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Shear Wave Elastography (SWE) has been proposed to investigate cardiac health by non-invasively moni-
toring tissue stiffness. Previous work has shown that the plate-like geometry of the Interventricular Septum 
(IVS) may result in a dispersion similar to Lamb waves, complicating the link between shear wave speed 
and cardiac stiffness. However, the IVS is not a simple plate, e.g., its thickness tapers across its length. We 
have used 2-D Finite Element simulations to investigate the effects of tapering on Lamb waves. The model 
consists of an elastic slab immersed in water, with a thickness decreasing smoothly in space from 9 to 3 mm. 
Pulses with low (0–80 Hz) and high (0–700 Hz) frequency contents were used to excite natural and acoustic 
radiation force induced waves. The results show that natural waves can decelerate by up to 20% during 
propagation, leading to ambiguities in speed estimation. Moreover, neglecting tapering when fitting their 
dispersion curves can introduce errors in shear modulus estimation by up to 30%. In contrast, fits per-
formed on waves with high frequency content yielded shear modulus estimations with < 5%. These results 
suggest that septal geometry can affect cardiac stiffness estimation performed by SWE, especially when 
natural waves are employed.
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1. INTRODUCTION

Over the past decades, shear wave elastography (SWE) has been under investigation as a medical diag-
nostic technique to determine non-invasively the stiffness of internal organs.1–3 In particular, in the field of
cardiac imaging,4–8 SWE could provide a way to monitor cardiac stiffness throughout its cycle, which is a
relevant parameter in the diagnosis of heart failure.9, 10

Two main cardiac SWE approaches currently under investigation, consist of ultrasonically tracking
waves that have been generated either by an acoustic radiation force (ARF),11–14 or by natural physiol-
ogy of the heart, such as aortic valve closure (AVC).7, 15–18 In both cases, the waves are typically tracked
during their propagation along the Interventricular Septum (IVS).

The interpretation of wave speed measurements in terms of stiffness is not straightforward. The simple
relation ρc2 = G (where ρ is the density of mass, c is the bulk shear speed, and G the shear modulus) –
commonly assumed in SWE measurements – cannot be applied directly: waves traveling along the heart
walls have been found4, 19–22 to show a dispersive behavior akin to that of Lamb waves. These guided waves
are characterized by two infinite sets of modes (symmetric and antisymmetric) that propagate at speeds
depending on frequency, as well as stiffness and thickness of the medium itself.23 Moreover, since the IVS
separates two chambers filled with blood, it is often approximated as a fluid-loaded plate. The dispersive
behaviour, thus, also depends on the medium properties of the fluid that surrounds the plate.23, 24

Some cardiac SWE studies20 have accounted for this dispersive behaviour by analysing in the Fourier
domain waves at various frequencies, from which the experimental characteristic dispersion curves can be
reconstructed. The shear modulus was then extracted by fitting a theoretical dispersion curve of a Lamb
wave to the experimental curves.

The IVS, however, is not a straight, flat slab of muscle: its thickness, in fact, can vary by a factor 3 from
the equatorial point to the apex.25 Such a variation is expected to have a significant impact on the guided
waves propagating along it, especially at lower frequencies, where zero-order modes depend strongly on the
frequency-thickness product. Moreover, it has been shown that a waveguide with a slowly varying thickness
can cause reflections and mode conversions when the thickness becomes that small that cut-off of a certain
mode is reached.26–28 To the best of our knowledge, however, no cardiac SWE has studied systematically
the effect of thickness variations on wave speed measurements.

The purpose of the present work is to determine the relevance of precise information about the IVS
thickness variations for cardiac SWE measurements.

2. METHODS

A. CONFIGURATION

Our numerical model was implemented in Abaqus CAE (Abaqus Inc., Providence, RI, U.S.A.), a Finite
Element simulation software that has already been validated for modelling guided waves in biological tis-
sue.20, 29 The IVS was modelled as a 2D plate, with total length L = 8 cm (effectively reduced to 4 cm in
the numerical model thanks to symmetric boundary conditions), and thickness varying linearly from 9 mm
to 3 mm,24 as shown in Fig. 1. On three sides, the plate was surrounded by a 4 cm thick layer of water.

The plate was considered to be elastic and isotropic, with Poisson’s ratio ν = 0.49999 and density
ρ = 1045 kg/m3. The Young’s modulus was chosen to be E = 9 kPa, representing the cardiac muscle
in its diastolic phase14 with a bulk shear wave speed of 1.694 m/s. The water was modelled with acoustic
elements, with a density of 1000 kg/m3 and a bulk modulus of 2.2 GPa, resulting in a bulk compressional
wave speed of 1483 m/s.
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SIMULATIONS

The simulation setup is shown in Fig. 1. The simulations were run using an explicit solver, with mesh
size of 0.2 mm, allowing sampling of frequencies up to 600 Hz with at least 25 points per wavelength. The
solution computed by Abaqus was then sampled in time-steps of 0.038 ms, allowing at least 45 samples per
period for these frequencies. Symmetric boundary conditions were applied along the y-axis, i.e. at the left
side of the plate, resulting in symmetry in the x-direction. Abaqus “TIE” constraints were introduced to cou-
ple the motion of the plate boundaries to that of the water domain boundaries, preventing relative motions.
The outer boundaries of the water domain were implemented with “non-reflecting acoustic boundaries”
conditions, to prevent reflections.

In order to study both ARF and AVC waves, two Gaussian pulses were modelled with the ’smooth step’
function in Abaqus, with total duration of 2 ms and 10 ms. These pulses described the displacement in the
y-axis direction of the left side of the plate, corresponding to two transverse waves with full width at half
maximum frequency contents of around 100 and 500 Hz respectively, mimicking the frequencies that can
be observed in natural and ARF-induced waves, respectively. The simulations modelled the propagation of
the waves for 0.04 seconds, roughly the time that it would take for one pulse to reach the opposite side of
the plate.

DATA ANALYSIS

The transverse displacement of the propagating wave at every element and at every time-step was stored
in a data file that was subsequently read by a Matlab (version r2018b, MathWorks, Natick, MA, U.S.A.)
program for analysis. The displacement data was then interpolated across an 2.2 cm long m-line (a virtual
line of receivers), with interpolation grid-spacing of 50 µm. In the analysis of the tapered plate, the m-line
was positioned at depth equal to 10% of the thickness. A Radon Sum algorithm was applied to this data to
determine the trajectory of the wave, of which the time derivative yields the propagation speed.

The data extracted from a single m-line was further processed with a Tukey window and converted in
the frequency-wave number (f-k) domain by means of a 2D Fast Fourier Transform, where the dispersion
curves correspond to the areas of maximum amplitude. The bulk shear speed of the wave (i.e. the speed
at which the shear wave would travel in a bulk material, which is directly connected to the shear modulus)
was then estimated by comparing the zero-order antisymmetric dispersion curve (A0) from the simula-
tions with theoretical curves and identifying which parameters would generate the best fit. The Root Mean
Squared Percentage Difference (RMS-PD) between the simulated and theoretical curve, computed along the
wavenumber axis, was used to quantify the quality of the fit.

Finally, the shear speeds extracted from the space-time (x-t) and f-k data were converted into values of
shear modulus G by computing G = ρc2, where ρ is the density of mass of the plate and c is the measured
shear speed. We point out that the equation holds only when c is the bulk shear speed in the medium, –
which is not the speed at which the A0 mode propagates – and therefore it is not the speed observed in the
x-t data. However, this is the relation employed in most cardiac SWE studies, thus it is useful to assess the
error it may introduce.

VALIDATION OF NUMERICAL APPROACH

In order to validate the numerical settings of our simulation, we first ran simulations for a 4 cm long
flat slab with constant thickness of 9 mm. The elastic properties of the slab were as described above,
corresponding to a bulk shear wave speed of 1.694 m/s. During validation, the wave trajectory was extracted
from two m-lines, one in the centre of the slab, the other near the top surface, in order to assess eventual
differences.
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Figure 1: The simulation setup. On the left the numerical FE model is shown, with the plate highlighted
in blue and the water in grey. The top right image depicts the plate with a linear thickness decrease and
the m-line (in black) on which the data was recorded. The bottom right image shows the flat plate used to
validate the numerical approach, and the two m-lines considered (in black).

3. RESULTS

In Fig. 2, the simulation of an ARF-generated wave can be seen in x-t and f-k domains, as would be
recorded on a 2.2 cm long m-line placed at a depth of 0.9 mm in a 4 cm long flat slab. The superimposed
white lines represent, respectively, the trajectory of the wave as estimated by the Radon Sum, and the
theoretical dispersion curve of the A0 mode of a Lamb wave in the 9 mm thick fluid-loaded plate. The RMS-
PD between simulated and theoretical dispersion curve is 1.4%, confirming the reliability of the numerical
settings employed in our model. The wave trajectory estimated in the XT domain plot (see left panel of Fig.
1) yields a wave propagation speed of 1.43 m/s.

The left panel of Fig. 3 shows the propagation of the same wave in x-t domain, but now recorded on
an m-line at the centre of the plate (at a depth of 4.5 mm). It can be seen that, when the wave is tracked
along the centre of the plate, the trajectory of the propagation appears ‘fragmented’, due to the interference
of multiple modes. This can also be observed in the right panel, which shows the f-k representation of
the data and the theoretical dispersion curves corresponding to the simulated plate: the energy of the wave
is distributed over two propagation modes, A0 and A1. This is not surprising, considering that the wave
contains both frequencies in which only A0 can exist, and ones in which A1 can also be present at that
depth.

Simulated data for the waves propagating in a tapered plate with linear thickness decrease are presented
in Figs. 4-5. To observe the A0 mode without interference from the A1 mode, the waves were recorded
along the virtual m-line close to the top surface of the plate.

Figure 4 shows the two simulated waves (ARF- and AVC- generated) in x-t domain. The white lines
show the space-time trajectory of the propagating wave. It is evident, however, that a single straight line
cannot fit the entire propagation of the wave corresponding to AVC sources, because the trajectory in space-
time is curved. In the figure, we show that at least two different lines can fit two sections of the trajectory,
i.e. the first and second half of the propagation path, with two different inclinations, which correspond to
speeds of 1.24 m/s and 1.03 m/s respectively. The speed of the ARF-generated wave, on the other hand,
displays a constant value of 1.30 m/s
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Figure 2: Wave propagation recorded on a 2.2 cm long m-line in a 4 cm long, 9 mm thick flat plate, at a
depth of 0.9 mm. On the left image the wave is represented in the x-t domain, and the white line shows
a Radon Sum estimation of the trajectory of the wave. On the right image, the wave is represented in the
f-k domain, and the white line represents the theoretical A0 dispersion curve for a plate in water with
the same geometry and medium properties. The color scheme represents the magnitude of the Fourier-
transformed displacement recorded along the m-line.

Figure 3: Wave propagation recorded on a 2.2 cm long m-line in a 4 cm long, 9 mm thick flat plate, at a
depth of 4.5 mm. On the left image the wave is represented in the x-t domain, and the white line shows
a Radon Sum estimation of the trajectory of the wave. On the right image, the wave is represented in the
f-k domain, and the white and black lines represents, respectively, the A0 and A1 theoretical dispersion
curves for a plate in water with the same geometry and medium properties. The color scheme represents
the magnitude of the Fourier-transformed displacement recorded along the m-line.

Figure 5 shows the propagation data, for the same slab with linear tapering, transformed into f-k domain.
The superimposed dashed lines show where the dispersion curves would be in a 9 mm plate with E = 9 kPa;
the full lines represent the theoretical dispersion curves of a 6 mm plate with E = 9 kPa. It can be seen that
the theoretical dispersion curves for a 6 mm plate with are in better agreement with the simulated data. This
is also shown quantitatively in Table 1. The value of 6 mm was chosen as a representative of the average

A. Sabbadini et al. Lamb waves in the tapered septal wall of the heart

Proceedings of Meetings on Acoustics, Vol. 39, 020003 (2020) Page 5



Figure 4: Space-time propagation of ARF- and AVC-generated waves in a plate with linear tapering
between 9 and 3 mm. The white and red lines show the Radon Sum estimation of the wave trajectories.
For the AVC-generated wave, the red line is obtained by applying the Radon Sum to the first half of
the propagation (path 0-0.011 m), and the white line by applying the algorithm to the second half (path
0.011-0.022 m

thickness of the plate (which tapers uniformly between 9 and 3 mm).

Figure 5: Frequency-wavenumber domain representation of the wave propagation in the tapered slab.
The dashed white line represents the theoretical dispersion curve for the A0 mode of a 9 mm thick flat
plate, while the full white line shows the theoretical A0 curve of a 6 mm thick flat plate. The color scheme
represents the magnitude of the Fourier-transformed displacement recorded along the m-line.

Finally, we show in Table 2 a comparison between the values of shear modulus G that can be extracted
by fitting the A0 theoretical curves for a 6 mm and a 9 mm plates to the curve found for the simulated
tapered plate. The values are reported in terms of percentage difference between the estimated G and the
input value of G in the simulation.
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RMS-PD when fitting with flat plate
Excitation type 9 mm plate 6 mm plate
ARF (50-400 Hz) 5.2 % 0.8 %

AVC (20-200 Hz) 14.5 % 1.0 %

Table 1: RMS-PD values for A0 simulated curve of tapered plate fitted with theoretical A0 curves for 6
mm and 9 mm flat plates, for ARF- and AVC-generated waves.

Deviation of G when fitting with flat plate
Excitation type 9 mm plate 6 mm plate
ARF (50-400 Hz) -5.0 % -1.4 %

AVC (20-200 Hz) -29.7 % -0.2 %

Table 2: Comparison of shear moduli G extracted by fitting the simulated A0 mode of the tapered plate
and finding the curves with minimum RMS-PD for flat plates of thickness 6 mm and 9 mm, for ARF-
and AVC-generated waves. The deviation of G is expressed here in terms of percentage difference with
respect to the input value of G in the simulations.

4. DISCUSSION

In this work we have shown the numerical results for the effects that a linear thickness variation of a
plate – mimicking realistic IVS geometries – can have on SWE measurements of medium properties.

Previous studies26–28 had focused on the effects of tapering on the propagation of waves with relatively
high frequencies, where higher order symmetric and antisymmetric modes were present. These higher order
modes only appear above well defined values of the frequency-thickness product, and were shown to reflect
or convert into lower order modes when the thickness was reduced sufficiently. In contrast, the waves that
are studied in cardiac SWE have relatively low frequency content and are mainly characterized by the zero-
order modes, which exist at all frequency-thickness products, and the A1 mode, which would not reach its
frequency-thickness cut-off value in realistic cardiac geometries (the propagating wave would have to be
recorded entirely after a factor 3 thickness reduction). At first glance, it may seem that Fig. 3 displays
mode conversion. However, it is important to notice that this is not the case, and, in fact, both A0 and
A1 are present simultaneously in Fig. 3. The amplitude of the displacement of each Lamb mode follows a
distribution that depends on both the depth and the frequency-thickness product, even in flat plates;23 the plot
in Fig. 3 simply shows that the amplitude distribution of the A0 mode goes to zero for frequencies higher
than ≈ 200 Hz at the depth of 4.5 mm, whereas closer to the surface, as shown in Fig. 2, the amplitude
remains above zero for frequencies up to ≈ 600 Hz.

Nevertheless, the thickness variation introduces effects that can be very relevant for cardiac SWE, espe-
cially for natural waves (which are more heavily affected by dispersion due to their low frequency contents).
First of all, using the shear wave speed obtained from time-domain data in the equation for the bulk shear
wave speed will always yield underestimated values of shear modulus G; this happens because the phase
speed of the wave in a slab is, in fact, always lower than the bulk shear speed from which G can be de-
rived. Moreover, tapering introduces a clear deceleration of the shear wave at lower frequencies. Due to
this deceleration, multiple values of speed may be extracted from the same measurement of AVC-induced
waves. In the simulated data we report, fitting the first half of the wave propagation yields a propagation
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speed of 1.24 m/s, which is 20% higher than the propagation speed of 1.03 m/s found by fitting the second
half. This results in a variation of about 40% in the two corresponding values of G (1.6 kPa and 1.1 kPa).
Notably, both values of G are lower than the one that can be extracted from tracking ARF-generated waves
(1.8 kPa), and all are lower than the input value (3.0 kPa), reaching in the worst case a variation of 64%
between input and extracted G. In comparison, estimating G from the time-domain data for a 9 mm flat plate
and the equation for the bulk shear wave speed would give G = 2.0 kPa, i.e. an underestimation of about
33%. From these results, we conclude that tapering of the septal wall may introduce a significant additional
error in the stiffness estimation based on time-domain data.

A natural way of extracting G for a plate is to Fourier transform the x-t data into the f-k domain, where
the simulated dispersion curve can be fitted by theoretical curves to yield medium properties. However, as
we have shown with our simulations, thickness variations directly affect the dispersive behaviour the waves,
both natural and ARF-induced. Theoretically speaking, it doesn’t make sense to talk about Lamb dispersion
curves in plates of varying thicknesses. As a practical attempt to extract medium properties, however, it may
be useful to fit the known curves of fluid-loaded flat plates to the simulation data. In this context, as it is
shown by Tables 1 and 2, it becomes important to take into account the specific geometry of the septal wall
(or plate) under investigation. In our results, we have shown that fitting based on the average thickness of
the tapered plate yielded more accurate results, especially when considering lower frequencies. However,
we would like to stress that using the average thickness is only an approximation, and it remains to be
investigated how well it performs for different geometries (e.g. convex or concave tapering).

As has been recently reported by Keijzer et al.,8 the measurements of shear wave speed of AVC-
generated waves reported in literature show a variability – within each study - of approximately 20%; the
maximum variability between the studies mentioned in that paper is approximately 40%. As we have shown,
propagation in tapered media can also introduce a speed variability in the order of 20%. Based on this re-
sult, we hypothesize that the septal wall shape could contribute to the variability of shear speeds reported in
literature, and we suggest that accounting for the specific geometry of the septum during data analysis may
help in reducing the variability of shear wave speed results.

It is also important to notice that, compared to actual cardiac settings, we made several simplifications
in our models in order to isolate the effects of tapering: the IVS was described as a purely elastic, isotropic
slab, whereas cardiac tissue is known to show viscoelastic and anisotropic behaviour. These, together with
additional curvature in three dimensions, would affect trajectory, attenuation and dispersion of the propa-
gating waves. While these effects were beyond the scope of this study, future work should include them
in order to achieve a more reliable model that allows to interpret wave measurements in terms of medium
properties.

Finally, it is a known problem8 that the positioning of the m-line, along which the wave is tracked, can
influence the measurement of propagation speed; moreover, it had already been shown that, in the central
area of the plate, the A0 and A1 mode would be present simultaneously,29 which matches our findings.
However, we have not been able to find clinical studies in which the choice of placement of the m-line was
connected to using knowledge of guided wave behaviour. The results shown in Fig. 2 would suggest that,
when tracking ARF-generated waves, it may be beneficial to place the m-line close to one of the surfaces
of the septum: in the central region, in fact, there appears to be interference between the A0 and A1 modes,
which generates multiple trajectories that can be fitted to identify a propagation speed. Indeed, since the two
modes propagate at different speeds, the concept of a single “propagation speed” may be ill defined. On the
other hand, it remains to be determined whether other factors, such as viscoelastic effects and anisotropy,
play a bigger role in defining the optimal location of the m-line.
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5. CONCLUSIONS

In summary, this report presents numerical results on the effects of IVS thickness variations on cardiac
SWE measurements.

Our results show that low frequency waves, such as AVC-induced ones, are strongly affected by thick-
ness variation: due to a space-dependent variation in speed, it is not possible to extract a unique value of G
from time-space data; moreover, neglecting septal thickness reductions when fitting the dispersion curves
can introduce shear modulus estimation errors of up to 30%.

At higher frequencies, typical for ARF-induced waves, the effects of tapering are less pronounced,
with no clear deceleration visible in time-space, and small (< 5%) errors coming from overestimating the
thickness when fitting the dispersion curves to extract the shear modulus G.

We conclude that the geometry of the septum can affect medium properties estimation performed by
SWE, especially when tracking natural waves.
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