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Abstract 

This report presents a new practice for pressure transient analysis (PTA) and reservoir 

parameter estimation using system-identification (SI) techniques. The SI technique is widely 

used in advanced process engineering. The main goal of this study is to develop a reliable 

method for pressure transient analysis in horizontal wells benefiting from distributed pressure 

sensing. In addition, this technique is going to be used for the PTA of horizontal well data 

when the well is producing under choke control at surface. The ideas in this report are largely 

based on earlier work by Farshbaf Zinati [1] who developed a data assimilation approach to 

perform PTA using distributed sensing in horizontal wells, and and Mansoori [2] who 

pioneered the use of SI techniques for PTA. New elements in this report are the additional use 

of classic elements from (type-curve-based) PTA in the SI workflow and testing of the work 

flow with a synthetic example. 
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Introduction 

In a previous report, it was explained how ADGPRS software is going to be used for the 

generation of synthetic data [3]. In addition, the ADGPRS software was briefly described and 

the implementation of the choke control option (into the ADGPRS program) was explained. 

In this report, the coupled model is presented and described in more detail. The evaluation of 

the new technique is also discussed. The performance of the newly developed technique is 

evaluated using the obtained synthetic data from ADGPRS software. Then, it is explained 

how this technique can be used to simultaneously predict the two unknown reservoir 

parameters, for example permeability (k) and skin factor (S). 

It is noted that the explained technique here can be considered as a starting point for further 

development of the use of SI techniques for PTA. As part of this project, this technique is 

developed to analyse the pressure data of drawdown tests. In addition, for the sake of 

simplicity, sensor noise has not been considered in this study. 

Pressure transient analysis of horizontal wells  

PTA in a horizontal well test is considerably more complex than in a conventional vertical 

well test because of its three-dimensional nature. In a horizontal well, instead of the radial 

flow regime that develops for a conventional test, three flow regimes may occur after the 

effects of wellbore storage disappear. Figure 1 illustrates the different phases in a horizontal 

well transient test. At the beginning, flow occurs radially in a vertical plane toward the well, 

observed by a zero-slope line on the derivative curve of the log-log plot. This regime is called 

early-time pseudoradial flow because of the elliptical flow pattern resulting from the vertical 

to horizontal permeability anisotropy. The next flow regime starts when the effect of pressure 

drop reaches the upper and lower boundaries of the producing zone and flow becomes linear 

toward the well. This flow regime is termed as intermediate-time linear and is characterized 

by a half-slope trend in the derivative curve. Finally, the flow regime is converted to 

pseudoradial flow as the transient moves deeper into the reservoir and the flow becomes 

radial again, but in the horizontal plane. This late-time pseudoradial flow regime is indicated 

by a second zero slope line in the derivative curve. 

 In this study, it is focused on the early-time pseudoradial flow regime and the output data 

from this period have been used for PTA. It is evident that such data can be rapidly obtained 

just after the start of production, while for using intermediate or late time flow regime data, 

considerable time should be given for stabilisation of these flow regimes.  
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It is noted that the transfer functions of the intermediate-time linear flow are also developed 

for further investigation on the advantages of the SI technique. The obtained analytical model 

and the corresponding transfer functions will be reported later. 

 

Figure 1. Three different flow regimes in a horizontal well test. After wellbore storage has 

disappeared, the early-time pseudoradial flow can be observed (left). The next phase is 

intermediate-time linear flow (middle) completed by late-time pseudoradial flow (right) [1]. 

Model development 

In the SI technique, similar to the classical well testing (straight line analysis), prior 

information is required to determine the nature of the reservoir model. Basically, this method 

involves matching the output of a system model (transfer functions) to the measured output 

(well test data). In this part, the analytical solution of fluid flow in the early-time pseudoradial 

flow is used to obtain the corresponding reservoir transfer function. The responses of the 

analytical transfer function (analytical model) can be compared with the responses of the 

identified model from the well test data. This comparison can be used to obtain the physical 

parameters of the reservoir. In other words, the reservoir parameters (e.g. permeability) can be 

estimated as the minimizer of a suitable difference measured between the analytical transfer 

function and the identified reservoir model from the well test data.  

Fluid flow in the early-time pseudoradial regime 

The single phase, slightly compressible fluid flow around a horizontal well in a homogeneous 

reservoir can be modelled by the diffusivity equation and Darcy’s law. If the gravity effect is 

neglected, the flow regime is radial (Figure 2) and the following equations (in the radial 

coordinate) are valid. 
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2𝜋𝑟𝑘𝐿

𝜇
 
𝜕𝑝𝑟(𝑟, 𝑡)

𝜕𝑟
 (2) 

where 𝜂 = 𝑘/𝜇𝜑𝑐𝑡 is hydraulic diffusivity, 𝑐𝑡 is total compressibility, 𝑘 is absolute 

permeability which the geometric average of horizontal and vertical permeability (√𝑘ℎ𝑘𝑣), 𝜑 

is porosity, 𝜇 is fluid viscosity, 𝐿 is the horizontal well length. It is noted that, all flow rates 

𝑞𝑟(𝑡) and pressures 𝑝𝑟(𝑡), are flow-rate and pressure differences with respect to the steady-

state condition. Assuming that the well was initially shut, the flow rate and the pressure are 

considered with respect to zero rate and the initial reservoir pressure. Therefore, the initial 

condition can be expressed as 

𝑝𝑟(𝑟, 0) = 0   ,     𝑟𝑤 ≤ 𝑟 ≤ (𝐻/2) (3) 

where 𝐻 is the thickness of the reservoir layer as shown in Figure 2. If 𝒫𝑟(𝑟, 𝑠) and 𝒬𝑟(𝑟, 𝑠) 

are the Laplace transforms of the 𝑝𝑟(𝑟, 𝑡) and 𝑞𝑟(𝑟, 𝑡), Eq. 1 can be written in the Laplace 

domain as 

𝑟
𝜕

𝜕𝑟
𝑟
𝜕𝒫𝑟(𝑟, 𝑠)

𝜕𝑟
=
𝑠

𝜂
𝑟2𝒫𝑟(𝑟, 𝑠) (4) 

which is a Bessel differential equation. Eq. 4 can be solved in the radial coordinate and the 

following solution can be obtained. 

 𝒫𝑟(𝑟, 𝑠) = 𝑀1𝐼0(√
𝑠

𝜂
 𝑟)+𝑀2𝐾0(√

𝑠

𝜂
 𝑟) (5) 

in which 𝑀1 and 𝑀2 are arbitrary coefficients. To find their magnitudes, the Laplace 

transform of Eq. 2 can be used. 

𝒬𝑟(𝑟, 𝑠) = −
2𝜋𝑘𝐿

𝜇
[𝑀1𝑟√

𝑠

𝜂
  𝐼1 (√

𝑠

𝜂
 𝑟) −𝑀2𝑟√

𝑠

𝜂
  𝐾1(√

𝑠

𝜂
 𝑟)] (6) 

Hence two boundary conditions are required to determine 𝑀1 and 𝑀2. It is assumed the flow 

rate at the outer boundary 𝒬𝑒(𝑠) and the pressure at sandface 𝒫𝑠𝑓  (𝑠) are known. It is noted 

that the flow rate at the outer boundary is zero as the transient doesn’t reach the upper and 

lower boundaries. By solving Eqs. 5 and 6, 𝑀1 and 𝑀2 can be determined as 
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𝑀1 =
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𝑠
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𝑠
𝜂)𝐾1 (𝑟𝑒√

𝑠
𝜂)

 (8) 

 

 

Figure 2. Schematic of the fluid flow distribution around a horizontal well in the early-time 

pseudoradial flow regime [4]. 

 

Therefore, the flow rate at sandface and pressure at outer boundary can be obtained from the 

flow rate at outer boundary and pressure at sandface. The dynamical behaviour of the 

reservoir can be expressed as 

[
𝒬𝑠𝑓(𝑠)

𝒫𝑒(𝑠)
] =  [

𝑅11
𝑅21

𝑅12
𝑅22
]   [

𝒬𝑒(𝑠)

𝒫𝑠𝑓 (𝑠)
] (9) 

where  

𝑅11(𝑠) = (
𝑟𝑤
𝑟𝑒
)×

𝐼1 (𝑟𝑤√
𝑠
𝜂)𝐾0 (𝑟𝑤√

𝑠
𝜂) + 𝐾1 (𝑟𝑤√

𝑠
𝜂) 𝐼0 (𝑟𝑤√

𝑠
𝜂)

𝐼1 (𝑟𝑒√
𝑠
𝜂)𝐾0 (𝑟𝑤√

𝑠
𝜂) + 𝐼0 (𝑟𝑤√

𝑠
𝜂)𝐾1 (𝑟𝑒√

𝑠
𝜂)

 (10) 

𝑅12(𝑠) = 𝑇(
𝑟𝑤
𝑟𝑒
)×

𝐼1 (𝑟𝑤√
𝑠
𝜂)𝐾1 (𝑟𝑒√

𝑠
𝜂) − 𝐾1 (𝑟𝑤√

𝑠
𝜂) 𝐼1 (𝑟𝑒√

𝑠
𝜂)

𝐼1 (𝑟𝑒√
𝑠
𝜂)𝐾0 (𝑟𝑤√

𝑠
𝜂) + 𝐼0 (𝑟𝑤√

𝑠
𝜂)𝐾1 (𝑟𝑒√

𝑠
𝜂)

 (11) 
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𝑅21(𝑠) = (
1

𝑇
)×

𝐼0 (𝑟𝑒√
𝑠
𝜂
)𝐾0 (𝑟𝑤√

𝑠
𝜂
) − 𝐾0 (𝑟𝑒√

𝑠
𝜂
) 𝐼0 (𝑟𝑤√

𝑠
𝜂
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𝑠
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 (12) 

𝑅22(𝑠) =

𝐼0 (𝑟𝑒√
𝑠
𝜂)𝐾1 (𝑟𝑒√

𝑠
𝜂) + 𝐾0 (𝑟𝑒√

𝑠
𝜂) 𝐼1 (𝑟𝑒√

𝑠
𝜂)

𝐼1 (𝑟𝑒√
𝑠
𝜂)𝐾0 (𝑟𝑤√

𝑠
𝜂) + 𝐼0 (𝑟𝑤√

𝑠
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and 

𝑇 =
−2𝜋𝑘𝐿𝑟𝑒

𝜇
√
𝑠

𝜂
  (14) 

Figure 3 shows the block diagram of the reservoir model and illustrates the relationship 

between inputs and outputs. As mentioned before, the flow rate at the outer boundary 𝒬𝑒(𝑠) is 

zero, hence the flow rate at sandface 𝒬𝑠𝑓(𝑠) is directly related to the pressure at sandface 

𝒫𝑠𝑓 (𝑠)by transfer function 𝑅12 . 

 

 

Figure 3. Block diagram of the reservoir model showing the relationship between output and 

inputs. 

 

Coupled model: wellbore and reservoir 

In this study, it is aimed to use SI technique for PTA in a horizontal well benefiting from the 

distributed pressure sensing technology. In this well configuration, the horizontal well can be 

divided into different segments as shown in Figure 4. For each segment, assuming fully 

perforated length, the flow rate can be linked to the measured pressure using reservoir transfer 

function (𝑅12). However, for each segment, the net flow rate (produced only from the 

reservoir in that segment) should be known. 
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Figure 4. Schematic of the pressure sensors (black circles) in a fully perforated horizontal 

well. 

 

As the pressure data are the only measured data available, the net flow rate produced in each 

segment should be determined indirectly. The net flow rate can be calculated using the 

pressure drop equation in the wellbore. Knowing the wellbore properties (e.g pipe diameter, 

roughness,…) the flow rate can be calculated iteratively. If the acceleration pressure drop is 

neglected (due to the small compressibility of single phase liquid), the gravitational and 

friction pressure drop in the wellbore can be stated as [5] 

∆𝑝 = (𝜌 𝑔  sin 𝜃 +
𝜌 𝑓(𝑄) 

2𝐷

𝑄2

𝐴2
) 𝐿 (15) 

where 𝜌 is fluid density, 𝜃 is the pipe inclination, 𝑄 is flow rate, 𝑓(𝑄) is the friction factor 

which is a function of flow rate, 𝐿 is the length of the pipe and 𝐷 and 𝐴 are pipe diameter and 

pipe surface area, respectively. As the pressure drop (between each segment) and the pipe 

properties are known, the flow rate can be iteratively determined (e.g. 𝑄1
𝑇 and 𝑄2

𝑇 in Figure 4). 

The net flow rate produced from the reservoir (e.g. 𝑄2
𝑟) can be also determined using the 

upstream and downstream flow rate. For example, in Figure 4, for the segment No. 2, the net 

flow rate produced from the reservoir can be estimated as 𝑄2
𝑇 − 𝑄1

𝑇 . 

In this coupled system, for PTA of each segment, the pressure data of the neighbours’ 

segments are required (upstream and downstream pressure data). Therefore, three pressure 

data at each time are used to estimate the net flow rate produced from the segment under 

study. Then the sensor pressure and net flow rate data can be used as input and output, 

respectively, to identify the reservoir model. In the next section, it is explained how the 

reservoir model can be identified from the pressure and rate data using MATLAB system 

identification toolbox.  
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Identification of reservoir transfer function using MATLAB 

System identification toolbox provides functions and an app for constructing mathematical 

models of dynamic systems from measured input-output data. It lets the user to create and use 

models of dynamic systems. Both time-domain and frequency-domain input-output data can 

be used to identify continuous-time and discrete-time transfer functions, process models, and 

state-space models. The MATLAB system identification app can be opened by typing 

“systemIdentification” command in the MATLAB command window. Figure 5 shows 

MATLAB system identification app.  

 

Figure 5. The MATLAB system identification app used for identification of the reservoir 

model from input and output data. 

 

The input (pressure data) and output (flow rate) data can be imported by selecting the time-

domain signals in the import data (a MATLAB program, SIwelltestingForHW.m, is written to 

extract the required data from the ADGPRS output file. It is explained in the next section). 

Figure 6 shows the dialog box for importing the data. It is noted that the input and output data 

should have been already loaded into the MATLAB workspace to be recognized by this 

dialog box. Type the name of the input and output vectors and press import. In this box, the 

data name, starting time and the sampling time can be also specified. 
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Figure 6. The import data dialog box for importing input (pressure) and output (flow rate) 

data.  

Then from the “Estimate” in the system identification app, different models including transfer 

function models can be accessible. Once transfer function model is selected, the number of 

poles and zeros of the transfer function can be specified. In this box, two types of continuous-

time and discrete-time can be selected. Select the discrete-time and press the “Estimate” 

button (Figure 7). 

 

Figure 7. The transfer functions dialog box used to specify the number of poles and zeros. 

 

The SI app identifies the reservoir model in terms of rational transfer functions. The identified 

models are shown on the SI app. The identified transfer function can be transferred to the 
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workspace for the further study. This can be done by drag and drop of the selected model to 

the “To Workspace” button in the main page. Once the identified reservoir model is 

transferred to the workspace, the MATLAB program SingleR12.m can be used to plot the 

frequency responses. 

For more information regarding MATLAB system identification toolbox, visit [6]. 

Comparison of the identified and analytical models  

The main aim of this comparison is to determine the reservoir parameters such as 

permeability, skin factor or perforation length. As mentioned, the response of the identified 

reservoir model can be compared with the response of the analytical transfer function. 

However, the analytical reservoir transfer function (as obtained in Eq. 11) is in the Laplace 

domain. On the other hand, as the input and output data (well test data) are in the time 

domain, the identified transfer function is in the time domain. Therefore, the difference 

between the domains of the models should be solved. To address this issue, the identified 

time-domain model can be simply transferred to the complex domain by substituting the shift 

operator 𝑞 with 𝑧, where 𝑧 is a complex variable. However, a more-efficient way, which is 

proposed by Mansoori et al. 2015, is to transform both the discrete and continuous models 

from their respective complex domains (the Laplace and the z-domain) into the frequency 

domain and perform the parameter estimation in that domain. This transformation is obtained 

by simply substituting 𝑠 with 𝑗𝜔 and 𝑧 with 𝑒𝑗𝜔, where 𝑗 is the imaginary unit. By using this 

transformation, the difference between discrete-time and continuous-time models can be also 

solved.  

Using the above transformation, the shift operator (q) in the identified reservoir model (from 

MATLAB SI app) should be replaced with 𝑒𝑗𝜔. In addition, s parameter in Eq.11 should be 

also replaced with 𝑗𝜔. Then, the responses of the transfer functions to the specific frequency 

can be compared and used for physical parameter estimation. A wide range of frequency can 

be given to both transfer functions to find the best match between the responses. It should be 

also highlighted that the “magnitude” of the responses should be compared. 

Therefore, to estimate the reservoir parameters, the responses of both identified reservoir 

model and the analytical model should be plotted at the same graph. Then the unknown 

reservoir parameter can be determined when the difference between the responses of the 

identified and the analytical model is minimal.  

It is noted that only one parameter can be determined at this stage, If two parameters are 

unknown (e.g. k and s), a set of non-unique solution may be obtained. In other words, there 
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are a couple of k and s combinations which can give acceptable match between the analytical 

and the identified reservoir model. The simultaneous estimation of two parameters will be 

discussed later. 

In the next section, the evaluation of the technique is presented. As stated before, the 

simulation data from the ADGPRS software were used to generate synthetic well test data. 

The obtained data were used to evaluate the performance of the proposed technique. 

Evaluation of the proposed method 

Generation of the synthetic transient data 

To evaluate the integrity of the proposed method, the simulation results obtained from the 

ADGPRS software were used. The fluid flow around a horizontal well in a box shape 

reservoir is simulated. The fluid properties and the pressures are selected in such a way that 

the flow in the reservoir is only single phase (i.e. liquid). However, the flow in the wellbore 

becomes two-phase due to the pressure reduction. The reservoir with the dimensions of 

464*510*57 m is divided into 53*51*35 grid blocks. The reservoir grid blocks are refined in 

X and Z directions (around the horizontal well) to improve the reservoir simulation results. 

The horizontal well is placed in the middle of the layer (drilled at 2010.3 m TVD) and is 

perforated in Y direction without inclination. For simplicity, the well is perforated in whole 

width of the reservoir (the length of the horizontal well is 510 m). The coupled wellbore-

reservoir model is used in the simulations. The multi segments well module in the ADGPRS 

is used to model the fluid flow in the wellbore. The well in horizontal part is divided into 51 

segments of 10 m length. In the vertical part, the well is divided into 30 segments of 67 m 

length. The tubing diameters in the horizontal and vertical sections are 0.07277 m and 0.12 m, 

respectively. For the simulations in this study, two production scenarios of constant tubing 

head pressure (THP) and surface choke control (CHK) were used. As mentioned before, only 

drawdown data were used in this study. Hence for all cases, the production was started when 

the reservoir pressure was at its initial value of 200 bar. The reservoir rock is assumed to be 

homogeneous with the porosity of 25% and the permeability of 10 mD in X, Y and Z 

directions. 

After running the simulations, the output data for each well segments were reported in an 

ASCII file in the same folder as the data file. In this output file, the segments pressure and 

flow rates (here 51+30 segments) are reported for each timestep. A MATLAB program was 

written to read this output file and extract the well test data (see SIwelltestingForHW.m). In 

this program, the desired well segment for study can be also selected. In other words, the 
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program asks for a segment number, then it extracts the pressure data for this segments (Pi) 

and the neighbour segments (Pi-1 , Pi+1). 

It should be noted that, the time period that the pressure data are collected is important. The 

pressure data recorded in the early-time pseudoradial regime should be used only. Hence, the 

pressure data recorded before the first plateau (zero-slope line on the pressure derivative 

curve) should be used. As illustrated in Fig. 1, the pressure data before point B are only 

allowed to be chosen for this analysis, because after this point, the flow regime is no longer 

radial. Therefore, to select the pressure data properly, one should plot the pressure derivate 

curve, then select the pressure data before zero-slope line (point B in Fig. 1). The time period 

for selection of pressure data can be adjusted in the program using “Startnumber” and 

“Endnumber” variables. After that, the program extracts the segment pressure and also the 

neighbours’ pressure (upstream and downstream pressure sensors) for each simulation time 

step. It uses the pressure data to estimate the net production rate for the segment (in an 

iterative procedure). Finally, two vectors of X and Y were generated for “segment pressure” 

and “net flow rate”, respectively. These two vectors can be introduced into MATLAB system 

identification app as explained before.   

 

Verification of the synthetic data 

In this section, the simulation data were used for the straight-line analysis (conventional well 

testing). This simple exercise was performed to check the reliability of the simulation data. As 

reported in the literature [7], the wellbore pressure response of a horizontal well during the 

early-time pseudoradial flow is given by 

𝑝𝑖 − 𝑝𝑤𝑓 =
162.6 𝑞𝑜𝐵 𝜇𝑜

√𝑘𝑣𝑘𝑥 𝐿
(log (

√𝑘𝑣𝑘𝑥 𝑡

 𝜑𝜇𝑜𝑐𝑡 𝑟𝑤2
) − 3.23 + 0.868 𝑆) (16) 

where 𝑆 is formation damage due to drilling and completion. It is noted that Eq. 16 is in the 

field units. From Eq. 16, it can be found that a plot of wellbore pressure, 𝑝𝑤𝑓 or  𝑝𝑖 − 𝑝𝑤𝑓  

versus log t will exhibit a semilog straight line with slope given by  

𝑚 =
162.6 𝑞𝑜𝐵 𝜇𝑜

√𝑘𝑣𝑘𝑥 𝐿
 (17) 

Hence the equivalent permeability in vertical plane around the wellbore can be calculated as 

√𝑘𝑣𝑘𝑥 =
162.6 𝑞𝑜𝐵 𝜇𝑜

𝑚 𝐿
 (18) 



Model Development for Physical Parameter Estimation 14 

 

The simulation results were used in Eq. 18 to estimate the average permeability. As the 

reservoir was homogenous, the average absolute permeability was 10 mD. The parameters 

used in this exercise are presented in Table 1. It is noted that the straight-line analysis was 

performed on the production data from the entire horizontal well (i.e. 510 m). For this test, the 

well was producing at the constant standard rate of 1000 m
3
/d. 

Table1. The parameters used for the straight-line analysis in SI and field units. 

Parameter SI Unit Field Unit 

SC Rate 1000 (m3/day) 6289.8 (STB/day) 

Res. Cond. Rate 1210 (m3/day) 7610.6 (bbl/day) 

Viscosity 0.001155 (Pa.s) 1.155 (cP) 

Well Segment length 510 m 1673.3 (ft) 

Kro @ Swc 0.6 0.6 

 

The pressure and pressure derivatives of the recorded data are illustrated in Figure 8. From 

this plot, the slope can be extracted when the pressure derivatives present a plateau which is 

an indication of the early-time pseudoradial flow. Using the obtained slope and the data in 

Table 1, the average absolute permeability was obtained as 9.8 mD. This value is in good 

agreement with the reservoir permeability used in the simulations (10 mD). 

 

 

 

 

 

 

 

 

 

Figure 8. The pressure and pressure derivatives of the recorded data used for the straight-line 

analysis. 

𝑚1
= 145 

𝑚 =145 
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Reservoir properties estimation 

In this section, it is aimed to evaluate the performance of the proposed technique for the 

estimation of the reservoir properties from the well test data (obtained from the pressure 

sensors in the horizontal well). For all evaluations explained below, the ADGPRS simulation 

data were used as synthetic transient data during the drawdown period. 

Permeability estimation 
In this part, the well test data were used to estimate the absolute permeability using the 

proposed technique. The well test data (i.e. the sensors pressure) were used to estimate the 

reservoir permeability around the well segment under study.  

For the first test, the simulations were performed while the production was controlled by the 

constant rate of 1000 m
3
/d. The absolute permeability was 10 mD in all directions (i.e. 

kx=ky=kz=10 mD). In this test, segment 26 was selected for analysis. This segment is placed in 

the middle of the horizontal well. Figure 9 presents the frequency response (FR) of the 

identified model from the data and also the FR of the analytical transfer function (i.e. Eq. 11) 

while different permeability values were used. As seen, for a specific range of frequency, 

acceptable match can be found between the responses of the identified model and the 

analytical model. As illustrated, the best match was obtained when the permeability of 10 mD 

was used.  

It is noted throughout this report, the identified reservoir model from the well test data is 

briefly called “identified model”. The reservoir analytical transfer function (i.e Eq. 11) is also 

referred as “analytical model”. 
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Figure 9. The frequency responses of the identified reservoir model and the analytical 

reservoir transfer function (R12) for different absolute permeability (Constant rate control and 

K=10 mD). 

In the next step, the simulations were repeated when the production was controlled by a 

surface choke. As previous, the recorded pressure data were used to estimate the permeability 

by the proposed technique. For this evaluation, two different permeability values of 10 and 40 

mD were used. For both cases, the choke was fully opened with the maximum diameter of 2.5 

cm. For the first case, the reservoir permeability was 10 mD (kx=ky=kz=10 mD) while for the 

second one, the permeability was changed to 40 mD in all directions. Figure 10 and 11 show 

the frequency responses of the identified and the analytical models.  
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Figure 10. The frequency responses of the identified model and the analytical reservoir 

transfer function (R12) for different absolute permeability (Choke control and K=10 mD). 

 

 

Figure 11. The frequency responses of the identified reservoir model and the analytical 

reservoir transfer function (R12) for different absolute permeability (Choke control and K=40 

mD). 
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It is noted that, when choke control is used, none of the flow rate and pressure are constant. In 

other words, both rate and pressure values are changing at each time step. It is evident that 

such data introduces significant errors when using straight line analysis because constant flow 

rate is assumed in the formulations. However, with the proposed technique in this study, the 

production data under choke control can be also analysed with a reasonable accuracy. 

Permeability anisotropy 
In another simulation case, the permeability of the reservoir was altered to be different in X 

and Z directions. The well test data were obtained from the simulation output and used to 

estimate the absolute permeability. As mentioned before, in the case of anisotropic formation, 

the geometric average permeability (i.e. √𝑘𝑥 × 𝑘𝑧 ) can be only estimated by this technique. 

In this test, the absolute permeability in x and z direction were 15 and 5 mD, respectively. 

Figure 12 presents the frequency responses of the identified and the analytical models. As 

seen, the best match was obtained when the average permeability was 8.6 mD which is very 

close to the geometric average of the permeability values in x and z directions (i.e. 

K=√15 × 5). 

 

 

Figure 12. The frequency responses of the identified reservoir model and the analytical 

reservoir transfer function (R12) for different absolute permeability (Kx=15 mD, Kz=5 mD). 



Model Development for Physical Parameter Estimation 19 

Perforation length 
In addition to the permeability, other unknown parameters can be estimated by this PTA 

technique. For example, if the permeability is known, the length of the perforation can be 

estimated. In this exercise, it is assumed that the length of the perforation is unknown. In 

other words, the length of well segment was unknown and the pressure data were analysed to 

estimate it. Figure 13 shows the frequency response of the identified and analytical models. 

As seen in this figure, the best match was obtained when the segment length of 10 m was 

selected which is equal to the segment length in the simulations. 

 

 

Figure 13. The frequency responses of the identified reservoir model and the analytical 

reservoir transfer function (R12) for different perforation lengths (Choke control and L=10 m). 

Characterization of high/low permeability zones 
Another advantage of this technique is the ability to estimate the reservoir properties at 

different part of the horizontal well. As mentioned before, the reservoir properties (e.g. 

permeability) can be estimated around each pressure sensor. In the simulation model, as stated 

before, the horizontal well is divided into 51 segments along Y coordinate. Since there is a 

pressure sensor in each segment, the physical properties of the reservoir can be estimated 

around each segment. This gives valuable information about the permeability variation along 

the horizontal well. To demonstrate this ability, the reservoir permeability around segment 
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No. 26 was altered to Kx=100 mD. The reservoir permeability was kept unchanged in other 

parts of the reservoir. Figure 14 illustrates the schematic of this synthetic model. 

 

Figure 14. Schematic of the simulation model with an altered permeability around segment 

26.  

 

The output pressure data from segment 25, 26 and 27 were used to estimate the reservoir 

permeability around segment 26. Figure 15 shows the frequency responses of the identified 

and the analytical models. As seen, an acceptable average permeability value (31 mD) was 

obtained for this layer which is very close to the average permeability used in the simulations 

(i.e. 31.6 mD). 
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Figure 15. The frequency responses of the identified reservoir model and the analytical 

reservoir transfer function (R12) for segment 26 (For segment 26, Kx=100 and Kz=10). 

Estimation of skin factor 
To evaluate the performance of the skin factor estimation, the permeability around the 

horizontal well was decreased to create skin. As shown in Figure 16, the Kx of the blocks 

around the well was decreased to 2 mD which gives the skin permeability of 4.47 mD (i.e. Ks 

=√2 × 10 = 4.47 mD). As the dimensions of the blocks are known, the equivalent skin radius 

(𝑅𝑠) was calculated as 0.238 m. Hence, the skin factor was calculated as: 

𝑠 = (
𝑘

𝑘𝑠
− 1) 𝑙𝑛 (

𝑅𝑠
𝑅𝑤
) = + 2.325 (19) 

 where 𝑘𝑠 is the skin permeability and 𝑅𝑠 is the skin radius.  

 

Figure 16. Schematic of the damaged zone around the horizontal well. The skin factor was 

obtained as 2.325. 

As before, the simulations were repeated and the pressure data were extracted for PTA.  

Figure 17 presents the frequency responses of the identified and analytical models. As 

illustrated, the response of the analytical model with the skin factor of 2.32 matches the 

response of the identified model. The obtained skin factor is in good agreement with the 

calculated one from the simulation model (i.e Eq. 19).  

It is noted that, the concept of apparent well radius was used to consider the effect of skin 

factor in the analytical transfer function (Eq. 11). In other words, the well radius was changed 

to address the skin around the horizontal well as follows. 
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𝑟𝑤𝑎 = 𝑟𝑤 𝑒
−𝑠       𝑤ℎ𝑒𝑟𝑒      𝑠 = −𝑙𝑛(

𝑟𝑤𝑎
𝑟𝑤
) (20) 

 

 

 

Figure 17. The frequency responses of the identified reservoir model and the analytical 

reservoir transfer function (R12) with and without skin factor. 

Partial perforation skin 
In all simulations performed before, the entire well segment was perforated. In this exercise, it 

is assumed that the well segment is partially perforated [8]. It is aimed to estimate the skin 

factor due to the partial perforation of the well segment. For this study, a well segment of 30 

meters was assumed, however, only a part of it (10 m) was perforated. Figure 18 shows a 

schematic of the well segment under study.  
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Figure 18. Schematic of the partially perforated well segment used in this study.  

The simulations were repeated and the pressure data were used for PTA to estimate the skin 

factor. Figure 19 shows the estimated partial perforation skin for this well segment. As 

presented, the partial perforation skin of 10 was obtained for this well segment. It is noted that 

in this test, the well segment is known (i.e. 30 m) and the partial perforation skin was 

estimated. 

 

Figure 19. The frequency responses of the identified reservoir model and the analytical 

reservoir transfer function (R12) for different skin factors (Lseg=30, partially perforated). 

 

To verify the obtained partial perforation, the analytical formulation proposed by Brons and 

Marting (1961) was used to calculate the partial perforation skin of this well segment. They 

reported that the partial perforation skin (𝑠𝑝𝑝) can be analytically calculated as: 

𝑠𝑝𝑝 =
(1 − 𝑏)

𝑏
[𝑙𝑛

(

 
ℎ√
𝑘ℎ
𝑘𝑣
𝑟𝑤

)

 − 𝐺(𝑏)] (21) 

where 

  𝐺(𝑏) = 2.948 − 7.363𝑏 + 11.45𝑏2 − 4.675𝑏3 (22) 
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and 𝑏 is the fractional perforation of the well segment. For the well segment here, the 

fractional perforation is 1/3 as only 10 m of it was perforated. Using Eq. 21, the partial 

perforation skin of 10.3 was obtained. This confirms that the estimated partial perforation skin 

by the proposed technique is reliable and is in good agreement with the calculated one from 

the analytical method. 

Simultaneous prediction of skin and permeability 

In the previous sections, it was explained that the estimation of two unknowns (e.g K and S) 

is not possible with a single frequency response curve. In fact, if both permeability and skin 

factors are unknowns, several combinations of S and K can be found such that the analytical 

model can match the identified model. In this section, a procedure is proposed to get several 

response curves from the well test data (pressure data). Then these response curves can be 

used to determine two or more unknowns at the same time.  

As explained before, to select the pressure data, one should plot the pressure derivate curve to 

choose the data in the early-time pseudoradial regime only. All the pressure data before the 

first plateau (zero-slope line on pressure derivate curve) should be used for this analysis. 

When using these pressure data, the external radius (re in Eq.11) should be set as the half 

thickness of the reservoir (H/2). In other words, as the transient reaches the top/bottom 

boundaries, the pressure derivative curve experiences a plateau (zero-slope line). Using the 

plateau, the approximate time that transient hits the top/bottom boundaries can be found (tb). 

Therefore, it is known that at tb, the transient is at re.  On the other hand, the radius of 

investigation is defined as: 

 𝑟𝑖𝑛𝑣 = √
𝑘 𝑡

948 𝜇𝜑𝑐𝑡
 (23) 

where 𝑟𝑖𝑛𝑣 is the radius of investigation at time 𝑡. As the physical properties are constant, the 

radius of investigation at any time can be calculated as: 

𝑟𝑖𝑛𝑣 

𝑟𝑒 
= √

𝑡𝑖𝑛𝑣
𝑡𝑏

 (24) 

The concept of Eq. 23 can be used to generate more response curve from the well test data. 

Assuming the well test data from t=0 to t = tb were used to generate a frequency response 

curve. In this case, the external radius (in the analytical model) should be set as  𝑟𝑒  (i.e.  H/2). 

To generate the next frequency response curve, the pressure data from t=0 to t = (tb/2) can be 

used while the external radius should be set as (𝑟𝑒 /√2). It is noted that the external radius is 
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required for using the analytical transfer function (i.e. Eq. 11).  Using this procedure, several 

frequency response curves can be plotted. For example, if permeability and skin factor are 

unknowns, two response curves should be available to obtain two unknowns. It is noted that 

the obtained S and K are unique once the response curves of the analytical model match all 

the response curves of the identified models. This is clearly shown in Figure 20.  In Figure 20, 

the frequency response curves of the identified model and the analytical model (R12) were 

plotted. In this figure, to generate different frequency response curves, the well test data at 

different time period were used. In addition, the corresponding external radius values 

(calculated by Eq. 24) were also used to generate different response curve from the analytical 

solutions (green curves). The best match was obtained when K=10 mD and S=2.34 which are 

the actual values. As seen, using K=10 mD and S=2.34, the response curves of the analytical 

model match all response curves from the identified model. 

In figure 21, the same well test data were used but with the combination of K= 16 mD and 

S=6.76. As seen, the response curves of the analytical models are not in good agreement with 

the response curves of the identified model for all cases. Although the analytical response 

curve matches the response of the first identified model (top one), but it fails to match the 

other responses. 

 

Figure 20. The frequency response curves of the identified reservoir model and the analytical 

reservoir transfer function (R12). To generate different response curves, the well test data at 



Model Development for Physical Parameter Estimation 26 

different time period were used. In addition, the corresponding external radius values were 

used to generate different response curve from the analytical solutions (green curves). The 

best match was obtained when K=10 mD and S=2.34. 

 

Figure 21. The frequency response curves of the identified reservoir model and the analytical 

reservoir transfer function (R12). The analytical response curves were plotted using K=16 mD 

and S=6.67. Although the analytical response matches the response of the first identified 

model, but it fails to match the other responses.  
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