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Josephson Parametric Reflection Amplifier with Integrated Directionality
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2628 CJ Delft, The Netherlands

(Received 28 June 2017; revised manuscript received 29 March 2018; published 11 June 2018)

A directional superconducting parametric amplifier in the GHz frequency range is designed and
analyzed, suitable for low-power read-out of microwave kinetic inductance detectors employed in
astrophysics and when combined with a nonreciprocal device at its input also for circuit quantum
electrodynamics. It consists of a one-wavelength-long nondegenerate Josephson parametric reflection
amplifier circuit. The device has two Josephson-junction oscillators, connected via a tailored impedance to
an on-chip passive circuit which directs the in- to the output port. The amplifier provides a gain of 20 dB
over a bandwidth of 220 MHz on the signal as well as on the idler portion of the amplified input and the
total photon shot noise referred to the input corresponds to maximally approximately 1.3 photons per
second per Hertz of bandwidth. We predict a factor of 4 increase in dynamic range compared to
conventional Josephson parametric amplifiers.

DOI: 10.1103/PhysRevApplied.9.064010

I. INTRODUCTION

Nonlinearities in superconducting devices, such as the
nonlinear Josephson inductance [1], are building blocks for
parametric amplification. They can be employed in low-
noise Kerr-type nonlinear oscillators, providing three- or
four-wave mixing interactions [2,3] enabling degenerate
(phase sensitive) or nondegenerate (phase preserving)
operation [4]. In this article, we design and analyze such
a parametric amplifier with integrated directionality, facili-
tating emerging low-power read-out schemes for micro-
wave kinetic inductance microresonator detectors (MKID)
[5,6] employed in astrophysics instruments. While our
amplifier concept is directional although reciprocal, it is
only one wavelength long, which suits and further inte-
grates the MKID read-out back end. Recent findings
suggest that the vacuum noise generated at the input of
our parametric amplifier does not decrease the sensitivity of
the MKID. State-of-the-art read-out schemes of this detec-
tor use read-out photon numbers of many hundreds of
millions in order to overcome the cryogenic high electron-
mobility amplifier noise and often no circulators are used
between the detector and the read-out amplifier [5]. It is
expected, however, that the MKID sensitivity can be further
increased by reducing the read-out photon number, which
can be achieved by parametric amplifiers [6] such as
Josephson parametric amplifiers (JPA). Eventually this will
help to uncover fundamental sources of two-level system
noise in superconducting microresonators of which no

microscopic theory yet exists, important for detectors but
also for quantum information processors. In order to be
practicable in view of the complete detection instrument,
maybe first in small arrays of about 100 MKID detectors,
the amplifier bandwidth has to be several tens of a MHz
large, the dynamic range should enable us to process first
up to, on average, 100 read-out photons and the amplifier
should be directional, compact in size, and easy to fabricate.
A second application of our amplifier could be in a

circuit quantum electrodynamics (cQED) [7–14] measure-
ment scheme. In this case, our amplifier would have to be
supplemented by a nonreciprocal device at its input to
filter out the vacuum noise that would otherwise increase
the parasitic photon population of a quantum sensitive
device connected to the input. Also, few other parasitic
photons could arise at the input of the parametric amplifier
due to a finite return loss of the amplifier. Research on
novel nonreciprocal device technologies without lossy and
possibly disturbing magnetic materials, is presently an
active field and is expected to provide adequate solutions
soon. Here, techniques are employed from cavity opto-
mechanics [15–22] over emulation of circulators with
parametric active devices [23] or with Wheatstone bridge-
based superconducting LC resonators [24,25]. Also, inno-
vative techniques in cQED [26–30] and different Josephson
parametric converter circuits [31–33] as well as other
directional Josephson circuits [34,35] have been realized.
Together with the integrated directionality of our amplifier,
it is very likely that the parasitic photon population of a
quantum sensitive device connected to the nonreciprocal
device-parametric amplifier combination is effectively
reduced. The nonreciprocal device would have to filter
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out only the vacuum noise and not direct additionally the
amplified field to the measurement chain which is sepa-
rately achieved by our amplifier concept.

II. AMPLIFIER DESIGN AND PERFORMANCE

A. General concept

Our amplifier is operated close to its bifurcation point
when the dynamics are that of a Duffing oscillator, a small
input signal change induces a large variation in the system
dynamics leading to amplification [36–39].
Figure 1(a) shows the aluminum microstrip circuit of

the JPA. Essential elements are a superconducting branch-
line coupler (like we have realized experimentally in
Refs. [40,41]) and an embedding circuit which is connected
to two individual rf-shunted nonlinear Josephson-junction
oscillators (JJO), operated at approximately 10 mK. The
branch-line coupler combines the individual JJOs to a
single JPA [42] and provides signal directivity while the
matched input admittance Y 0000

in of the embedding circuit
determines gain, noise, and bandwidth of the JPA via its
engineered conductance and susceptance portions. The
value of Y 0000

in is dominated by a capacitive shunt of the
first λ=12 section in the embedding circuit rather than by a
higher-impedance inductive load, as realized in earlier
work [43,44].

Each of the two JJOs should be characterized by the
same plasma frequency ω0 ¼ f½2πIcðΦÞ�=ðϕ0C0Þg−1=2.
Here, LJðΦÞ ¼ ϕ0=½2πIcðΦÞ� is the Josephson inductance,
being 0.12 nH in our case and C0 ¼ 4.0 pF is the shunting
capacitor. Furthermore, ϕ0 ¼ h=ð2eÞ is the flux quantum
and IcðΦÞ ¼ 2icj cos ðπΦ=ϕ0Þj is the total critical current
for each Josephson SQUID shown in Fig. 1(a), with ic
being the individual currents of the single junctions in the
SQUID. An externally applied small magnetic flux bias Φ
induced in the SQUID loop tunes ω0=ð2πÞ ∼ 7.3 GHz and
the JJO admittance Y0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C0=LJðΦÞp

. The JJOs are
pumped through their embedding circuit by a strong
coherent tone of frequency ωp=ð2πÞ ∼ 6.0 GHz which
provides the energy for the amplification and by a much
weaker quantum signal of frequency ωs which shall be
amplified. In this work, we consider nondegenerate four-
wave mixing as the amplifying mechanism for which
2ωp ¼ ωs þ ωi; two pump photons at ωp transfer their
energy into signal and idler modes symmetric around ωp,
cf. Fig 1(a). The Josephson SQUIDs are designed on top of
a 2-μm-thick SiO2 dielectric layer, cf. Fig. 1(c). Each of
the SQUIDs is rf shunted through a virtual short around
6 GHz, realized by a broadband radial stub tuner [45] with
dimensions fs2; l5g and characteristic input impedance of
50 Ω. A bonding wire connects the edge of the radial
stub directly to an island on the ground plane, connecting
the otherwise galvanically separated microstrip layers.
On the other side of the SQUID, the same island connects
to a planar low-pass filter (e.g., a standard microstrip
Chebyshev rf-blocking filter [46]), being connected to
the oscillator’s shunting capacitor C0. Therefore, a dc
current can flow through the SQUID, providing the
inductance LJ, and at the same time the bonding wires
do not disturb the rf circuit.

B. Equation of motion, gain, and noise

The equation of motion (EOM) for each of the two JJOs
is described by independent Duffing equations obtained
from the RCSJ model [47] and by Kirchhoff’s law applied
to the equivalent circuit of the JJO and its embedding
circuit, shown in Figs. 1(a) and 1(b):

δ̈ðtÞ þ κ _δðtÞ þ ω2
0

�
δðtÞ − δðtÞ3

6

�
− ω2

0

IpðtÞ
IcðΦÞ ¼

4πÎinðtÞ
ϕ0C0

:

ð1Þ

This equivalent circuit describes the pumping of the
particular JJO from a (parallel) current source with admit-
tance Y 0000

in . Furthermore, δðtÞ ¼ δpðtÞ þ δ̂sðtÞ is the intra-
oscillator field and consists of a classical term δpðtÞ due to
the coherent large amplitude pump tone, IpðtÞ ¼
Īp cos ðωptÞ, and a quantum term δ̂sðtÞ induced by the
weak signal ÎinðtÞ. The dissipation is quantified by a rate

FIG. 1. JPA with directionality. (a) Top view on the 400-nm
wiring of the aluminum microstrip circuit, consisting of three
essential elements: branch-line coupler with ports (1)–(4), em-
bedding circuit, and Josephson-junction oscillators with induct-
ance LJ (crosses) and capacitance C0. A signal V̂ in having
frequency ωs and injected in (1) along with a strong pump tone of
frequency ωp is amplified and directed to (4). Additionally,
amplified vacuum noise is emitted from input port (1) because of
the reciprocity of the device. Also, few other parasitic photons
could arise at the input due to a finite return loss of the amplifier.
(b) Details of the embedding circuit of the best performance
JPA½−0.36;þ0.36�, cf. Table I. (c) Cross-section of microstrip
layers.
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Re½κ� ¼ Re½Y 0000
in �=C0, obtaining the convenient value

Re½κ�=ð2πÞ ∼ 1.33 GHz. Equation (1) only holds for a
strong nonlinearity of the JJO compared to the linear
inductance Lenv contributed by the embedding circuit.
This is quantified by the participation ratio p ¼ Lk=LJ

[39] and L−1
k ¼ L−1

env þ L−1
J , where Lk is the total parallel

inductance. We find that Lenv is larger by about a factor of
22 compared to LJ so that the nonlinearity of the JJO is
strong enough to assume the ideal case provided by Eq. (1),
where the nonlinear term reads pδðtÞ3=6 ≈ δðtÞ3=6. For
Îin ¼ 0, one obtains the steady-state solution of Eq. (1)
which determines the classical pump intraoscillator field
δpðtÞ with maximum amplitude δp;max.
The case Îin ≠ 0 obtains the quantum intraoscillator field

by subtracting the steady-state solution from Eq. (1). We
proceed by making a Fourier transformation and sub-
sequent transition into the rotating frame [48] of the
pumping field at frequency ωp, obtaining

�
iðΩ̃p− ω̃sÞþ

κ½ω̃s�
2

�
âs½ω̃s�−

iω0δ
2
p;max

16
â†i ½−ω̃s� ¼ âin½ω̃s�:

ð2Þ

We denote with Ω̃p ¼ ω0 − ωp − ω0δ
2
p;max=8 the effective

pump-frequency detuning and with ω̃s ¼ ωp − ωs the
signal-frequency detuning. The intraoscillator field operators
âs;i describing the signal and idler modes are related up to
a phase factor to δ̂s. They obey the standard Heisenberg
EOM of the nondegenerate JPA [49,50] through the
four-wave-mixing Hamiltonian Ĥ ¼ ℏΩ̃pðâ†s âs þ â†i âiÞ þ
iℏðg=2Þðâ†s â†i − âsâiÞ, where g ¼ 2Λn̄ is a Kerr-like non-
linearity [8,50] with Λn̄ ∼ ω0δ

2
p;max=16 being the product of

oscillator nonlinearity and the large average number of
quanta n̄ ≫ 1 in the oscillator. The solution of the
Heisenberg EOM gives the oscillator susceptibility, linking
the intraoscillator field to the input field. The inverse
susceptibility matrix χ−1 is the coefficient matrix of
Eq. (2) and its adjoint equation; χ½ω̃s�−1 · â½ω̃s� ¼ âin½ω̃s�,
where âin ¼ ðâin½ω̃s�; â†in½−ω̃s�ÞT , and â¼ðâs½ω̃s�;â†i ½−ω̃s�ÞT
[8,44]. By inverting χ−1 and evaluating the element χ11, we
determine the photon number gain Gs½ω̃s� ¼ C1j1 −
Reðκ½ω̃s�Þχ11½ω̃s�j2 which can be understood as a reflection
coefficient at the JJO larger than one and C1 is a circuit-
dependent correction factor. A similar equation holds for the
idler field. Knowing the gain, we can estimate the noise
added by the nondegenerate JPA by using Ref. [50]. We
modify their result to account for the complete noise referred
to the input of the amplifier, consisting of a minimum of half
a photon of shot noise per second and per Hz of bandwidth
amplified from the signal and also from the idler field; in
total TN ½ω̃s�¼C−12 fℏωp=kB−ð2ℏω̃s=kBÞ½f1=4þðG½0�=3Þ×
½ω=ð1þω2Þ�2g1=2−ðG½0�=3Þ1=2ω=ð1þω2Þ�g. Here, C2 is

another circuit-dependent correction factor and ω ¼
ω̃sjχ11½0�j. For ω̃s ¼ 0 this is the fundamental result of the
Haus-Caves theorem [4,51] and for ω̃s ≠ 0 we obtain an
approximate relation of the noise in our amplifier for small
detuning.

C. Embedding circuit

We now describe how the two independent JJOs function
as one single JPAvia their surrounding circuit, cf. Fig. 1(a).
The strong coherent pump tone is applied together with
the weak quantum signal to the same input port (1) of a
superconducting branch-line coupler. Our amplifier con-
cept contributes a passive and ultra-low-loss signal routing
functionality to the circuit toolbox that can in cQED
applications be combined with existing nonreciprocal
circuits to filter out parasitic photons that are generated
at the input port (1) of our amplifier. The voltage ampli-
tudes which propagate to ports (2), (3), and (4) are
described by a scattering relation, ½S�½V→� ¼ ½V←�, where
½V→;←� are the ingoing (→) and outgoing (←) four-
component voltage waves applied to ports (1)–(4) and

½S� ¼ ð1=
ffiffiffi
2

p
Þ

0
BBB@

0 1 i 0

1 0 0 i

i 0 0 1

0 i 1 0

1
CCCA

is unitary for a lossless ideal branch-line coupler. An
input voltage V→¼Vp½ωp�expð−iθpÞþV̂ in½ωs�expð−iθsÞ
applied only to port (1), is divided equally between ports
(2) and (3) together with a relative phase shift of π=2. Port
(4) receives no signal in this case. The divided signals
leaving ports (2) and (3) couple via the embedding circuits
of dimensions fli; sig to the JJOs in which they are
amplified and reflected. Ideally, the reflected signals still
carry this relative phase shift of π=2 and are back coupled
to ports (2) and (3). An evaluation of the output voltages via
the ½S� matrix shows that now the divided signals combine
again constructively at port (4), whereas port (1) receives
no signal. We visualize this effect in Fig. 2 and show that
the routing of the signals in our circuit is entirely passive
and not susceptible to loss within the amplifier bandwidth.
For a nondegenerate JPAwhich preserves the input phase(s)
at the output [4], we assume without loss of generality
θp ¼ θs ¼ π=2 at port (1). The density plots for the electric
field between the ground plane and the wiring circuit
[cf. Fig. 1(c)], jEðrÞj, using this choice of phases shows
the directional operation on the branch-line coupler. The
calculated scattering parameter magnitudes for our circuit
are shown in the same figure. They are related to powers
(∝ V2) and quantify the signal distribution, yielding an
almost perfect realization of the ideal ½S� matrix over the
envisioned operation bandwidth of the JPA.
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We design the embedding circuit by visualizing the
voltage reflection coefficient and, hence, the normalized
complex transmission-line input admittance Y in=Yc ¼
½YL þ iYc tanh ðγlÞ�=½Yc þ iYL tanh ðγlÞ� in the polar plane
of the Smith chart [46,52], cf. Figs. 1(a) and 3(a). Here, Yc
is the characteristic admittance of the particular microstrip
segment, YL is the termination admittance, γ is the complex
propagation constant [48,53], and l is the length. Finally,
the complex valued admittance is plotted in the Smith chart.
A point represents the intersection between the correspond-
ing conductance circle, where the normalized conductance
is indicated on the horizontal axis and the susceptance
circle, where the normalized susceptance is indicated
around the Smith chart. For a given admittance, a change
in l will rotate the trace in the Smith chart by 2γl and
connecting admittances of different values will lead to
jumps in the overall admittance [compare with the traces in
Fig. 3(a)], transforming the admittance and changing the
shape of the conductance and the slope of the susceptance
of Y 0000

in as shown in Fig. 3(b). The correction factors for gain
and noise are given by the scattering parameters and the

coupling to the JJOs, C1 ¼ jS41½ω̃s�j shown in Fig. 2(d) and
C2 ¼ ðjS21½ω̃s�j þ jS31½ω̃s�jÞ × T where the scattering
parameters are the ones shown in Fig. 2(c) and T is the
signal coupling to the JJOs, being a factor between 1 and
0.95, cf. Ref. [48].
The directional signal routing in our device relies

fundamentally on the imposed relative phase difference
of π=2 between the two JJOs and we have to estimate the
influence of slightly detuned JJOs. We find that a relative
plasma frequency detuning of 200 MHz will cause an

FIG. 3. Embedding circuit design. (a) The Smith chart shows
the design-relevant input admittances in the polar plane, normal-
ized to the characteristic admittance of the particular circuit part,
extracted from Table I for the case of JPA ½−0.36;þ0.36�. The
shunting capacitance which is encoded in the trace Y 0

in determines
the shape of the desired admittance Y 0000

in , controlling the amplifier
performance. The red and blue traces are the admittances before
and after shunting with the stub with admittance Y 00

in, pulling the
red trace into the vicinity of the desired green trace. The open and
closed circles indicate the start (4 GHz) and stop (8 GHz)
frequency. (b) Separate real (conductance) and imaginary (sus-
ceptance) components of Y 0000

in ½ωs=ð2πÞ� for a single embedding
circuit used in the three designs.

FIG. 2. Directionality. (a) and (b) show a snapshot of jEðrÞj on
the branch-line coupler at the design frequency 6 GHz. (c) and
(d) quantify the corresponding scattering parameters, determining
a slight asymmetry in the coupler performance. Note that in
(d) the scattering parameters are fully reciprocal, in particular
S41 ¼ S14. Hence, vacuum noise is generated at input port (1). In
applications for cQED this noise has to be filtered out by an
additional nonreciprocal device connected to input port (1).
(a) Excitation of port (1) and phase-delayed distribution to ports
(2) and (3) connecting to the amplifier circuits (not shown); port 4
receives no signal and this is indicated by the up-down arrows
illustrating an out-of-phase condition. (b) Returning phase-
delayed signals from the amplifier circuits, combining this time
in-phase at the output port (4) and not at port (1), quantified by
the value S11. In (b) the gain is set to G ¼ 1 for illustrative
purposes. Vertical dashed lines are taken from Fig. 4(b) indicative
of the amplifier −3 dB bandwidth and the horizontal dashed line
is the −3 dB level of the branch-line coupler.

FIG. 4. Amplifier performance. (a) Power gain as a function of
signal-frequency detuning ω̃s and pumping amplitude δp;max for
JPA½−0.36;þ0.36�. The black dashed line indicates the optimal
(lowest power) pumping amplitude to achieve a flat gain profile
of about 20 dB. Black regions distinguish high-gain regimes
≫25 dB but with significantly decreased bandwidth.
(b) Approximate shape of the noise temperature referred to the
input and optimal power gain as a function of signal-frequency
detuning for the three designs.
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additional phase difference of approximately π=18 in the
outgoing amplified signals. While this will only slightly
change the coupler directivity S41 in Fig. 2(d), the return
lossS11 of the device port (1) indicated in the same figurewill
degrade to−12 dB from its original value of< −25 dB [48].
In the aforementioned situation, the two JJOs differ also in
their gain by about 0.8 dB, which has a negligible influence.

III. RESULTS

Figure 4 and Table I summarize our results for gain,
noise, and the designs of the JPA. While we obtain the best
performance for JPA½−0.36;þ0.36�, the other two designs
show the influence of the real and imaginary part of Y 0000

in on
the amplifier performance. For design JPA½−0.36;þ0.36�,
the term −ω̃s þ Im½κ½ω̃s�� in Eq. (2) assumes the smallest
frequency dependence with a slope symmetric around
zero, maximizing the amplification bandwidth. For the
other two designs the same term contains a much stronger
frequency dependence and the slope is not symmetric
around zero, resulting in a decreased performance, and
therefore, bandwidth of the amplifier. The dynamic range
for a single Josephson-junction oscillator operated close
to the bifurcation point scales with Pdyn ∝ I2c=Q [39],
where Q ≈ ω0Re½Z0000

in �C0. The two JJOs in our circuit
effectively double the critical current, which increases the
dynamic range by a factor of 4.
It can be further increased by increasing the current

density of the Josephson junctions, which is rather limited
for Al=AlOx=Al junctions. Higher values of up to Jc ¼
78 kA=cm2 are reachable with AlN barriers in Nb-based
circuits [54], which would increase the dynamic range by
up to 3 orders of magnitude compared to existing JPAs and
would enable the read-out of large arrays of detectors

containing some thousands of pixels [5] or multiple qubits
[11]. In this amplifier technology, however, the SQUID
cannot be fabricated anymore using the well-established
angle-evaporation technique, and one has to rely on trilayer
Josephson junctions [40,41].

IV. DISCUSSION

We have designed and analyzed a broadband and
compact JPA with integrated directionality which adds
only about one single photon of total noise at the input.
While our proposed device is fully reciprocal, nonreci-
procity can be achieved by combining our device with
existing nonreciprocal devices at the input of our amplifier.
Employing existing high-current density Josephson junc-
tions would increase the dynamic range significantly
compared to existing JPAs. Our embedding circuit is
general enough to tune the gain of signal and idler modes
independently, providing interesting opportunities to tailor
nonclassical microwave light [55,56].
In closing, we address two specific examples, where our

proposed amplifier adds functionality.
In cQED, an increasing number of experiments reads out

a cavity state by using a one-port JPA together with a
nonreciprocal device, which directs the amplified field to
the postprocessing electronics and protects the cavity from
noise. Commercially available nonreciprocal magnetic
circulators are mainly characterized by their isolation,
which quantifies to what extent the circulator can block
radiation emitted towards the quantum sensitive cavity. A
typical isolation value for these commercial circulators
amounts to −20 dB. This is also true for the nonmagnetic
circulator reported in Ref. [25]. As a consequence, the
amplified vacuum noise of such a one-port JPA, emitted

TABLE I. Three JPA designs resulting in different residual frequency-dependent imaginary parts in −iω̃s þ
κ½ω̃s�=2 ∝ Y 0000

in ½ω̃s� of Eq. (2). We quantify the residue by indicating the minimum and maximum slope of the
imaginary part as index, e.g., JPA½−0.36;þ0.36�. A weakly frequency-dependent imaginary part with a slope
symmetric around zero yields a maximal bandwidth determined by ReðY 0000

in ½ω̃s�Þ. The numbers specify the
dimensions of the circuit parts in micrometers from which the characteristic impedance in ohms is given in curly
brackets.

Elements JPA ½−1;þ1� JPA ½−0.36;þ0.36� JPA ½−0.53;−0.19�
λ=4 [(1)–(2)]a 7098 f50= ffiffiffi

2
p g 7098 f50= ffiffiffi

2
p g 7098 f50= ffiffiffi

2
p g

λ=4 [(1)–(4)]b 7306 f50g 7306 f50g 7306 f50g
λ=12 [first] 1177 f5g 1522 f9g 1941 f16g
λ=12 [second] 1332 f50g 1722 f50g 2077 f50g
l1 1587 f30g 2137 f30g 2650 f30g
l2 8815 f30g 9515 f30g 10262 f30g
l3 262 f30g 182 f30g 182 f30g
l4 290 224 155
s1 658 553 422
l5 2598 2598 2598
s2 4848 4848 4848

aThe connection of ports (3) and (4) has the same length.
bThe connection of ports (2) and (3) has the same length.
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towards the nonreciprocal device, results in one parasitic
photon per second and per Hz of bandwidth, transmitted
towards the cavity. A desired cavity field, amplified by the
JPA, will further enhance the number of these parasitic
photons. Improvement over a broad bandwidth is difficult
to achieve.
Our amplifier concept provides an attractive solution

since it emits only amplified vacuum noise from input port
(1) and emits separately the amplified field and vacuum
noise from output port (4). Therefore, a nonreciprocal
device with a given isolation connected to input port (1),
reduces also the parasitic photons transmitted through the
nonreciprocal device towards the cavity.
In another example, in astronomical instrumentation

[57,58] microresonator arrays of 20 000 pixels have been
realized recently. The dissipation and the noise of the read-
out amplifiers is becoming a very important limiting factor.
In addition, in order to reduce standing waves in the read-
out signal it would be beneficial to integrate an amplifier on
the same chip with the MKID array. The fabrication of our
amplifier is compatible with the currently used MKID
technology. Our amplifier concept makes it possible to
connect the read-out line of the MKID array directly to
input port (1). The combination of low noise, broadband,
and integrability make our proposed amplifier very suitable
for use with MKID arrays.
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