcu-
lated from the semiminor axis R and the semimajor axis R1 of the ellipse, which depend on the dip angle
(𝜃), see Figure 1a and Tang and Cheng (1993) for details. Here the fluid volume into the fracture (blue arrows
in Figure 1a) can be calculated as the flow rate qf (r, 𝜔) multiplied by the circumference of fracture-borehole
boundary (Le), where r is the radial distance, evaluated at the effective fracture-borehole intersection (r = R̄).
In order to evaluate more correctly the fluid volume due to an elliptical fracture-borehole boundary (corre-
sponding to the term Le qf

||r=R̄ in equation (2), Hornby et al. (1989) solve the scattering problem considering
elliptic-cylindrical coordinates and obtain the solutions in the series of radial and angular Mathieu functions.
In this study, however, we follow a simple alternative approach as proposed in Tang and Cheng (1993) which
considers circular-cylindrical coordinates and the equivalent circle radius, as explained above.

Note that we ignore the additional effect of the dynamic compression of ΔV (a cylinder of height L1 with a
radius R) in equation (2), which is discussed in Tang and Cheng (1993). They show that this effect is generally
not significant when the vertical extent L1 is small compared to the wavelength of tube waves. This assump-
tion is also employed in foregoing studies of dipping fractures (Hornby et al., 1989). Tang and Cheng (1993)
derive the term containing the dynamic compression of ΔV assuming that only a single fracture is located
within the vertical extent L1, which is not always the case for closely spaced multiple fractures that we consider
in this research. For all these reasons, we ignore the effect of the dynamic compression of ΔV .

Considering qf from Bakku et al. (2013) allows us to obtain a new model including the simultaneous effects of
dip angles, dynamic fluid flow, fracture apertures, and fracture compliances. In this case, qf is calculated from
the mass conservation in the fracture, assuming a viscous fluid in an infinitely long, rigid fracture, and the axial
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symmetry of the problem. Exploiting equation 14 in Bakku et al. (2013), equation (2) results in the following
boundary condition at the fracture:

Δvz = i𝜔𝜂p, (3)

where Δvz is a discontinuity in the particle velocity across the fracture. Interface compliance 𝜂 contains the
hydraulic properties of the fracture including the effect of the dip angle:

𝜂 = −2𝜁
R̄

R2

L0

k2
r 𝛼

2
f
𝜌f

H1(𝜁 R̄)
H0(𝜁 R̄)

, (4)

where 𝛼f is the acoustic velocity of the fluid, 𝜁 is the effective radial wave number (𝜁 = kr𝛼f∕𝛼eff), 𝛼eff is the
effective fluid velocity in the fracture (𝛼−2

eff
= 𝛼−2

f
+ 𝜌f Z∕L0), Z is the fracture compliance (m/Pa), Hn = H(1)

n is
a Hankel function of the first kind and order n, and we use the relation Le = 2𝜋R̄. Note that Z is generally a
complex function of roughness of the fracture surface, the distribution of contact area, and the elasticity of
the material filling the aperture (e.g., Worthington & Lubbe, 2007). Bakku et al. (2013) and Hardin et al. (1987)
consider Z to be an independent parameter. In this research, we assume Z to be linked to the fracture aperture
(L0) considering the quasi-static condition of a thin layer of water without asperities, that is, Z ≈ L0∕𝜌f𝛼

2
f

(e.g.,
Minato & Ghose, 2016; Nagy, 1992; Rokhlin & Wang, 1991).

Equation (3) represents the key boundary condition in order to discuss the interaction of tube waves with
dipping fractures. We further assume that the pressure is continuous across the fracture, that is,Δp = 0, due to
the large wavelength (e.g., Bakku et al., 2013; Hornby et al., 1989). Equation (3) with the continuity of pressure
is equivalent to the linear slip boundary condition for a nonwelded interface (e.g., Nagy, 1992; Pyrak-Nolte
et al., 1990; Schoenberg, 1980).

Once we obtain the interface compliance 𝜂, we can calculate theoretical reflection/transmission coefficients
(e.g., Appendix B in Minato & Ghose, 2017), which is also useful in controlled Stoneley wave measurements
(e.g., Hornby et al., 1992). We calculate the theoretical reflection coefficient for a dipping (𝜃 = 45∘), water-filled
fracture with the static aperture L0 = 1 mm (red line in Figure 2a). Here the borehole radius R is 7.5 cm. In order
to compare the new model with the foregoing studies of rigid fractures (Hornby et al., 1989; Tang & Cheng,
1993), we assume the fracture compliance (Z) to be zero in Figure 2a. The black lines (solid and dashed black
lines) and the symbols (squares and circles) in Figure 2a show, respectively, the results of Hornby et al. (1989)
which contain the series of Mathieu functions, and those of Tang and Cheng (1993) which use the equiva-
lent circle approach that we employ in this research. We evaluate the high-frequency (HF, solid black line and
open squares in Figure 2a) and low-frequency (LF, dashed black line and open circles in Figure 2a) approxi-
mate solutions for these two theories. Note that the results of Hornby et al. (1989) and Tang and Cheng (1993)
almost coincide. Our model shows correct limits at low and high frequencies. Figures 2b and 2c show the
reflection coefficients for various dip angles in the frequency range that we consider in the numerical mod-
eling section (section 4) and in the field data example (section 5). One can see that the increase of dip angles
increases the reflection coefficients. Our model shows smaller reflection coefficients than those obtained from
high-frequency approximation (Hornby et al., 1989), mainly due to the effect of fluid viscosity (Figure 2b). We
check the effect of the fracture aperture (L0) in the reflection coefficients (Figure 2d). One can see that the
coefficient increases as the fracture aperture increases, which is shown also in the previous studies on hori-
zontal fractures (Bakku et al., 2013) and dipping fractures using high-/low-frequency approximations (Hornby
et al., 1989).

3.3. Tube Wave Generation Amplitude for Dipping Fractures
We assume that the incident P wave generates a fluid pulse into the borehole (Figure 1b). From Ionov (2007)
and references therein, the tube wave amplitude (pt) is defined as the rate of fluid volume change (dV/dt)
scaled by the medium parameters and the borehole radius (R):

pt(t) =
𝜌f cT

2𝜋R2

dV
dt

. (5)

Considering the elliptical fracture-borehole boundary for a dipping fracture (Figure 1b) and the equivalent
circle approach of Tang and Cheng (1993), the following relation can be obtained:

dV
dt

≈ −Leqf
||r=R̄ , (6)
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Figure 2. (a) Theoretical reflection coefficients (absolute values) for a 1 mm thick, water-filled, rigid fracture with a 45∘
dip angle. Results from three models are shown: the new model developed in this study (red line), the model developed
by Hornby et al. (1989) containing the series of Mathieu functions (solid and dashed black lines), and the model
developed by Tang and Cheng (1993) considering the equivalent circle approach (open squares and circles) that we also
employ in this study. Solid black line and open squares indicate high-frequency approximations (HF), and dashed black
line and open circles low-frequency approximations (LF). (b) Same as Figure 2a but for different dip angles (𝜃) in the
frequency range that we consider in the numerical modeling and in the field data example. (c) Same as Figure 2b but
derived from the present model for different fracture dips (𝜃) but constant frequencies (50, 100, 200, and 300 Hz).
(d) Same as Figure 2b but derived from the present model for different fracture apertures (L0) but a constant fracture
dip (45∘).

Equation (6) indicates that the volume injection rate (dV/dt) can be calculated as the volume rate of fluid
coming out of the fracture (−Le qf

||r=R̄). Similar to the scattering model, taking qf from Bakku et al. (2013)
leads us to a new generation model. To derive qf we follow this approach, but using the Beydoun boundary
condition (Beydoun et al., 1985) which states that the generated tube wave does not perturb the pressure in
the borehole. Note that a more realistic boundary condition for nonzero pressure perturbation in a borehole
(the Ionov boundary condition, Ionov, 2007) is discussed later.

We obtain the amplitude of the generated tube wave due to the dipping fracture as

pt(𝜔) = 𝜎0

Le

2𝜋R

i𝜔cT

kr𝛼f

𝜌f Z𝛼eff

R

H1(𝜁 R̄)
H0(𝜁 R̄)

, (7)

where 𝜎0 is stress amplitude of the incident plane P wave acting normal to the fracture. Equation (7) is the new
model of tube wave generation due to dipping fractures. Terms containing Le or R̄ in equation (7) represent
the effect of the dip angle. For a horizontal fracture (Le = 2𝜋R and R̄ = R), equation (7) converges to the model
developed earlier by Bakku et al. (2013), but using the Beydoun boundary condition (Minato & Ghose, 2017).

In order to eliminate the effect of 𝜎0 in equation (7), it is convenient to derive further the tube-to-P wave
amplitude ratio, that is, 𝛾g = pt∕pinc, where pinc is the incidence pressure in the borehole due to the P wave.
Here we consider pinc due to three-dimensionally propagating plane P wave derived from the quasi-static
approximation (Hardin et al., 1987; White, 1983).

Next, we will show that the use of equation (1) gives correct amplitude for the generated tube wave at a
single fracture, which is observed effectively at a receiver location. The effective amplitude can be obtained
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Figure 3. (a) Effective generation amplitude ratio (peff
t ∕pinc) for different fracture dips (𝜃) with L0 = 1 mm. (b) Same as

Figure 3a but for different fracture dips (𝜃) at constant frequencies (50, 100, 200, and 300 Hz). (c) Same as Figure 3a but
for different fracture aperture (L0) with 𝜃 = 40∘ .

by substituting the potential functions (characterized by 𝜂 and 𝛾g) in equation (1) and deriving the amplitude
at a receiver location (Minato & Ghose, 2017). Finally, we obtain the following equation:

peff
t =

pt

1 − i𝜔𝜂
(
𝜌f cT∕2

) . (8)

Equation (8) shows that the effective amplitude (peff
t ) is connected to the interface compliance (𝜂) of the same

fracture or the nonwelded interface, suggesting that the tube wave is scattered immediately after generation.
In the case of a horizontal fracture, Minato and Ghose (2017) have shown that the effective amplitude is iden-
tical to that obtained using a more realistic boundary condition in which the pressure at the fracture-borehole
intersection is equal to the amplitude of the generated tube wave (Ionov boundary condition). Equivalently,
the effective amplitude for a dipping fracture (equation (8)) is also identical to that obtained using the Ionov
boundary condition (see Appendix A).

We can calculate the effective tube-to-P wave amplitude ratio using equation (8), for various dip angles
(Figure 3a). We consider here normal incidence plane P wave and that a fracture with an aperture L0 = 1 mm
intersects a water-filled borehole with radius R = 7.5 cm, embedded in the formation (VP = 4, 500 m/s,
VS = 2, 200 m/s, and 𝜌 = 2, 500 kg/m3). In this case, the tube wave velocity (cT ) is 1,377 m/s, which is calculated

from cT = 𝛼f∕
√

1 + 𝜌f𝛼
2
f
∕𝜌V2

S (White, 1983). The results for a horizontal fracture (solid black line in Figure 3a)

correspond to the theory developed by Bakku et al. (2013). Figure 3b shows the amplitude ratio for various dip
angles at given frequencies (50, 100, 200, and 300 Hz) that are in the frequency range considered in the numer-
ical modeling section and in the field data example. Figures 3a and 3b show that the amplitude ratio decreases
with the dip angle until around 𝜃 = 70∘. This suggests that for our configurations, the fracture normal stress,
which becomes small at large dip angles (Hardin et al., 1987), has a greater influence on the generation
amplitude ratio than the length of the fracture-borehole boundary, which is large at large dip angles (Le in
equation (7)). At a dip angle larger than 80∘, the amplitude ratio rapidly increases with the fracture dip, as can
be seen in Figure 3b. This is possibly due to the effect of large values of Le. Note that when the dip angle is
close to 90∘, the proposed theory does not accurately predict the amplitude ratio because the vertical extent
of the fracture (L1) is very large compared to the wavelength of tube waves (see section 6).
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Figure 4. (a and b) Distribution of the position of fractures, fracture
apertures, and dip angles which are used to derive the numerically modeled
data in Figure 4c. Numbers in red show the fracture number: seven fractures
are considered. (c) Numerically modeled total tube wavefield.

Figure 3c shows the effect of fracture aperture (L0) when the dip angle is
40∘. The amplitude ratio increases as the fracture aperture increases, which
is also shown by Bakku et al. (2013) for the case of horizontal fractures.

4. Numerical Modeling

We use equation (1) in order to predict the complex signature of the tube
wavefield due to closely spaced dipping fractures. The wavefield (p) can
be obtained by numerically solving equation (1) using the known values
of the incident pressure field (pinc), the potential functions (𝜙g and𝜙s), and
the reference Green’s function (Ḡpq). Minato and Ghose (2017) show details
about the numerical modeling procedure.

We first consider a simple model where seven fractures are located in
an infinitely long borehole. The position of fractures and their properties
(apertures and dip angles) are shown in Figures 4a and 4b. We consider
the fracture apertures to be 1 or 2 mm (Figure 4a), and the dip angles to be
20∘ or 60∘ (Figure 4b). Furthermore, in order to see the effect of the closely
spaced fractures, three fractures are located at 0.5 m spacing around 125 m
depth (fracture number 3, 4, and 5 in Figures 4a and 4b and inset figures).

Figure 4c shows the numerically modeled total tube waves at 2 m depth
intervals in a water-filled borehole. The borehole with a radius R = 7.5 cm is
embedded in a homogeneous medium (VP = 4, 500 m/s, VS = 2, 200 m/s,
𝜌 = 2, 500 kg/m3). We consider a normally incident plane P wave and an
incident Ricker wavelet of 150 Hz center frequency with a maximum ampli-
tude of 1. The large amplitudes in Figure 4c are clipped in order to make
the later arrivals visible. The first arriving event in Figure 4c is the incident
P wave. The tube waves are generated at fracture positions. The generated
tube waves propagate upward and downward with the tube wave veloc-
ity, and they cause numerous reflections and transmissions. The generated
amplitude is large for the large aperture (compare the tube waves gen-
erated at fracture number 1 and 2 in Figure 4c) and the small dip angle
(compare the tube waves at fracture number 1 and 7). Furthermore, it is
clear that the closely spaced multiple fractures at 125 m depth (the fracture
number 3, 4, and 5) create larger amplitude than a single fracture with
the same properties (compare the tube waves at 125 m depth and those
at fracture number 6). This is because the generated tube waves interfere
constructively resulting in an increase in the observed amplitude, which is
shown earlier for horizontal fractures by Minato and Ghose (2017).

Next, we consider a more complex model. Figure 5a shows the numeri-
cally modeled total tube waves using the fracture distribution and the dip
angles shown in Figure 5b. This fracture distribution is identical to that
obtained in a controlled field experiment at a fault-damaged zone where
open fractures are present in metamorphic rocks (see section 5). We con-
sider the same properties (VP , VS, 𝜌, and R) for a fluid-filled borehole as

those in the simple model (Figure 4c), but we consider boundary conditions at the top (z =0 m) and bottom
(z = 250 m) of the borehole as, respectively, a traction-free boundary and a rigid boundary (Minato & Ghose,
2017). Note that the total tube wavefield are shown between 40 and 250 m depth (Figure 5a). The calculated
tube wavefield indicates that the maximum tube-to-P wave amplitude ratio is around 3 (Figure 5a). This value
of the amplitude ratio is larger than that for a single fracture with similar configurations (see values around
100–200 Hz in Figures 3a and 3b). This is because of the fact that tube waves originated from closely spaced
multiple fractures interfere constructively, and this results in an increase in the observed amplitude, which is
shown also in the simple model (Figure 4c).

Due to the close spacing of the multiple fractures, the generated tube waves interfere with each other, and
it is difficult to isolate waves from one individual fracture. We propose a new approach for imaging the
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Figure 5. (a) Numerically modeled total tube wavefield for the fracture distribution shown in Figure 5b. (b) Distribution
of the position of fractures, apertures, and dip angles. This distribution is obtained in a field experiment using OPTV.
(c) Averaged (over 2 m depth range) apertures and dip angles calculated from Figure 5b at every 2 m interval. (d) The
normalized energy obtained from the focusing analysis and the fracture density (2 m spacing) calculated from Figure 5b.

fractures using the total tube wavefield. To this end, we define a focusing operator h (Herman et al., 2000;
Minato & Ghose, 2017) such that it satisfies 𝛿(z′ − z′′) = ∫ ∞

−∞ h(z′′, z, 𝜔)Ḡpq(z′, z, 𝜔)dz. Application of this
focusing operator to equation (1) results in

∫
∞

−∞
h(z′′, z, 𝜔)pscat(z, 𝜔)dz = 𝜙g(z′′, 𝜔)pinc(z′′, 𝜔) + 𝜙s(z′′, 𝜔)pscat(z′′, 𝜔), (9)

where pscat = p − pinc. Equation (9) indicates that the application of h to pscat focuses the propagating tube
waves to secondary source positions, which is useful to image the hydraulic fractures. Note that in practice,
the focusing operator (h) can be numerically obtained from known values of the reference Green’s function
Ḡpq (Herman et al., 2000).

The result of the focusing analysis is controlled by the tube wavefield and the potential functions (right-hand
side of equation (9). The potential functions contain information of fracture properties (e.g., aperture and dip
angles). Therefore, the focusing analysis and equation (9) are useful to formulate the inverse problem in order
to estimate fracture properties using the total wavefield. In this study, instead of solving the inverse prob-
lem, we consider the distribution of the normalized energy of the focused traces, that is, squared sum of the
left-hand side of equation (9) for all frequencies followed by a normalization by the maximum value. Con-
sideration of the normalized energy implies that we use relative amplitudes of the total tube wavefield. The
normalized energy distribution has been shown to be useful in discussing the relative aperture distribution
and the fracture density for horizontal fractures (Minato & Ghose, 2017).

Figure 5d shows the distribution of the normalized energy of the focused traces. Considering a 2 m receiver
spacing, we calculate average apertures, average dip angles and fracture densities at 2 m intervals (Figures 5c
and 5d) for the fracture distribution shown in Figure 5b. Between 40 and 150 m depth, the distribution of
energy matches with the fracture density distribution (Figure 5d). This is because the majority of the fractures
in these depths have similar apertures (0.2–1.0 mm) and dip angles (30∘–50∘). There is significant focused
energy when a large number of fractures are located between two consecutive traces (2 m in this case).
Furthermore, fractures with small dip angles give large energy than those with large dip angles. For example,
the peak of the focused energy at 72 m depth (white arrow in Figure 5d) does not coincide precisely with
the peak of the fracture density, mainly because the average dip angle of fractures at this depth is small
(white arrow in Figure 5c) giving large generation amplitude. The focused energy at 238 m depth is small
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Figure 6. (a) MTL and the borehole location (triangle). (b) VP and VS from VSP data and the tube wave velocity from (d).
(c) Vertical component of geophone data. (d) Estimated pressure data after removing the direct waves.

(black arrow in Figure 5d) due to the large dip angle of fractures at this depth (black arrow in Figure 5c). The
second largest energy at 130 m depth (dashed arrow in Figure 5d) can be explained by a relatively large frac-
ture density, large average aperture, and moderate dip angle around this depth (dashed arrow in Figure 5c).
These results are in agreement with those expected from the generation amplitude ratio, discussed earlier
(Figure 3).

5. Application to Field Data
5.1. Acquired Data and the Focusing Analysis
A near-offset VSP experiment was performed in a 250 m deep vertical borehole located on the Median Tec-
tonic Line (MTL), Shikoku, Southwest Japan (Figure 6a). The MTL represents one of the most significant fault
zones in Japan, associated with the motions of the subducting plates (Kubota & Takeshita, 2008). In this field,
the high-pressure and low-temperature Sambagawa metamorphic rocks are unconformably overlain by the
Late Cretaceous Izumi Group rocks (Ikeda et al., 2013). From core observation, we could identify the presence
of the Sambagawa metamorphic rocks below 44 m depth, approximately. Figure 6b shows the estimated
velocity structure from the field VSP experiment. From the optical borehole televiewer (OPTV), the positions
of the open fractures and the thin cataclasite layers are known; these are permeable structures which can
generate tube waves. In Appendix B, we show the examples of OPTV images. The distribution of the open
fractures is shown in Figures 5b and 5c, and that of the cataclasite layers is shown in Figure 7a.

We used the vertical component of the geophone data due to a P wave source, at 2 m receiver spacing in
the borehole, from 44 to 250 m depth (Figure 6c). The frequency content in the data is in 20–200 Hz range.
The first arriving event shows the incident P wave, which is removed by spatially smoothing the data along
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Figure 7. (a) Depth, thickness and dip angles of cataclasites, detected using
OPTV. The same parameters for the open fractures are shown in Figures 5b
and 5c. (b) Normalized energy distribution obtained from the focusing
analysis applied to the numerically modeled VSP data (black line, same as the
red line in Figure 5d) and to the field VSP data (red line). The fracture density
derived for the open fractures (same as in Figure 5d) is also plotted here. The
horizontal arrows mark three depth regions. A: the focused energy estimated
on field data conforms with the measured open-fracture density and the
energy estimated from the numerical data. B: the estimated focused energy
on field data does not match with the measured open-fracture density and
the cataclasite layers are dominant. C: the estimated focused energy on field
data does not match with the fracture density and the energy is large
compared to the numerical data.

the picked P wave travel time and subtracting the smoothed data from
the total wavefield. After removing the incident wave, we estimate
pressure field from the geophone data (see Appendix C for details).
Geophone data are acquired using a single sensor housed in a bore-
hole shuttle which is clamped to borehole wall. By using appropriate
elastic parameters and solving the solid-fluid boundary conditions (Biot,
1952; Cheng & Toksöz, 1981), we find that the magnitude of radial dis-
placement at the borehole wall is one order larger than that of vertical
displacement, in the frequency range that we consider. However, we
do not observe tube waves in the radial component of our data. This
suggests that the vertical motion of the borehole fluid causes a vertical
motion at the geophone due to the finite dimension of the measurement
tool in the radial direction. In this regard, it is well known that a mea-
surement tool behaves as a boundary which generates reflected tube
waves (Hardage, 1981). Therefore, we estimate pressure field assuming
that the data represent the particle motion of the measurement tool and
considering the rigidity of the tool (Appendix C). The estimated maxi-
mum tube-to-P wave amplitude ratio is around 3 (see Figure C1b). This
value of amplitude ratio is similar to the numerically predicted values
(Figure 5a). Unfortunately, however, this does not fully preclude the
effect of the borehole wall because including the motion of the borehole
wall in the data can lead to large amplitudes in the estimated pres-
sure field (Figure C1c), which may lead to large errors in amplitudes.
Therefore, similar to the focusing analysis in the numerical modeling
section, we consider only relative amplitudes of the estimated pressure
field as shown in Figure C1b, for qualitatively investigating the effect of
the fractures.

Figure 6d shows clearly the propagation of multiple tube waves. We
estimate the tube wave velocity (cT ) by implementing the slant stack-
ing technique (Yilmaz, 2001), which gives cT around 1,300–1,400 m/s
(Figure 6b). With pscat from Figure 6d, we apply the focusing opera-
tor (equation (9)) derived from the estimated cT , normalize the focused
traces by the incident wave amplitude at each depth (Figure C1a), and
then calculate the energy of the focused traces (Figure 7b).

5.2. Fracture Density Versus Focused Energy: Result on Field VSP
and Numerical Data Sets
In this subsection, we discuss systematically the relation between the
focused energy estimated from the field VSP data set, that from the
numerical modeling, and the observed distribution of fracture density.
Figure 7b shows the estimated focused energy from field VSP data (red

line) and numerical data (black line). The numerically modeled data set is same as that shown in Figure 5d.
The fracture density distribution is obtained for the open fractures (blue bars).

Note the good match between the estimated focused energy using our new methodology and the
open-fracture density from OPTV, especially for the numerically modeled data (black line and blue bars in
Figure 7b). As explained earlier, because the focused energy depends not only on fracture density but also
on a few other parameters, for example, fracture aperture, dip, and compliance (see section 4), any difference
between the calculated focused energy and the measured fracture density is understandable. When the same
methodology (focusing analysis) is applied to the field VSP data set, we can see (red line in Figure 7b) that
between 60 and 150 m depth (region A, marked by a horizontal arrow in Figure 7b), the energy distribution
exhibits a trend which is quite close to the trend of the distribution of the open-fracture density. This trend
also conforms with that of the focused energy obtained from numerically modeled data: the peak energy
at 72 m (white arrow) and that at 130 m (dashed arrow) are in good agreement with those in the results on
numerical data (Figure 7b). The depths where the focused energy in the field data does not match well with
the measured open-fracture density (depth ranges B and C) are shown in Figure 7b. This discrepancy can be
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attributed to the presence of cataclasite layers which are detected at these specific depth ranges (see B and C
in Figure 7a). Furthermore, the focused energy in the field data at the depth range C is larger than that in the
numerical data. This can be explained not only by the presence of the cataclasite layers but also by the large
values of the fracture compliance (Z) at this depth. Note also that the effect of noise is likely to be larger at
this depth (C) because the incident wave amplitude is smaller at greater depths (Figure C1a).

Although the trend of the focused energy distribution between 60 and 150 m depth (depth region A) is
remarkably similar between the field data and the numerical data (red and black lines in Figure 7b), the relative
amplitudes are different. Possible causes are (1) the effect of the cataclasite layers which is not considered in
the numerical modeling, (2) the choice of different values for the fracture compliance (Z), (3) the finite dimen-
sion of the fractures (Bakku et al., 2013; Liang et al., 2017), and (4) insufficient focusing due to noise, the wrong
values of tube wave velocity, and/or errors in estimating the pressure field from the geophone data.

Note also that although the thickness of the cataclasites is larger than that of the open fractures, they can be
represented by the model developed in this study using effective hydraulic apertures. Tang and Cheng (1993)
discussed tube wave scattering due to a poroelastic layer represented by a single fracture with aperture 𝜙×L,
where 𝜙 and L are, respectively, porosity and thickness of the layer. Their results imply that at low frequencies,
the effective aperture requires to be lower than 𝜙 × L in order to account for the viscous effects. Considering
these discussions and a porosity around 10–20%, the contribution of the cataclasites to tube wave generation
and scattering is expected to be in the same order of magnitude as that of the open fractures. It is possible to
represent the cataclasites by a poroelastic layer model, for example, as in Tang and Cheng (1993) and Li et al.
(1994), which has recently been tested for a horizontal fracture geometry (Minato et al., 2016).

6. Discussions

We have obtained the theoretical reflection coefficients of dipping fractures in section 3.2. We have shown
that our extended model corresponds well to the foregoing studies of rigid fractures and that the theoretical
reflection coefficients have correct limits at low and high frequencies. We have also obtained the effective
generation amplitude including the effects of fracture dips in section 3.3. For a normal incidence P wave,
the amplitude ratio decreases with the dip angle until around 𝜃 = 70∘, because the effect of the fracture
deformation is more dominant than that of the length of the elliptical fracture-borehole boundary. When a dip
angle is larger than 80∘, the effective amplitude ratio rapidly increases with the dip angle (Figure 3b). This is
possibly due to the effect of the large length of the elliptical fracture-borehole boundary. However, one needs
to be careful as the proposed theory can contain large errors when the dip angle is close to 90∘ or when the
vertical extent of the fracture in the borehole (L1) is very large compared to the wavelength of tube waves. In
this case, the assumption of the vertical symmetry in the flow rate (qf ) may fail. Alternatively, we may be able
to numerically solve the equation of continuity in order to obtain qf . Furthermore, when the vertical extent
(L1) is very large compared to the wavelength, the additional effect of the dynamic compression of ΔV needs
to be considered in the mass conservation equation (equation (2)).

We have examined through numerical modeling the complex signatures of the tube wavefield due to dip-
ping fractures in section 4. We have designed a focusing analysis, exploiting the interaction of the total tube
wavefield in case of multiple dipping fractures. We have demonstrated that it is possible to image the dipping
fractures. We have found that the large energy of the focused traces corresponds to the large fracture density,
large apertures, and small dip angles.

The application to a field VSP data set from the Median Tectonic Line, Shikoku, Japan, shows evidence of tube
wave propagation due to multiple fractures (section 5). For the first time it has been possible to relate the
focused traces from the total tube wavefield to fracture density and other fracture properties (aperture and
dip angle). We find evidence of tube wave generation and scattering at open fractures and the presence of
thin cataclasites layers.

It should be noted that the focusing operator that we use depends only on the Green’s function in the refer-
ence medium. Therefore, the focused traces and the normalized focused energy do not depend on the choice
of the tube wave generation and scattering models. As we have shown, various models have been devel-
oped including the new model that we have presented in this research. The choice of an appropriate model
is important when we interpret the focused traces, as we have demonstrated using our model. Furthermore,
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it is possible to formulate the inverse problem to estimate fracture properties from the focused traces, which
are represented by the tube wave generation and scattering potential functions (equation (9)). Note that in
this case, we can implement any model developed so far.

7. Conclusions

We have presented here a major extension of our previous model representing interaction of the total tube
wavefield in case of multiple, closely spaced fractures and have included the effects of the dip angle of the
fractures. A new model for tube wave scattering and generation at dipping, parallel-wall, open fractures has
been developed. We have proposed a focusing analysis in order to analyze the complex signatures of the tube
wavefield. We have demonstrated this analysis using a numerically modeled data set and a field VSP data set
obtained from the Median Tectonic Line in Japan.

The new approach that we have presented in this article allows measurement of in situ permeability due to
multiple fractures. This will find key applications in numerous fields where monitoring the hydraulic properties
of dipping fractures is needed, for example, in characterizing fluid paths during geological CO2 storage, in
geothermal field developments, in fault seal assessments in carbonate reservoirs, and in comprehending the
role of fractures and fluids in tectonic processes.

Appendix A: Derivation of the Amplitude of the Generated Tube Waves Using
the Ionov Boundary Condition

Using the tube wave generation model from Bakku et al. (2013) (equation (6) of Bakku et al. (2013) or
equation (A7) of Minato and Ghose (2017)) and the equivalent circle approach (Tang & Cheng, 1993) that we
explain in sections 3.2 and 3.3, the fluid pressure distribution (pF) can be written as

pF(r, 𝜔) =

[
pt(𝜔) −

𝜌f Z𝛼2
eff

L0
𝜎0

]
H0(𝜁 r)
H0(𝜁 R̄)

+
𝜌f Z𝛼2

eff

L0
𝜎0, (A1)

where r is the radial distance along a fracture, and we consider the Ionov boundary condition (pF(R̄, 𝜔) =
pt(𝜔)). Considering the dynamic fluid flow condition (Bakku et al., 2013; Tang & Cheng, 1989), we have the
following relation:

qf (r, 𝜔) = −
i𝜔L0

k2
r 𝛼

2
f
𝜌f

𝜕pF

𝜕r
. (A2)

Using equations (5), (6), (A1), and (A2), we obtain the tube wave generation amplitude (pIo
t ), using the Ionov

boundary condition, as,

pIo
t (𝜔) =

𝜎0
Le

2𝜋R

i𝜔cT

kr𝛼f

𝜌f Z𝛼eff

R

H1(𝜁 R̄)
H0(𝜁 R̄)

1 + i𝜔𝜌f cT

2
×
(

2𝜁 R̄
R2

L0

k2
r 𝛼

2
f
𝜌f

H1(𝜁 R̄)
H0(𝜁 R̄)

) . (A3)

Equation (A3) is identical to equation (8) which is derived assuming the Beydoun boundary condition and
that additional scattering is taking place immediately after generation.

Appendix B: Example of Images From the Optical Borehole Televiewer (OPTV)

We obtain the distribution of the open fractures (Figure 5b) and that of the cataclasite layers (Figure 7a)
from OPTV images. The apertures of the open fractures are estimated by picking the apparent apertures at
every 30∘ azimuth. Averaged values are then corrected for dip angles to obtain the true apertures. Dip and
strike angle are estimated by fitting the sine curvature on the OPTV images. Similarly, the thicknesses of the
cataclasite layers are estimated by picking the upper and lower surface of the layers. The dip angles of the cat-
aclasite layers are then obtained by averaging those of the upper and lower surfaces. Figures B1 and B2 show,
respectively, the examples of the OPTV images of the open fractures and the cataclasite layers.
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Figure B1. Examples of open fractures detected in OPTV images. (a) At 158.5 m depth; average aperture is 1.4 mm.
(b) At 171.2 m depth; average aperture is 1.3 mm. The red dashed lines show the dip and strike angles of the structure.

Appendix C: Estimating Pressure Field From the Geophone Data

In the field data, we obtain the spatially smoothed traces by filtering the vertical component of geophone
records, which contain the vertical particle velocity (vz) of the direct P wave. We assume that the smoothed
traces includes vz at the borehole wall and estimate the fluid pressure in the borehole (p) due to the incident
P wave.

Using the low-frequency approximation of the axisymmetric waves in a fluid-filled borehole due to an incident
plane P wave (Schoenberg, 1986), we obtain the relation between the vertical particle velocity at the borehole
wall (vz) and the pressure in the borehole (p):

p = V
𝜌f VPc2

T

V2
S

1 − 2V2
S V−2

P cos2 𝜑

1 − c2
T V−2

P cos2 𝜑
,

vz = V cos𝜑,

(C1)

where V is the amplitude of the incident P wave, 𝜑 is the incidence angle (𝜑 = cos−1(ẑb ⋅ k̂), see Figure 1b),
and we assume that p is the value at the center of the borehole.

Using equation (C1), we obtain the pressure field in the borehole from the smoothed traces. Figure C1a shows
the estimated pressure field of the normally incident P wave after muting around direct arrivals. Note that the
pressure field (Figure C1a) is scaled by the maximum amplitude of all traces.

After subtracting the smoothed traces from the total wavefield, we obtain the vertical particle velocity of the
tube wavefield. In order to estimate the tube wave pressure field, we follow a simple approach to consider

Figure B2. Examples of thin layers of cataclasite detected in OPTV images. (a) At 125.2 m depth; average thickness is
8.3 cm. (b) At 189.6 m depth; average thickness is 2.3 cm. The yellow dashed lines show the dip and strike angles of the
upper and lower surface of the structure.
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Figure C1. (a) Estimated incident pressure field. (b) Estimated tube wave pressure field assuming that the geophone
data represent the motion of the measurement tool due to the vertical fluid motion. (c) Estimated tube wave pressure
field assuming that the geophone data represent the motion of the borehole wall.

the interaction between the borehole fluid and the measurement tool. We consider following assumptions:
(1) a vertical motion of tube wave causes a vertical motion at the measurement tool due to the finite dimen-
sion of the tool in the radial direction, (2) the measurement tool has similar elastic properties to those of the
formation because the tool is clamped to the borehole wall, and (3) the tool behaves as an elastic half space.
The third assumption implies one-dimensional wave propagation and that we ignore the finite length of the
measurement tool.

We consider that a downgoing incident tube wave generates reflected and transmitted wave at a boundary
between the borehole fluid and the elastic half space (measurement tool). The vertical displacement of the
incident, reflected, and transmitted waves are written as, ui

z = AeikT z−i𝜔t , ur
z = Be−ikT z−i𝜔t , and ut

z = CeikP z−i𝜔t ,
respectively. Here kT = 𝜔∕cT is the wave number of tube wave, kP = 𝜔∕VP is the longitudinal wave number
of the elastic half space, and A, B, and C are amplitude coefficients. By solving at the boundary the continuity
equation for both displacement and stress, we obtain the following relation between the amplitude of the
incident wave (A) and that of the transmitted wave (C):

A =
ZT + ZP

2ZT
C, (C2)

where ZT = 𝜌f cT and ZP = 𝜌VP .

We assume that the fluid pressure (p) and the vertical displacement (uz) at the measurement tool are
represented by a superposition of upgoing and downgoing waves as,

p = AdeikT z + Aue−ikT z,

uz = CdeikP z + Cue−ikP z,
(C3)

where we omit the factor e−i𝜔t for brevity, Ad,u and Cd,u are the amplitudes, and the superscripts indicate upgo-
ing wave (u) or downgoing wave (d). We assume that the measurement tool behaves as an elastic half space
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for each upgoing and downgoing wave mode. Using equations (C2) and (C3), after a simple algebra we obtain
the following relation at the receiver position:

p = −
VP

2
(ZT + ZP)

𝜕uz

𝜕z
. (C4)

Approximating 𝜕uz∕𝜕z as (−i𝜔)−1
{

vz(z + Δz) − vz(z)
}
∕Δz, where vz(z) indicates vertical particle velocity

(geophone data), we can estimate the pressure field p from the geophone data. The estimated pressure field
is shown in Figure C1b. Note that the pressure field is scaled by the maximum amplitude in the direct pressure
field (Figure C1a), so that we can see the tube-to-P wave amplitude ratio.

Finally, Figure C1c shows the estimated pressure field assuming that the geophone data contain the vertical
motion of the borehole wall. For this purpose, we use the analytical solutions for the motion of borehole
fluid and that of the borehole wall, which are derived from the wave equation in cylindrical coordinates and
the solid-fluid boundary conditions (e.g., Biot, 1952; Cheng & Toksöz, 1981). See supporting information for
more details. The result shows that the amplitude of the estimated pressure field is much larger than that
obtained considering the finite dimension of the tool in the radial direction (compare Figures C1b and C1c).
This is because a large pressure is required to cause a vertical displacement at the borehole wall due to the
discontinuity of shear stress at the solid-fluid boundary. We have also found that the radial displacement at
the borehole wall is expected to be larger than the vertical displacement. As explained in the main text, we do
not, however, identify tube waves in the radial component of our data, which partly supports the conjecture
that the effect of the finite dimension of the tool in the radial direction is dominant in our data.
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