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Jacobian-based natural frequency analysis of parallel

manipulators
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Abstract

The dynamic performance of a parallel manipulator is often limited by its
natural frequencies. These frequencies are a result of the controlled actua-
tor stiffness and the mechanical design. Typically, only the lowest natural
frequencies are of interest. However, existing methods to analyze natural fre-
quencies of parallel manipulators with flexible links have been developed in a
high-dimensional generalized coordinate space. This paper presents a novel
natural frequency analysis method for parallel manipulators that focuses on
the lowest natural frequencies and which expresses the corresponding eigen-
modes in the end-effector Cartesian reference frame. The analysis method
combines a flexible-body stiffness analysis method with a rigid-body inertia
analysis method. As an example, the two lowest natural frequencies of the
Heli4 robot are modeled and measured over a range of controlled actuator
stiffness values for a single pose. The results show that structural compliance
in the mechanical parts of the Heli4 robot is significant for actuator stiffness
values above roughly 1000 Nm/rad. For an actuator stiffness value of 4000
Nm/rad, consideration of the structural compliance reduces the maximum
prediction error for the two lowest natural frequencies from 33% to 6%.
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1. Introduction

Applications that require manipulators with a high dynamic performance of-
ten use parallel manipulators because of their favorable stiffness-over-inertia
ratio, i.e. higher natural frequencies. Higher natural frequencies increase
the controllable position bandwidth, which explains the popularity of par-
allel robots in pick-and-place applications [1, 2, 3, 4]. Another application
is telemanipulation, for which high-bandwidth force feedback haptic master
devices are developed, such as those introduced by Birglen et al. [5] and
Lambert and Herder [6]. Therefore, an important performance indicator of
parallel manipulators is the set of lowest natural frequencies, because they
are a direct indication of the controllable bandwidth.

To calculate the natural frequencies, stiffness and inertia matrices need
to be developed [7, 8]. Stiffness and inertia matrices are a direct conse-
quence of mechatronic design choices, and are a function of the location in
the workspace [9]. For a fast and effective search of the design space of a par-
allel manipulator, closed-form expressions for the stiffness and inertia models
are desired. One approach to develop such models is through polynomial fit-
ting, as for example done by Carbonari [10]. A disadvantage of this method
is that it can only be applied after a manipulator has already been realized.

An alternative approach is to use Jacobian-based modeling methods,
which rely on linearization of the dynamics around the instantaneous pose of
the robot. As discussed above, a key performance indicator of a robot’s dy-
namics are its natural frequencies. In order to perform a natural frequency
analysis, a stiffness model and an inertia model must be developed in the
same coordinate space.

Various researchers have obtained Jacobian-based stiffness and inertia
matrices in Cartesian space. Gosselin developed an expression for the stiff-
ness matrix in Cartesian space using a Jacobian mapping of stiffness values
from joint space to Cartesian space [11]. Bhattacharya et al. [12] and Khalil
and Ibrahim [13] developed general inertia analysis methods, while Lebret
et al. [14] developed an inertia analysis method specifically for the Stewart-
Gough platform and Callegari [15] specifically for a 3-RCC parallel manipula-
tor. In each of these works, matrices are initially formulated in a generalized
coordinate space, and subsequently mapped to Cartesian end-effector space.
Also, they are all based on the assumption of rigid body motion.

The assumption of rigid body motion does not always hold, as observed
among others by Lian et al. [16] and Vivas et al. [17]. In order to consider
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structural compliance of the links, the dimension of Jacobian-based mod-
els must be extended. Stiffness models that consider structural compliance
mostly rely on the incorporation of Euler-Bernoulli beam models. These
flexible-body models add additional sets of generalized coordinates to the
ones required to describe the rigid body motions. Many examples exist of
stiffness analysis methods in which structural compliance is considered in
extended sets of generalized coordinates [18, 19, 20, 21, 22].

If a flexible-body stiffness analysis is combined with an inertia analysis,
an elastodynamic model is formed. To develop such an elastodynamic model,
different approaches can be taken. For example, the Matrix Structural Anal-
ysis [23], Lagrange’s equations [24, 25], or recursive methods [26, 27] have
been used. Manipulator-specific analyses have also been performed [28, 22].

This paper focuses on the use of Jacobian matrices to express equations
in an extended set of generalized coordinates, which is often referred to as
the Virtual Joint Method. In this context, Alessandro and Rosario [29],
Bouzgarrou et al. [30], and Germain et al. [7] all extended inertia matrices to
the set of generalized coordinates that were also used in the stiffness analyses.
A similar approach was taken by Briot et al. [31], but as an extra step they
also mapped the resulting extended stiffness and inertia matrices to Cartesian
end-effector space for more efficient and insightful natural frequency analysis.
Chen et al. [32] focused on link curvature caused by link compliance, and
combined their resulting stiffness analysis with an inertia analysis to analyze
the set of lowest natural frequencies at various end-effector poses. Despite
their differences, these methods do have one thing in common: they all match
the dimension of the inertia matrix with that of the extended stiffness matrix,
thereby including both the elastic energy as well as the kinetic energy of all
deforming bodies in the analysis. This makes inertia analysis significantly
more complex.

However, elastic energy and kinetic energy are two different concepts
and the elastic model and the kinetic model do not necessarily have to be
developed with the same level of detail. Such separation of elastic model
and kinetic model is beneficial if, for example, the elastic energy exchanged
by deforming bodies is significant, but the kinetic energy involved in the
elastically deforming bodies is negligible. For a natural frequency analysis,
the only requirement on the resulting stiffness and inertia matrices is that
they are expressed in the same coordinate spaces. Generally, the motion of
interest is that of the end-effector with respect to the base, and therefore the
Cartesian end-effector space is a logical choice.
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This paper aims to develop a method to analyze the natural frequencies
of a general parallel manipulator with flexible links without the need for
flexible-body inertia analysis. For that, the dimensions of the elastic- and the
inertia models are decoupled. The decoupling of model dimensions is realized
by developing both models in their own set of generalized coordinates, and
subsequently mapping the resulting matrices onto a single Cartesian end-
effector space using Jacobian matrices. For that purpose, a Cartesian stiffness
analysis method will be combined with a novel expression for the Cartesian
inertia matrix of a parallel manipulator. This novel expression will make use
of Jacobian analysis techniques based on screw theory.

The structure of this paper is as follows. First, in the Method section the
novel Cartesian inertia analysis method is derived, and the requirements on
the Cartesian stiffness matrix analysis are discussed. It is then described how
these analyses can be combined to perform a natural frequency analysis, and
an example analysis will be performed for the Heli4 robot. For the example,
the two lowest natural frequencies will be analyzed in one pose as a function of
variable actuator stiffness. Finally, these natural frequencies will be verified
with experiments.

2. Jacobian-Based Natural Frequency Analysis Method

The central idea of this paper is to develop a method to analyze only those
eigenmodes that involve the complete multibody system, and ignore eigen-
modes of individual legs and individual links. Because the motion vector of
a body can be described by a twist, these eigenmodes will be referred to as
eigentwists.

If it is assumed that the total energy of a parallel manipulator consists
only of kinetic energy and elastic energy, then the Lagrangian can be written
as

L =
1

2

(
$>t,eM$t,e − $>d,eK$d,e

)
(1)

where M is the 6 × 6 Cartesian mass matrix and K is the 6 × 6 Cartesian
stiffness matrix. For a general parallel manipulator, $t,e is the twist of the
end-effector, and $d,e is the displacement twist of the end-effector from its
equilibrium pose, which can be expressed as

$t,e =

[
φ̇
ṗ

]
$d,e =

[
dφ
dp

]
(2)
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where φ̇ is the angular velocity of the end-effector, ṗ its linear velocity, dφ
the differential angular displacement of the end-effector from its neutral pose,
and dp the differential linear displacement from that pose. As such, for small
displacements,

$t,e = $̇d,e (3)

and therefore Eq. (1) can be rewritten as

L =
1

2

(
$̇>d,eM$̇d,e − $>d,eK$d,e

)
(4)

If the net external wrench applied on the end-effector is zero, and all
velocity-dependent terms are assumed negligible, then the Euler-Lagrange
equation reads

d

dt

(
δL
δ$̇d,e

)
− δL
δ$d,e

= M$̈d,e + K$d,e = 0 (5)

and the solution to Eq. (5) satisfies(
ω2
i M−K

)
$v,i = 0 for i = 1, 2, ..., 6. (6)

where ωi is the ith natural frequencies in rad/s and $v,i is the corresponding
eigentwist. The natural frequencies of the system can be obtained from

det
(
ω2
i M−K

)
= 0 for i = 1, 2, ..., 6 (7)

and the eigentwist $v,i corresponding to ωi can be calculated from the set of
linear equations that result from inserting solution ωi into Eq. (6).

2.1. Novel Jacobian-Based Inertia Analysis Method

In this section a novel Jacobian-based inertia analysis method is developed, so
that the natural frequencies can be analyzed in Cartesian space. The novelty
of this method is in the use of inverse and forward Jacobian matrices to
map a given end-effector twist on the corresponding twist for each individual
body of a parallel manipulator. As such, this analysis assumes only rigid
body motion.

In a multibody system, the total kinetic energy is the sum of the kinetic
energies of the individual bodies. For a parallel manipulator with N legs this
translates into

T =
N∑
i=1

Ji−1∑
j=1

1

2
$>t,i,jMi,j$t,i,j +

1

2
$>t,eMe$t,e (8)
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where Ji is the number of joints in the ith leg, $t,i,j is the twist of the body
following the jth joint of leg i, and Mi,j is the 6 × 6 mass matrix of this
body, expressed in the same reference frame as the twists. For each leg the
last body, j = Ji, is excluded from the summation in Eq. (8) because for
each leg this body is the end-effector. Instead, to prevent the inertia of the
end-effector, Me, to be counted N times, it is added as a separate term.

The difficulty for a parallel manipulator is to determine the twists of the
different bodies in each leg, i.e. each $t,i,j in Eq. (8). This is achieved by
making use of inverse and forward Jacobian mappings that can be derived
for each leg. The inverse Jacobian of a leg maps $t,e on all joint velocities
of that leg, which are collected in the vector q̇i for the considered leg i, each
element of which is associated to a unit twist. Then, for each body in the
considered leg the contributing twists can be added to obtain the twist of
that body as a function of the end-effector twist:

$t,i,j = Ji,jJ
−1
i $t,e. (9)

where J−1
i is the inverse Jacobian for the ith leg, which maps $t,e onto q̇i, as

developed in Ref. [33], and Ji,j is the forward Jacobian which contains the
first j number of unit twists of leg i, complemented with a set of (6− j) zero
twists. Combination of Eq. (8) and Eq. (9) leads to

T =
N∑
i=1

Ji−1∑
j=1

1

2
$>t,eJ

−>
i J>i,jMi,jJi,jJ

−1
i $t,e +

1

2
$>t,eMe$t,e (10)

where the mass matrices Mi,j and Me must be expressed in the same Carte-
sian reference frame as in which all twists and wrenches are expressed.

Because $t,e in Eq. (10) does not depend on the indices i and j of the
summations, Eq. (10) can also be expressed as

T =
1

2
$>t,e

(
N∑
i=1

Ji−1∑
j=1

J−>i J>i,jMi,jJi,jJ
−1
i + Me

)
$t,e (11)

A comparison with the term that represent the kinetic energy in Eq. (4)
shows that

M =
N∑
i=1

Ji−1∑
j=1

J−>i J>i,jMi,jJi,jJ
−1
i + Me (12)

Since mass matrices are in general 6 × 6 full-rank matrices, the resulting
matrix M will be as well.
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2.2. Full-Rank Stiffness Matrix

In order to solve Eq. (7), both matrices M and K must be expressed in the
same coordinate space. Since Eq. (12) expressed matrix M in a Cartesian
reference frame. As such, matrix K may be expressed using any method as
long as it produces a full rank Cartesian stiffness matrix.

To develop a full-rank stiffness matrix for limited-DoF manipulators [34],
where the end-effector is constrained to less than 6 Degrees of Freedom
(DoFs), structural stiffness of the constraining legs must be taken into ac-
count. As discussed in the Introduction section, various methods have been
developed to include structural stiffness of the legs, and any of these meth-
ods can be used in tandem with the inertia analysis developed in Section 2.1.
After all, elastic energy and kinetic energy are two different concepts and
therefore the stiffness matrix and the inertia matrix do not necessarily have
to be developed with the same level of detail, as long as the resulting matrices
are expressed in the same coordinate frame.

In this paper, the Jacobian-based stiffness analysis method presented by
Hoevenaars et al. [20] is used to obtain the 6× 6 Cartesian stiffness matrix
K of a parallel manipulator with flexible links. The general expression of
this flexible-body stiffness matrix KF is

KF =

(
−∂J−>e

∂q
τe

)
J−1 + J−>e Kq,eJ

−1
e (13)

where for a general parallel manipulator with N non-redundant legs, q is the
6N × 1 vector containing all joint coordinates, in which virtual joint coor-
dinates represent constrained directions in joint space, τe is the joint torque
vector where all zero entries associated to zero stiffness joints were removed,
and J−1 is the 6N × 6 full inverse Jacobian as developed by Huang et al.
[33]. The matrix J−1

e is the inverse Jacobian of elasticity, which corresponds
to the matrix J−1 with all rows associated to zero stiffness joints removed.
As such, J−1

e maps an end-effector displacement twist on the elastic joint
displacement vector dqe. Finally, matrix Kq,e is the stiffness matrix of the
parallel manipulator expressed in the space spanned by the elastic joint co-
ordinates, which includes the effect of actuated joints, compliant joints, as
well as structural compliance. See the derivations in Hoevenaars et al. [20]
for further detail.

A second approach to solving Eq. (7) for limited-DoF manipulators is by
developing M and K in a full-rank subset of Cartesian coordinates, namely
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YX
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Z

leg 1

leg 2

leg 3

leg 4

Figure 1: The Heli4 manipulator is modeled as a 4-RRΠRR robot. All twists, wrenches
and matrices are expressed in the Cartesian end-effector reference frame E .

only those DoFs that are actuated. This avoids the need to develop an ex-
pression for the structural stiffness of a limited-DoF parallel manipulator to
produce a 6 × 6 matrix K that is full-rank. For example, a Delta robot
can perform only linear motions, so Eq. (7) could also be developed using
3 × 3 matrices spanning the linear motions, instead of full 6 × 6 matrices.
In this paper, this subset approach is used to perform an alternative natu-
ral frequency analysis, in which structural compliance is neglected and only
actuator stiffness is considered. Then the traditional stiffness mapping from
actuated joint space to Cartesian space can be used as introduced by Gosselin
[11],

KR = J−>a Kq,aJ
−1
a (14)

where KR represents the rigid-body stiffness matrix, J−1
a is the inverse Jaco-

bian matrix that maps an end-effector twist on the actuated joint coordinates,
and Kq,a is the diagonal matrix containing the individual actuator stiffness
values.

3. Example Analysis of Heli4 Manipulator

In this section the proposed natural frequency analysis method is applied to
the Heli4 manipulator, which was developed by Krut et al. [35]. Figure 1
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shows the structure of the Heli4, which has four identical legs. In this paper
each leg is modeled as a RRΠRR serial chain, where R stands for a revolute
joint and Π for a 1-DoF planar parallelogram joint. Because the analysis
method that is developed in this paper is based on the full Jacobian analysis
as presented by Huang et al. [33], the set of six independent unit twists
and unit wrenches for each leg were developed first, and can be found in
Appendix A. Note that each leg of the Heli4 manipulator has five degrees of
freedom, so that for each leg one additional twist is derived that represents
the constrained direction represented by a virtual joint.

upper traveling 

plate

lower traveling 

plate

screw axis

Figure 2: The end-effector assembly of the Heli4 manipulator facilitates the rotational
motion of the end-effector by transforming a differential motion of the two traveling plates
to rotational motion using a screw axis. In this paper it was found that friction prevented
this rotational motion from being excited, so that in this paper the end-effector assembly
is considered as a single body.

Although the Heli4 is a 4-DoF manipulator, whose end-effector can be
controlled in three translations and a rotation around the Z-axis, in this pa-
per it is analyzed as if it is a 3-DoF translational manipulator. This is because
during the experimental verification it was found that the friction in the end-
effector assembly, which enables the rotational motion of the end-effector, is
of such magnitude that any induced motion is immediately damped out. As
such, the end-effector assembly, of which a close-up is included in Fig. 2 is
considered as a single body in the analysis performed in this paper.
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In the remainder of this section, first the inertia analysis is performed
using the method introduced in this paper. Next, two different stiffness anal-
yses of the Heli4 robot are performed. One stiffness analysis is performed
in which only actuator stiffness is considered. A second stiffness analysis is
performed in which also link compliance and end-effector compliance are con-
sidered. Finally, for a specific reference pose two natural frequency analyses
are performed by combining the inertia analysis with the rigid-body stiffness
analysis and the flexible-body stiffness analysis respectively.

3.1. Inertia Analysis

To perform the inertia analysis as in Eq. (12), the full inverse Jacobian
matrix for each leg, J−1

i and the forward Jacobian matrices Ji,j are required.
The full inverse Jacobian matrix for each individual legs is developed using
the method described by Huang et al. [33] and the twists and wrenches as
introduced in Appendix A,

J−1
i =



$̂>wa,i,1/($̂
>
wa,i,1$̂ta,i,1)

$̂>wa,i,2/($̂
>
wa,i,2$̂ta,i,2)

$̂>wa,i,3/($̂
>
wa,i,3$̂ta,i,3)

$̂>wa,i,4/($̂
>
wa,i,4$̂ta,i,4)

$̂>wa,i,5/($̂
>
wa,i,5$̂ta,i,5)

$̂>wc,i,1/($̂
>
wc,i,1$̂tc,i,1)


(15)

Because each leg is modeled as a 5-DoF chain, the forward Jacobian
matrices can be developed as

Ji,1 =
[
$̂ta,i,1 06×5

]
, (16)

Ji,2 =
[
$̂ta,i,1 $̂ta,i,2 06×4

]
, (17)

Ji,3 =
[
$̂ta,i,1 $̂ta,i,2 $̂ta,i,3 06×3

]
, (18)

Ji,4 =
[
$̂ta,i,1 $̂ta,i,2 $̂ta,i,3 $̂ta,i,4 06×2

]
, (19)

Ji,5 =
[
$̂ta,i,1 $̂ta,i,2 $̂ta,i,3 $̂ta,i,4 $̂ta,i,5 06×1

]
. (20)

Also, the matrices Mi,j need to be developed. These matrices need to be
expressed in the same Cartesian reference frame as in which all unit twists
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and unit wrenches are expressed. In this paper, all twists and wrenches are
expressed in the Cartesian end-effector reference frame E shown in Fig. 1.
However, usually inertia matrices are more easily obtained in a local reference
frame. Therefore, in this paper adjoint matrices are used to transform such
locally expressed matrices into end-effector Cartesian space. For the example
analysis of the Heli4 in this paper, some of these matrices will be expressed
analytically while others will be extracted from the CAD model.

ZJ i,1

Xl i,3
Yl i,3

parallelogram 

represented by

virtual rod with 

twice the density 

in inertia analysis

XC i,3 YC i,3

YJ i,1

XJ i,1

Figure 3: The inertia of the first link and the actuator are expressed in reference frame
Ji,1. To represent the inertia of the parallelogram it is modeled as a single rod, positioned
midway between the two parallel rods, with double the mass density.

The inertia matrix of the first body, which is connected to the actuated
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joint, can be expressed as

M
Ji,1
i,1 = M

Ji,1
i,1,a + M

Ji,1
i,1,l (21)

where M
Ji,1
i,1,a is the inertia matrix of the actuator rotor, and M

Ji,1
i,1,l is the

inertia of the link which is rigidly connected this rotor, both expressed in
the local Cartesian reference frame Ji,1 as shown in Fig. 3. Because the
only motion that the rotor can make is rotation around its local Y -axis, the
angular momentum around its axis is the only relevant inertia. For the Heli4,
it is therefore sufficient to express M

Ji,1
i,1,a as

M
Ji,1
i,1,a = diag ([0 4.1e-3 0 0 0 0]) . (22)

The inertia of the link that is rigidly connected to the axis is obtained from
the CAD model as

M
Ji,1
i,1,l =


0.0003 0 0 0 0 0

0 0.0044 0 0 0 −0.0293
0 0 0.0042 0 0.0293 0
0 0 0 0.479 0 0
0 0 0.0293 0 0.479 0
0 −0.0293 0 0 0 0.479

 (23)

The inertia matrix expressed by Eq. (21) can be expressed in the end-
effector Cartesian reference frame using the transformation

Mi,1 = Ad>
H

Ji,1
E

M
Ji,1
i,1 Ad

H
Ji,1
E

(24)

where Ad
H

Ji,1
E

is the adjoint matrix associated to the homogeneous trans-

formation matrix H
Ji,1
E , which transforms a vector expressed in the end-

effector reference frame into the Cartesian reference frame in which M
Ji,1
i,1 is

expressed. For more details on adjoint matrices and homogeneous matrices,
see e.g. Murray et al. [36].

In this paper, some simplifications are made in the expression of the
inertia of the remaining bodies of each leg. Firstly, because the second R-
joint and the top part of the Π-joint are collocated, there is no physical body
located between these joints. Therefore, for each leg the contribution of the
body with index 2 is zero. The same holds for the bodies with index 4 and
5. Then,

Mi,2 = Mi,4 = Mi,5 = 06×6 (25)
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Table 1: Values of various parameters of the Heli4 manipulator

description symbol value unit
length of lower link l1 0.20 m
length of parallelogram l2 0.53 m
distance to cog of 1st rod l1,cog 0.0612 m
inner radius of rods ri 3.5 mm
outer radius of rods ro 5.0 mm
density of rods ρ 2000 kg/(m3)
parallelogram width wΠ 55 mm

Secondly, it is assumed that the inertia of the parallelogram that is part
of the Π-joint can be modeled as the inertia of a single tube with double the
density of the original bars in the parallelogram positioned as in Fig. 3. The
inertia matrix can then be expressed in its fictitious center of gravity as,

M
Ci,3
i,3 =


Ix 0 0 0 0 0
0 Iy 0 0 0 0
0 0 Iz 0 0 0
0 0 0 m 0 0
0 0 0 0 m 0
0 0 0 0 0 m

 (26)

where the reference frame Ci,3 is also illustrated in Fig. 3 and

Ix =
m

2

(
r2
i + r2

o

)
(27)

Iy = Iz =
m

12

(
3
(
r2
i + r2

o

)
+ (l2)2

)
(28)

m = 2l2ρπ
(
r2
o − r2

i

)
. (29)

The factor two in Eq. (29) accounts for the fact that a single fictitious link
is used to represent the two links of the parallelogram. For the Heli4, the
values of the various parameters in Eqs. (27)-(29) can be found in Table 1.

Since the inertia matrix in Eq. (26) is expressed in the Cartesian reference
frame located at the center of gravity of the fictitious link that replaces the
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parallelogram, the matrix in Eq. (26) must be transformed to end-effector
Cartesian space,

Mi,3 = Ad>
H

Ci,3
E

M
Ci,3
i,3 Ad

H
Ci,3
E

(30)

where Ad
H

Ci,3
E

is the adjoint matrix associated to the homogeneous trans-

formation matrix H
Ci,3
E , which transforms a vector expressed in end-effector

Cartesian space into the equivalent vector in the Cartesian space at the center
of gravity of the fictitious parallelogram link.

The last matrix required to evaluate Eq. (12) for the Heli4 manipulator is
the end-effector inertia matrix. Because the manipulator is modeled as if the
rotational motion is fixed, the complete end-effector assembly is considered
as a single end-effector. The inertia matrix of the complete end-effector
assembly is obtained from the CAD model as

Me =


0.009 0 0 0 0 0

0 0.009 0 0 0 0
0 0 0.001 0 0 0
0 0 0 0.592 0 0
0 0 0 0 0.592 0
0 0 0 0 0 0.592

 (31)

which is directly expressed in Cartesian end-effector space, i.e. the top-
left three values are the moments of inertia around the X-, Y, and Z-axis
respectively (kg·m2), and the three lower-right values are the mass value
(kg). Off-diagonal terms were of such small magnitude that they amounted
to zero when rounded to three decimal places.

If the expressions that were introduced in Eqs. (24), (25), and (30) are
inserted in Eq. (12), and considering that Heli4 has four legs, its inertia can
be expressed as

M =
4∑

i=1

(
J−>i J>i,1Ad>

H
Ji,1
e

M
Ji,1
i,1 Ad

H
Ji,1
e

Ji,1J
−1
i

+J−>i J>i,3Ad>
H

Ci,3
e

M
Ci,3
i,3 Ad

H
Ci,3
e

Ji,3J
−1
i

)
+ Me (32)

where the necessary Jacobian matrices where expressed in Eqs. (15)-(20).
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3.2. Stiffness Analysis

As described at the end of Section 2, the natural frequency analysis is per-
formed by combining the presented rigid-body inertia analysis with two dif-
ferent stiffness models:

1. Rigid-body stiffness model where only actuator compliance is consid-
ered, making use of Eq. (14)

2. Flexible-body stiffness model where the compliance of the parallelo-
grams and the end-effector assembly is considered, making use of Eq. (13)

3.2.1. Rigid-body stiffness model

To perform a rigid-body stiffness analysis, Eq. (14) is used, where

J−1
a =


$̂>wa,1,1/($̂

>
wa,1,1$̂ta,1,1)

$̂>wa,2,1/($̂
>
wa,2,1$̂ta,2,1)

$̂>wa,3,1/($̂
>
wa,3,1$̂ta,3,1)

$̂>wa,4,1/($̂
>
wa,4,1$̂ta,4,1)

 (33)

is the Jacobian that maps an end-effector twist on the four actuated base
joints, constructed from the twists and wrenches introduced in Appendix A,
and

Kq,a = diag
(
0.82

[
ka ka ka ka

])
(34)

is the stiffness matrix in joint space which consists of the four controlled
actuator stiffness values. It should be noted that there is a factor 0.82 differ-
ence between the commanded actuator stiffness and the controlled actuator
stiffness, which is explained in Appendix B.

Since the Heli4 manipulator is considered as a 3-DoF translational ma-
nipulator, the resulting matrix KR is only defined for the three translational
directions.

3.2.2. Flexible-body stiffness model

To perform the flexible-body stiffness analysis as in Eq. (13) several vectors
and matrices are required. The full inverse Jacobian matrix J−1 can be
assembled as

J−1 =


J−1

1

J−1
2

J−1
3

J−1
4

 (35)
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where each matrix J−1
i is the full inverse Jacobian matrices for the ith leg as

introduced in Eq. (15).
The inverse Jacobian of elasticity, J−1

e , is obtained by removing those
rows from J−1

i that are associated with zero stiffness joints. In the Heli4 the
first R-joint of each leg counted from the base is actuated, while the other
RΠRR joints are all zero stiffness joints. The virtual joint that represents the
constrained motion of each leg has a none-zero stiffness which is a function
of the structural compliance. As such,

J−1
e =


J−1
e,1

J−1
e,2

J−1
e,3

J−1
e,4

 (36)

where for each leg i,

J−1
e,i =

[
$̂>wa,i,1/($̂

>
wa,i,1$̂ta,i,1)

$̂>wc,i,1/($̂
>
wc,i,1$̂tc,i,1)

]
(37)

In this paper the manipulator is assumed to operate around an unloaded
reference pose, which means that the actuator forces required to overcome
gravitational forces are neglected. Then,

τe = 0 (38)

and therefore (
−∂J−>e

∂q
τe

)
J−1 = 0 (39)

The final unknown in Eq. (13) is Kq,e, which represents the stiffness
of the Heli4 manipulator in its joint space. As described in Ref. [20], this
matrix is constructed as

Kq,e =


Kq,e,1 0 0 0

0 Kq,e,2 0 0
0 0 Kq,e,3 0
0 0 0 Kq,e,4

 (40)

where each matrix Kq,e,i can be obtained by (numerically) inverting the sum-
mation

K−1
q,e,i = K−1

q,e,k,i + K−1
q,e,s,i (41)
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in which K−1
q,e,k,i is the compliance localized in the kinematic joints and K−1

q,e,s,i

is a representation in the elastic joint space of the structural compliance of all
links that make up the ith leg. Both matrices are 2×2 matrices, because each
leg has two joint coordinates in which the manipulator has a finite stiffness,
namely the actuated joint and the virtual joint that represent the constraint.
For the virtual joints there is no locally defined joint compliance, while the
actuated joints of the Heli4 manipulator were commanded by a proportional
controller with a stiffness ka, so that

K−1
q,e,k,i =

[
(0.82ka)

−1 0
0 0

]
(42)

where the factor 0.82 is included to account for the losses in the torque
generation as mentioned after Eq. (34).

The matrix K−1
q,e,s,i represents the structural compliance of the individual

links in the ith leg, projected onto its elastic joint space,

K−1
q,e,s,i = J−1

e,i K
−1
s,i J

−>
e,i (43)

where J−1
e,i was introduced in Eq. (37) and K−1

s,i is the structural compliance
of the links in the ith leg expressed in the Cartesian end-effector reference
frame. The latter matrix will be developed next.

For the Heli4 robot the structural compliance of all links is considered
negligible, except for the rods that form the parallelogram. An expression
for the structural compliance of the two rods that form each parallelogram is
derived analytically in Appendix C. To express this local compliance in the
Cartesian end-effector reference frame, use is made of the transformation

K−1
Π,i = AdHE

`i,3
K−1

Π,`i,3
Ad>HE

`i,3

(44)

where AdHE
`i,3

is the adjoint matrix that maps a twist which is expressed in

the reference frame `i,3 (see Fig. 3) onto the Cartesian end-effector reference
frame. This adjoint matrix is thus a function of the pose of the manipulator.
It should be noted that the matrix K−1

Π,i represents the compliance of the links
in the parallelogram as if they were cantilever beams connected to the leading
link. The mobility in the parallelogram is covered by the Jacobian mappings
in Eq. (43), which removes those direction from the stiffness analysis and
thereby attributes zero stiffness to those joints.
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Z

Y

Figure 4: It was found that structural compliance in the end-effector assembly of the Heli4
manipulator is significant and that this can be represented by a rotational stiffness of 500
Nm/rad and a linear stiffness of 1.3e5 N/m around the Y-axis located at the center of the
lower traveling plate (center of schematic spring).

During the tests it was realized that the end-effector assembly forms a sig-
nificant, additional source of structural compliance in the Heli4 robot. Using
a simple test, which is described in Appendix D, the stiffness of the assembly
was identified as 500 Nm/rad when modeled as a rotational compliance along
the Y-axis and located in the center of the lower traveling plate, and a linear
stiffness of 1.3e5 N/m along the same Y-axis, see Fig. 4. However, existing
methods for the stiffness analysis of parallel manipulators do not allow for
integration of end-effector stiffness. Therefore, based on the rule of stiffness
addition in parallel, the identified structural stiffness of the end-effector is
divided over the four legs. For the case that the end-effector is located on
the central axis of the robot, so that legs 1 and 2 are aligned with the X-axis
and legs 3 and 4 are aligned with the Y-axis, this division can be done as
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following:

K−1
E,ltp,1 =diag

([
0 1

0.5kE,rot
0 0 0 0

])
(45)

K−1
E,ltp,2 =diag

([
0 1

0.5kE,rot
0 0 0 0

])
(46)

K−1
E,ltp,3 =diag

([
0 0 0 0 1

0.5kE,lin
0
])

(47)

K−1
E,ltp,4 =diag

([
0 0 0 0 1

0.5kE,lin
0
])
. (48)

where K−1
E,ltp,i is the compliance matrix of the lower traveling plate with

respect to the upper traveling plate, expressed in a reference frame at the
center of the lower traveling plate. These matrices can be expressed in end-
effector Cartesian space using

K−1
E,i = AdHE

ltp
K−1

E,ltp,iAd>HE
ltp

(49)

where AdHE
ltp

is the adjoint matrix corresponding to a linear transformation

along the Z-axis of 78 mm, and which maps the respective end-effector com-
pliance matrix onto the Cartesian end-effector reference frame that is used
throughout this paper. The structural compliance matrix for each leg is the
sum of the contributions by the links that make up the parallelogram and by
the end-effector assembly,

K−1
s,i = K−1

Π,i + K−1
E,i. (50)

Next, Eq. (50) can be inserted in Eq. (43) and subsequently combined
with Eq. (42) to express the total compliance of each individual leg in its
elastic joint space, K−1

q,e,i. After (numerical) inversion, the resulting stiff-
ness matrices of individual legs can be inserted in Eq. (40). With that, all
elements of Eq. (13) have been expressed for the Heli4 robot.

3.3. Natural Frequency Analysis

The stiffness matrices KR or KF developed in Section 3.2 can be combined
with the inertia analysis as expressed in Eq. (32) to perform the natural
frequency analysis as in Eq. (7). For a given pose of the end-effector, the
inertia matrix and the structural compliance of the various links in the Heli4
are fixed, but the actuator stiffness can be controlled.
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As an example, the natural frequency analysis is performed at the position

xref = [0 0 − 0.625]> (51)

with respect to the Cartesian reference frame with its origin at the center
of the four actuated joints and its axes parallel to the end-effector reference
frame. The actuator stiffness was set at ka = 2000 Nm/rad. At this pose,
the end-effector inertia matrix is evaluated as

M|xref
=


0.012 0 0 0 −0.031 0

0 0.013 0 0.027 0 0
0 0 0.001 0 0 0
0 0.027 0 0.953 0 0

−0.031 0 0 0 0.983 0
0 0 0 0 0 1.556

 . (52)

For the end-effector stiffness matrix two models have been developed, which
are subsequently evaluated below.

3.3.1. Rigid-body model

When the rigid-body Cartesian end-effector stiffness matrix resulting from
Eq. (14) is analyzed at the example pose and with ka = 2000 Nm/rad, the
result is

KR|xref
=


103 0 0 0 −1668 0
0 0 0 −96 0 0
0 0 0 0 0 0
0 −96 0 20785 0 0

−1668 0 0 0 26875 0
0 0 0 0 0 128857

 . (53)

As can be observed, the rigid-body stiffness matrix in Eq. (53) is not full-
rank, which is expected for a limited-DoF parallel manipulator. This is not
a problem, because the motions of interest are the linear motions. Therefore
subsets of the matrices in Eqs. (53) and (52) can be used for a natural
frequency analysis of the rigid-body model. More specifically, because the
Heli4 was considered as a 3-DoF linear robot, the lower-right 3× 3 matrices
are used.
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If lower-right 3 × 3 subsets of the matrices in Eqs. (52) and (53) are
inserted in Eq. (7) to calculate the three eigenfrequencies, the results are

ω1 = 23.5 Hz (54)

ω2 = 26.3 Hz (55)

ω3 = 45.8 Hz (56)

whose corresponding eigentwists can be obtained by inserting them in Eq. (6),
resulting in

$v,1−3 =

1.000 0 0
0 1.000 0
0 0 1.000

 (57)

which is the matrix containing from left to right the three eigentwists in
the analyzed subset of linear motions when the rigid-body stiffness model is
considered.

3.3.2. Flexible-body model

When the flexible-body Cartesian end-effector stiffness matrix resulting from
Eq. (13) is analyzed at the example pose and with ka = 2000 Nm/rad, the
result is

KF |xref
=


29501 0 0 0 −1380 0

0 28114 0 −74 0 0
0 0 21159 0 0 0
0 −74 0 16170 0 0

−1380 0 0 0 22233 0
0 0 0 0 0 103566

 (58)

The flexible-body stiffness matrix in Eq. (58) is full-rank, because stiffness
in the constrained directions is included.

If Eqs. (52) and (58) are inserted in Eq. (7) to calculate the six eigenfre-
quencies, the results are

ω1 = 20.7 Hz (59)

ω2 = 23.9 Hz (60)

ω3 = 41.1 Hz (61)

ω4 = 246.0 Hz (62)

ω5 = 262.6 Hz (63)

ω6 = 635.8 Hz (64)
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Table 2: Imposed actuator stiffness values to evaluate natural frequencies after step input

Nm/rad
ka,1 125
ka,2 250
ka,3 500
ka,4 1000
ka,5 1500
ka,6 2000
ka,7 3000
ka,8 4000

whose corresponding eigentwists can be obtained by inserting them in Eq. (6),
resulting in

$v,1−6 =


0 0.023 0 0 1.000 0

0.019 0 0 1.000 0 0
0 0 0 0 0 1.000

1.000 0 0 −0.029 0 0
0 1.000 0 0 0.031 0
0 0 1.000 0 0 0

 (65)

which is the matrix containing, from left to right, the six eigentwists for the
case that the flexible-body stiffness model is used.

4. Verification Method of Natural Frequencies

To verify the natural frequency analysis, the Heli4 robot was excited in its
two lowest natural frequencies, for the actuator stiffness values introduced
in Table 2. As can be seen from both Eqs. (57) and (65), the eigentwists
associated to the two lowest natural frequencies can be excited by imposing a
step function in the X-direction and Y -direction respectively. Step functions
of 100 mm are imposed along either direction. These step functions will be
imposed by setting the corresponding actuator reference positions, as are cal-
culated using the inverse kinematics, which are described by Krut et al. [35].
A damping of 3 Nm·s/rad was added to the actuator controllers to prevent
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Frame 45 Frame 52 Frame 59

Figure 5: A series of frames from one of the high-speed video for the step response in
X-direction with a actuator stiffness of 2000 Nm/rad. The frames capture one oscillation
going from left to right and back, which can for example be observed in the red circles by
the relative motion of the end-effector with respect to the background.

damage to the system. This damping is sufficiently low not to affect the nat-
ural frequencies. The actuator stiffness values were implemented by means
of a proportional feedback controller on the joint angle of each of the four
actuated joints.

To measure the natural frequencies, a high-speed camera was used, be-
cause this allowed an independent measurement of the end-effector oscilla-
tions. A Canon EX-F1 camera was used, capturing video at 300 frames per
second. To measure the frequency of the induced oscillations, a simple calcu-
lation was made based on the number of frames taken for a counted number
of oscillations. Figure 5 shows a series of images from an imposed step func-
tion in the X-direction on the reference position for an actuator stiffness of
2000 Nm/rad.

5. Results

The results of the natural frequency analysis and the verification activities
are summarized in Fig. 6. Based on the analysis introduced in this paper the
first and second natural frequencies are predicted for actuator stiffness values
up to 4000 Nm/rad. This prediction is done both using a rigid-body stiffness
model and a flexible-body stiffness model. Overlaid are the measured natural
frequencies for the implemented actuator stiffness values as introduced in
Table 2. All natural frequencies have been converted from rad/s to Hz for
ease of interpretation.

The figure shows that the predicted values for ω1 and ω2 are more accurate
if the flexible-body stiffness model is used. Compared to the predictions
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Figure 6: The predicted values for the two lowest natural frequencies, using either the
rigid-body stiffness model or the flexible-body stiffness model, as well as the measured
natural frequencies as a function of actuator stiffness values.
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based on a rigid-body stiffness model, the values decrease and become more
accurate. For example, the error in the predicted value for ω1 at ka = 4000
Nm/rad reduces from 33% to 6%. The difference between the predicted and
the measured value for ω2 at an actuator stiffness of 4000 Nm/rad reduces
from 17% to 2%.

The high-speed videos that were used to determine the values for the
measured ω1 and ω2 can be downloaded as supplementary material to this
paper. During the experimental verification also data regarding the state of
the robot was recorded, which was used to determine the loss factor of 0.82
discussed in Appendix B, and to confirm that no significant end-effector ro-
tation was induced. These data are also available as supplementary material
to this paper. Appendix E presents an analysis of the significance of the two
considered sources of structural compliance, showing that the end-effector
assembly is the dominant source of compliance for the example analysis pre-
sented in this paper.

6. Discussion

As can be seen from Fig. 6, for actuator stiffness values up to roughly 1000
Nm/rad all predicted values show close agreement with the measured natural
frequencies. This implies that the developed inertia model as well as both
the stiffness models are accurate for that range of actuator stiffness values.
As such, for this range of actuator stiffness values, a flexible-body stiffness
analysis has no added value over a rigid-body stiffness analysis. In short, up
to actuator stiffness values of 1000 Nm/rad the Heli4 manipulator dynam-
ics are accurately described by rigid body motion and controlled actuator
stiffness.

However, the story is different for higher actuator stiffness values. The
graphs in Fig. 6 illustrate that the predicted values for ω1 and ω2 closely agree
with the measurements over the full range of actuator stiffness values only if
the flexible-body model is used. It should be noted that the inertia model is
kept the same for both analyses, namely based on rigid body motion. This
indicates, at least for the example case, that the kinetic energy in the link
deformations can be neglected as expected. Likewise, a rigid-body inertia
model may be a good starting point for the analysis of other manipulators.

The idea to separate the inertia model and stiffness model was intro-
duced to keep the dynamic model as simple as possible. In the presented
example this was achieved by combining a rigid-body inertia model with a
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stiffness model in which actuator stiffness as well as mechanical compliance
was considered. Two sources of mechanical compliance were included in the
analysis, namely the rods in the parallelograms, and the end-effector assem-
bly. The compliance of the parallelogram links was included on the basis of
linear beam theory, while the compliance of the end-effector assembly was in-
cluded on the basis of experimental values. For the example analysis it was
found that the end-effector assembly is the dominant source of structural
compliance, but for other robotic manipulators there may be other sources
of compliance that dominate the dynamic behavior, such as compliance in
joint assemblies and/or transmission assemblies [37, 38]. As such, it will be
up to the engineer to determine the required level of detail in the stiffness
model.

Next, empowered with a verified model that describes the lowest nat-
ural frequencies of the Heli4 robot, an engineer can suggest improvements
to the robot, and model the expected impact of those improvements. For
example, the linear guides in the end-effector assembly could be replaced
for alternatives that better constrain the motion described in Appendix D.
After the improvement, the stiffness measurements of Appendix D can be
repeated, and the new stiffness values can be inserted in the model to assess
the expected impact on the overall robot performance.

It should also be noted that the current paper has analyzed the impact of
structural compliance only in a single pose. This was done to deal with the
distribution of the end-effector assembly compliance over the four legs. No
existing Jacobian-based stiffness analysis has been found in the literature that
can cope with end-effector compliance, while it was found to be a dominant
factor for the Heli4 manipulator. As such, the absence of a general expression
for the impact of end-effector stiffness on the overall stiffness is limiting the
extension of the presented method to more complex poses of the Heli4 robot.
How to include end-effector compliance in a Jacobian-based stiffness analysis
of parallel manipulators is therefore an interesting open research question.

Because the presented natural frequency analysis is developed in the
Cartesian end-effector reference frame, it relies on 6× 6 stiffness and inertia
matrices. As a result, six natural frequencies and corresponding eigentwists
are predicted using the analysis. This means that for the case of limited-DoF
parallel manipulators it is necessary to either consider structural compliance
in the links, or to perform the natural frequency analysis on a subset of the
Cartesian end-effector space that is full-rank.

If structural compliance is considered for a limited-DoF parallel manip-
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ulators with N DoFs, and a full-rank Cartesian end-effector stiffness matrix
and inertia matrix are obtained, 6−N natural frequencies will be associated
to kinematically constrained directions. For example, the Heli4 robot was
modeled in this paper as a 3-DoF manipulator. This means that only three
natural frequencies correspond to kinematically allowed motions of the robot.
The other three eigentwist in Eq. (65) include motions in the constrained
directions of one or more legs of the manipulator. In these constrained direc-
tions the contribution by elastically deforming bodies to the inertia may no
longer be negligible. As such, it may be expected that the predicted natural
frequencies for the constrained directions will not be accurate, although this
was not investigated in this paper.

The fact that natural frequencies in constrained directions might not be
accurately predicted does not reduce the relevance of the proposed method.
After all, the dynamic performance of parallel manipulators is limited by the
set of lowest natural frequencies, which will generally occur in the kinemati-
cally allowed DoFs. Stiffness of a parallel manipulator is generally higher in
the constrained directions than in the kinematic DoFs.

The main advantage of the developed analysis method over compara-
ble methods is the focus on minimal model complexity by decoupling the
level of detail in the stiffness model from the level of detail in the inertia
model. Furthermore, the proposed method is presented in closed-form and
does not rely on e.g. iterative schemes. The method is based on the trans-
formation of locally expressed compliance and inertia matrices, which are
typically directly available from linear beam theory or CAD software. Those
transformations are performed using adjoint matrices and Jacobian matri-
ces, which are a function of design variables and state variables. As such, the
presented method provides a closed-form expression to calculate the natural
frequencies. Minimal complexity and a closed-form expression could make
the presented method an interesting candidate for design analysis, optimiza-
tion, or use in model-based controllers as those presented by Callegari et al.
[15] and Du and Lou [39].

7. Conclusions

This paper has developed a method to analyze the set of lowest natural
frequencies of a parallel manipulator. The proposed method combines a
flexible-body Cartesian stiffness model with a novel expression for the rigid-
body Cartesian inertia model. While flexible-body stiffness models have
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been extensively discussed in the literature, the combination with a rigid-
body inertia model in Cartesian end-effector space is new. The inertia model
is based on a Jacobian mapping of the end-effector twist on each individual
body. This approach enables a structured addition of the contribution of each
individual body to the overall inertia and, once a manipulator is defined, the
resulting expression is only a function of the end-effector pose.

Because a rigid-body inertia model can be combined with a flexible-body
stiffness model of choice, the engineer can determine the necessary level of de-
tail in the stiffness analysis, as long as the resulting stiffness matrix is mapped
on the end-effector Cartesian space. This flexibility is a key advantage of the
presented method over other natural frequency analysis methods, which re-
quire both inertia and stiffness matrices in the same high-dimensional set of
generalized coordinates.

As an example, the Heli4 robot was analyzed, for which it was shown that
structural compliance has negligible influence up to an actuator stiffness of
approximately 1000 Nm/rad. For higher actuator stiffness values, a model
excluding structural compliance resulted in errors in the predicted natural
frequencies up to 33%. It was shown that including expressions for the me-
chanical compliance of the links and the end-effector assembly reduced the
maximum modeling error to 6%, without a need to alter the inertia analysis.
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Appendix A. Unit Twists and Unit Wrenches for Heli4 Robot

The analysis developed in this paper requires a set of six independent unit
twists and unit wrenches for each leg. In this appendix these will be developed
using the method described in Ref. [33]. The Heli4 is modeled as a 4-RRΠRR
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robot because for each leg the five identified twists of permission are

$̂ta,i,1 =

[
ŝi,1

− (l1r̂i,1 + l2r̂i,2 − ai)× ŝi,1

]
$̂ta,i,2 =

[
ŝi,2

− (l2r̂i,2 − ai)× ŝi,2

]
$̂ta,i,3 =

[
0

ŝi,3

]
$̂ta,i,4 =

[
ŝi,4

ai × ŝi,4

]
$̂ta,i,5 =

[
ŝi,5

ai × ŝi,5

]
where

ŝ1,1 = ŝ1,2 = ŝ1,5 = ê2

ŝ2,1 = ŝ2,2 = ŝ2,5 = −ê2

ŝ3,1 = ŝ3,2 = ŝ3,5 = −ê1

ŝ4,1 = ŝ4,2 = ŝ4,5 = ê1

in which ê1 and ê2 are the unit vectors aligned with the X and Y axis
respectively. In addition

ŝ1,3 =

− cos (q1,1 + q1,2) sin (q1,3)
cos (q1,3)

sin (q1,1 + q1,2) sin (q1,3)


ŝ2,3 =

cos (q2,1 + q2,2) sin (q2,3)
− cos (q2,3)

sin (q2,1 + q2,2) sin (q2,3)


ŝ3,3 =

 − cos (q3,3)
− cos (q3,1 + q3,2) sin (q3,3)
sin (q3,1 + q3,2) sin (q3,3)


ŝ4,3 =

 cos (q4,3)
cos (q4,1 + q4,2) sin (q4,3)
sin (q4,1 + q4,2) sin (q4,3)
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where qi,j is the value of the jth angle of the ith leg in radians, as illustrated
for leg 1 in Fig. A.7. The angle qi,3 describes the internal angle of the
parallelogram. Next,

ŝi,4 = (r̂i,2 × ŝi,1)× ŝi,1

Furthermore,

r̂1,1 =

 cos(q1,1)
0

− sin (q1,1)


r̂2,1 =

− cos(q2,1)
0

− sin (q2,1)


r̂3,1 =

 0
cos(q3,1)
− sin (q3,1)


r̂4,1 =

 0
− cos(q4,1)
− sin (q4,1)


and

r̂1,2 =

 cos (q1,1 + q1,2) cos (q1,3)
sin (q1,3)

− sin (q1,1 + q1,2) cos (q1,3)


r̂2,2 =

− cos (q2,1 + q2,2) cos (q2,3)
− cos (q2,3)

sin (q2,1 + q2,2) sin (q2,3)


r̂3,2 =

 − cos (q3,3)
− cos (q3,1 + q3,2) sin (q3,3)
sin (q3,1 + q3,2) sin (q3,3)


r̂4,2 =

 sin (q4,3)
− cos (q4,1 + q4,2) cos (q4,3)
− sin (q4,1 + q4,2) cos (q4,3)
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Figure A.7: Examples of the various vectors that are used in the description of the unit
twists and unit wrenches of the Heli4 manipulator.

while

a1 =

r0
d

 a2 =

−r0
d


a3 =

 0
r

d+ h+ pθ

 a4 =

 0
−r

d+ h+ pθ


express the vectors from the origin of the end-effector reference frame to the
connection point of the four legs, where r = 48 mm, d = 78 mm, h = 60 mm,
p = 9.5 mm/rad are the parameters for the Heli4. These deviate slightly
from the original parameters introduced in Ref. [35] to reflect the state of
the robot during testing. Furthermore, since the end-effector assembly is
considered rigid, θ = 0 throughout the analysis in this paper. Figure A.7
shows examples of the various vectors introduced above.

It should be noted that the revolute joint that follows each parallelogram
captures the unconstrained twisting of the two links of the parallelogram

31



around each other. This is the result of the use of spherical joints to con-
nect the links of the parallelogram on either end. In the assembled parallel
manipulator such twisting will not occur due to constraints imposed by the
other legs. Based on the conditions described in Ref. [33], the unit wrench
of constraint for each leg can be identified as

$̂wc,i,1 =

[
r̂i,2 × ŝi,1

0

]
A set of wrenches of actuation can be identified as

$̂wa,i,1 =

[
ai × r̂i,2

r̂i,2

]
$̂wa,i,2 =

1

|fi,2|

[
ai × fi,2

fi,2

]
$̂wa,i,3 =

[
ai × ŝi,1

ŝi,1

]
$̂wa,i,4 =

[
ŝi,4
0

]
$̂wa,i,5 =

[
− (− sin(qi,3)l2ŝi,2 + l2r̂i,2 − ai)× f̂i,5

f̂i,5

]
where

fi,2 = ((l1r̂i,1 + l2r̂i,2)× ŝi,1)× ŝi,3

fi,5 = (r̂i,1 × ŝi,1)× ŝi,3

Finally, the relations described in Ref. [33] allow the identification of the
unit twist of restriction, namely

$̂tc,i,1 =

[
ĉi,1

ai × ĉi,1

]
where

ĉi,1 =
(
f̂i,5 × ŝi,4

)
× ŝi,4

Appendix B. Actuator Losses

During the verification procedure it was found that the actuator torque that
was generated by the actuators was lower than the commanded torque. This
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Figure B.8: It was observed during the verification tests that there was a loss a factor of
0.82 between the demanded and generated torque, here demonstrated for motor 1 with
ka = 2000 Nm/rad for the step input in the X-direction.

difference was consistent and described by a factor 0.82, as for example illus-
trated by the time trace in Fig. B.8. The data from which this time trace
was generated, as well as the data recorded during other test runs is added
to this paper as supplementary material. The conversion factor from ampere
(A), which is a variable available in the supplementary material, to Nm is
3.65.

Appendix C. Compliance Matrix of Two Parallel, Cantilever Rods

The stiffness analysis introduced in Ref. [20] makes use of the series rule
of stiffness addition to develop the compliance matrix of individual legs.
According to this rule, addition of the different sources of compliance results
in the total compliance of the leg. In this paper, this summation is expressed
as the addition of kinematic compliance and structural compliance in the
elastic joint space, as expressed in Eq. (41). The structural compliance in
the elastic joint space is obtained by adding the structural compliance of all
individual contributions, and subsequently projecting the total compliance
matrix on the elastic joint space to ’filter out’ the DoFs in which stiffness is
zero.

33



Xl i,2
Yl i,2

XJ i,2

YJ i,2

( ),cos
i

w q
Π 3

 
,i
q
3

Figure C.9: To model the structural compliance of the two rods that are part of the
parallelogram, they are assumed to share the rotation points located in the origins of
reference frames Ji,2 and `i,2.
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To approximate the structural compliance of the two parallel rods that
make up the parallelograms, the analytically expressed stiffness matrices of
the individual rods are added and subsequently inverted. The rods are con-
sidered as thick-walled cylindrical tubes with an outer radius ro and an inner
radius ri. The structural stiffness matrix of a single rod can be obtained
by taking the inverse of the symbolic compliance matrix of an Euler beam
element as e.g. expressed by Eq. (24) in Ref. [40]. This results in

Krod =



GIx
L

0 0 0 0 0

0 4EIy
L

0 0 0 6EIy
L2

0 0 4EIz
L

0 −6EIz
L2 0

0 0 0 AE
L

0 0

0 0 −6EIy
L2 0 12EIy

L3 0

0 6EIy
L2 0 0 0 12EIz

L3

 (C.1)

where A is the cross-section area, and Ix, Iy, and Iz are the area moments of
inertia for an annulus, which are expressed as

A = π
(
r2
o − r2

i

)
(C.2)

Ix =
π

2

(
r4
o − r4

i

)
(C.3)

Iy = Iz =
π

4

(
r4
o − r4

i

)
(C.4)

L = l2 (C.5)

In each leg of the Heli4, two of these rods are connected in parallel. The
distance between the rods depends on the pose of the robot, and is defined
by the angle qi,3 as illustrated in Fig. A.7. To simplify the stiffness modeling,
the two parallel rods are assumed to have the same rotation points, namely
at the center of the two ends of the parallelogram. As a result, the two rods
are modeled as shown in Fig. C.9. The distance between the two parallel
rods is

dΠ = wΠ cos(qi,3) (C.6)

As such, the structural stiffness of the two parallel rods can be expressed as

KΠ,`2 = Ad>
H

Π1
`2

KrodAd
H

Π1
`2

+ Ad>
H

Π2
`2

KrodAd
H

Π2
`2

(C.7)

where Ad
H

Π1
`2

and Ad>
H

Π2
`2

are the adjoint matrices associated to the homo-
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geneous matrices

HΠ1
`2

=


1 0 0 0
0 1 0 dΠ

2

0 0 1 0
0 0 0 1

 (C.8)

HΠ2
`2

=


1 0 0 0
0 1 0 −dΠ

2

0 0 1 0
0 0 0 1

 (C.9)

Finally, an analytical expression for structural compliance of the two parallel
rods is obtained by inverting Eq. (C.7), which gives

K−1
Π,`2

=



L3

2(GIxL2+3EIydΠ) 0 0 0 0 0

0 L
2EIy

0 0 0 − L2

4EIy

0 0 2L

E(Ad2
Π+4Iz)

0 L2

E(Ad2
Π+4Iz)

0

0 0 0 L
2AE 0 0

0 0 L2

E(Ad2
Π+4Iz)

0
L3(Ad2

Π+16Iz)
24EIz(Ad2

Π+4Iz)
0

0 L2

4EIy
0 0 0 L3

6EIy


(C.10)

where A, Ix, Iy, Iz, L, and dΠ where expressed in Eqs. (C.2)-(C.6) and the
specific variables for Heli4 can be found in Table 1. Equation (C.10) expresses
the structural compliance of the two parallel rods in a local reference frame
`i,2, which is indicated in Fig. C.9.

Appendix D. Compliance in End-Effector Assembly

An important source of structural compliance of the Heli4 robot is in the
end-effector assembly. Most notably, compliance was observed in the kine-
matic coupling between the two traveling plates. A test was carried out to
determine the magnitude of this compliance. The test consisted of fixing the
lower traveling plate and exerting a force of 100 N on the upper traveling
plate, as shown in Fig. D.10.

When the force was applied on the upper traveling along the local X-axis,
the result was a rotation around the Y-axis of the lower traveling plate. The
resulting displacement at the upper traveling plate was measured as 0.7 mm.
This can be converted to a value for the lumped rotational stiffness as

kE,rot =
100 (60 · 10−3)

2

0.7 · 10−3
= 500 Nm/rad (D.1)
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Figure D.10: One aspect of the structural compliance in the end-effector was measured
using a displacement measurement under a loading of 100 N.

When the force was applied on the upper traveling along the local Y-axis,
the result was a linear displacement along the Y-axis. The fact that the ap-
plication of a force along the Y-axis results in a linear displacement, while
application of the same force along the X-axis results in a rotational displace-
ment, is the result of the parallelogram design of the end-effector assembly.
The resulting displacement at the upper traveling plate was measured as 0.77
mm. This can be converted to a value for the lumped linear stiffness as

kE,lin =
100

0.77 · 10−3
= 1.3 · 105 N/m (D.2)

Appendix E. Significance of Sources of Compliance

In this paper two sources of structural compliance were included in the model,
namely the rods in the parallelograms and the end-effector assembly. In this
appendix the significance of both sources of compliance is discussed. First,
the natural frequency analysis was repeated for the two scenarios where either
the structural compliance of the end-effector assembly was removed (BM-
KE) or the structural compliance originating in the links of the parallelogram
(BM-KΠ). This was simulated by dividing their compliance by a factor 1000.
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Table E.3: Impact of exclusion of sources of structural compliance on the prediction error
of ω1. All values are in Hertz except the first column.

ka [N/m] Meas. BM BM - K−1
E BM - K−1

Π

125 5.4 5.8 5.9 5.8
250 8.1 8.2 8.3 8.2
500 11.1 11.4 11.7 11.4
1000 15.5 15.5 16.6 15.6
1500 17.6 18.5 20.3 18.5
2000 20.3 20.7 23.5 20.7
3000 23.1 24.1 28.7 24.1
4000 25.0 26.5 33.1 26.5

Table E.4: Impact of exclusion of sources of structural compliance on the prediction error
of ω2. All values are in Hertz except the first column.

ka [N/m] Meas. BM BM - K−1
E BM - K−1

Π

125 6.0 6.5 6.6 6.5
250 9.1 9.2 9.3 9.2
500 12.8 12.8 13.2 12.8
1000 18.0 17.7 18.6 17.7
1500 22.2 21.2 22.8 21.2
2000 24.0 23.9 26.3 24.0
3000 29.4 28.1 32.2 28.2
4000 31.9 31.2 37.1 31.3

The impact of exclusion of either source on the prediction error of the two
lowest natural frequencies is shown in Tables E.3 and E.4.

To analyze the significance of each exclusion scenario, the measurements
for ω1 and ω2 are combined into a single set, and the error percentages are
computed according to

|ωmeas − ωpred|
ωmeas

· 100%
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Figure E.11: Boxplots of all errors in percentages for the benchmark model (BM), BM
excluding structural compliance of the end-effector assembly (BM-KE), and BM excluding
structural compliance originating in the links of the parallelogram (BM-KΠ).

where ωmeas are the measured natural frequencies, and ωpred are the predicted
natural frequencies for the considered scenario. A boxplot of the resulting
values is shown in Fig. E.11.

Next, a t-test was executed in Matlab between set “BM” and sets “BM-
KE” and “BM-KΠ” respectively. The null-hypothesis that the sets “BM” and
“BM-KE” have the same mean value can be rejected at the 1% significance
level, while no such conclusion can be drawn about “BM” and “BM-KΠ”.
Despite the limited number of measurements, it can thus be concluded that
the effect of the end-effector assembly is significant, while the effect of the
rods in the parallelograms is not.
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