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SUMMARY

The main objective of this thesis is to obtain a better understanding of adhesive
contacts and their frictional behaviour. Both natural and man-made surfaces are
rough over a wide range of length scales. Tribological studies of rough surfaces
need to account for the interactions between these asperities. In this work a sim-
ple atomistically–inspired macro-scale model is developed to study smooth and
rough contacts between elastically deformable bodies where adhesion and fric-
tion are simultaneously active at the interface.

A full description of the model is presented in Chapter 2. There, the Green’s
function molecular dynamics (GFMD) technique is extended to explicitly de-
scribe the two solids in contact and their mixed-mode interface interactions. The
interactions between surfaces are described through a coupled cohesive-zone
model implemented in the GFMD technique. The extended GFMD technique
includes an incremental iterative scheme, which is necessary to capture the con-
tact area evolution when tangential tractions develop at the interface between
the solids under loading.

In Chapter 3 the non-adhesive contact between a rigid rough indenter and an
incompressible elastic solid is studied. It is shown that for rough line contacts,
only when the root-mean-square gradient is calculated over the actual contact
area a linear relation exists between the relative contact area and the reduced
pressure, such that the proportionality factor is independent of Hurst exponent
and reduced pressure. Moreover, based on the obtained values for the propor-
tionality factor in line (1D) and surface (2D) contacts, a single 1D-to-2D scaling
factor is found for both rough and smooth non-adhesive asperities.

Next, with the aim of capturing the consequences of the interplay between
adhesion and friction, contact of a periodic array of smooth circular rigid asperi-
ties indenting into a flat deformable solid is studied in Chapter 4. It is shown that
for a given normal work of separation, the contact size and the pull-off load in-
crease by increasing friction. However, the interplay between adhesion and fric-
tion can be neglected in all cases where relative sliding of the surfaces is small,
i.e. when one of these three conditions hold: (1) friction is very large, (2) the
material is incompressible, (3) contacts are closely spaced.

In Chapter 5 the adhesive contact of a self-affine rough rigid solid indenting
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an initially flat deformable solid is analysed. It is shown that, unlike the non-
adhesive contacts, the relation between the relative contact area and the reduced
pressure has a non-linear behaviour in the case of adhesive contact, particu-
larly for rough profiles with large Hurst exponent and small root-mean-square
height. However, it is found that for the indentation of a self-affine rough rigid
profile, frictional property of the interface as well as compressibility of the sub-
strate becomes irrelevant to the load-area relation, due to the interference of the
displacement fields of the neighbouring asperities on various length scales.

Contact problems that include also tangential loading are studied in Chap-
ter 6, where a mixed normal and tangential loading is applied. Simulations are
performed for the frictional sliding of the adhesive contact between a circular
smooth punch against a flat rigid substrate, under tension and compression. It
is shown that with slip instabilities occurring during sliding, a cycle of contact
area reduction and reattachment persists for continued tangential loading, even
under tension. Whether the reattachment is partial or full depends on friction:
The lower the friction, the more complete the reattachment. Moreover, the re-
duction in the contact area as a function of the tangential contact force is found
to be well fitted by the empirical quadratic law reported from experimental re-
sults under compressive loading. Under tensile loading, however, the quadratic
law breaks down: There is a larger rate of contact area reduction when the onset
of sliding is approached.



SAMENVATTING

Het voornaamste doel van dit proefschrift is het verkrijgen van een beter inzicht
in adhesieve contacten en hun wrijvingsgedrag. Zowel natuurlijke als artifici-
ële oppervlakken zijn ruw over een groot aantal lengteschalen. Voor tribolo-
gisch onderzoek naar ruwe oppervlakken is het noodzakelijk om de interactie
tussen uitsteeksels mee te nemen. In dit werk is een eenvoudig, door atomisti-
sche modellen-geïnspireerd, macroschaal model ontwikkeld om gladde en ruwe
contacten tussen elastisch vervormbare lichamen te bestuderen, waarbij adhesie
en wrijving gelijktijdig aan het interface voorkomen.

Een volledige beschrijving van het model wordt gegeven in Hoofdstuk 2. De
Green’s functie moleculaire dynamica (GFMD) methode is uitgebreid om expli-
ciet de twee vaste stoffen in contact en hun mixed-mode interface-interactie te
beschrijven. De interacties tussen de oppervlakken worden beschreven door
een gekoppeld cohesieve-zone-model dat is geïmplementeerd in de GFMD me-
thode. In de uitgebreide GFMD methode is een incrementeel iteratief schema
opgenomen. Dit is noodzakelijk voor het beschrijven van de contactevolutie
wanneer tangentiële krachten ontwikkelen aan het interface tussen de vaste stof-
fen die in contact met elkaar zijn.

In Hoofdstuk 3 wordt het non-adhesievie contact tussen een rigide ruwe in-
denter en een onsamendrukbare elastische vaste stof bestudeerd. Het blijkt dat
alleen wanneer de kwadratisch gemiddelde gradiënt is berekend over het echte
contactoppervlak, er voor ruwe lijncontacten een lineaire relatie tussen het re-
latieve contactoppervlak en de gereduceerde druk bestaat, zodat de proportio-
naliteitsfactor onafhankelijk is van de Hurst-exponent en de gereduceerde druk.
Bovendien, gebaseerd op de verkregen waarden voor de proportionaliteitsfac-
tor voor lijn- (1D) en oppervlak- (2D) contacten, een enkelvoudige 1D-naar-2D
schaalfactor is gevonden voor zowel ruwe als gladde non-adhesieve uitsteeksels.

Vervolgens, met het doel om de gevolgen van het samenspel tussen adhe-
sie en wrijving te beschrijven, wordt het contact tussen een periodieke array van
gladde circulaire rigide uitsteeksels die in een vlak vervormbare vaste stof druk-
ken, bestudeerd in Hoofdstuk 4. Er wordt getoond dat voor een gegeven beno-
digde arbeid voor separatie, de contactgrootte en de aftrekbelasting toenemen
door toenemende wrijving. Echter, het samenspel tussen adhesie en wrijving
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kan worden verwaarloosd in alle gevallen waar het relatieve glijden van de op-
pervlakken klein is, d.w.z. wanneer aan één van deze drie voorwaarden voldaan
wordt: (1) wrijving is zeer groot, (2) het materiaal is onsamendrukbaar, (3) con-
tacten zijn nauw opeenvolgend.

In Hoofdstuk 5 wordt het adhesieve contact van een zelf-affiene ruw rigide
vaste stof die in een initieel vlak vervormbare vaste stof drukken, geanalyseerd.
Er wordt getoond dat, in tegenstelling tot non-adhesieve contacten, de relatie
tussen het relatieve contactoppervlak en de gereduceerde druk een non-lineair
gedrag heeft voor het geval van adhesieve contacten, in het bijzonder voor ruwe
profielen met een hoge Hurst-exponent en een kleine kwadratisch gemiddelde
hoogte. Echter, voor de indeuking van een zelf-affiene ruw rigide profiel is ge-
vonden dat de wrijvingseigenschap van het interface en de compressibiliteit van
het substraat relevant worden in de belasting-contact-relatie door de interferen-
tie van de verplaatsingsvelden van naastliggende uitsteeksels op verschillende
lengteschalen.

Contactproblemen aangaande tangentiële belasting zijn in Hoofdstuk 6 be-
studeerd, waar een gemengde normale en tangentiële belasting is toegepast. Si-
mulaties zijn uitgevoerd voor wrijvend glijden van het adhesieve contact tussen
een circulaire gladde indenter op een vlak rigide substraat onder rek en com-
pressie. Er wordt getoond dat met glij-instabiliteiten tijdens het glijden een cy-
clus van contactoppervlakreductie en herbevestiging aanhoudt voor continue-
ring van tangentiële belasting, zelf tijdens rek. Of de herbevestiging deels of vol-
ledig is hangt af van de wrijving: Hoe kleiner de wrijving, hoe completer de her-
bevestiging. De reductie van het contactoppervlak als functie van de tangentiële
kracht blijkt goed beschreven met een empirische kwadratische wet gevonden
in experimenten onder compressieve belasting. Echter, onder rekbelasting is de
kwadratische wet niet toepasbaar: Er is een grotere snelheid van contactopper-
vlakreductie wanneer het begin van glijden wordt benaderd.



1
INTRODUCTION

The improvement of understanding is for two ends:
first, our own increase of knowledge;

secondly, to enable us to deliver
that knowledge to others.

John Locke
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2 1. INTRODUCTION

1.1. GENERAL INTRODUCTION

T HE importance of friction cannot be overestimated, as it affects everyday life
in countless situations. Friction is either desired or detrimental depending

on the application: In the absence of friction, for example, one would not be able
to play the violin or even turn to the next page while reading this thesis. However,
friction by resisting the relative motion of contacting bodies, is also a source of
energy dissipation and responsible for a third of the world energy consumption
[1]. This “double-edged sword” behaviour of friction goes hand in hand with the
complex nature of this phenomenon.

The surface topography and its adhesive properties influence their contact
and frictional behaviour. Thus, a rigorous understanding of how roughness and
adhesion affect the contact behaviour of materials is of great importance and is
the main focus of this thesis.

Despite the great advances made in recent years, the understanding of fric-
tion relies highly on Amontons’ law which states that for any two materials the
friction force is directly proportional to the normal load. The common interpre-
tation of this law is that contact area increases linearly with the applied normal
load. The law is applied independently of whether the interface is adhesive or
non-adhesive. With the aim of investigating the load-area evolution while con-
sidering adhesion forces at the interface, in the past decades, many attempts
have been made to model adhesive contact problems under normal loading. The
first adhesive contact theories to appear were the widely used theories devel-
oped by Johnson, Kendall, and Roberts (JKR) [2] for short-range adhesion and by
Derjaguin, Muller, and Toporov (DMT) [3] for long-range adhesion in a Hertzian
contact geometry. More recently, Borodich et al. [4] have extended the analyti-
cal JKR theory and studied the adhesive contact under both frictionless and full
stick boundary conditions. The idea that adhesion and friction affect each other
is generally attributed to Desaguliers (1734) [5]. Bowden and Tabor (1950) [6]
turned this idea into a principal part of their theory of friction, but [4] neglected
the coupling between adhesion and friction. The role of this coupling in the evo-
lution of contact area and load still needs to be well understood. In this thesis,
the consequences of the interplay between adhesion and friction during contact
loading are investigated.

Beyond contact problems under pure normal loading, in the seminal work
by Savkoor and Briggs [7] mixed normal and tangential loading was applied to a
rubber hemisphere in adhesive contact with a glass plate. It was found that as a
result of increasing the tangential load, the surfaces tend to peel apart and hence,
the contact area decreases progressively. Later, Waters and Guduru [8] and more
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recently Sahli et al. [9] performed similar experiments and demonstrated that
there is indeed a contact area reduction during shear loading. With the aim of re-
producing the experimental results, adhesive contacts under mixed-mode load-
ing have been extensively studied in [5, 7, 8, 10–15]. However, these studies are
limited to investigating the contact area evolution either up to the onset of slid-
ing or only under compressive loading. The contact evolution after the onset of
sliding and under tensile loading, however, has not yet been addressed. In this
thesis, a complete picture of contact evolution of an adhesive circular smooth
punch under mixed-mode loading, before and after sliding, is provided.

1.2. OBJECTIVE AND OUTLINE OF THE THESIS
The main objective of this thesis is to obtain a better understanding of adhe-
sive contacts and their frictional behaviour. To this end, a simple atomistically-
inspired macro-scale model is developed in order to study smooth and rough
contacts between elastically deformable bodies where adhesion and friction are
simultaneously active at the interface.

In Chapter 2 the atomistically-inspired contact model is presented. There-
after, this model is employed to investigate the contact evolution under various
loadings. This investigation is categorized into two parts. In Part I, indentation
contact problems under single–mode (pure normal) loading are studied. This
part is divided into three chapters, depending on the interface property (non-
adhesive or adhesive) and surface topography (smooth or rough).

In Chapter 3 the non-adhesive contact between a rigid indenter and an in-
compressible elastic solid is studied. In this chapter, the assumption of linearity
between contact area and applied normal load for random rough and smooth
asperities is assessed in line (1D) and surface (2D) contacts.

In Chapter 4 the analysis in Chapter 3 is extended to the more complicated
case of adhesive contacts. Simulations are performed for a periodic array of
smooth circular rigid asperities indenting a flat deformable solid, in order to eval-
uate the dependency of contact size, load-displacement curve, and pull-off load
on the interface properties, particularly the interplay between adhesion and fric-
tion.

As the last chapter of Part I, adhesive contact of a self-affine rough rigid solid
indenting an initially flat deformable solid is analysed in Chapter 5. The aim
of this chapter is to investigate how adhesion contributes to the experimentally
observed non-linear relation between contact area and load. Moreover, new
insights are provided into the role of roughness parameters (root-mean-square
height, Hurst exponent, and small wavelengths) on the evolution of contact area
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4 REFERENCES

with load.
In Part II contact problems beyond pure normal loading are studied, where

a mixed normal and tangential loading is applied. First, the contact model in-
troduced in Chapter 2 is extended in Chapter 6 to approach contact problems
under mixed-mode loading. Frictional sliding of adhesive contact of a circular
smooth punch against a flat rigid substrate, under tension and compression, is
investigated.

Finally, results and conclusions are summarised in Chapter 7.
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2
COMPUTATIONAL APPROACH

It can scarcely be denied that the supreme goal of all theory is to make
the irreducible basic elements as simple and as few as possible

without having to surrender the adequate representation
of a single datum of experience.

Albert Einstein

Parts of this chapter have been published in Tribology International 124, 93-101 (2018) [1].
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8 2. COMPUTATIONAL APPROACH

2.1. INTRODUCTION

T HE aim of this chapter is to build a simple atomistically-inspired macro-scale
model to predict the evolution of contact area and load, in contact problems

where friction and adhesion are simultaneously active.
Interaction between adhesion and friction is studied in [2–4] by means of the

simple Dugdale model (1960) and the theory of linear elastic fracture mechanics
(LEFM). However, models based on LEFM have the drawback that the stresses at
the edge of the contact go to infinity [5] and that they are valid only for adhesion
zones that are small compared to the contact radius [6]. Recently, much atten-
tion has been devoted to macroscale continuum mechanics approaches that are
inspired by nanoscale contact behaviour. Various adhesive continuum models
[7–10] have been presented that employ the Lennard-Jones potential within the
framework of the finite element method (FEM). These models appear to have
the advantage, over molecular dynamics, that they can handle contact prob-
lems at scales larger than the nanometer scale. However, apart from the fact that
small load increments and finite element discretizations are necessary to avoid
ill-conditioned stiffness matrices, these models become inaccurate when adhe-
sion is strong [10].

Here, a computational approach is proposed to study contact between elas-
tically deformable bodies that can easily handle strong and weak adhesion cou-
pled with friction. Calculation of deformation and stress fields in the bodies is
performed using Green’s function molecular dynamics (GFMD) [11, 12]. The in-
teractions between the surfaces are modelled through a coupled cohesive-zone
model (CZM). CZMs are phenomenological traction-separation laws which have
been originally proposed to study cracks. Indeed, a contact problem is analogous
to a fracture problem where the edge of contact area coincides with a crack.

In this work, the GFMD technique is extended to explicitly describe the two
solids in contact and their mixed-mode interface interactions. This extension
includes an incremental iterative scheme, which is necessary to capture the con-
tact area evolution when tangential tractions develop at the interface between
the bodies under contact loading. The scheme is applied for the first time in
GFMD, but inspired by similar algorithms used in finite element modelling.

2.2. TWO–SOLID CONTACT MODEL
In the two-solid contact model using the GFMD technique, the surface of the
elastic solid is first discretized with a number of equispaced grid points, which
interact with each other through an effective stiffness [11]. Subsequently, the
response of the material to the external loading is obtained using damped dy-
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namics by only considering the interactions of the surface grid points with their
degrees of freedom coupling to the external force [13]. Eventually, based on the
solution for the surface, body fields are calculated by means of analytical rela-
tions [12]. Figure 2.1 gives a schematic representation of the contact problem of
two elastic solids with arbitrary material properties and generic surface rough-
ness obeying the small slope approximation. Here, the solids are taken to be

Figure 2.1: Schematic representation of two solids in contact along with the coordinate system
used in the current calculations. The unit cell is periodic in x-direction, π indicates the periodic
boundaries. The distance between two points on opposite surfaces is described by the gap func-
tion g = (∆t,∆n).

elastically isotropic and plane-strain conditions are assumed with deformations
restricted to the x-z plane.

The two solids under study, identified by superscript i = {1,2}, are in me-
chanical equilibrium at time t . Hence, the summation of the forces acting on
each solid must vanish. Dividing this summation of forces by the total surface
area A0, leads to the following equilibrium equation:

T(i ) = T(i )
el +T(i )

if +T(i )
ext = 0 ∀t , (2.1)

where Tel is the elastic restoring force per total surface area, Tif is the interface
traction and Text is the applied external traction. The equilibrium equations of
the two solids are coupled through the action and reaction forces they exert on
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each other:
T(1)

if =−T(2)
if ∀t . (2.2)

Consequently, knowing the boundary conditions, the solution to the surface dis-
placement fields of each solid may be obtained by solving Eq. 2.1. For the sake
of simplicity, in the remaining part of this chapter, the superscript (i ) is removed
from the equations. All the reported relations are valid for both solids.

In the GFMD technique, due to the translational symmetry of the problem,
the solution of the equilibrium equation 2.1 is obtained numerically in recipro-
cal space, i.e. in the Fourier representation. The main advantage of this transfor-
mation is that the non-local coupling between surface displacements and forces
has a local character in reciprocal space. In order to keep track of the surface
evolution during loading, the solution of Eq. 2.1 is carried out in an incremental
manner [14] with the applied load increasing monotonically.

INCREMENTAL ITERATIVE SCHEME

At time t , the displacement and stress fields of the solids are known. An in-
crement of loading ∆Text is applied along the boundary z = 0 (for body 1) and
z = h(1) +h(2) (for body 2) and the aim is to determine the fields at time t +∆t .
In reciprocal space, the equilibrium equation 2.1 is rewritten in an incremental
manner as

∆T̃(q) := (t+∆t )T̃(q)− (t )T̃(q)

= ∆T̃el(q)+∆T̃if(q)+∆T̃ext(q) = 0,
(2.3)

where q is the wave-vector, a scalar in a 1D problem. An iterative procedure
must be employed to ensure that equilibrium is satisfied at every time increment,
i.e. ∆T̃(q) → 0. At iteration m +1, first, the estimated value of ∆T̃(q) is obtained
through

(m+1)∆T̃(q) = (m+1)∆T̃el(q)+ (m+1)∆T̃if(q)+∆T̃ext(q). (2.4)

Subsequently, the calculated value of (m+1)∆T̃(q) is used to modify the incremen-
tal value of the surface displacements (m+1)∆ũ(q) through the equation of mo-
tion using the position Verlet algorithm [15]. For m ≥ 1:

(m+1)∆ũ(q) = 2 (m)∆ũ(q)− (m−1)∆ũ(q)

+{(m+1)∆T̃(q)× A0 +η
[(m)∆ũ(q)− (m−1)∆ũ(q)

]}
δt 2,

(2.5)

where η is the damping factor, δt is a pseudo time increment and

(1)∆ũ(q) = (0)∆ũ(q) = 0. (2.6)
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The iterations in the Verlet algorithm are repeated until

∥(m+1)∆ũ(q)− (m)∆ũ(q)∥ ≤ ϵr, (2.7)

where ϵr is a specified tolerance and ∥ ∥ denotes the Euclidean norm. Eventually,
the converged solution for (m+1)∆ũ(q) is employed to calculate the displacement
fields of the damped system at time t +∆t .

The elastic restoring force per total surface area T̃el(q) is obtained by calcu-
lating the derivative of the elastic energy density Π̃el(q) with respect to displace-
ment, hence,

(m+1)∆T̃el(q) = ∂Π̃el(q)

∂ũ(q)

∣∣∣
(m)∆ũ(q)

. (2.8)

The elastic energy density for a solid with roughness obeying the small-slope ap-
proximation is derived in [16] as

Π̃el(q) = q

2

[
Ũ∗

α(q)
]

1×4

[
M̃kl (q)

]
4×4

[
Ũα(q)

]T
4×1 . (2.9)

Here, Ũα(q) is given as

[
Ũα(q)

]= [
ũx(q)|z=0 ũz(q)|z=0 ũx(q)|z=h ũz(q)|z=h

]
, (2.10)

where ũα is the displacement component of the surface grid points. The other
term on the RHS of Eq. 2.9, M̃kl (q), depends on the stiffness tensor and on the
height of the solid h:

[
M̃kl (q)

]=C11



M̃11(q) −i M̃12(q) −i M̃13(q) −i M̃14(q)

i M̃12(q) M̃22(q) −i M̃23(q) −i M̃24(q)

i M̃13(q) i M̃23(q) M̃33(q) −i M̃34(q)

i M̃14(q) i M̃24(q) i M̃34(q) M̃44(q)

 , (2.11)
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where Ci j denotes the coefficients of the elastic tensor and

M̃11(q) = M̃33(q) = (1− r )
sinh(qh) cosh(qh)− r qh

f (q,h)
,

−M̃12(q) = M̃34(q) = 1− r

1+ r

(1− r ) sinh2(qh)−2(r qh)2

f (q,h)
,

M̃13(q) = (1− r )
r qh cosh(qh)− sinh(qh)

f (q,h)
,

−M̃14(q) = M̃23(q) = (1− r )
r qh sinh(qh)

f (q,h)
,

M̃22(q) = M̃44(q) = (1− r )
sinh(qh) cosh(qh)+ r qh

f (q,h)
,

M̃24(q) =−(1− r )
r qh cosh(qh)+ sinh(qh)

f (q,h)
,

(2.12)

with

f (q,h) = cosh2(qh)− (r qh)2 −1,

r = 1− s

1+ s
,

(2.13)

and s = C44/C11. In its simplest form, in the case of frictionless contact with a
half-space and incompressible solid, tensor M̃kl (q) of Eq. 2.11 is reduced to a
scalar 2(1− s)C44 ≡ E∗/2, with E∗ = E/(1−ν2).

The remained unknown on the RHS of Eq. 2.4, the incremental iterative de-
scription of the interface interaction (m+1)∆T̃if(q), is thoroughly discussed in the
following.

2.3. INTERFACE INTERACTION

At iteration m+1, the incremental interface interaction (m+1)∆T̃if(q) is first com-
puted in real space:

(m+1)∆Tif =Tif(
(m)∆n, (m)∆t)− (t )Tif

+
(
∂Tif

∂∆n

)
(m)∆n, (m)∆t

×δ∆n +
(
∂Tif

∂∆t

)
(m)∆n, (m)∆t

×δ∆t,
(2.14)
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where (m)∆t and (m)∆n refer to the tangential and normal components of the gap
function in the m-th iteration at time t +∆t . Here, δ∆n and δ∆t are defined as

δ∆n := (m)∆n − (m−1)∆n,

δ∆t := (m)∆t − (m−1)∆t.
(2.15)

Subsequently, (m+1)∆Tif is transformed to reciprocal space, (m+1)∆T̃if(q).

On the RHS of Eq. 2.14, Tif is specified in terms of constitutive equations for
traction components in normal and tangential directions, Tif,n and Tif,t respec-
tively. In this work, Tif,n and Tif,t are obtained from coupled cohesive-zone rela-
tions.

COUPLED COHESIVE-ZONE MODEL

In the description of the interface as a cohesive surface, the interface tractions
are determined as a function of the normal and tangential components of the gap
function. Among the widening class of coupled CZMs, the Xu-Needleman model
is one of the most frequently used [17]. In that model, the coupling between
tangential and normal tractions is defined based on the parameter

c = ϕt

ϕn
, (2.16)

where ϕt and ϕn are the tangential and normal works of separation, respectively.
van den Bosch et al. [18] showed that by employing the Xu-Needleman model,
the required normal traction at complete shear failure reduces to zero if and only
if c = 1. However, choosing c = 1 implies that ϕt = ϕn, while multiple experi-
mental studies show that the normal and tangential works of separation are not
necessarily equal to each other [19, 20]. Hence, an improved exponential law
was proposed by van den Bosch et al. [18], the BSG model, which works very
well for crack opening, less for indentation: the maximum tangential traction
continues to decrease with increasing normal over-closure [21]. In fact, for large
values of normal closure, a negative maximum tangential traction is obtained.
In order to correct for this drawback, a modified form of the BSG model was pro-
posed by McGarry et al. [21], the so-called NP1 model. This model eliminates
the reduction in maximum tangential traction during mixed-mode closure and
yet preserves all essential features of an improved exponential CZM.
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In this work, following [21], the interface tractions are expressed as

Tif,n = ϕn

δn

(
∆n

δn

)
exp

(
−∆n

δn

)
exp

(
−∆2

t

δ2
t

)
,

Tif,t = 2
ϕt

δt

(
∆t

δt

)
exp

(
−∆n

δn

)
exp

(
−∆2

t

δ2
t

)
,

(2.17)

where δn and δt are the characteristic lengths. The maximum values of Tif,n and
Tif,t (σmax and τmax) are given as

σmax = 1

exp(1)

ϕn

δn
exp

(
−∆2

t

δ2
t

)
,

τmax = 1√
0.5 exp(1)

ϕt

δt
exp

(
−∆n

δn

)
.

(2.18)

Coupled normal and tangential tractions versus normal and tangential gap
values are graphically shown in Fig. 2.2.

(a) Normal traction (b) Tangential traction

Figure 2.2: Graphical representation of coupled normal and tangential tractions versus normal
and tangential gap values as given by Eq. 2.17.

In the case of non-adhesive contact, the normal interface interaction Tif,n = 0
if ∆n ≥ 0 and hard-wall repulsion is assumed if ∆n < 0. Besides, the tangential
interface interaction Tif,t = 0 on all surface nodes.

Note, the constitutive laws of Eq. 2.17 describe well the interface interaction
between common materials [1]. If desired, it is possible to employ a different
traction-separation law for modelling other systems, such as biological struc-
tures.
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3
NON–ADHESIVE CONTACT

The relative contact area of rough surface contacts is known to increase linearly
with reduced pressure. In its common definition, the reduced pressure contains
the root-mean-square gradient (RMSG) of the entire surface. Although easy to
measure, the RMSG of the entire surface may not coincide, at small loads, with
the RMSG over the actual contact area. Considering the later definition for RMSG,
first, a linear relation between contact area and reduced pressure is derived an-
alytically for smooth asperity contacts and is used as a means of validation for
the GFMD simulations. Then, the assumption of linearity for random rough non-
adhesive contacts is assessed in line and surface contacts.

This chapter has been published in Tribology Letters 66, 115 (2018) [1].
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3.1. INTRODUCTION

I T is well established that for the elastic non-adhesive contact of random rough
surfaces (2D), the equation

arel = κp∗ (3.1)

provides a good description of the relation between the relative contact area arel

and the reduced pressure p∗ [2–9]. The relative contact area arel is defined as the
ratio of the actual contact area aact (the area over which the gap between the two
solids is zero) to the nominal contact area anom. Besides, p∗ ≡ p/(ḡ E∗), where
E∗ is the contact modulus, p is the nominal contact pressure, and ḡ is the root-
mean-square gradient (RMSG) calculated over the nominal contact area. The
linear relation in Eq. 3.1 holds true when the infinitesimal contact condition is
assumed, i.e. p∗ is small compared to 1. For surfaces with random roughness,
several authors [3, 4, 8] have found a proportionality factor κ weakly dependent
on the Hurst roughness exponent and slightly greater than 2.

Although the RMSG of the entire rough surface is easy to measure, it does
not directly reflect the physics of the problem, given that it may not coincide
with the RMSG over the actual contact area. It was recently shown by Müser [10],
that Eq. 3.1 does not hold for 2D smooth asperity (Hertzian) contacts, unless one
replaces ḡ with the RMSG calculated over the actual contact area ḡr. In the case
of random rough surface contacts, ḡ and ḡr are expected to be negligibly different
[10], but it is unknown whether this is also the case for line contacts. Nonetheless,
for line contacts, numerical data is often fitted to laws that enforce linearity by
design, e.g. see the work by Scaraggi et al. [11].

The aims of this chapter are: (1) To demonstrated that also for 1D smooth
asperity (cylindrical) contacts the linear relation of Eq. 3.1 holds if the RMSG is
calculated over the actual contact area, instead of the nominal contact area. This
is done by analytical calculations following the work by by Müser [10]. There-
after, analytical results are used as a means of validation for the Green’s function
molecular dynamics (GFMD) simulations. (2) To asses the assumption of lin-
earity for random rough contacts where the proportionality factor is computed
using both definitions of RMSG in line and surface contacts. Moreover, a scal-
ing factor between the values of proportionality factor for 1D and 2D contacts is
found. In this analysis, besides random rough surfaces also single smooth asper-
ities are considered.

The numerical analysis is performed by applying the GFMD technique to
non-adhesive contacts between elastic solids. Throughout this chapter, the rough-
ness is mapped on a rigid indenter and the substrate is a semi-infinite incom-
pressible elastic solid with an initially flat surface.
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3.2. SMOOTH ASPERITY CONTACT
Before modelling rough surfaces, it is shown in this section that the numerical
results capture the proportionality factor κr for 1D and 2D smooth asperity con-
tacts.

The analytical results for Hertzian (2D) contacts were provided by Müser [10].
In that study, the reduced pressure was defined as p∗

r ≡ p/(ḡr E∗), with ḡr being
the RMSG calculated over the actual contact area, while p is load divided by an
arbitrary but fixed reference area.

Here, it is demonstrated that also for cylindrical (1D) contacts the linear rela-
tion of Eq. 3.1 holds if the RMSG is calculated over the actual contact area, instead
of the nominal contact area. This is done by analytical calculations, thereafter,
analytical results are used as a means of validation for the GFMD simulations.

3.2.1. ANALYTICAL RESULTS

Consider an infinitely long and smooth cylinder that indents a semi-infinite in-
compressible elastic solid. The parabolic approximation of the height profile of
the indenter is given by

h(ρ) = R

2

(ρ
R

)2
, (3.2)

where ρ is the distance from the vertical axis of symmetry and R is the radius of
the cylinder. First, It is assumed that the relation

arel =
κr p

ḡr E∗ , (3.3)

is valid for the current contact problem. By defining p as the load L averaged
over the nominal contact area anom, this equation can be rewritten as

2c = κr L

ḡr E∗ , (3.4)

where c is the half-width of the actual contact area aact. It follows from [12] that

L = πE∗c2

4R
. (3.5)

Furthermore, the RMSG determined over the actual contact area ḡr, is obtained
as

ḡr =

√√√√2
∫ c

0

(
∂h
∂ρ

)2
dρ

2c
= c

R
p

3
. (3.6)
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Table 3.1: Cylindrical and Hertzian contact parameters

aact L ḡr κr

1D (cylindrical) 2c πE∗c2/(4R) c/(R
p

3) 1.47

2D (Hertzian [10]) πc2 p
πΓ(2)E∗c3/(Γ(2.5)R) c/(R

p
2) 1.66

Substituting the relations for L and ḡr in Eq. 3.4 gives

κr = 8

π
p

3
≃ 1.47. (3.7)

Note that the obtained proportionality constant is smaller than that of the Hertzian
contact (see Table 3.1 for a comparison), and the ratio is κ1D

r /κ2D
r ≃ 0.88.

3.2.2. COMPUTATIONAL RESULTS

In the GFMD simulations, the surface of the elastic solid is first discretized with
a number of equi-spaced grid points, which interact with each other through an
effective stiffness [13]. A minimum of n = 213 equi-spaced grid points in each
direction are employed to discretize the surfaces. Here, the ratio of the width of
the periodic unit cell L to indenter radius R is set as L /R = 4. This guarantees
that adjacent indenters do not interact within the selected pressure range.

For the numerical calculation of ḡr the following procedure is adopted: If
point i is in contact along the x- and/or the y-direction, the local mean-square
gradient at point i is calculated as

g 2
i = 1

2

[
(

hi −hi+1

l
)2 + (

hi −hi−1

l
)2

]
, (3.8)

where hi is the height profile of the indenter at point i and l is the spacing be-
tween the grid points. Subsequently, the value of ḡ 2

r is obtained as

ḡ 2
r =

nact∑
i=1

g 2
i

nact
, (3.9)

where nact is the total number of actual contact points, i.e. the points where the
gap between the two solids is zero.

Figure 3.1 presents the obtained proportionality factor κr as a function of the
reduced pressure p∗

r . The agreement between the numerical and analytical re-
sults in Fig. 3.1 supports the validity of the numerical model. In the following,
the same model is used to study random rough contacts.
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Figure 3.1: The computational and analytical results of the proportionality factor κr for smooth
cylindrical and Hertzian contacts.

3.3. RANDOM ROUGH CONTACT

3.3.1. 1D PROBLEM

Here, it is assumed that the indenter has a self-affine roughness with a Gaussian
height distribution. The roughness is generated by means of the spectral method
described in [14]. The power spectrum density function C

(
q
)

of the self-affine
roughness [15] is given by

C
(
q
)≡C

(
qr

)×



1 for λr < 2π

q
≤L ;(

q

qr

)−(1+2H)

for λs,H < 2π

q
≤λr;

0 for λs ≤ 2π

q
≤λs,H,

(3.10)

where the fractal dimension is Df = 2− H , and C
(
qr

)
is a scaling factor to ob-

tain the desired RMSG ḡ [16]. Here, λr is the roll-off wavelength, L the width
of the periodic unit cell, λs,H the roll-on wavelength, and λs the shortest wave-
length. The value of ḡ is taken to be constant and equal to 0.001. The roll-off
wavelength is taken to be constant, λr = 20 µm. Besides, ϵt = λr/L is set to
1/8 as according to [17] any ϵt É 1/4 provides an acceptable probability density
of heights for rough surfaces. The roll-on wavelength λs,H is selected such that
ϵf =λs,H/λr = 1/512, similar to [11]. The continuum discretization ϵc =λs/λs,H is
set equal to 1/64 [14]. This assures numerical convergence for all cases studied



..

3

24 3. NON–ADHESIVE CONTACT

here including low pressure values and all Hurst exponents, namely H = 0.2, 0.5,
and 0.8, as discussed in [11].

In order to account for the random nature of the roughness, GFMD calcula-
tions are performed for 10 different randomly generated rough profiles for any
given Hurst exponent. Thereafter, the statistical average is taken over the ob-
tained results.

The numerical results of the relative contact area arel versus both reduced
pressure p∗ ≡ p/(ḡ E∗) (in red) and p∗

r ≡ p/(ḡr E∗) (in blue) are shown in Fig. 3.2a
for the three selected Hurst exponents. Notice that the area-to-pressure relation

p*
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a
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l
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Figure 3.2: (a) The relative contact area arel versus both reduced pressure p∗ ≡ p/(ḡ E∗) (in red)
and p∗

r ≡ p/(ḡr E∗) (in blue) for line contacts with various H , obtained with GFMD simulations.
(b) The data points from (a) are used to calculate κ1D and κ1D

r .

appears linear for both p∗ and p∗
r ; there is no dependence on the Hurst exponent

for p∗
r and only negligible for p∗. However, if from the same data points the

values of proportionality factors κ1D ≡ arel/p∗ and κ1D
r ≡ arel/p∗

r are calculated,
as presented in Fig. 3.2b, the following observations can be made:

• The proportionality factor κ1D is not a constant and varies rather signifi-
cantly (on average by ∼ 25% in the pressure range spanning from p∗ = 10−1

to p∗ = 10−3).

• The proportionality factor κ1D depends significantly on the Hurst expo-
nent H .
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• The proportionality factor κ1D
r ≃ 1.75 is, on the contrary, constant and in-

dependent of H .

Therefore, it is concluded that similar to the case of smooth asperities, also for
rough contacts the relation between relative contact area and reduced pressure
is linear and independent of H , only if the RMSG is taken over the actual contact
area. The value of the proportionality factor is κ1D

r ≃ 1.75.
The results of κ in Fig. 3.2b indicate also that one should be careful when

fitting data for line contacts with laws that result in a constant and single valued
κ. In his theory of contact, Persson [2, 18] demonstrated that the relative contact
area may be approximated by arel = erf(

p
2p∗) for surface (2D) contacts. Later,

Scaraggi et al. [11] proposed a correction to this equation so that it could be
applied to line (1D) contacts:

arel = erf(
p

2
p∗

Ψ(p∗)
). (3.11)

The correction function is defined as Ψ(p∗) = b1 + (1−b1) erf(b2 p∗), where b1

and b2 are fitting parameters.
By applying the approximation of Eq. 3.11 and calculate one fit to all our nu-

merical results of relative contact area arel versus reduced pressure p∗, one ob-
tains the proportionality factor κ1D

fit presented with a dashed green line in Fig. 3.3.
The results are in good agreement with the results of boundary elements simu-

p*

κ
fi
t

1D

10-3 10-2 10-1 100
1

1.5

2

2.5

3

3.5

4
H = 0.2
H = 0.5
H = 0.8
all H
Scaraggi

Figure 3.3: The proportionality factor κ1D
fit versus reduced pressure p∗ for profiles with Hurst ex-

ponent H = 0.2, 0.5, and 0.8 are shown with red lines. The fit obtained for all H (dashed green line)
is also included along with the fit calculated for the results obtained by Scaraggi et al. [11] (solid
black line). All curves are obtained using the approximation of Eq. 3.11.

lations performed by Scaraggi et al. [11] for profiles with various Hurst exponent
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and RMSG (solid black line). However, if one calculates independent fits on the
numerical results of arel versus p∗ for each value of the Hurst exponent (see the
red curves in Fig. 3.3), it may be found that κ1D

fit strongly depends on H , although
for each Hurst exponent it is independent of reduced pressure when p∗ ≲ 10−1.
The latter is obviously expected, since linearity between relative contact area and
reduced pressure is enforced by the fitting equation.

3.3.2. 2D PROBLEM

In this section, the proportionality factors for random rough surface contacts,
computing RMSG over nominal and actual contact area, are calculated. Müser
[10] stated that in this case, the difference between using ḡ and ḡr is not signifi-
cant, i.e. κ2D ≃ κ2D

r . However, he did not explicitly quantify κ2D
r . The aim of this

section is, first, to verify that κ2D and κ2D
r are in agreement and, second, to find

the values of proportionality factor for surface contacts to be compared with the
values obtained for line contacts in the previous section.

Here, the same roughness parameters as in Section 3.3.1 is considered except
that ϵt = 1/4 and ϵf = 1/64 to keep the simulations computationally tractable.
Besides, the fractal dimension Df = 3−H and in the power spectrum density of
Eq. 3.10 the power of q/qr is −2(1+H) [14].

Figure 3.4a shows the results of relative contact area arel versus both p∗ (in

p*

p*r

a
re
l

10-3 10-2 10-1
10-3

10-2

10-1

H = 0.2
H = 0.5
H = 0.8

(a)

p*

p*
r

κ
2D

κ
2D
r

10-3 10-2 10-1
1

1.5

2

2.5

3

3.5

4
H = 0.2
H = 0.5
H = 0.8
all H
Wang

(b)

Figure 3.4: (a) GFMD results of the relative contact area arel versus p∗ (red lines) and p∗
r (blue

lines) for three values of Hurst exponent H = 0.2, 0.5, and 0.8. (b) The corresponding proportion-
ality factors κ2D and κ2D

r are plotted against p∗ and p∗
r , respectively. Solid and dashed red lines

are empirical fits to the results of Wang and Müser [19] and the current work, respectively.
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red) and p∗
r (in blue). The data obtained for p∗ and for p∗

r differs negligibly,
i.e. much less than in the case of line contacts (compare with Fig. 3.2a). The
corresponding proportionality factors κ2D and κ2D

r are shown in Fig. 3.4b. In
this figure, the results are compared with those obtained by Wang and Müser
[19]. In their work, they assumed that the results are independent of the Hurst
exponent and obtained an empirical fit analogous to [2] on the numerical results
of Prodanov et al. [8]. Here, the same empirical fit is applied to the numerical
results (dashed red line in Fig. 3.4b). The difference between the obtained curve
and Wang’s is found to be negligible.

The results shown in Fig. 3.4b indicate that for surface contacts, the values
of κ2D and κ2D

r , (even without using an empirical fit), are negligibly dependent
on the Hurst exponent and the reduced pressure. Moreover, compared to the 1D
case (see Fig. 3.3), κ2D and κ2D

r differ less, as κ2D ∼ 2.20 and κ2D
r ≃ 1.88.

3.3.3. PROPORTIONALITY FACTOR: 1D VERSUS 2D
The results in terms of the ratio between the proportionality factors for line and
surface contacts are shown in Fig. 3.5. Obviously, κ1D/κ2D is not a constant but
depends on both Hurst exponent H and reduced pressure p∗, similar to κ1D. The
value of κ1D

r /κ2D
r is constant and equal to 0.92.

p*

p*r

κ
1D
/κ

2D

κ
1D r
/κ

2D r

10-3 10-2 10-10.1

0.5

0.9

1.3

1.7

2.1

2.5
H = 0.2
H = 0.5
H = 0.8

Scaraggi

single asperity

Figure 3.5: GFMD results for κ1D/κ2D and κ1D
r /κ2D

r versus reduced pressure values p∗ and p∗
r ,

respectively. Lines corresponding to the calculations of Scaraggi et al. [11] and the analytically ob-
tained κ1D

r /κ2D
r for single smooth asperity contacts (see Table 3.1) are also included in this figure.

The calculated value for the cylinder and Hertzian contacts is κ1D
r /κ2D

r ≃ 0.88
(see Table 3.1) and is also presented in Fig. 3.5. This value is remarkably close
to the value obtained for κ1D

r /κ2D
r for random rough contacts. Therefore, it is
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concluded that the 1D-to-2D scaling factor, κ1D
r /κ2D

r ∼ 0.9, can be used for both
random rough and smooth contacts.

3.4. CONCLUSIONS
In this chapter, the numerical analysis is performed by applying the Green’s func-
tion molecular dynamics (GFMD) technique to non-adhesive contacts between
elastic solids. Throughout this chapter, the roughness is mapped on a rigid in-
denter and the substrate is a semi-infinite incompressible elastic solid with an
initially flat surface.

First, it is demonstrated that for 1D smooth asperity (cylindrical) contacts,
similar to 2D smooth asperity (Hertzian) cases, a linear relation can be obtained
between contact area and reduced pressure only if the RMSG is calculated over
the actual contact area (ḡr), instead of the nominal contact area (ḡ ). This is done
by analytical calculations, thereafter, analytical results are used as a means of val-
idation for the GFMD simulations. Then, the assumption of linearity for random
rough contacts is assessed where the proportionality factor is computed using
both definitions of RMSG in line and surface contacts. This leads to the follow-
ing conclusions:

• For rough line (1D) contacts, only when the RMSG is calculated over the
actual contact area a linear relation exists between the relative contact area
arel and the reduced pressure p∗

r ≡ p/(ḡr E∗), such that the proportionality
factor κ1D

r ≃ 1.75 is independent of Hurst exponent and reduced pressure.

• For rough surface (2D) contacts, both the values of κ2D and κ2D
r are negli-

gibly dependent on Hurst exponent and reduced pressure.

• Based on the obtained values for the proportionality factor κr in 1D and 2D
contacts, a single 1D-to-2D scaling factor κ1D

r /κ2D
r ∼ 0.9 is found for both

rough and smooth asperity contacts.

It must be noted that measuring ḡ experimentally is significantly easier than
measuring ḡr for which an in-situ measurement of the actual contact area [9, 20]
would be required, while for computer simulations there is no significant differ-
ence in effort.

In the rest of this thesis, with extending the analysis to more complicated
cases where considering interface interactions (adhesion and friction) and mate-
rial compressibility, only line (1D) contact problems are addressed. The interest
in studying 1D contacts, which is shared by various authors [11, 21–27], stems
from the fact that 1D contacts are computationally less costly than 2D cases,
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and therefore more suitable to study contact problems that go beyond simple
non-adhesive cases. Moreover, rough surfaces in 1D contacts, contrary to their
2D counterparts, lack isotropy by definition. This is another reason for study-
ing line contacts since in many practical applications rough surfaces are strongly
anisotropic as a result of machining and surface treatment.
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4
SMOOTH ASPERITY ADHESIVE

CONTACT

The focus of this chapter is on the adhesive contact of a periodic array of smooth
circular rigid asperities indenting into a flat deformable solid. The consequences
of the interplay between adhesion and friction during single mode normal loading
are investigated. Simulations are performed to evaluate the dependency of contact
size, load-displacement curve and pull-off load on the interface properties. The re-
sults show that the contact size and the pull-off load increases with friction due to
the adhesion and friction interplay. The effect of this interplay on both the contact
size and the pull-off load is found to be strongest for highly adhesive contacts and
materials with small Poisson’s ratio.

This chapter has been published in Tribology International 124, 93-101 (2018) [1].

33



..

4

34 4. SMOOTH ASPERITY ADHESIVE CONTACT

4.1. INTRODUCTION

T HE idea that adhesion and friction affect each other is generally attributed
to Desaguliers (1734) [2]. However, it was Bowden and Tabor (1950) [3] who

turned this idea into a principal part of their theory of friction. To gain a bet-
ter understanding of the interplay between adhesion and friction, Savkoor and
Briggs [4] applied tangential loading to a rubber hemisphere in an adhesive con-
tact with a glass plate. From this experiment, they concluded that as a result
of increasing the tangential force, the adhesive forces between the solids drop.
Consequently, the contact size decreased and the surfaces peeled apart.

The aim of this chapter is to capture the consequences of the interplay be-
tween adhesion and friction during single mode normal loading. By employing
the contact model described in Chapter 2, simulations are performed to evalu-
ate the dependency of contact size, load-displacement curve and pull-off load
on the interface properties.

Predicting the correct contact size is essential in various problems of practi-
cal importance, e.g. when evaluating the rate of adhesive wear [5], electrical and
thermal conductance [6], and the leakage rate in sealed systems [7, 8]. Moreover,
a proper estimation of the pull-off load, which is a widely accepted measure of
adhesion [9], is necessary to predict delamination of coated layers [10, 11] or ad-
hesion failure in microelectromechanical systems (MEMS) [12, 13].

While the formulation presented in Chapter 2 is applicable to linearly elas-
tic solids with arbitrary material properties and a generic surface roughness, the
focus of this chapter is on the adhesive contact of a periodic array of smooth
circular rigid asperities indenting into a flat deformable solid. The effect of ad-
hesion and friction interplay is examined for bodies with various Poisson’s ratio
and height, and for various contact spacing.

4.2. PROBLEM FORMULATION
The contact problem analysed in this chapter is sketched in Fig. 4.1. The surface
of body 1 is flat and body 2 has a surface profile with circular protrusions repeat-
ing with periodicity w. Body 1 is taken to deform elastically with Young’s modulus
E (1) = 70 GPa and various Poisson’s ratios: ν(1) = 0.1,0.3 and 0.45. Body 2 is taken
to be rigid compared to body 1, with E (2) = 103E (1), and to indent it under plane
strain conditions.

Unless otherwise specified, the height of body 1 is h(1) = 5 µm and the width
of the periodic unit cell is w = 10 µm. The effects of height and periodicity are
explored by choosing h(1) = 20 µm and w = 2 µm. The circular protrusions on
the surface of body 2 have a radius of R = 25 µm.
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The characteristic lengths of the CZM, δn and δt are set equal to 1 nm, since
most clean surfaces adhere strongly in this order of separation [5]. Simulations
are carried out for a wide range of normal work of separation, ϕn = 0.2−4.0 N/m,
typical range for solid interactions [14, 15], and tangential work of separation,
ϕt/ϕn = 0−1 for all ϕn considered in this study.

x
z body 1

body 2

Uz

R

wh(2)

h(1)

δ0

Figure 4.1: Sketch of the analysed two-dimensional indentation problem.

As sketched in Fig. 4.1 the origin of the coordinate system is fixed at the bot-
tom corner of body 1. The bottom boundary of body 1 is fixed at (x, z) = (x,0)
and a uniform displacement Uz is applied on the top boundary of body 2. The
displacement Uz is applied incrementally up to a final value of 20×δn in 1000
increments. Also, the initial gap between the two solids is δ0 = 10×δn. Note that
for the applied displacement imposed, the size of the contact is much smaller
than the width of the periodic unit cell. Therefore, the stress at the edge of the
contact is not affected by the periodic boundary conditions [16].

The top and bottom boundaries of the periodic cell are discretized to 211

equally spaced nodes. The employed parameters in the Verlet algorithm are η≈ 1
and δt = 0.1.

4.3. ADHESION AND FRICTION INTERPLAY

4.3.1. CONTACT SIZE

The reduced normal traction acting on the interface at final indentation depth
(Uz = 20×δn) is shown in Fig. 4.2a for two values of the tangential work of sepa-
ration, ϕt = 0 and ϕt =ϕn, which represent frictionless and strongly sticking con-
tacts. Here, the contact size lrep is defined as the size of the interface under repul-
sion. The figure shows that, for a given normal work of separation ϕn = 2.0 N/m,
an increase in tangential work of separation (ϕt) results in a higher repulsive force
between the two solids. This is in line with the classical contact studies [17–19]
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which predict that the load carrying capacity for sticking contacts is higher than
for frictionless contacts.

Figure 4.2a also shows that, in the case of frictionless contact, ϕt = 0, the ad-
hesive force between the two solids is smaller when compared to the frictional
case with ϕt =ϕn. The reason for this is that |∆t| increases with decreasing fric-
tion and this causes a reduction in the maximum normal strength, see Fig. 2.2a.
In other words, the tangential displacement of two surfaces with respect to each
other facilitates their normal decohesion, in line with [4, 20].

(a) ϕn = 2.0 N/m (b) ϕn = 0.8 N/m

Figure 4.2: Normal traction profiles for two values of the normal work of separation ϕn. In both
figures, w/R = 0.4 and ν= 0.3. Results are shown for Uz = 20×δn.

In the frictionless case, smaller adhesion results in a smaller interface clo-
sure. Consequently, as can be seen from Fig. 4.2a, in the frictionless case, the
contact size is ∼ 10% smaller when compared to its frictional counterpart con-
sidered here. By comparing the results obtained for ϕn = 2.0 N/m (Fig. 4.2a) and
ϕn = 0.8 N/m (Fig. 4.2b), it is observed that the effect of friction on contact size is
more pronounced for interfaces with higher adhesion. Eventually, in the limit of
non-adhesive contact conditions [17–19], contact size becomes independent of
friction.

The dependency of contact size on friction is not observed for less compress-
ible materials, i.e. materials with higher Poisson’s ratio, as shown in Fig. 4.3a.
This is due to the fact that for these materials, the tangential displacement of the
surface is small and thus, there is less sliding at contact. Similarly, another case
where contact size becomes independent of frictional conditions is when spac-
ing between contacts is small, w/R → 0, as shown in Fig. 4.3b. In this case, the
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independency is due to interference of the tangential surface displacement of
neighbouring contacts.

(a) ν→ 0.5 (b) w/R → 0

Figure 4.3: Normal traction profiles for indenter with w/R = 0.4 and substrate with ν= 0.45 (a) and
indenter with w/R = 0.08 and substrate with ν= 0.3 (b) in two different frictional conditions ϕt = 0
and ϕt =ϕn, where ϕn = 2.0 N/m in all cases. Results are shown for Uz = 20×δn.

Figure 4.4a shows the variation of contact size with friction for different val-
ues of the normal work of separation. The results are plotted up to ϕt/ϕn = 0.5
where τmax ≈σmax. Contact size is independent of friction when the normal work
of separation is very small (ϕn ≤ 0.8 N/m). Otherwise, a frictional contact has a
contact area up to 15% larger than a frictionless contact. However, when the
tangential work of separation reaches ∼ 10% of the normal work of separation
there is no further increase in the contact area. Variation of contact size with
parameters other than friction is illustrated in Fig. 4.4b. For the sake of compar-
ison, the blue curves in Figs. 4.4a and 4.4b are the same and represent the case:
ϕn = 2.0 N/m, ν = 0.3, w/R = 0.4, and h(1)/R = 0.2. The following key features
emerge from the figure:

• Increasing Poisson’s ratio, where all other parameters are the same, re-
sults in larger contact size in indentation problems. This can be seen from
Fig. 4.4b, by comparing the dashed red line for ν= 0.45 with the solid blue
line for ν= 0.3.

• Decreasing spacing between contacts decreases the contact size, since the
interference between indents facilitates deformation of the full surface.
This is observed from Fig. 4.4b, by comparing the dotted green line for
w/R = 0.08 with the solid blue line for w/R = 0.4.
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(a) ν= 0.3, w/R = 0.4, h(1)/R = 0.2 (b) ϕn = 2.0 N/m

Figure 4.4: Variation of the normalized value of the contact size, lrep/R, with respect to the cou-
pling parameter c =ϕt/ϕn. Results are shown for different values of the normal work of separation
(a), Poisson’s ratio, body height, and contact zone spacing (b) for Uz = 20×δn. The solid blue lines
are identical and used as a reference for comparison. Lines are a guide for the eye.

• Increasing height decreases contact size, yet it has negligible effect on the
dependency of contact size on friction. This can be seen from Fig. 4.4b, by
comparing the dash-dotted black line for h(1)/R = 0.8 with the solid blue
line for h(1)/R = 0.2.

4.3.2. LOAD VERSUS DISPLACEMENT

In this section, the importance of considering the coupling between normal and
tangential tractions is highlighted by comparing the load-displacement curves
obtained using the coupled CZM of Eq. 2.17 with its uncoupled counterpart.
The latter is obtained by removing the dependency on the tangential compo-
nent from Tif,n in Eq. 2.17. Then, the normal interfacial traction in the uncoupled
model is written as

Tif,n = ϕn

δn

(
∆n

δn

)
exp

(
−∆n

δn

)
. (4.1)

For both the coupled and uncoupled models, the contact is taken to be friction-
less. The reason for this choice is that in a frictionless contact, |∆t| is maximum,
and therefore, the effect of coupling is strongest.

FRICTIONLESS CONTACT

Figure 4.5a compares the load-displacement curves obtained with coupled and
uncoupled CZMs for two selected values of the normal work of separation. The
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applied load L is calculated as

L =−
∫ w

0
Tif,n dx, (4.2)

where the out-of-plane thickness of the bodies is considered to be unity, and
chosen that an attractive force is negative. Then, inspired by the JKR and the
DMT relations, the load is normalized as:

L := L

π R ϕ0
, (4.3)

where ϕ0 is chosen to be 1 N/m and is only used for normalization. Moreover,
the approach displacement is defined as δ :=Uz −δ0.

(a) ν= 0.3

δ / δ n

L

-10 -8 -6 -4 -2 0
-4

-3

-2

-1

0

1

2
Coupled CZM
Uncoupled CZM

(b) ϕn = 2.0 N/m

Figure 4.5: Normalized load versus normalized approach displacement for selected values of work
of adhesion (a) and Poisson’s ratio (b) by employing the coupled and uncoupled CZMs. For all
cases the contact is taken to be frictionless.

As the two solids approach each other, the attraction force becomes stronger
until it reaches a maximum value, the pull-off load. For the higher normal work
of separation, ϕn = 2.0 N/m, surfaces adhere abruptly, a behaviour often referred
to as “jump-to-contact" [21]; while for lower normal work of separation, the
jump-to-contact effect is not detected and the load increases gradually. Subse-
quently, as the gap closes further, some surface nodes get closer than the char-
acteristic length and the attractive forces start to drop. Eventually, the gap closes
with a number of surface nodes undergoing repulsion. The uncoupled CZM pre-
dicts a larger pull-off load than its coupled counterpart, especially for higher val-
ues of normal work of separation.
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The effect of varying Poisson’s ratio is shown in Fig. 4.5b. As to be expected,
differences between coupled and uncoupled CZM results are insignificant for in-
compressible solids, where tangential displacements are negligible. It is however
very pronounced for solids with ν= 0.1, since |∆t| is large. Furthermore, a com-
parison between the coupled and uncoupled CZM predictions in Fig. 4.5b high-
lights that an uncoupled model tends to overestimate the pull-off load, especially
for materials with smaller Poisson’s ratio.

The results for both the coupled and uncoupled models demonstrate that
beside the value of pull-off load, the position at which this maximum attractive
load occurs, i.e. the pull-off distance, changes with the value of Poisson’s ratio
but is independent of the coupling. Figure 4.6 represents the deformed surface
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Figure 4.6: Deformed surface of body 1 at δ/δn =−5 for two values of Poisson’s ratio. For ν= 0.45,
as the mid-part of the surface is pulled upwards, the rest of the surface tends to move downwards.

of body 1 at δ/δn =−5 for two selected values of Poisson’s ratio. This figure illus-
trates that for materials with higher Poisson’s ratio, because of incompressibility,
as the mid-part of the surface is pulled upwards, the rest of the surface tends to
move downwards and this subsequently, alters the pull-off distance.

FRICTIONAL CONTACT

The impact of friction on the evolution of load is presented in Fig. 4.7, by em-
ploying the coupled CZM and ν = 0.3 with three selected values of tangential
work of separation, ϕt. Figure 4.7 shows that, for the range of parameters used
here, increasing friction leads to ∼ 16% increase in the pull-off load value, i.e.
more frictional surfaces adhere stronger to each other. However, the pull-off dis-
tance is not affected noticeably by friction as shown in Fig. 4.7, since friction has
a minor influence on the normal displacement of the surface.
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Figure 4.7: Normalized load versus displacement for three selected frictional conditions with
ν= 0.3 and ϕn = 2.0 N/m, as obtained by the coupled CZM.

4.3.3. PULL-OFF LOAD

Finally, Fig. 4.8 illustrates the variation of the pull-off load with friction for two se-
lected Poisson’s ratios and various values of work of adhesion. Figure 4.8a shows
that the evolution of the pull-off load versus work of adhesion for an almost in-

2/3
∝

(a) ν= 0.45 (b) ν= 0.1

Figure 4.8: Normalized pull-off load versus normalized work of adhesion for Poisson’s ratios equal
to 0.45 (a) and 0.1 (b). Friction is increased by increasing ϕt/ϕn from 0 to 0.1 to 0.5. Dashed lines
are a guide for the eye.

compressible solid is independent of friction and is proportional to ϕ
2/3

n , in line
with the analytical solution for the adhesive contact of a cylindrical punch with
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an incompressible elastic material [22, 23]. A quantitative agreement cannot be
exact, given that the aforementioned analytical solution is derived under the as-
sumptions that stresses at the edge of contact are infinite (JKR-type assumption),
while the adhesive forces outside the contact area are neglected.

Comparison between Fig. 4.8b and Fig. 4.8a demonstrates that the pull-off
load value decreases by decreasing Poisson’s ratio and this decrease is stronger
for higher values of adhesion and lower values of friction. Notice that each curve
is plotted for a constant ϕt/ϕn ratio. For compressible solids there is an almost

immediate deviation from the ϕ
2/3

n analytical curve and different curves are nec-
essary to represent the pull-off load values corresponding to different friction-to-
adhesion ratios when ϕn > 0.4.

4.4. CONCLUSIONS
In this chapter, adhesive contact of a periodic array of smooth circular rigid as-
perities indenting into a flat deformable solid is studied. The aim of this study
is to capture the consequences of the interplay between adhesion and friction
during single mode normal loading. Simulations are performed to evaluate the
dependency of contact size, load-displacement curve, and pull-off load on the
interface properties. This dependency is examined for bodies with various Pois-
son’s ratio and height, and for various contact spacing. This leads to the following
conclusions:

• The relative tangential displacement between two surfaces is found to fa-
cilitate their normal decohesion.

• For a given normal work of separation, the contact size increases by in-
creasing friction. The dependency of contact size on friction is observed
for various heights of the deformable solid.

• Interplay between adhesion and friction results in a decrease of the pull-
off load. The decrease is maximum for a frictionless surface, when sliding
is maximum. Increasing friction increases the pull-off load.

• The effect of adhesion and friction interplay on both the contact size and
the pull-off load is strongest for highly adhesive contacts and materials
with small Poisson’s ratio.

• The adhesion and friction interplay can be neglected in all cases when rel-
ative sliding of the surfaces is small, i.e. when one of these three conditions
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hold: (1) friction is very large, (2) the material is incompressible, (3) con-
tacts are closely spaced.
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5
RANDOM ROUGH ADHESIVE

CONTACT

Amontons’ law of friction states that for any two materials contact area increases
linearly with normal load. For non-adhesive contacts, it is well established that
a linear relation exists between contact area and reduced pressure. In the case
of adhesive contacts, however, there is not yet a general consensus on the linear-
ity between contact area and normal load. In this chapter, the role of adhesion
on the load-area relation for a wide range of interfacial properties is investigated.
This is done by studying the contact response of an elastic solid indented by a self-
affine rough rigid surface. For adhesive contacts the relation between the relative
contact area and the reduced pressure is found to be non-linear. Non-linearity
is more pronounced for rough profiles with a large Hurst exponent and/or small
root-mean-square height. For rough profiles with a small Hurst exponent, non-
linearity is significant only if the roughness is described using a large value for the
small wavelength cut-off. Finally, it is found that the compressibility of the solid
and frictional properties of the interface negligibly affect the load-area relation.

This chapter has been submitted for publication (2019) [1].

45



..

5

46 5. RANDOM ROUGH ADHESIVE CONTACT

5.1. INTRODUCTION

T HE understanding of friction relies on Amontons’ law, which states that the
friction force is directly proportional to the applied normal load. The com-

mon interpretation of this law is that the friction force increases linearly with
contact area, which in turn increases linearly with the applied normal load. For
non-adhesive elastic rough solids, state-of-the-art numerical simulations [2–10]
have confirmed that there is indeed a linear relation between relative contact
area and reduced pressure:

arel = κr p∗
r . (5.1)

The reduced pressure is defined as p∗
r := p/(ḡr E∗) where p is the load divided by

an arbitrary but fixed reference area, E∗ is the effective contact modulus, and
ḡr is the root-mean-square gradient (RMSG) over the (real) contact area. Ex-
periments performed on 3D printed rough surfaces seem to confirm the linear
relationship [11, 12]. Very recently, Weber et al. [13] succeeded in the endeav-
our of visualizing in situ the increase in contact area during the indentation of a
glass surface by means of two transparent rough materials: polystyrene (PS) and
polymethyl-methacrylate (PMMA). Interestingly, they found that contact area
does not increase linearly with the applied normal load. The reasons for the
non-linearity in the experiment can be manyfold. In the literature two main
possible causes for non-linearity have been identified: the plastic behaviour of
materials [14], and the adhesive interaction between contacting surfaces. In-
terestingly, recent numerical studies on plasticity, although confined to metals,
showed again linear area-to-load curves, albeit with a different slope than elas-
ticity [15, 16].

Regarding adhesive contacts, there is not yet a general consensus on the lin-
earity between contact area and normal load. Carbone et al. [17] studied con-
tact between adhesive rough surfaces via numerical calculations, employing a
boundary element method (BEM), and analytically, using an extended version of
Persson’s theory. They found that, even in the presence of adhesion, the contact
area still linearly increases with the normal load. More recently, Rey et al. [18] ob-
tained similar results using a fast Fourier transform (FFT) based BEM algorithm.
However, the results obtained by Pastewka and Robbins [19], using a Green’s
function technique, and by Violano and Afferrante [20], employing Derjaguin-
Muller-Toporov (DMT) methods, show a non-linear relation between contact
area and normal load.

In order to shed more light on the observed differences in the linearity/non-
linearity of the load-area relation, an extensive parameter study of interface and
elastic properties is crucial. For example, Violano et al. [21], using an asymptotic
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theory based on the DMT assumption, demonstrated that the small wavelengths
of roughness are irrelevant. However, they only studied a rough profile with a
large Hurst exponent H = 0.8. Furthermore, for the sake of simplicity, previous
studies on the adhesive rough contacts were mainly focused on the frictionless
interfaces and incompressible materials. The validity of these simplifications is
needed to be examined.

Here, the adhesive elastic contact problem of a rough rigid solid indenting
an initially flat deformable solid is studied. Simulations are performed using the
Green’s function molecular dynamics (GFMD) technique. The interactions be-
tween the surfaces are described through cohesive-zone (CZ) constitutive laws.
The simulation results are presented for a wide range of interface and various
elastic properties. New insights are provided into the role of roughness parame-
ters (root-mean-square height, Hurst exponent, and small wavelengths), surface
forces (adhesion and friction), and the compressibility of the solid on the relation
between contact area and normal load.

5.2. PROBLEM FORMULATION

In this chapter, the indentation problem of a self-affine random rough rigid in-
denter into an initially flat deformable solid is studied. The interface interac-
tions, adhesion and friction, are simultaneously active at the interface. The ap-
proach displacement is defined as δ := Uz −δ0, where Uz is the applied normal
displacement on the rigid indenter and δ0 is the initial distance between the
nearest point of the rough indenter and the solid (see Fig. 5.1). The main focus of

Uz

x
z

δ0
Figure 5.1: Sketch of the analysed contact problem.

this chapter is on the evolution of contact area versus normal load. The contact
area is defined as the region of the interface where the magnitude of the inter-
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action between surfaces (repulsive and/or attractive) is higher than a threshold
value approaching zero.

For adhesive contacts, the cohesive-zone (CZ) constitutive laws are employed,
as thoroughly discussed in Chapter 2, where are expressed as

Tif,n = ϕn

δn

(
∆n

δn

)
exp

(
−∆n

δn

)
exp

(
−∆2

t

δ2
t

)
,

Tif,t = 2
ϕt

δt

(
∆t

δt

)
exp

(
−∆n

δn

)
exp

(
−∆2

t

δ2
t

)
.

(5.2)

Equation 5.2 can be employed for both compressible and incompressible solids.
However, for a nearly incompressible solid (e.g., with Poisson’s ratio ν = 0.45)
under pure normal loading, the relative tangential displacement of the surface
nodes is negligible (∆t ≈ 0), as discussed in [22]. Hence, Eq. 5.2 can be reduced to

Tif,n = ϕn

δn

(
∆n

δn

)
exp

(
−∆n

δn

)
. (5.3)

In the case of non-adhesive contacts, where Tif,t = 0, and the normal interfa-
cial interaction is controlled by a hard-wall potential.

5.2.1. CHOICE OF PARAMETERS

The deformable solid is elastic isotropic with elastic modulus 70 GPa and Pois-
son’s ratio ranging from ν = 0.1 to 0.45. Compared to the solid, the indenter
is rigid, with Ei = 1000 E . The dimensionless normal work of separation ϕ∗

n =
ϕn/(δnE) and ϕ∗

t = ϕt/(δtE) is taken to range from 0.001 to 0.15, i.e. from weak
adhesion as typical of metals, to strong adhesion as typical in bio-adhesives.
Thus, within the elastic regime, findings in this chapter can be related to the ex-
perimental results for a wide class of materials, e.g., metals, elastomers and bio-
adhesives. The tangential-to-normal work of separation is c =ϕ∗

t /ϕ∗
n. The effect

of friction is studied by considering two values for the tangential-to-normal work
of separation c =ϕ∗

t /ϕ∗
n: c = 0 for frictionless contacts and c = 0.5 for highly fric-

tional contacts [22].
Simulations are carried out for various roughness parameters, namely Hurst

exponent H = 0.2, 0.5, 0.8 and root-mean-square height hrms = 10, 15, 30 nm
(for the full description of the roughness see Chapter 3). Convergence of the
results is guaranteed by selecting ϵt = λr/L = 8−1 and ϵc = λs/λs,H = 32−1. The
fractal discretization, which defines the number of wavelengths used to describe
the rough profile, is chosen to be ϵf = λs,H/λr = 512−1, and the role of the small
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wavelengths on the load-area relation is assessed for ϵf = 128−1 and 64−1. This
is performed by keeping λr constant and choosing for the following values for
λs,H = 2.5,10,20 nm.

To partly account for the random nature of the roughness, numerical calcu-
lations are performed for 10 different randomly generated rough profiles for any
combination of H , hrms, and ϵf. Thereafter, the average is taken over the obtained
numerical results.

5.3. LOAD–AREA RELATION

5.3.1. ADHESIVE VERSUS NON–ADHESIVE CONTACTS

First, the results of relative contact area arel versus reduced pressure p∗
r for a solid

with selected values of Poisson’s ratio ν= 0.45, 0.1 in a non-adhesive contact with
a rigid rough profile with Hurst exponent H = 0.2, 0.8 and root-mean-square
height hrms = 10, 30 nm are shown in Fig. 5.2. This figure shows that the results

p*r
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κr = tan (α) ∼ 1.75

Figure 5.2: Non-adhesive contacts: relative contact area arel versus reduced pressure p∗
r . The

results are shown for Hurst exponent H = 0.2 (squares) and H = 0.8 (circles), and Poisson’s ratio
ν= 0.45 (red) and ν= 0.1 (blue). Closed and open symbols are for root-mean-square height hrms =
10 nm and hrms = 30 nm, respectively. Note that error bars are smaller than the symbols.

are independent of both the compressibility of the solid and the roughness pa-
rameters considered. Furthermore, Fig. 5.2 also demonstrates that arel increases
linearly with p∗

r in all cases. The proportionality factor is found to be ∼ 1.75, in
line with the results presented in Chapter 3. In the following, it is shown how ad-
hesion affects the dependence of the relative contact area on reduced pressure.

Figure 5.3 presents the relative contact area arel versus reduced pressure p∗
r

for a solid with Poisson’s ratio ν= 0.45 and an adhesive surface with various nor-
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Figure 5.3: Adhesive contacts: relative contact area arel versus reduced pressure p∗
r for various

normal works of separation ϕ∗
n. Dashed black line with the slope ∼ 1.75 corresponds to the non-

adhesive contact. The roughness parameters H = 0.8 and hrms = 10 nm in all cases. For clarity
only a selection of data points is shown.

mal works of separation ϕ∗
n. Note that such material is essentially incompress-

ible [22] and hence, the interface interaction can be defined by Eq. 5.3. The result
corresponding to the non-adhesive contact is also included in Fig. 5.3, shown by
a dashed black line. Figure 5.3 shows that, as expected, for the same load, the
contact area of adhesive contacts is larger than the non-adhesive case. More im-
portantly, it is found that in adhesive contacts, the linearity between arel and p∗

r

breaks down.

With the aim of improving the understanding of the observed differences be-
tween adhesive and non-adhesive contacts, the evolution of arel, p/E∗, and ḡr

versus approach displacement δ are individually investigated.

Figure 5.4a shows the evolution of the normalized pressure p∗ = p/E∗ ver-
sus the approach displacement δ. Note that p is the sum of the normal tractions
over the whole interface. The results in Fig. 5.4a show no difference between the
calculated p∗ in adhesive (various ϕ∗

n) and non-adhesive contacts. However, as
illustrated in Fig. 5.4b, there is a significant difference between the RMSG calcu-
lated over the contact area for adhesive and non-adhesive cases. In this figure,
ḡr/ḡ is the RMSG over the contact area normalized by the RMSG over the nomi-
nal area, with the latter being the same in all cases. Figure 5.4b shows that in the
case of non-adhesive contact, the RMSG over the contact area changes contin-
uously. However, in adhesive contacts, ḡr/ḡ → 1 very fast. It is worth mention-
ing that this trend is not specific of adhesive 1+1–D contacts, but also of non-
adhesive 2+1–D contacts as shown in [10].
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Figure 5.4: (a) Normalized pressure p∗ = p/E∗, (b) Normalized root-mean-square gradient ḡr/ḡ ,
and (c) the relative contact area arel versus approach displacement δ. The results are shown for
various normal works of separation ϕ∗

n (the same cases of Fig. 5.3). The roughness parameters
H = 0.8 and hrms = 10 nm.
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As expected, Fig. 5.4c shows that also the relative contact area arel of an adhe-
sive contact differs significantly from a non-adhesive contact. In the presence of
adhesion, due to the attraction between surfaces, the deformable solid conforms
better to the random rough rigid profile, particularly to the finer features of the
roughness. This can be seen in Fig. 5.5 which shows a snapshot of the interface
at δ = 20 nm, for the cases shown in Fig. 5.4. With more adhesion, at the same

x / w
0.2 0.4 0.6 0.8 10

z 
 (n
m
)

-20

0

20

40

Figure 5.5: A snapshot of the interface at the approach displacement δ= 20 nm. The results corre-
spond to the cases shown in Fig. 5.4. The indenter is grey and the surface profiles of the adhesive
(ϕ∗

n = 0.15) and non-adhesive contacts are green and red, respectively.

indentation value a higher number of roughness peaks get into contact. Thus, it
is observed that the error bars become larger with adhesion, e.g. see Fig. 5.4c.

As it has been shown in Chapter 3, for non-adhesive contacts by employing
p∗

r = p/(E∗ḡr) instead of p∗ = p/E∗ a linear relation is obtained between con-
tact area and pressure. However, as presented in this section, in the presence of
adhesion the linearity between arel and p∗

r breaks down. Hence, for the sake of
simplicity, in the rest of this paper we only present our results as a function of the
normalized pressure p∗ = p/E∗.

5.3.2. ROLE OF ROUGHNESS PARAMETERS

For a solid with Poisson’s ratio ν= 0.45 and an adhesive surface with normal work
of separation ϕ∗

n = 0.15, Fig. 5.6 demonstrates that the evolution of the relative
contact area arel versus the normalized pressure p∗ is strongly dependent on the
root-mean-square height hrms and the Hurst exponent H . This figure shows that
by increasing hrms and/or decreasing H , arel significantly decreases for the same
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Figure 5.6: Relative contact area arel versus normalized pressure p∗ for rough adhesive contact
with various values of (a) root-mean-square height hrms and (b) Hurst exponent H . The results
are shown for the normal work of separation ϕ∗

n = 0.15.

value of p∗. This is because for smaller H or larger hrms the surface profile has
more sharp protrusions, i.e. is more jagged. For such surfaces, (i) the gap at the
interface and (ii) the gradient of the roughness become larger, thus arel decreases
(as shown in Fig. 5.6). For small H and/or large hrms the relation of arel with p∗

approaches the linear relation of non-adhesive contacts.

In the following, it is investigated how the contact behaviour depends on the
fine roughness features. Simulations are performed for rough profiles with frac-
tal discretizations ϵf = 512−1,128−1, and 64−1. The arel versus p∗ are presented
in Fig. 5.7a, for Hurst exponents H = 0.8 and 0.2. For H = 0.8, the arel −p∗ curve
is independent of ϵf, in line with the work by Violano et al. [21]. On the con-
trary, for H = 0.2, the contact behaviour becomes strongly dependent on the
smaller wavelengths: the contact area increases with increasing ϵf. This is be-
cause when the surface does not contain the smaller wavelengths the surface
becomes smoother and hence, adheres better to the substrate, as can be seen
from the snapshots in Fig. 5.7b.

5.3.3. ROLE OF COMPRESSIBILITY AND FRICTION

Finally, the role of compressibility and of the friction on the load-area relation is
studied. Here, friction is included through the tangential work of separation ϕ∗

t

different from zero. Unlike incompressible materials, for compressible materials
the interface interaction is defined by the two cohesive laws in Eq. 5.2 instead of
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Figure 5.7: (a) Relative contact area arel versus normalized pressure p∗ for various values of fractal
discretization ϵf and Hurst exponent H . (b) Snapshots of a part of the interface for rough profiles
with ϵf = 512−1, 64−1 and Hurst exponents H = 0.8, 0.2. In all cases, the root-mean-square height
hrms = 10 nm and the normal work of separation ϕ∗

n = 0.15.

using the simple form of Eq. 5.3. Figure 5.8 shows the results for Poisson’s ratio
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Figure 5.8: Relative contact area arel versus normalized pressure p∗ for rough profile adhesive
contacts. The results are shown for solids with various Poisson’s ratios ν and interface friction
properties. The normal work of separation ϕ∗

n = 0.15, and the roughness parameters H = 0.8 and
hrms = 10 nm.

ν ranging from 0.1 to 0.45. This figure demonstrates that the arel −p∗ relation is
negligibly affected by the compressibility of the solid and frictional properties of
the interface.
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This is in line with the findings in Chapter 4, where a solid was indented by
an array of circular punches: when contacts are closely spaced the lateral dis-
placement of the surface nodes is negligible, due to the interference of the dis-
placement fields of the neighbouring punches.

5.4. CONCLUSIONS

The role of adhesion in the load-area relation in elastic contact problems is stud-
ied. Simulations are performed for the contact between a self-affine rough rigid
surface and an initially flat deformable solid. The contact area of non-adhesive
contacts linearly increases with reduced pressure, independently of Hurst expo-
nent and root-mean-square height. In the presence of adhesion, the following
key features are observed:

• The load-area relation is non-linear. Non-linearity is more pronounced for
rough profiles with large Hurst exponent and/or small root-mean-square
height.

• For small Hurst exponents the load-area relation depends on the small
wavelengths cut-off used to described the roughness. In this case, non-
linearity increases with increasing the small wavelength cut-off.

• Compressibility and friction can be neglected when investigating the load-
area relation, since they affect it negligibly.
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6
FRICTIONAL SLIDING OF ADHESIVE

CONTACT

Experiments show that when an adhesive contact is subjected to a tangential load
the contact area reduces. What happens after the onset of sliding is more difficult
to be assessed experimentally, especially under tensile loading. In this chapter, a
complete picture of contact evolution of an adhesive circular smooth punch un-
der mixed-mode loading, before and after sliding, is provided. First, the contact
model introduced in Chapter 2 is extended to approach contact problems under
mixed-mode loading. To this end, an interface model is developed where the in-
terface interactions are described through sets of “springs”, mimicking interatomic
interactions. Next, simulations are performed to investigate frictional sliding of
adhesive contact, under tension and compression. In line with the experimental
observations, the reduction in the contact area during shear loading is found to
be symmetric under tension and asymmetric under compression. After the onset
of sliding and the occurrence of slip instability, the contact area abruptly increases
(reattachment), under both tension and compression. For interfaces with high
friction, the reattachment occurs only partially. However, a full reattachment is
attainable when friction is low.

This chapter has been accepted for publication by Journal of the Mechanics and Physics of Solids
(2019) [1].
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6.1. INTRODUCTION

I N the seminal work by Savkoor and Briggs (1977) [2] mixed normal and tan-
gential loading was applied to a rubber hemisphere in adhesive contact with

a glass plate. It was found that as a result of increasing the tangential load, the
surfaces tend to peel apart and hence, the contact area decreases progressively.
Later, Waters and Guduru [3] performed similar experiments for a wide range
of normal loads (tensile and compressive) while continually recording images
of the contact area evolution. These images demonstrated a symmetric con-
tact area reduction under tensile loading and an asymmetric reduction under
compressive loading, before the onset of sliding. Moreover, they captured a par-
tial reattachment with the advent of slip instability at the interface under com-
pressive loading. However, under tensile loading this reattachment was not ob-
served. Recently, Sahli et al. [4] carried out experiments on an asperity sliding on
a flat plate under compression and found that both smooth and rough asperities
follow similar contact area–force equations during shear loading up to the onset
of sliding.

The aim of this chapter is to develop a computational technique to study
adhesive frictional contacts under mixed-mode (normal and tangential) loading
that can reproduce the features observed in the above-mentioned experiments
and predict the contact behaviour in conditions that are difficult to be achieved
experimentally, i.e. after the onset of sliding. It is intended to provide a complete
picture of the adhesive frictional problem for smooth contacts.

Adhesive contacts under mixed-mode loading have been extensively studied
in [2, 3, 5–8] by using linear elastic fracture mechanics (LEFM) or the modified
(mixed-mode) JKR adhesion theory, but these studies tackled exclusively non-
slipping contacts. Adams [9] investigated adhesive contact of elastic cylinders
under mixed-mode loading where both stick and slip regions can be present at
the interface. Adams’ analysis works well for compressive loading, but not for
tensile loading: his formulation leads to negative contact sizes. Recently, Huang
and Yan [10] introduced a model for sliding of adhesive contacts with the aim of
analysing shearing problems under both compressive and tensile loading. With
the same aim, Mergel et al. [11] developed a continuum contact model based
on the finite element method (FEM). However, both works [10, 11] are limited to
study the contact area evolution only up to the onset of sliding.

In this chapter, a complete picture of contact evolution under mixed-mode
loading, before and after sliding, is provided. To this end, the two-solid contact
model described in Chapter 2 is extended where the interactions between the
surfaces are described through sets of “springs” that connect each surface node
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with the nodes of the other surface. While the presented formulation is applica-
ble to linearly elastic solids with a generic surface roughness obeying the small
slope approximation, the focus of this chapter is on the contact shearing of a
flat rigid substrate with a deformable solid. First, simulations are performed for
flat-on-flat contact shearing to asses the capability of the model to capture the
typical stick-slip motion during sliding [12, 13]. Then, the simulation results are
presented for the adhesive frictional contact between a deformable circular pro-
trusion and a flat rigid substrate.

6.2. METHODOLOGY

6.2.1. PROBLEM DEFINITION

A flat rigid substrate (body 1) is adjacent to an elastically deformable solid (body 2),
having periodic circular protrusions with radius R, as schematically shown in
Fig. 6.1. Periodicity is an intrinsic property of the Greens’ function molecular dy-

Uz , Ux

body 2
w

x
z

body 1

δ0R

Figure 6.1: Sketch of the 1+1-dimensional contact problem.

namics model, which relies on the periodicity of Fourier transforms. The study
in this chapter is focused on the behaviour of a single protrusion, therefore the
width of the periodic unit cell w is taken to be large enough to guarantee that the
asperity does not interact with its replicas within the range of applied loads.

The bottom boundary of body 1 is fixed. The minimum distance between the
bodies is initially δ0. A uniform normal displacement U f

z is then applied at the
top boundary of body 2, with the approach displacement defined as δ :=U f

z−δ0.
Next, a uniform tangential displacement Ux is exerted incrementally on the same
boundary, while its vertical displacement is constrained.
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6.2.2. INTERFACE INTERACTIONS

The interface interactions are modelled through sets of “springs” that connect
the surface nodes, mimicking the interatomic interactions, as sketched in Fig. 6.2b.
Red (or blue) springs represent the interactions between node i (or j) belonging

j = 0- 5 - 4 - 3 - 2 - 1 1 2

i = 0 1 2 3 4 5- 1- 2

α = 1 2 3 4

(a) (b)

(c)

j = 0- 5 - 4 - 3 - 2 - 1 1 2

i = 0 1 2 3 4 5- 1- 2

body 2

body 1

Figure 6.2: (a) Schematic representation of the bodies in contact. (b) The interface interactions
are represented by springs for the region highlighted by a dashed rectangle. (c) The updated set of
interaction springs, in a snapshot after sliding.

to the surface of a body and the nodes of the opposite surface. Figure 6.2c illus-
trates a snapshot of the same region shown in Fig. 6.2b after sliding, along with
the updated set of interaction springs between the two surfaces. In principle,
each node can be connected through springs to all other nodes of the surface
of the counter-body. However, in practice, since the interactions with far away
nodes is very weak, it is considered that each node reaches out with springs only
to the nodes that fall within a “window”. In Fig. 6.2c the dashed springs are those
that fall outside of the window.

The interface model is implemented in the Green’s function molecular dy-
namics (GFMD) technique described in [14] as follows. When the two solids un-
der study are in mechanical equilibrium at time t , they exchange at the interface
equal and opposite forces:

T(1)
if =−T(2)

if ∀t , (6.1)

where Tif is the interface traction. The interface tractions acting on each node i
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are computed as a sum over the m springs in the window:

Tif(i ) =
m∑
α

Tcz [∆t(i ,α),∆n(i ,α)] , (6.2)

where Tcz is the constitutive relation of each individual spring as a function of
the tangential and normal gap values, i.e. the end-to-end distance of the springs:

∆t(i ,α) = x( j )−x(i ),

∆n(i ,α) = z( j )− z(i ),
(6.3)

where j refers to each of the m nodes connected through springs to i.

In this work, Tcz is specified in terms of the cohesive-zone constitutive re-
lations in normal and tangential directions, Tcz,n and Tcz,t, which represent the
adhesive and frictional forces per unit area, respectively. Similar to Chapter 2,
following [15], the constitutive relations are expressed as

Tcz,n = ϕn

δn

(
∆n

δn

)
exp

(
−∆n

δn

)
exp

(
−∆2

t

δ2
t

)
,

Tcz,t = 2
ϕt

δt

(
∆t

δt

)
exp

(
−∆n

δn

)
exp

(
−∆2

t

δ2
t

)
,

(6.4)

where (ϕn,ϕt) and (δn,δt) are, respectively, the normal and tangential works of
separation and characteristic lengths of each individual spring. Consequently,
the maximum values of Tcz,n and Tcz,t, i.e. the normal and tangential cohesive-
zone strengths σmax and τmax, are given as

σmax = 1

exp(1)

ϕn

δn
exp

(
−∆2

t

δ2
t

)
,

τmax = 1√
0.5 exp(1)

ϕt

δt
exp

(
−∆n

δn

)
.

(6.5)

Cohesive-zone relations of Eq. 6.4 for normal and tangential tractions are
graphically shown in Fig. 6.3 versus normal and tangential gap values, respec-
tively. These relations describe well the interface interaction between common
materials [14]. If desired, it is possible to employ a different “traction-separation"
law for modelling other systems, such as biological structures.
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T c
z,

n 
/σ max(Δ t 

=
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)

Δn /δn

-1
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(a) normal traction

T c
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t /
τ max(Δ n =
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Δn

(b) tangential traction

Figure 6.3: Graphical representation of normal and tangential tractions versus normal and tan-
gential gap values, as given by the cohesive-zone constitutive relations of Eq. 6.4.
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6.2.3. CHOICE OF PARAMETERS

The circular protrusion on the surface of body 2 has a radius of R/w = 2.5, which
is sufficiently large to obey the small slope approximation. The chosen material
and interface properties are presented in terms of non-dimensional parameters
□=□/□ ref, where the following “reference" parameters are used: E ref = 1 GPa,
ϕ ref

n =ϕ ref
t = 1 N/m, and δ ref

n = δ ref
t = 1 nm. The reference parameters are chosen

to be unity and are only used for normalization. Unless otherwise specified,δn =
δ t = 1, ϕn = 2, the ratio of tangential-to-normal work of separation ϕt/ϕn = 1,
and E = E (2) = 70. Moreover, E (1) = 103E (2) (body 1 is assumed to be rigid) and
ν= ν(1) = ν(2) = 0.45. Here, it is opted for ν= 0.45 since most of the experiments
have been performed for almost incompressible materials.

The initial distance between the two solids isδ0 = 10δn, which is large enough
to have zero interface interactions at the beginning of the calculations (see Fig.
6.3a). Simulations are performed for a wide range of normal displacements δ :=
δ/δ0 = [−1,1] in order to study both tensile and compressive loading. When con-
sidering flat-on-flat contact (no protrusion),it is taken δ = 0, so that ∆n = 0 all
over the interface, providing the opportunity to assess the model in pure-shear
mode (see Eq. 6.4).

The applied tangential displacement Ux is normalized on the width of the
unit cell U x =Ux/w. The tangential and normal contact forces are, respectively,
calculated as

F =
∫ w

0
T (1)

if,t dx =−
∫ w

0
T (2)

if,t dx,

L =−
∫ w

0
T (1)

if,n dx =
∫ w

0
T (2)

if,n dx,

(6.6)

where it is considered that the out-of-plane thickness of the solids is unity, and
chosen that an attractive normal force is negative. These contact forces are nor-
malized as F = (F /w)/E and L = (L/w)/E . The contact area A is defined as the
size of the interface under repulsion and is normalized as Ā = A/w.

The numerical convergence is guaranteed by employing an incremental dis-
placement ∆Uz = δn/10 and ∆Ux = δt/10. To make the simulations computa-
tionally more efficient, the interaction between two opposite nodes is consid-
ered only if they fall within an interaction “window”. The size of this window
is independent of the surface discretization and is determined by the range of
the cohesive-zone interactions. A converged solution is achieved by setting the
window-size to 10 δn in normal and 5 δt in tangential directions.
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6.3. FLAT-ON-FLAT CONTACT

Simulations are first performed for flat-on-flat contact under simple shearing to
asses the capability of the model to predict the stick-slip motion observed exper-
imentally [12] and via atomistic simulations [13], but smoothed out in most of
the macroscopic models, e.g. see [6, 11]. Besides, the transition from stick-slip
motion to continuous sliding is captured, where the dissipated energy becomes
negligible [16] and hence, an ultra low friction regime can be achieved.

Results for various values of elastic modulus E and tangential work of sep-
aration ϕ t in Fig. 6.4a indeed show the typical sawtooth behaviour [12, 13] of
the tangential contact force F versus the applied tangential displacement U x. In
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(a) stick-slip motion
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(b) continuous sliding

Figure 6.4: Tangential contact force F versus applied tangential displacement U x for various values
of elastic modulus E and tangential work of separationϕ t. A transition is observed from stick-slip
motion (a) to continuous sliding (b) by increasing E or decreasing ϕ t. In all cases, the elastic
modulus E = 70 is used in normalizing the tangential contact force.

all cases, in the initial sticking stage, the force increases linearly with applied tan-
gential displacement, with a slope controlled by E . The force then drops abruptly
as the two solids slip over each other. For stiffer materials, the stored elastic en-
ergy is larger and is released by a larger drop in force at each slip instability. This
can be seen by comparing the blue solid line for E = 70 and the dotted red line for
E = 140 in Fig. 6.4a. Moreover, as expected, as the interface interactions become
weaker (by decreasing the tangential work of separation ϕ t) the onset of sliding
occurs at a lower tangential contact force F . This can be observed by comparing
the solid blue line forϕ t = 0.2 and the dashed green line forϕ t = 0.1 in Fig. 6.4a.

As shown in Fig. 6.4b, a transition from stick-slip motion to continuous slid-
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ing is observed either when ϕ t is decreased or when E is increased . In the con-
tinuous sliding regime, the tangential contact force oscillates around zero with
no initial sticking stage. In this case, the dissipated energy during sliding be-
comes negligible and hence, an ultra low friction regime is achieved. This is in
line with the predictions of the Prandtl–Tomlinson model for cases in which the
contact potential corrugation is low enough (lowϕ t in this work) and/or the stiff-
ness of the system is high enough (high E in this work) [16].

Here, the friction force 〈F 〉 is calculated as the average of the maximum and
the minimum tangential contact force during sliding [16], F s and F k:

〈F 〉 = F s +F k

2
. (6.7)

Figure 6.5 shows a monotonic reduction in 〈F 〉 with increasing E and/or decreas-
ing τmax. It comes as no surprise that friction depends on the contact conditions
(various τmax), however, the fact that friction depends on the elastic modulus E
needs further explanations. For materials with higher E , the larger drop in the
tangential contact force leads to a decrease in the mean value of 〈F 〉. Eventu-

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

1.2
(× 10 -3 )

〈
 F̅

 〉

(× 10 4 )E / τmax

Figure 6.5: Friction reduces by increasing E/τmax. Shaded area indicates the ultra low friction
regime. The dashed line is a guide for the eye.

ally, by further increasing E , the friction force becomes negligible and an ultra
low friction regime is achieved (see Fig. 6.5). On the contrary, the friction force
increases as the solid becomes more compliant (lower E), in line with [17].
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6.4. CIRCULAR PROBE ON FLAT SURFACE
Here, simulations are performed for adhesive frictional contact of a deformable
solid with circular protrusion on a flat rigid substrate under mixed-mode load-
ing. In this case, beside the tangential contact force, the evolution of the normal
contact force and the change in the contact area are investigated.

The tangential contact force F versus applied tangential displacement U x,
for normal displacement δ = 0 and an interface with ϕn =ϕ t = 2, is shown with
the solid blue line in Fig. 6.6. In this figure, similar to the case of flat-on-flat
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Figure 6.6: Evolution of the tangential F and the normal L contact forces, and the contact area Ā
versus applied tangential displacement U x. Results are shown for the normal displacement δ = 0
andϕn =ϕ t = 2.

contact in Section 6.3, a sawtooth curve for F versus U x is observed due to the
stick-slip motion. The evolution of the normal contact force L is also included in
Fig. 6.6 (see the dashed blue line). Here, the negative value of L indicates tensile
loading. This means that the summation of the attractive forces (with negative
sign) on the interface is larger than the repulsive forces (with positive sign). By
applying a larger δ the solids are pushed harder against each other and the nor-
mal contact force L may become positive (compressive loading).

Figure 6.6 also presents the evolution of the contact area Ā during tangential
loading, shown by the dotted red line. During the sticking stages, a reduction
in Ā is observed with increasing U x, a behaviour is refer to as “shear-peeling".
Subsequently, at the onset of sliding where the slip instability occurs, the contact
area abruptly increases and there is a reattachment at the interface. The cycle of
area reduction → slip instability → reattachment persists for continued tangen-
tial displacement. The details of these events are examined in the following.
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6.4.1. SHEAR–PEELING AND REATTACHMENT

Waters and Guduru [3] recorded images of the contact area evolution throughout
their contact shearing experiments for a range of normal loads. Before the onset
of sliding, these images demonstrated symmetric and asymmetric contact area
reduction under tensile and compressive loading, respectively. After the onset
of sliding, they could capture a partial reattachment under compressive loading.
Here, simulations are performed with the aim of capturing these experimental
features and to investigate whether the reattachment occurs also under tensile
loading. Moreover, the role of friction on the evolution of contact area is studied.

Figure 6.7a shows the evolution of the contact area Ā versus the applied tan-
gential displacement U x at various normal loadings, tensile and compressive,
and the ratio of the tangential-to-normal work of separation, ϕt/ϕn = 1 and 0.1.
For the chosen parameters in this figure, δ ≳ 0.2 and δ < 0.2 represent the com-
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Figure 6.7: (a) Contact area Ā versus applied tangential displacement U x for different normal load-
ing and ratio of tangential-to-normal work of separation. (b) Snapshots (A–E) of the contact region
during tangential loading for the three cases shown in (a). Snapshots are denoted by the same sym-
bols in both (a) and (b). Note that in (b), contact regions are shown in the original configuration.
The horizontal dotted lines are a visual aid to distinguish between symmetry and asymmetry of
the contact area. Results are shown forϕn = 2.

pressive and tensile loading, respectively. Moreover, ϕt/ϕn = 1 and 0.1 are em-
ployed in order to investigate the role of high and low friction, respectively, on
the contact area evolution: Lowering the value of ϕt/ϕn, for example, resembles
introducing lubricant into the interface.

Snapshots of the contact region, labelled as A–E, are shown in Fig. 6.7b for
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three cases in Fig. 6.7a at various values of the tangential displacement. These
snapshots are denoted by the same symbols in both figures. In all cases, snapshot
A is at U x = 0, B and C are during the shear-peeling stage, and D and E are before
and after the first slip instability event. The following key features emerge from
this figure:

• A → B: The contact area shrinks symmetrically. This symmetrical peeling
is observed in all cases: tensile/compressive loading and low/high friction.

• B → C: Under tensile loading (case I), the contact area continues to shrink
symmetrically. For compressive loading (case II and III), however, the con-
tact area becomes asymmetric, with more peel occurring at the trailing
edge of the contact than at the leading edge. The horizontal dotted lines
are a visual aid to distinguish between symmetry and asymmetry of the
contact area.

• C → D: Under tensile loading in case I, a full separation occurs during tan-
gential loading at the onset of sliding. On the contrary, for compressive
loading (case II and III), there is no full separation and contact area con-
tinues to shrink asymmetrically.

• D → E: As slip progresses within the contact area, slip instability occurs
and immediately reattachment follows. Under tensile/compressive load-
ing with high friction (case I and II), the reattachment occurs only partially.
However, for the interface with low friction (case III), a full reattachment is
observed (compare snapshots E and A).

The aforementioned features agree well with the experimental observations
of Waters and Guduru [3]. Besides, two extra features are also captured com-
pared to the experiments: First, the reattachment (D → E) was not observed for
tensile loading (case I) in the experiments. As mentioned in [3], this is because
the employed feedback loop could not correct the normal loading fast enough
to maintain contact as the slip instability occurred. Second, for the chosen ma-
terial and interface properties only a partial reattachment was observed in the
experiments. However, the results here show that attaining a full reattachment
is possible when friction is low (case III). In this case, as can be seen from the red
line in Fig. 6.7a, the pre-sliding distance is small. Hence, the induced deforma-
tion in the solid during the sticking stage can be fully released as the slip insta-
bility occurs. Consequently, for the case of low friction, the initial configuration
is re-attainable in the reattachment cycle.
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6.4.2. LAWS OF AREA REDUCTION AND ONSET OF SLIDING

A common way of identifying the law of contact area reduction is to plot the con-
tact area Ā as a function of the tangential contact force F . To this end, the evolu-
tion of Ā versus F up to the onset of sliding for various normal displacementsδ is
shown in Fig. 6.8a. For the chosen parameters in this figure, δ ≳ 0.2 and δ < 0.2
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Figure 6.8: (a) Evolution of the contact area Ā versus tangential contact force F for various normal
displacements δ . Solid curves are fits using Eq. 6.8 [4]. The filled circles indicate contact area Ās

at the maximum tangential contact force F s. (b) Ās versus F s for the case shown in (a) along with
cases for ϕn = 1, ϕt/ϕn = 1 and ϕn = 2, ϕt/ϕn = 0.1. Slopes of the solid lines in (b) represent the
contact shear strength τc [4].

represent the compressive and tensile loading, respectively. It is observed that
for all δ , the initial contact area Ā0 = Ā (U x = 0) decreases until a maximum F is
reached at the onset of sliding.

Recently, Sahli et al. [4] carried out sliding experiments for a range of com-
pressive loadings. In their experiments, for both smooth and rough asperities,
the reduction in the contact area was found to be well fitted by an empirical
quadratic law of the form:

Ā = Ā0 −ζ F 2, (6.8)

with ζ being a fitting parameter. Here, this equation is fitted to the results for
adhesive frictional contact of a smooth asperity with various normal displace-
ments δ , see the solid curves in Fig. 6.8a. It is observed that a good agreement is
obtained for compressive loading, similar to the experiments in [4]. For tensile
loading, for which experimental data is not available, a deviation is found from
the quadratic law of Eq. 6.8. It is concluded that under tensile loading, when the
onset of sliding is approached, the rate of contact area reduction increases.
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In Figure 6.8a, filled black circles indicate contact area Ās at the maximum
tangential contact force F s just before the onset of sliding, i.e. the static friction
force. Figure 6.8b illustrates the data points (Ās, F̄s) related to various δ for the
case shown in Fig. 6.8a (ϕn = 2, ϕt/ϕn = 1) along with two other cases where ϕn

and ϕt/ϕn are independently varied. Interestingly, in all cases, the points mark-
ing the onset of sliding (Ās, F s) align well on a straight line. This shows that,

F s = τc Ās +F s, nc, (6.9)

with τc and F s, nc being the contact shear strength and the maximum sliding
force without contact (i.e. without a surface area under repulsion), respectively.

The linear relation in Eq. 6.9 is in line with the so-called threshold law by
Sahli et al. [4]. Since Sahli et al. [4] only considered compressive loading, they
concluded that the straight line goes through the origin. Here, by considering
also tensile loading, it is observed that in some cases Ās is zero at a finite value
of tangential contact force due to the adhesive interactions at the interface. For
example, in Fig. 6.8a, this is the case for the normal displacements δ =−0.2 and
−0.3. This behaviour can be better captured by the proposed ‘extended threshold
law’ (Eq. 6.9), choosing this name is inspired by the extended Amontons’ law,
which incorporates similarly an adhesive contribution.

Finally, Fig. 6.8b shows that the contact shear strength τc and the sliding force
when there is no repulsive surface area F s, nc change with interface properties,
namelyϕn and ϕt/ϕn. The following key features are identified:

• Decreasing the normal work of separation decreases F s, nc, yet it has neg-
ligible effect on τc. This can be seen from Fig. 6.8b, by comparing the lines
marked with black circles for ϕn = 2 and red squares for ϕn = 1. A way to
reduceϕn is the immersion of the surface in ethanol or salt solution [18].

• Decreasing the ratio of tangential-to-normal work of separation results in
smaller values of F s, nc and τc. This is observed from Fig. 6.8b, by com-
paring the lines marked with black circles for ϕt/ϕn = 1 and blue triangles
for ϕt/ϕn = 0.1 (in both cases ϕn = 2). The value of ϕ t can be reduced by
introducing a lubricant into the interface.

6.5. CONCLUSIONS
A simple computational model is developed to study adhesive frictional contacts
of elastically deformable solids under mixed-mode loading. The strength of the
model lies in its capability of studying the variation of contact area and of the
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friction force before and after the onset of sliding, under a compressive or tensile
loading. The full range of conditions is difficult to be addressed experimentally.

The simulations are performed for an adhesive circular protrusion sliding
against a rigid flat. The model can capture the features observed in the exper-
iments by Waters and Guduru [3] and by Sahli et al. [4]:

• Under compressive loading, a tangential displacement, first induces the
contact area to shrink symmetrically. As the applied tangential displace-
ment increases more peel occurs at the trailing edge. Under tensile load-
ing, on the contrary, the contact area continues to shrink symmetrically.

• Reduction in the contact area as a function of the tangential contact force
is found to be well fitted by the empirical quadratic law reported in [4] for
experimental results under compressive loading.

• There is a linear relation between the maximum tangential contact force at
the onset of sliding and its corresponding contact area at various normal
loadings.

In addition, the model can predict the following behaviours, not yet observed
experimentally:

• With slip instabilities occurring during sliding, a cycle of contact area re-
duction and reattachment persists for continued tangential loading, even
under tension. Whether the reattachment is partial or full depends on fric-
tion: The lower the friction, the more complete the reattachment.

• Under tensile loading the empirical quadratic law relating area to tangen-
tial force breaks down: There is a larger rate of contact area reduction when
the onset of sliding is approached.

• Also under tensile loading a linear relation holds between the maximum
tangential contact force at the onset of sliding and the corresponding con-
tact area. However, under tensile loading, a full interface separation can
take place at the onset of sliding with a non-zero tangential force: The con-
tact area is under adhesive contact.
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CONCLUSION

If you want a happy ending, that depends, of course,
on where you stop your story.

George Orson Welles
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T HE main objective of this thesis was to obtain a better understanding of ad-
hesive contact and its frictional behaviour. To this end, a simple atomistically–

inspired macro-scale model was developed in order to study smooth and rough
contacts between elastically deformable bodies where adhesion and friction are
simultaneously active at the interface.

In Chapter 2 a full description of the model is presented. There, the Green’s
function molecular dynamics (GFMD) technique is extended to explicitly de-
scribe the two solids in contact and their mixed-mode interface interactions.
This extension includes an incremental iterative scheme, which is necessary to
capture the contact area evolution as tangential tractions develop at the interface
between the bodies under contact loading. Moreover, the interactions between
surfaces are described through a coupled cohesive-zone model (CZM) imple-
mented in the GFMD technique. Thereafter, the developed model is employed to
thoroughly investigate the contact evolution under various practical conditions.

In Chapter 3 the non-adhesive contact between a rigid rough indenter and
an incompressible elastic solid is studied. It is shown that for 1D smooth asper-
ity (cylindrical) contacts, similar to 2D smooth asperity (Hertzian) cases, a lin-
ear relation can be obtained between contact area and reduced pressure only if
the root-mean-square gradient (RMSG) is calculated over the actual contact area
(ḡr), instead of the nominal contact area (ḡ ). Furthermore, the assumption of lin-
earity for random rough contacts is assessed where the proportionality factor is
computed using both definitions of RMSG, κ and κr, in line and surface contacts.
This leads to the following conclusions:

• For rough line (1D) contacts, only when the RMSG is calculated over the
actual contact area a linear relation exists between the relative contact area
and the reduced pressure, such that the proportionality factor κ1D

r ≃ 1.75
is independent of Hurst exponent and reduced pressure.

• For rough surface (2D) contacts, both the values of κ2D and κ2D
r are negli-

gibly dependent on Hurst exponent and reduced pressure.

• Based on the obtained values for the proportionality factor κr in 1D and 2D
contacts, a single 1D-to-2D scaling factor κ1D

r /κ2D
r ∼ 0.9 is found for both

rough and smooth asperities.

In Chapter 4, the adhesive contact of a periodic array of smooth circular rigid
asperities indenting into a flat deformable solid is studied. The aim of this study
is to capture the consequences of the interplay between adhesion and friction
during single mode normal loading. The main results of Chapter 4 are:
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• For a given normal work of separation, the contact size increases by in-
creasing friction. The dependency of contact size on friction is observed
for various heights of the deformable solid.

• The interplay between adhesion and friction results in a decrease of the
pull–off load. The decrease is maximum for a frictionless contact, as sliding
is maximum. Increasing friction increases the pull-off load.

• The effect of adhesion and friction interplay on both the contact size and
the pull-off load is strongest for highly adhesive contacts and materials
with small Poisson’s ratio.

• The adhesion and friction interplay can be neglected in all cases where rel-
ative sliding of the surfaces is small, i.e. when one of these three conditions
hold: (1) friction is very large, (2) the material is incompressible, (3) con-
tacts are closely spaced.

The adhesive contact of a self-affine rough rigid solid indenting an initially
flat deformable solid is analysed in Chapter 5. This analysis leads to the following
conclusions:

• The load-area relation is non-linear. Non-linearity is more pronounced for
rough profiles with large Hurst exponent and/or small root-mean-square
height.

• For small Hurst exponents the load-area relation depends on the small
wavelengths cut-off used to described the roughness. In this case, non-
linearity increases with increasing the small wavelength cut-off.

• Compressibility and friction can be neglected when investigating the load-
area relation, since they affect it negligibly.

Contact problems that include also tangential loading are studied in Chap-
ter 6. First, the model introduced in Chapter 2 is extended to approach contact
problems under mixed-mode loading. To this end, an interface model is devel-
oped where the interface interactions between two bodies are described by sets
of “springs”, mimicking interatomic interactions. Then, frictional sliding of the
adhesive contact of a circular smooth punch against a flat rigid substrate, under
tension and compression, is investigated. The model can capture the features
observed experimentally:
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• Under compressive loading, a tangential displacement, first induces the
contact area to shrink symmetrically. As the applied tangential displace-
ment increases more peel occurs at the trailing edge. Under tensile load-
ing, on the contrary, the contact area continues to shrink symmetrically.

• Reduction in the contact area as a function of the tangential contact force
is found to be well fitted by the empirical quadratic law reported from ex-
perimental results under compressive loading.

• There is a linear relation between the maximum tangential contact force at
the onset of sliding and its corresponding contact area at various normal
loadings.

In addition, the model can predict the following behaviours, not yet observed
experimentally:

• With slip instabilities occurring during sliding, a cycle of contact area re-
duction and reattachment persists for continued tangential loading, even
under tension. Whether the reattachment is partial or full depends on fric-
tion: The lower the friction, the more complete the reattachment.

• Under tensile loading the empirical quadratic law relating area to tangen-
tial force breaks down: There is a larger rate of contact area reduction when
the onset of sliding is approached.

• Also under tensile loading a linear relation holds between the maximum
tangential contact force at the onset of sliding and the corresponding con-
tact area. However, under tensile loading, a full interface separation can
take place at the onset of sliding with a non-zero tangential force: The con-
tact area is under adhesive contact.
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