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Summary. We present an updated Lagrangian continuum particle method based
on smoothed particle hydrodynamics (SPH) for simulating debris flow on an instru-
mented test slope. The site is a deforested area near the village of Ruedlingen, a
community in the canton of Schaffhausen in Switzerland. Artificial rainfall experi-
ments were conducted on the slope that led to failure of the sediment in the form
of a debris flow. We develop a 3D mechanistic model for this test slope and conduct
numerical simulations of the flow kinematics using an SPH formulation that cap-
tures large deformation, material non-linearity, and the complex post-failure move-
ment of the sediment. Two main simulations explore the impact of changes in the
mechanical properties of the sediment on the ensuing kinematics of the flow. The
first simulation models the sediment as a granular homogeneous material, while the
second simulation models the sediment as a heterogeneous material with spatially
varying cohesion. The variable cohesion is meant to represent the effects of root
reinforcement from vegetation. By comparing the numerical solutions with the ob-
served failure surfaces and final free-surface geometries of the debris deposit, as well
as with the observed flow velocity, duration of flow, and hotspots of strain concen-
tration, we provide insights into the accuracy and robustness of the SPH framework
for modeling debris flow.

1 Introduction

The past decades have seen significant development in computational meth-
ods for problems in fracture mechanics, damage modeling, strain localization,
and unsaturated soil mechanics. For this type of problems, the finite element
method remains the preferred computational platform [35, 43, 52, 53, 62, 73,
75], even as a number of continuum particle methods have also emerged as
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viable alternatives in recent years [35, 58–60, 62]. However, when it comes to
debris flow modeling, where the motion is so chaotic that element connectivity
is difficult to impose, the finite element method may not be an appropriate
platform to use, since it suffers from severe mesh distortion that impacts on
its accuracy and overall performance. For this type of problem, continuum
particle methods may have some distinct advantages in that they do not rely
on element connectivity, and thus, they serve as more natural alternatives to
the finite element method.

This paper addresses the modeling of landslides and debris flows, which
are geologic hazards that occur in many parts of the world. Each year,
numerous lives and millions of dollars in property damage have been lost
as a result of these phenomena. Despite considerable advances in model-
ing the initiation of landslides [10–12, 44], predicting the ensuing debris
flows and their aftermath remains elusive. Over the years, theoretical models
and computational simulation tools have been developed for modeling de-
bris flows [30, 44, 66]. As noted earlier, continuum-based particle methods
such as the material point method [5, 27, 64], reproducing kernel particle
method [23, 56], peridynamics [34], and the smoothed particle hydrodynam-
ics [16–19, 22, 28, 29, 32, 37, 38, 45–49, 74] are preferable techniques because
they can accommodate very large deformations and do not suffer from severe
mesh distortion. Discrete element methods (DEM) share the same desirable
features [20, 24, 31, 33, 54, 67, 68, 72]; however, they lack scalability to prob-
lems larger than laboratory sizes.

Regardless of the computational platform, a theoretical formulation based
on an objective stress rate must be employed in the finite deformation range.
Currently, a majority of the computational frameworks for finite deforma-
tion analysis still employ the classical hypoelastic formulation in which either
the Jaumann stress rate or (less frequently) the Green-Naghdi stress rate is
used [8]. Such formulations need to address the lingering concern that there
may not be a unique stress rate, and so, two or more solutions could be ob-
tained for the same boundary-value problem. Furthermore, the stress-point
integration algorithms available for this class of stress rates are not compat-
ible with the implicit return mapping algorithm that is now widely used in
computational plasticity [8, 55].

An alternative to the classical hypoelastic formulation is a hyperelas-
tic formulation, which completely bypasses the need to define an objective
stress rate. The latter framework can be combined with plasticity theory, as
demonstrated in References [7, 9, 13, 15, 61], and recently in the context of
the smoothed particle hydrodynamics (SPH) technique by Fávero Neto and
Borja [26], who employed hyper-elastoplasticity with a multiplicative split of
the deformation gradient [39, 41, 71], to model granular flow. In the latter
formulation, the kinematical relationships are expressed either in updated or
total Lagrangian form, which makes it suitable for solid deformation charac-
terization that requires a material description.
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We should note that Lagrangian SPH kernels had been proposed and stud-
ied in the past [6, 50, 69, 70]; however, this was the first time they were applied
within the context of the SPH method to simulate granular flows. In the SPH
method, continuum material properties and state variables are stored in the
memory of the particles, and are continuously updated at each time step to
reflect not only their own state of deformation but also the changing configura-
tions of their nearest-neighbor particles. Fávero Neto and Borja [26] validated
their model against laboratory test data on dry granular flows, including data
from column collapse tests and inclined flume tests on dry sand.

This paper takes one step further and showcases the robustness of the
aforementioned SPH technique for capturing the kinematics of water-saturated
debris flow resulting from the failure of an instrumented test slope in Ruedlin-
gen, Switzerland. The analyses presented in this paper are unique in that the
test slope was full-scale in size and not laboratory-size, and that the sediment
that failed was nearly saturated and not dry. A total stress analysis is em-
ployed assuming the sediment to be a cohesive-frictional material deforming
at a constant volume. As for the cohesion of the material, it was taken as
the likely effect of partial saturation and root reinforcement from trees and
other forms of vegetation at the test site. The Ruedlingen test slope is one of
very few extensively instrumented test slopes that failed as a debris flow, and
provides an invaluable dataset against which any debris flow model may be
validated. Quantitative validation of an SPH model at the field scale, which
is very rare in the literature, is the main contribution of this work.

2 Governing equations

We briefly summarize the governing equations for the problem at hand. For a
more detailed account of the large deformation SPH framework in Lagrangian
form, the reader is referred to Fávero Neto and Borja [26] and references
therein.

Let B denote the problem domain bounded by the surface ∂B = ∂Bv ∪ ∂Bt,
where the overline denotes a closure, with ∂Bv ∩ ∂Bt = ∅. The strong form
of the boundary-value problem is given by

1

ρ0
DIV(P ) + g = a in B × t (1)

v = v̄ on ∂Bv × t (2)

P ·N = t0 on ∂Bt × t (3)

subject to initial conditions u = u0, v = v0, and a = a0 at t = 0. Here, P is
the first Piola-Kirchhoff stress tensor, N is the outward unit normal vector to
∂Bt in the reference configuration, DIV is the Lagrangian divergence operator,
ρ0 is the pull-back mass density in the reference configuration, g is the gravity
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acceleration vector, u, v, and a are the particle displacement, velocity, and
acceleration, respectively, and t is time.

Fávero Neto and Borja [26] presented an SPH discrete operator to calculate
the relative deformation gradient tensor for particle i, denoted herein by the
symbol 〈f〉i. The expression takes the form

〈f〉i,n+1 =

N∑
j=1

mj

ρj,n
(∆uj,n+1 −∆ui,n+1)⊗∇nWij + 1, (4)

where W is the kernel function, mj and ρj are the total mass and mass density
of particle j, respectively, ∆ui is the incremental displacement of particle
i, and ∇n is the gradient operator taken with respect to the configuration
at time tn. For a given constitutive relationship, the relative deformation
gradient is used to update the symmetric Kirchhoff stress tensor τ using a
multiplicative plasticity algorithm that preserves the return mapping scheme
of the infinitesimal theory [55]. From the calculated stresses, the acceleration
at time tn+1 may be obtained using Newton’s second law. Employing SPH
averaging, we get

ai,n+1 ≡
〈
dv

dt

〉
i,n+1

=

N∑
j=1

mj
(P i,n+1 + P j,n+1)

ρi,nρj,n
·∇nW + gi . (5)

Furthermore, the mass density can be updated through the kinematic rela-
tionship

ρi,n+1 =
ρi,n

J i,n+1

, (6)

in which J is the Jacobian of the relative deformation gradient.
The constitutive relationship is provided by a hyperelastic-perfectly plastic

non-associative Drucker-Prager model. The elastic stored energy function is
given by the Henky model

Ψ =
1

2
K ln(Je)

2 + µ‖ee‖2 , (7)

where K and µ are the elastic bulk and shear moduli, respectively, Je is the
Jacobian of the elastic deformation gradient tensor, and ee is the deviatoric
part of the logarithmic elastic principal stretches. The yield criterion is given
by

F =
√

3/2‖s‖+ αφp− κ ≤ 0 , (8)

where s is the deviatoric part of the symmetric Kirchhoff stress tensor τ ,
p = tr(τ )/3, and αφ and κ are Drucker-Prager material parameters related to
the internal friction angle φ and cohesion c of the Mohr-Coulomb model, re-
spectively. The relevant expressions relating these parameters are given in [8].
For non-associative flow rule with a deviatoric plastic flow, the plastic poten-
tial Q may be written as
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Q =
√

3/2‖s‖+ αψp , (9)

where αψ is the Drucker-Prager parameter associated with the soil’s dilation
angle ψ. The relevant expressions for the Drucker-Prager parameters αφ, αψ,
and κ are given in [8].

We note that the Mohr-Coulomb parameters φ and c are interpreted herein
as total stress parameters. In principle, φ must be zero under fully undrained
condition and complete saturation; however, a non-zero value of the friction
angle could develop if the sediment is not fully saturated [14], such as in
Ruedlingen where suction stresses were noted. Furthermore, partial drainage
could occur in the sediment as it slows down and comes to a stop, thus further
mobilizing the friction angle. Finally, as discussed previously and elaborated
further in subsequent sections, the value of cohesion may be attributed to
the presence of suction stresses and root reinforcements particularly from
deforested trees. For the Ruedlingen site, the root reinforcements from those
trees are a great source of heterogeneity that could give rise to a spatially
varying sediment cohesion.

3 The Ruedlingen test slope

The Ruedlingen test slope is located in northern Switzerland on the bank of
the Rhine River, with an elevation of 350 m above sea level. In March 2009,
artificial rainfall experiments culminated in failure of the slope in the form
of a debris flow. Prior to this failure, extensive instrumentation was installed
at the site to measure hydrological and geomechanical properties of the slope
sediment during both natural and artificial rainfall. Instruments installed at
the site included tensiometers, time domain reflectometers [36], piezometers,
slope deformation sensors [2], and earth pressure cells, among others. Before
the instrumentation was placed and the experiments could begin, a slope
area of approximately 350 m2 was deforested, and roots were severed around
the perimeter at the test site prior to the rainfall experiments that caused
the debris flow of March, 2009 [4]. High resolution photogrammetric cameras
were also placed at strategic positions to capture and monitor the movement
of the sediment. Needless to say, this slope provides invaluable datasets for
the study and analysis of a natural slope that failed as a debris flow. In what
follows, we provide detailed characterizations of the slope that are relevant
for modeling the failure processes.

3.1 Geological characterization

The geological formation in the Ruedlingen area consists predominantly of
sedimentary rock, or molasse, which could be confirmed by visual inspection
in boreholes and outcrops near the test site [3]. The molasse was composed of
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alternating layers of fine-grained sandstone and marlstone, which indicate al-
ternating geomorphological processes of deposition. These processes, in turn,
resulted in differential mechanical properties for each layer. Atop the bedrock,
the soil horizon is composed mainly of silty sand mixtures with stone eroded
from earlier superficial landslides as well as originating from natural weather-
ing of the underlying sedimentary rock.

The sediment-bedrock interface was determined through a series of tests
employing the dynamic probing light (DPL) method. These tests were con-
ducted every 2 m, and the criterion for determining whether the bedrock was
reached was set to 30 blows per 10 cm of penetration [3]. It was found that the
depths of the bedrock top ranged from 0.5 m to over 5 m, and that the right-
hand side (RHS) section of the bedrock top was shallower on average than the
left-hand side (LHS) section. However, inspection of the sediment after the de-
bris flow of March 2009 showed that intact pieces of the bedrock were present
in the sediment at shallower depths, which could have hindered an accurate
measurement of the bedrock depth [3, 4]. Figure 1 shows a schematic repre-
sentation of the sediment profiles where the DPL tests were conducted. The
LHS section includes points labeled P1, P2, and M1, while the RHS includes
the points P3, P4, and M2 shown in Figure 1.

P2, P3

M1, M2

P1, P4

RHS LHS

BARRIER

20 m !

P2
P3

M1
M2

P1
P4

30 m

0.75 m
4.5 m

7.5 m

BEDROCK

SLOPE
SURFACE

Fig. 1: DPL test results and location. Data after Askarinejad [3].

3.2 Sediment characterization

Based on correlations between results of the DPL tests and the standard pen-
etration tests, Askarinejad [3] concluded that the sediment at the site was
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very loose near the surface and medium-dense near the bedrock. Six test pits
were excavated around the slope area where disturbed and undisturbed sedi-
ment samples were collected and tested in the laboratory to determine their
geomechanical properties. Among the tests performed were grain size distri-
bution, Atterberg limits, shear strength, and compaction tests. The results
of grain size distribution tests showed that 60% of the sediment is composed
of medium to fine sand, 35% silt, and less than 5% is of clay fraction. This
composition rendered an average liquid limit of 27%, and a plastic limit of
20%. According to the USCS classification, the sediment at Ruedlingen can
be classified as a low plasticity silty sand (SM-ML).

Constant shear undrained (CSU) and drained (CSD) triaxial tests [63]
were conducted on undisturbed and disturbed samples in loose and com-
pacted states. Skewed-barrel failure patterns were generally observed, with
shear bands forming at approximately 62◦ with respect to the horizontal. In-
ternal critical friction angles of φc = 34◦ for the CSU tests, and φc = 32.5◦ for
the CSD tests were determined [3]. Values of internal friction angle as high as
φc = 35◦ were also observed [21].

Standard and modified Proctor tests yielded maximum dry unit weights
of 16.35 kN/m3 and 18.50 kN/m3, respectively. Similar tests on reconstituted
sediment samples yielded minimum and maximum dry unit weights of 12.50
kN/m3 and 15.30 kN/m3, respectively. Natural samples from Ruedlingen were
measured to have a mean void ratio of 1.0, a natural unit weight of 16.33
kN/m3, and dry unit weights varying from 11.85 kN/m3 to 13.77 kN/m3.

3.3 Influence of vegetation

Three types of vegetation have been identified to be present in the test
slope area: trees, shrubs, and herbs [3]. This vegetation formed a network
of roots that helped stabilize the slope, by virtue of mechanical reinforcement
(i.e., pull-out resistance), and through increased matric suction in the sedi-
ment [65]. Lateral root cohesion and root reinforcement were investigated by
Schwarz [51], by measuring the pull-out force as a function of root diameter.
He found out that roots larger than 1–2 mm in diameter mobilized full fric-
tion and would break instead of slip when pulled, generating an estimated
frictional stress of 5 kPa. Furthermore, based on his results he created a root
reinforcement map of the added shear strength to the sediment in the form of
additional cohesion. As can be seen from Figure 2, the added root cohesion
varies from 1 kPa to as high as 90 kPa.

Based on the work of Schwarz [51], Askarinejad [3] also considered two
different mechanisms of added strength due to the network of roots. The
first mechanism, called lateral root cohesion, was considered to be the shear
strength added to the slope perimeter and is attributed to the shallower roots
up to a depth of 0.3 m below the surface. This added reinforcement is es-
timated to be equivalent to a cohesion of 4 kPa. The second mechanism,
root reinforcement, is based on the map of Figure 2 and could extend to the
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TREES

P2 P3

M1

P1 P4

M2

ROAD

DOWNSLOPE

20 m !

Fig. 2: Root reinforcement as determined by Schwarz [51]. Color bar is added
root cohesion in kPa.

bedrock. This added resistance is due to the deeper roots of trees that were
cut. The importance of root reinforcement cannot be overstated. In fact, the
presence of roots was considered to be one of the main reasons why the slope
remained stable for so many years despite the numerous intense rainfalls it
has experienced in the past. Failure was triggered after lateral root cohesion
was diminished by severing them at the boundaries of the test site, and upon
intensification of the rainfall experiments that led to saturation.

3.4 Slope description

The deforested Ruedlingen hillside slope had an average inclination of 38◦,
with minimum and maximum inclinations of 35◦ and 42◦, respectively. The
upper part of the slope was concave, while from its midsection downwards, the
slope was slightly convex. Topographic measurements were performed at the
locations of every instrument on the slope, as well as at pits and boreholes,
trees, and other landmarks in the area. Figure 3 shows the locations of these
measurement points, which were used to generate a three-dimensional model
of the slope surface as well as the bedrock (from DPL points, boreholes and
pits). From the above information, a 3D model of the sediment layer and
bedrock top could be generated.
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10 m

N

Fig. 3: Topographic measurement points at Ruedlingen test slope. B = bore-
holes, P = corner points, M = middle points (on the longitudinal borders), T
= trees, Tp = test pits.

3.5 Slope failure description

In the early hours of 17 March 2009, approximately 130 m3 of sediment failed
and moved down the slope, leaving a failure surface approximately 17 m long
and 7 m wide across the hillside, with a total area of 120 m2 (or a horizontal
projection of 97 m2), and average depth of 1.09 m (1.33 m for the horizontal
projection). All the sediment inside the failure scar was carried down by the
flow, and the bedrock was visible. The debris flow lasted approximately 11 s,
with maximum runout velocities of around 3.0 m/s, calculated from the high
resolution images and videos [3]. Figure 4 shows the location of the failure
scar inside the horizontal projection of the test site.

Between October 2008 and March 2009, intense precipitations occurred
at the site but the slope remained stable. However, following heavy rains in
March 2009, the superficial roots were severed around the instrumented site,
and the artificial rainfall experiment resumed on 16 March 2009, continuing
until the slope failed the next day [3]. Some hours before the slope failed,
continuous monitoring of the inclinometers detected the formation of a shear
band approximately 80 cm below the surface of the upper right quadrant of the
slope [1]. Photogrammetric cameras recorded the formation of a tension crack
also on the upper right part of the slope. This crack widened and spread to
the LHS of the field, after which, sliding took place and accelerated in a step-
wise fashion. The entire mass of sediment went downwards and was channeled
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FLEXIBLE
BARRIER

FAILURE
SCAR

Fig. 4: Failure scar on the upper-right portion of the Ruedlingen slope.

to the RHS by tree stumps, eventually coming to rest in front of the flexible
barrier at the bottom of the slope.

Data provided by the slope deformation sensors from the ensuing moments
before failure showed that movements on the RHS were faster than on the
LHS, which was attributed to shallower sediment and less root reinforcement
in that area [3, 57]. Furthermore, data showed that failure developed at around
1.3 m below the surface on the RHS and propagated horizontally to the LHS
at a similar depth. Measured values of pore water pressure, before and during
the failure, indicated that suction decreased from around 5 kPa to an average
of 0.7 kPa in the upper part of the slope, while the lower parts of the slope
remained unsaturated up to depths of 50 cm to 90 cm, with negative pore
pressure magnitudes as high as 2 kPa. Table 1 summarizes the information
presented above.

4 SPH model and simulation setup

We now generate a 3D model of the Ruedlingen test slope using the topo-
graphic data and mechanical properties of the sediment described in the pre-
vious sections. First, we create a 3D terrain model of the slope that later
serves as the basis for the creation of SPH particles. We perform two main
simulations to explore the impact of changes in the mechanical properties of
the sediment on the ensuing kinematics and movement. In the first simulation,
herein referred to as F1, we model the sediment as a cohesionless homogeneous
material, where the absence of cohesion is based on the assumption that the
sediment was fully saturated and that no root reinforcement existed within
the sediment. In the second simulation, called F2, we consider the sediment as
a heterogeneous material with spatially varying cohesion, where the variable
cohesion is meant to represent the effects of root reinforcement and capillary



Simulation of debris flow on a test slope 11

Table 1: Summary of data related to Ruedlingen test slope.

Property Value

Failure date 17 March 2009
Altitude 350 m
Test area 262.5 m2

Slope inclination range (average) 35◦ to 42◦ (38◦)
Bedrock geology sandstone/marlstone
Soil classification silty sand (SM)
Sediment depth range 0.5 m to over 5.0 m
Liquid limit of the fines 27%
Plastic limit of the fines 20%
Critical state friction angle range 32◦ to 34◦

Dilatancy angle 0◦

Bulk modulus 17,000 kPa
Shear modulus 7,900 kPa
Average unit weight 15.2 kN/m3

Root cohesion reinforcement range 1 kPa to 90 kPa (*)
Failure area 119 m2

Average failure depth 1.09 m
Failure volume approx 130 m3

Estimated runout velocity 3.0 m/s
Matric suction at failure ≤ 0.7 kPa

(*) Based on lateral root pulling resistance [51].

stresses. The cohesion provided by the presence of roots was found to be sig-
nificant by Schwarz [51] and Askarinejad [3], and was thought to be the main
stabilizing factor during previous stretches of heavy rainfall when the slope
remained stable.

We assess the quality of our model and the proposed framework both
qualitatively and quantitatively. In terms of qualitative assessment, Askarine-
jad [1, 3] provides a thorough account of the sequence of events that took place
during the failure stage at Ruedlingen, which serves as a basis for compari-
son with the simulated overall mechanism of failure. In terms of quantitative
assessment, the main measurements include the location, area, and volume
of displaced sediment; the maximum and average runout velocities; the final
depositional configuration in terms of location and shape of the deposit; and
the duration of the flow.

Figure 5 shows the CAD model developed for the slope containing the
sediment and boundary solid objects [25]. The figure also displays the position
of a net used to contain the sediment from an eventual debris flow. This flexible
barrier was installed at the site to avoid damage or blockage of a service road
located at the toe of the slope (not shown in the 3D representation). Using
this CAD model and a pipeline that includes generating a regular grid of
points and extracting those intersecting with the solids to determine the SPH
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FLEXIBLE
BARRIER

FAILURE
SCAR

    Sediment

    Boundary

Fig. 5: 3D CAD model of the deforested portion of the Ruedlingen slope.

particles representing the sediment, bedrock, and barrier, we obtain the SPH
model shown in Figure 6. The readers are referred to Fávero Neto [25] for
further details of this pipeline. The model shown in Figure 6 has a total of
587, 508 particles, divided into 387, 792 sediment particles, 195, 870 bedrock
particles, and 3, 846 protection net (barrier) particles. The overall dimensions
of the model are 34 m × 17.75 m in planar projection, with a maximum
elevation of 30.25 m. These dimensions comprise an area of approximately
500 m2, and a total volume of 757.0 m3 of sediment, which is roughly 1.42
times the area, and twice the volume of the deforested test site. The initial
distance between particles was set to ∆x = 0.125 m, giving each particle the
same mass and initial volume of approximately 1.95×10−3 m3. The initial
distance between particles was chosen based on the results of a sensitivity
analysis previously conducted by the authors, and corresponds to the more
refined particle distribution [26].

Before performing Simulations F1 and F2, we performed a setup simulation
to initialize the stresses with the slope under natural, unsaturated conditions.
The setup simulation is an essential part of the other two simulations, since the
kinematics of failure are dependent on the history of stress and deformation in
geomaterials. Some insights into the stability of the slope prior to the ensuing
debris flow can also be gained from this simulation. Sediment properties for
this simulation are summarized in Table 2.

For the setup simulation, the particles initially at rest were subjected to
a body force (gravity) applied downwards in the z-direction. Gravity accel-
eration was increased gradually from zero to 9.81 m/s2 over 1000 steps to
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Side View

      Front View

Fig. 6: SPH particle model for the Ruedlingen slope.

Table 2: Sediment properties for the setup simulation.

Property Value

Internal friction angle, φ 34◦

Cohesion, c 5 kPa
Bulk modulus, K 17,000 kPa
Shear modulus, G 7,846 kPa
Unit weight, γ 15.0 kN/m3

Monaghan artificial viscosity, α 0.2
Monaghan artificial viscosity, β 0.4
Numerical sound speed, cs0 105 m/s
Initial particle distance, ∆x 0.125 m
Smoothing length, h 0.1875 m

avoid numerical instabilities. The total simulation spanned over 2000 steps of
∆t = 0.0003 s each, with final time t = 0.6 s. For this and all subsequent sim-
ulations, the smoothing length coefficient was set at kh = 1.5, which resulted
in a smoothing length h = 0.1875 m, providing a good balance between accu-
racy and computing time. These numbers were based on previous parametric
studies conducted by the authors [26]. Since the sediment is not expected to
deform significantly during the gravity loading phase, the dilation angle does
not play a significant role in the calculations, and is thus set equal to zero.
Furthermore, for all the remaining simulations the dilation angle was also set
to zero, in agreement with the plastic potential function of Equation (9) and
is a common practice when simulating debris flows [18, 26, 28, 45, 49].

The states of stress and elastic deformation, as well as densities and posi-
tions of the particles generated from the setup simulation were used as input
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for Simulations F1 and F2. For Simulation F1, we kept the same parameters
as in the setup simulation, but reduced the cohesion to accommodate partial
saturation after the rainfall experiments. Hence, sediment was assumed to be
homogeneous with φc = 34◦ and c = 0, and with only the gravity load acting
on the slope. The entire simulation lasted approximately t = 20 s of solution
time.

For Simulation F2, we utilized the same parameters except we increased
the cohesion. The spatial variability of cohesion was based on the root rein-
forcement map of Schwarz [51] shown in Figure 2, and applied throughout
the sediment depth. Figure 7 shows the SPH model for this simulation, where
colors of the particles indicate their local cohesion. In this figure, the dark-
blue area is cohesionless, while the light-blue area corresponds to a constant
cohesion of c = 0.7 kPa. The white areas coincide with the locations of larger
tree roots, and were modeled with c = 2 kPa.

It is worth mentioning that the decrease of soil strength (cohesion) to
initiate failure in both simulations is a natural consequence of the loss of
suction in a soil that was initially partially saturated. This corresponds to a
cohesion softening [8], which is a realistic representation of the loss of strength
due to increased saturation [61].

Fig. 7: Particle cohesion for simulation with root reinforcement, based on the
work of Schwarz [51] and Figure 2. Dashed line = position of failure scar; red
area = flexible barrier.

In all simulations, both bedrock and barrier particles representing the solid
boundaries were given the same properties as those of the sediment particles.
However, as described by Fávero Neto and Borja [26], boundary properties
do not evolve in time. Furthermore, the only boundary properties that have
an impact on the sediment particles are density and mass, but they were held
constant throughout the simulation. Numerical viscosity was also added to the
problem using the standard Monaghan artificial viscosity [42], with parameters
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α = 0.2 and β = 0.4. Finally, the variant of dynamic boundary condition
presented by Fávero Neto and Borja [26] was used in all the simulations to
prevent boundary penetration.

5 Debris flow with homogeneous sediment

In order to better illustrate and compare the results of Simulations F1 and
F2, we selected three longitudinal and four transversal cross sections to plot
the relevant results, see Figure 8. Two longitudinal cross sections were chosen
on the left-hand side (LHS) and right-hand side (RHS) of the failure surface,
and joined by a third section on the centerline (CENTER) of the slope. The
transversal cross sections correspond to the TOP, MIDDLE, and BOTTOM
portions of the failure zone surveyed at the Ruedlingen site, while the fourth
section is adjacent to the BARRIER. Figure 8 shows the alignments of all
cross sections on the Ruedlingen slope model. Note that they were all selected
to be parallel (transversal) or perpendicular (longitudinal) to the barrier. For
reference, the observed failure scar is also indicated in this figure.

TOP
MIDDLE

BOTTOM

RHS

CENTER

LHS

BARRIER

FAILURE
SCAR

Fig. 8: Longitudinal (LHS, CENTER, RHS) and transversal (TOP, MIDDLE,
BOTTOM, BARRIER) cross sections of the Ruedlingen slope.

As noted earlier, the setup simulation involves application of gravity load
to the sediment, modeled herein as an unsaturated soil, allowing the parti-
cles to reach a state of equilibrium. An equilibrium state furnishes the initial
stresses and deformations, as well as provides the equilibrium positions and
densities for each particle in the SPH model. Figure 9 presents some of the
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Fig. 9: Final results from setup simulation at the longitudinal centerline of
the Ruedlingen slope: (a) Cauchy stress σzz, (b) elastic left Cauchy-Green
deformation bezz, (c) total mass density ρ, and (d) total particle displacement
‖u‖.

results used as input into Simulations F1 and F2, evaluated at a longitudinal
section at the center of the Ruedlingen slope.

Results from the setup simulation demonstrate that no significant plastic
deformation developed after full application of the gravity load, which implies
that the slope was stable in the natural unsaturated condition. In order to
trigger instability in the slope for Simulation F1, the apparent cohesion was
instantaneously reduced to zero throughout the slope to simulate a reduc-
tion in the matric suction due to saturation, while ignoring the effect of root
reinforcement. The following subsections present the results of this simulation.

5.1 Quantification of mobilized sediment

We first investigate the scenario in which the cohesion c was reduced to zero
throughout the sediment domain. To this end, we ran the entire simulation
for about t = 20 s of solution time to fully capture the failure processes up
until the moment when the transported sediment achieved static equilibrium
at the bottom of the slope.
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In what follows, we quantify the mobilized area and volume, and analyze
the final configuration of the sediment deposit. Figure 10 compares the debris
flow zone obtained from the numerical simulation with the one surveyed at
the Ruedlingen test site [3]. As shown in this figure, the calculated debris
flow zone is more widespread than the one observed in the field – the entire
upper portion of the slope mobilized to a certain extent. The failure contour
in the simulation comprises an area of approximately 201 m2, as opposed to
119 m2 surveyed at the slope site. The discrepancies between the calculated
and field results may be attributed to two main causes: (1) the sediment in
the field is in fact non-homogeneous with the cohesion varying spatially due to
root reinforcement and matric suction, and (2) the mechanical model did not
accurately capture the boundary condition at the bedrock-sediment interface.

NET

F1 SCAR

FAILURE
SCAR

Fig. 10: Comparison of actual failure scar and scar predicted by simulation F1.

As mentioned before, the sediment at the Ruedlingen test slope had con-
siderable lateral root reinforcement especially around the edges, and in the
uppermost and lower portions of the slope. Furthermore, the real conditions
at the onset of failure were far from being homogeneous, with excess pore-
water pressures concentrated in the upper portion of the slope. The fact that
parts of the slope were not fully saturated implies the presence of suction
stresses, which, along with root reinforcement, would increase the strength of
sediment in those areas. This heterogeneity was not taken into account in the
simulation.

Regarding the sediment-bedrock interface, it has been reported by Askarine-
jad [3] that the bedrock surface determined by DPL tests might have been
inaccurate as unweathered rock fragments had been discovered inside the mo-
bilized sediment at post-failure. This could have significant implications for
the failure patterns observed in the field. Furthermore, in order to create a
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perfect enclosure for the sediment particles in the simulation, the bedrock was
extended all the way to the surface along the model perimeter, creating ta-
pered layers of sediments with their bases sloping inwards. This is not an ideal
situation that could have led to unstable sediment in these areas, especially
at the upper portion of the slope where inclinations were greater compared
to those at the bottom of the slope. Obviously, the assumption of homoge-
neous sediment properties and the simplified bedrock topography led to a
more widespread mobilization of the failed sediment especially in the upper
portion of the slope. Nonetheless, even with these limitations, the kinematics
and other quantitative results are in good agreement with the measurements
at the site, as elaborated further in what follows.

The volume of sediment mobilized during the debris flow at Ruedlingen
was measured to be approximately 130 m3 (Table 1). In our simulation, the
mobilized volume was calculated to be around 190 m3 based on the initial
volumes of the particles under the projection of the failure zone. This gives
an error of 46%. Using yet another approach, where we calculated the final
displacements of all particles and considered only those that displaced more
than one kernel radius, 2h as part of the mobilized mass, this volume was
estimated to be around 61% higher, or 210 m3. However, this last approach is
less accurate since the particles near the surface of the flow path are usually
dragged along and can easily displace a distance several times greater than
2h. There were also localized shallow runs of particles in the lower part of the
slope that ended up being counted as part of the mobilized volume. This is
discussed further when we provide more details on the flow kinematics.

Figure 11 shows the sediment configurations at the beginning (light-blue
and purple areas) and at the conclusion (pink and purple) of the debris flow
for the three longitudinal sections of the slope, as well as the surveyed fail-
ure surfaces (dark line) at the site. Figure 12 shows the same information
for the transversal cross sections. We see that most of the sediment trans-
ported in the SPH calculations originated from the top transversal section of
the slope, whereas the geometry of the surveyed failure scar suggested that a
significant portion of the transported volume was also derived near the bot-
tom transversal section where the failure surface penetrated deeper into the
sediment, albeit over a narrower width.

Right in front of the barrier, the shape of the final sediment deposit can
only be assessed qualitatively since the actual barrier was a flexible net,
whereas the SPH model assumed the barrier to be a rigid wall. A post-failure
survey of the debris collected by the flexible barrier is represented by the dark
contour shown in Figure 12d. The predicted configuration shows a sediment
deposit extending all the way to the top of the barrier, in addition to sediment
deposited on the sides of the barrier. These can be attributed in part to the
fact that the barrier was assumed to be rigid, and in part to the larger volume
of sediment mobilized in the SPH calculations. For reference, Figure 13 shows
photographs of the deposited sediment collected by the flexible barrier.
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(a) LHS Section

(b) Center Section

(c) RHS Section

initial sediment

transported
sediment

mixture of initial 
and transported

Fig. 11: Final configuration of sediment deposit on three longitudinal sections
from Simulation F1. Black outline represents the failure surface surveyed at
the Ruedlingen site.

It is worth noting that in the photographs shown in Figure 13, it appears
as though all the debris was collected by the net and that there was no accu-
mulation of sediment along the runout path. However, the video footage [1]
suggested that the tree stumps and the reinforced sediment downslope pro-
jected the debris upward and forward at the failure toe, thus altering the
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(a) Top Section

(c) Bottom Section

initial sediment
transported
sediment

mixture of initial 
and transported

(b) Middle Section

(d) Barrier Section

Fig. 12: Final configuration of sediment deposit on four transversal sections
from Simulation F1. Black outlines represent the failure surface surveyed at
the Ruedlingen site.

Fig. 13: Photographs of the Ruedlingen slope sediment after the debris flow of
17 March 2009. Note the deformation of the debris that accumulated in front
of the barrier. Reproduced from [3].

mechanism of deposition that is not reflected in the photographs of Figure 13.
Furthermore, prior to taking these aforementioned photographs, some of the
sediment not contained by the net was washed out to avoid any debris from
bypassing the net and reaching the service road at the bottom of the slope
(Askarinejad, private communication).
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We should note that whereas the scarp zone may be interpreted to repre-
sent a portion of the failure surface, some debris upstream partially filled the
failure scar near the bottom of the failure zone. This is evident from Figures
14 and 15, which suggest that the bottom of the failure zone does not nec-
essarily represent the failure surface. To better visualize the failure zone, we
make use of the continuum nature of our framework and identify hotspots of
deformation, or zones of plastic strain localization. Figures 14 and 15 show
these zones at time t = 0.6 s, along with the surveyed failure scar at Ruedlin-
gen. For purposes of definition, the strains plotted in these figures are the
second invariant of the logarithmic plastic principal strains arising from the
multiplicative plasticity formulation. Interestingly, there is better agreement
of the surveyed scar at Ruedlingen with the depth and shape of the zones of
plastic strain localization than with the calculated free surface at post-failure.
It is worth noting that the time t = 0.6 s was obtained from simulation F1,
and corresponds to the time required to initiate the mobilization of the failure
surface.

5.2 Kinematics of triggering and runout

We use two kinematic features to validate our framework, namely, runout ve-
locity and duration of the flow. Askarinejad and co-workers [3, 4] reported
that the maximum runout velocity was approximately 3 m/s and that the
flow lasted around 11 s. These results were obtained from photogrammetric
measurements and a recording of the debris flow published as the supplemen-
tary material of Askarinejad et al. (2018) [1]. Figure 16 shows the calculated
average, median, and range of runout velocities of the sediment as functions
of time. As can be seen from this figure, Simulation F1 resulted in very similar
velocities to those reported by Askarinejad [3], with an average velocity close
to 1.6 m/s and maximum velocity of approximately 2.9 m/s. Based on these
values, the duration of the flow is estimated to be approximately 10.6 s, which
is in very close agreement with the previously reported duration of 11 s.

We next assess how well the numerical simulations can identify the
hotspots of strain localization and the sequence of failure. Although this is
a qualitative comparison, it ensures that the model does capture the most im-
portant features of the failure mechanism. For Simulation F1, these features
include the sediment depth, bedrock topography, and 3D effects.

As pointed out by Askarinejad and co-workers [3, 4], failure initiated near
the upper end of the RHS section of the slope. Inclinometer measurements
identified the initiation of strain localization at about 80 cm below the sur-
face in that area. An initial crack was then observed on the surface, which
later propagated towards the LHS of the slope. Once this transversal crack
had formed spanning a sizable part of the slope width, the sediment started
to separate along a tension crack/back scarp and shear. Before the motion
started, however, slope deformation sensor measurements had captured the
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Fig. 14: Accumulated plastic strain at t = 0.6 s from Simulation F1. Black
outline represents the failure surface surveyed at the Ruedlingen site. Color
bar is norm of deviatoric plastic strain.

propagation of an initial failure zone extending all the way to the LHS sec-
tion, with a nearly constant depth of 1.30 m below the slope surface.

Similar patterns have been observed in our simulation. However, we note
that for Simulation F1 there was no localized zone reaching the slope surface
on the upper part of the RHS section. Instead, the localized zone extended
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Fig. 15: Accumulated plastic strain at t = 0.6 s from Simulation F1. Black
outline represents the failure surface surveyed at the Ruedlingen site. Color
bar is norm of deviatoric plastic strain.

parallel to the slope at a depth of approximately 1.25 m below the surface,
resembling a shear band. It is important to note that this depth corresponds
to the sediment-bedrock interface on the RHS section, and this was the main
localized zone that mobilized the sediment. The localized zone then propa-
gated to the LHS of the slope at similar depths between 1.1 m and 1.5 m, and
formed the main failure surface for the LHS section.

All of these kinematic processes generated a differential acceleration of the
slope surface as recorded by the photogrammetric cameras [1]. This is con-
firmed from plots of the sediment velocities on the LHS and RHS sections at
the early stage of failure, i.e., at t = 1.2 s. This time t = 1.2 s was chosen to
conincide with the time simulation F2 took to first mobilize the full failure
surface.It is clear from Figure 17 that the sediment on the RHS section ac-
celerated more rapidly than on the LHS section, in agreement with observed
field measurements.

6 Debris flow with variable cohesion

For Simulation F2, we used the same material parameters as in the previous
simulation, but varied the cohesion of the sediment to incorporate the effect
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Fig. 16: Time series of the runout velocity for Simulation F1. The solid line is
the average of the particles on the failure region, dashed line is the median,
and the shaded area is the envelope of all velocities. Velocity norm = ‖v‖.

of variable root reinforcement. We emphasize that the objective of the sim-
ulation was not to capture the exact geometry of the failure scar, since that
would take numerous iterations to back-figure the exact spatial distribution of
cohesion that leads to the observed failure scar. Instead, the goal was simply
to correlate the root reinforcement profile with the failure pattern observed at
the Ruedlingen site. To this end, we refer once again to Figure 7, which shows
the spatial distribution of cohesion adopted in the model. The central portion
of the slope (dark blue area) had no root reinforcement, whereas a transition
zone with a baseline cohesion of 700 Pa was included (light blue area). All
the remaining parts of the slope had reinforcements of up to 90 kPa [51], but
in our model a uniform value of 2 kPa was applied [3]. As before, the entire
simulation ran for approximately t = 20 s of solution time.

6.1 Quantification of mobilized sediment

We begin by analyzing the projected failure area, mobilized volume, and the
final sediment deposit calculated by the variable cohesion model. Figure 18
shows the horizontal projection of the simulated failure contour (labeled F2
scar) superimposed with the surveyed failure scar at Ruedlingen. For reference,
this figure may be compared with Figure 7 for an assessment of the influence
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Fig. 17: Calculated sediment velocity ‖v‖ on longitudinal LHS and RHS sec-
tions of the slope at t = 1.2 s from Simulation F1. Color bar in m/s.

of cohesion on the geometry of the predicted failure scar. The total area of
the F2 scar was approximately 174 m2, which is 45% larger than the actual
scar but 16% smaller than the F1 scar. Much like in the previous simulation,
the sediment in the present simulation moved downwards in a slightly skewed
fashion towards the RHS of the slope before coming to rest in front of the
barrier.

Comparing the results of Simulations F1 and F2, it is now possible to
see the influence of the heterogeneous root reinforcement on the shape of the
failure scar. From Figure 18, it is evident that the mobilized contour covered
a large portion of the area that had no root reinforcement. Failure of the slope
started from the upper right portion as a result of the boundary conditions in
that region. More importantly, from validation standpoint, the shape of the
F2 scar is now much closer to the actual failure scar than was the shape of
the F1 scar. In terms of total mobilized volume, approximately 160 m3 was
mobilized in Simulation F2, which is within 23% of error from the surveyed
deposit at Ruedlingen.
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Fig. 18: Comparison of the actual failure scar and the scars predicted by
Simulations F1 and F2.

Figures 19 and 20 show, respectively, the depositional configurations of
the sediment on the longitudinal sections and transversal cross sections at the
last time step. From the outset, we observe that the region corresponding to
the failure surface surveyed at Ruedlingen (dark line) did not clear itself of
sediment, but on the contrary, it was filled with sediment almost to the top.
This is due to the effect of added cohesion in the sediment. As the failure
advanced, the upper zones with higher cohesion moved over the depressions
or cavities left by the sediment with lower cohesion. With the higher cohesion,
they decelerated due to a “stick-slip” mechanism with the bedrock and the
resistance imposed by the sediment right in front of them. In the end, even
though the entire area depicted in Figure 18 had mobilized, the upper sediment
had backfilled the depressions left by the lower sediment. A more refined
modeling that would have cleared these cavities of backfilled sediment would
have involved some form of cohesion softening on the particle response [8],
but this was not pursued in the present work.

This leads us to an alternative way of validating our solution without
the need to introduce cohesion softening into the computational framework,
and that is to compare the failure scar at Ruedlingen directly with the zone
of localized deformation within the slope [12]. Figures 21 and 22 depict the
accumulated plastic strain on the longitudinal sections and transversal cross
sections, respectively, at time t = 1.2 s (elapsed time until the whole failure
surface was first mobilize for Simulation F2). As can be seen from these figures,
the failure surfaces agree very well in terms of shape and depth, reaching
the bedrock top as observed in the field. Another improvement due to the
additional root reinforcement is visible on the debris that accumulated in
front of the barrier. Taking a look at Figure 20d, we can see that the amount
and shape of the deposit agree very well, with almost no excess sediment
reaching the bottom of the slope.
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Fig. 19: Final configuration of sediment deposit on three longitudinal sections
from Simulation F2. Black outline represents the failure surface surveyed at
the Ruedlingen site.

6.2 Kinematics of the triggering and runout

Figure 23 shows the time evolution of the runout velocity for Simulation F2.
Observe that both the average peak and maximum velocities are very similar
to those obtained from Simulation F1, with values of approximately 2 m/s and



28 Fávero Neto, Askarinejad, Springman and Borja

(a) Top Section

(c) Bottom Section

initial sediment
transported
sediment

mixture of initial 
and transported

(b) Middle Section

(d) Barrier Section

Fig. 20: Final configuration of sediment deposit on four transversal sections
from Simulation F2. Black outlines represent the failure surface surveyed at
the Ruedlingen site.

3 m/s, respectively. It is interesting to note that the “stick-slip” mechanism
described in the previous section is also reflected in the distribution of veloc-
ities. In Figure 16 we can see that the velocity reached its peak mean value
of around 2 m/s very quickly after initiation, and remained almost constant
over a fairly significant period before slowing down. For Simulation F2, on the
other hand, the distribution of velocity over time had two staggered stages. In
the first stage, the velocity reached a peak mean value of around 1.5 m/s and
remained constant for a while; then the flow accelerated once again, reaching
a second peak of approximately 2 m/s. The flow also slowed down at a later
time compared to Simulation F1, and had a more pronounced end tail, see
Figure 23. In terms of flow duration, the total duration for Simulation F2,
was approximately t = 15 s. This is 4 s longer than the time measured from
the photogrammetric cameras, or a 36% difference. This difference is justified
given that the real duration of the flow in the field is estimated using the pho-
togrammetric cameras. However, this is an “external,” visual perspective of
failure. Our analysis on the other hand takes into consideration the kinematics
of all particles to determine the simulated flow duration. Hence, there is some
uncertainty associated with the real duration of the flow and no one-to-one
correspondence between real and simulated flow durations.
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Fig. 21: Accumulated plastic strain at t = 1.2 s from Simulation F2. Black
outline represents the failure surface surveyed at the Ruedlingen site. Color
bar is norm of deviatoric plastic strain.

As a final point, we note that Simulation F2 also recovered the observed
failure mechanism at the test slope, except that failure in the form of localized
deformation initiated closer to the central portion rather than on the upper
RHS of the slope. Failure for Simulation F2 now starts at about 96 cm below
the surface, which is in very good agreement with the depth measured by in-
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Fig. 22: Accumulated plastic strain at t = 1.2 s from Simulation F2. Black
outline represents the failure surface surveyed at the Ruedlingen site. Color
bar is norm of deviatoric plastic strain.

strumentation at Ruedlingen, of 80 cm. Figures 21 and 22 show that both the
center and RHS sections have localized zones propagating all the way to the
surface very early into the flow. However, the highest accumulation of plastic
strain was near the bedrock interface for the top section and around 1.3 m
below the surface for all transversal sections. This depth is consistent with the
slope deformation data recorded at the test site [3]. Furthermore, consistent
with the photogrammetric measurements, the flow accelerated differentially,
with flow on the RHS accelerating faster than on the LHS. This is demon-
strated in Figure 24, which presents the sediment velocities on the LHS and
RHS longitudinal sections at t = 1.2 s.

A summary of the main results for Simulations F1 and F2 is shown in
Table 3 alongside field measurements from Ruedlingen for easy comparison.

7 Summary and conclusions

Quantitative validation of debris flow models against field-scale data is very
rare. Most work reported in the literature focused mainly on dry granular flows
at the laboratory scale. The Ruedlingen test slope offers invaluable datasets
against which any debris flow model may be validated quantitatively. The test
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Fig. 23: Time series of the runout velocity for Simulation F2. The solid line
is the average of the particles in the failure region, dashed line is the median,
and the shaded area is the envelope of all velocities. Velocity norm = ‖v‖.

Table 3: Summary of the main results for Simulations F1 and F2.

Data Ruedlingen Simulation F1 Simulation F2

Area mobilized, m2 120.0 200.9 174.3
Volume mobilized, m3 130.0 190.0 160.0
Average flow velocity, m/s 1.5 1.6 1.1
Maximum flow velocity, m/s 3.0 2.9 3.0
Time to full mobilization, s - 0.6 1.2
Duration, s 11.0 10.6 15.0
Initiation zone Upper RHS Upper RHS Upper Center
Depth of initial shear zone, m 0.80 1.25 0.96
Shear band initiation time, s - 0.3 0.6
Average shear band depth, m 1.30 1.28 1.12
Clear failure scar Yes Partially No

slope not only covered very irregular topography, but the sediment was also
extremely heterogeneous. Failure was triggered by a combination of natural
and artificial causes, making the simulations more challenging. But the ex-
tensive instrumentation at the site made a detailed analysis of the debris flow
processes for this field-scale test slope feasible.
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Fig. 24: Calculated sediment velocities on longitudinal LHS and RHS sections
of the slope at t = 1.2 s from Simulation F2. Color bar in m/s.

Utilizing an updated Lagrangian scheme within the framework of SPH,
we have conducted detailed 3D simulations of the debris flow processes for
the Ruedlingen test slope. We have investigated, among other factors, the
impacts of root reinforcement and complex bedrock and slope topography on
the kinematics of progressive failure and runout.

In addition to results presented in Table 3, we have also investigated the
runout path and final depositional configuration of the sediment at Ruedlin-
gen. The discrepancies noted between predicted and observed final configu-
rations of sediment deposit may be attributed to evolving sediment proper-
ties that have not been captured accurately in the simulations. For example,
sediment having an initial cohesion due to partial saturation and root rein-
forcement may lose this cohesion when it becomes saturated and/or when the
roots severed. Nevertheless, it is possible to predict the 3D geometry of the
failure scar, even without the introduction of cohesion softening, by looking
into the geometry of the zone of strain localization. Indeed, the proposed SPH
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framework predicted zones of strain localization that agree quite well with the
geometry of the observed failure scar at Ruedlingen.

Despite the encouraging results presented in this work, some aspects of the
SPH solution can still be improved. Among them is the simulation of coupled
solid deformation-fluid flow processes that could also take place within the
sediment undergoing debris flow. Nevertheless, the work presented in this
paper is significant in that it offered a unique opportunity to demonstrate
how a debris flow model such as ours can be validated quantitatively against
slope data at the field scale. Work is currently in progress to incorporate the
aforementioned coupled processes within the Lagrangian framework of SPH.
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[58] Song X, Menon S (2019) Modeling of chemo-hydromechanical behavior of
unsaturated porous media: a nonlocal approach based on integral equa-
tions. Acta Geotechica 14:727–747

[59] Song X, Khalili N (2019) A peridynamics model for strain localization
analysis of geomaterials. International Journal for Numerical and Ana-
lytical Methods in Geomechanics 43:77–96

[60] Song X, Wang K, Ye M (2018) Localized failure in unsaturated soils
under non-isothermal conditions. Acta Geotechnica 13:73–85

[61] Song X, Borja RI (2014) Mathematical framework for unsaturated flow in
the finite deformation range. International Journal for Numerical Meth-
ods in Engineering 14:658–682

[62] Sparks PA, Sherburn JA, Heard WF, Williams BA (2019). Penetration
modeling of ultra-high performance concrete using multiscale meshfree
methods. International Journal for Numerical and Analytical Methods
in Geomechanics 43(14):2328–2351

[63] Springman, SM, Askarinejad, A, Casini, F, Friedel, S, Kienzler, P, Teys-
seire, P, Thielen, A (2012) Lessons learnt from field investigations in po-
tentially unstable slopes in Switzerland. Slovenian Geotechnical Journal
9(1):5–29
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