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Marchenko Focusing Without Up/Down Decomposition
Mert S. R. Kiraz & Roel Snieder, Center for Wave Phenomena, Colorado School of Mines
Kees Wapenaar, Delft University of Technology

SUMMARY

Current Marchenko algorithms require up/down separa-
tion, and solving the Marchenko equation enables one to
retrieve the up/down components of the Green’s func-
tion. We propose an iterative scheme to relax the need
for up/down separation for focusing. By presenting a
visual tour, we show how to retrieve the Green’s func-
tion in the subsurface at a pre-defined location with-
out requiring component decomposition. Our retrieved
Green’s function contains accurate primary and multi-
ple events of the heterogeneous subsurface and forms the
basis for obtaining an image of the subsurface without
the need for up/down decomposition.

INTRODUCTION

Rose (2001, 2002) describes focusing as finding an in-
cident wave that becomes a delta function at the focus
location inside the medium at a given time. Following
this work, Broggini and Snieder (2012) utilize Rose’s ap-
proach for seismic exploration problems and introduce a
scheme to retrieve the response to a virtual source inside
the medium without requiring an actual source at the
virtual source location. The retrieved Green’s function
contains all internal multiples as well as primary events.
This method requires surface-recorded data and an esti-
mate of the direct arrivals, which enables one to specify
the virtual source location. One can also retrieve the
virtual response by seismic interferometry (Weaver and
Lobkis, 2001; Wapenaar et al., 2005).

Retrieving the virtual response at any location in the
subsurface is an important technique for creating ro-
bust subsurface images and has the potential of elimi-
nating the disturbing e↵ects of the overburden by creat-
ing virtual responses whereby complex subsurface struc-
tures are eliminated. Marchenko methods (Rose, 2001;
Broggini and Snieder, 2012; Broggini et al., 2012, 2014;
Wapenaar et al., 2014) exploit the ability to retrieve vir-
tual source information inside the subsurface, resulting
in robust subsurface images. The Marchenko method
enables one to create virtual sources and receivers in
the subsurface at arbitrary depth positions, and only re-
quires surface recorded data and a smooth background
velocity model. By introducing initial focusing functions
in a reference medium similar to the actual medium,
the Marchenko equation can be solved, and the up- and
down-going components of the Green’s function can be
retrieved. The retrieved components can then be used to
image the subsurface by applying an imaging condition.
The Marchenko method, however, assumes that one can
distinguish the Green’s function in time from the focus-

ing functions. In other words, Marchenko methods work
best for limited o↵set data in layered media where re-
fracted waves and near-surface inhomogeneity zones do
not exist. The up/down separation fails if the first ar-
rival waves are not the direct wave (which can happen
for example with large-o↵set data), and leads to unsuc-
cessful imaging attempts (Wapenaar et al., 2014, 2019).

We eliminate the up/down component retrieval for the
wavefield to focus on a point in 2D, and retrieve the
response to a virtual source at the focal point inside
the medium. Our method generalizes the algorithm
of Rose (2001, 2002) to two dimensions, and our re-
trieved Green’s function contains all scattering e↵ects
of the medium. We present our numerical examples for
a closed boundary with a constant background velocity
medium; however, if the velocity is allowed to vary, the
required causality condition that the perturbed waves
arrive after the direct wave may be violated. We model
the direct wave in the homogeneous medium for a point
source inside the medium, which defines the focal point;
we then emit the time-reversal of the modeled direct
wave back into the medium from receiver locations; the
recorded coda wave information is then used for the next
iteration along with the modeled direct wave. We apply
an iterative recipe, which uses the direct wave infor-
mation modeled in the homogeneous medium and the
coda information that is time-reversed and propagated
from the receivers. We retrieve the virtual Green’s func-
tion at the focal point including the direct wave and
multiply-scattered wave information. We present this
approach with numerical examples and compare the re-
sults to those obtained from directly modeled responses.
Our methodology can be regarded as the first step to-
ward relaxing the need for up/down decomposition in
the current Marchenko methods.

VISUAL TOUR

Figure 1 shows the source and receiver geometry of a
2D acoustic medium. The red dot in Figure 1 denotes
the virtual source location and blue dots represent the
receiver locations. The virtual source location is given
by xs = 3.5 km and zs = 1 km in depth. The medium
has a constant background velocity and density, c0 =
2 km/s and ⇢0 = 2 g/cm3, respectively. Figure 1 also
shows four di↵erent elliptical-shaped scatterers located
in the subsurface with densities ⇢1 = 4.5 g/cm3, ⇢2 =
5 g/cm3, ⇢3 = 7.5 g/cm3, ⇢4 = 6 g/cm3, respectively.
We use finite-di↵erence modeling with absorbing bound-
aries where surface-related multiples are excluded in the
modeling. The source wavelet is a Ricker with a central
frequency of 20 Hz.



Focusing Without Up/Down Decomposition

Figure 1: Source and receiver configuration of the 2D
model. The red dot shows the virtual source location
and the blue dots show the receiver locations in the sub-
surface. The elliptical scatterers are located inside the
receiver array with variable densities.

We define the Green’s function, G(x,xs, t), as the solu-
tion to the wave equation LG=-⇢�(x�xs)@�(t)/@t, with
the di↵erential operator L = ⇢r.(⇢�1r) � c�2@2/@t2.
Here, xs is the source location in depth, and the Green’s
function is the response to a source at xs recorded at
the receiver location x.

Figure 2: Directly modeled direct wave at the pre-
defined focal point in the homogeneous medium. The
receivers are located counter-clockwise direction along
the blue circle in Figure 1 with the first receiver coordi-
nates x = 4.9 km and z = 1 km.

We describe an iterative solution to create a wavefield
that focuses to a pre-defined subsurface location at t = 0
when injected into the medium. Our solution requires
the direct wave information modeled in the homoge-
neous background medium at the virtual source posi-
tion which is given by the red dot in Figure 1. The
direct wave is the Green’s function in the homogeneous
medium represented by Ud(r, t) in Figure 2. Here, r =
(x, z) denotes the coordinates of the receivers that are
located in the subsurface and t denotes time.

When the time-reversal of the direct wave is injected
into the heterogeneous medium, it creates a focus at
the focal point; however, as shown in Figure 3a, in ad-
dition to the focal spot, other waves are present at t = 0.
As shown in Figure 3b, our algorithm creates a wave-
field that focuses to the pre-defined subsurface location
and eliminates other arrivals at t = 0. The iterative
scheme starts with the direct Green’s function, Ud(r, t).
Time-reversal of the direct Green’s function, Ud(r,�t),

(a)

(b)

Figure 3: (a) Snapshot at t = 0 of the time-reversed
modeled direct wave injection. (b) Snapshot at t = 0 of
the time-reversed retrieved Green’s function injection.

is propagated through the heterogeneous medium and
the reflected wavefield for the kth iteration, Uk(r, t), is
recorded at the receiver positions. Figure 4a shows the
recorded wavefield after injecting the time-reversed di-
rect Green’s function. We then define a window func-
tion, w(r, t), to keep only the coda information from the
recorded data. From the first arriving waves in Figure
2, we specify a time tidir such that for every receiver, ri,
the time window only passes waves for �tidir < t < tidir.
The kth iteration of the coda is given by

Kk(r, t) = w(r, t)Uk(r, t). (1)

We then define the wavefield for the next iteration as the
combination of the time-reversed direct Green’s func-
tion and the time-reversed coda information. To begin
the first iteration, the direct Green’s function is time-
reversed and injected into the medium. For higher iter-
ations, the iterative solution is given by

U in
k+1(r, t) = Ud(r,�t) +Kk(r,�t), (2)

Uout
k+1(r, t) =

I
R(r, r’, t)U in

k+1(r’, t)dr
0, (3)

whereR(r, r’, t) is the outgoing wave at location r caused
by a unit ingoing wave at r’, i.e., it is the scattering re-
sponse of the medium. We then define the coda as

Kk+1(r, t) = w(r, t)Uout
k+1(r, t). (4)
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(a)

(b)

Figure 4: (a) Recorded data after injecting the time-
reversed direct wave from the receiver locations. (b)
Recorded data after applying time window w(r, t), time-
reversal, and adding the time-reversed direct wave.

Figure 4b shows U in
k+1(r, t) for the first iteration. It

is the combination of the time-reversal of the direct
Green’s function and the coda information of the first
iteration. It is the output of the first iteration and also
will be the input for the second iteration.

Figure 5 shows the third iteration result and the coda
is nearly symmetric for the time interval �tidir < t <
tidir. The di↵erence Uk(r, t)�Uk(r,�t) will eliminate the
waves in the nearly symmetric region in Figure 5. We let
Kk(ri,�t) be the time-reversed version of Kk(ri, t) so
that Kk(ri,�t) = Kk(ri, t) for the time interval �tidir <
t < tidir. We obtain the di↵erence solution as

U (dif)
k (r, t) = Uk(r, t)� Uk(r,�t). (5)

Equation 5 enables us to create the response to a virtual
source located in the subsurface at the focal point. Fig-
ures 6a and 6b show the wavefields for the first iteration
and third iteration, respectively. The iterative solution
provides the symmetry region in time (shown in Figure
5) for �tidir < t < tidir, and by taking the di↵erence
we obtain a wavefield with canceled coda information
that retrieves the Green’s function with the focal point
as virtual source location shown in Figure 6b. Figure
6c shows the directly modeled Green’s function, as a
reference.

The Green’s function minus its time-reversal is defined

Figure 5: Recorded data after the third iteration with
the symmetry region for �tidir < t < tidir.

(a)

(b)

(c)

Figure 6: Wavefield U (dif)
k (r, t) at the receiver array for

the first and third iteration shown in (a) and (b), respec-
tively. Wavefields are calculated by Uk(r, t)�Uk(r,�t).
(c) Directly modeled Green’s function minus its time-
reversal.
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as the homogeneous Green’s function by Oristaglio (1989).
The match both between the directly modeled homoge-
neous Green’s function and the retrieved Green’s func-
tion is excellent except for the numerical inaccuracies
that reside in the area between the causal and anti-
causal part of the retrieved homogeneous Green’s func-
tion.

Figures 7a and 7b show the traces from the estimated
and true Green’s functions for the receiver number 200
with coordinates x = 3.1 km and z = 1 km. Figure 7a
shows the traces for positives times only whereas Figure
7b shows the zoomed-in version of Figure 7a. The red
trace denotes the directly modeled Green’s function and
the blue trace denotes the retrieved Green’s function.
The latest arrival time for the single scattered waves
for our geometry is calculated approximately as 1.8 s.
Given the geometry, all waves arriving after 1.8 s must
be multiply scattered waves only, and for earlier times
the Green’s function consists of a combination of single
scattered waves and multiples. As a result of our itera-
tive solution, we retrieve the direct wave and multiply-
scattered wave information, and for both time windows
in Figure 7, directly modeled and retrieved Green’s func-
tions match very accurately both in time and amplitude.

(a)

(b)

Figure 7: (a) Numerically computed Green’s function
(red) and the Green’s function obtained from our al-
gorithm (blue) for positive times from 0 s to 2 s. (b)
Limited time interval of the traces ranging from 1 s to
2 s. Both traces match almost perfectly except for the
small amplitude mismatches.

We also inject the time-reversal of the causal part of
the di↵erence solution obtained after the third iteration
back into the medium from the receiver locations. This
retrieved Green’s function improves the focusing in the
subsurface. Figure 3a shows a snapshot at t = 0 of
the time-reversed direct wave injection. Following our
algorithm, Figure 3b shows a snapshot at t = 0 of time-
reversed retrieved Green’s function injection. In Figure

3b, the target is only a nonzero wavefield at the focal
point thus we have a cleaner snapshot than Figure 3a
because of the canceled events at t = 0 around the fo-
cusing location.

Figure 8: The blue trace shows a vertical cross-section of
the snapshot at x = 3.5 km in Figure 3a and the red line
shows a vertical cross-section of the snapshot at x = 3.5
km in Figure 3b. The red trace shows fewer variations
because the iterative scheme cancels other disturbing
arrivals and solidifies the focus in the subsurface.

The reconstructed Green’s function is able to cancel
other arrivals while creating a cleaner focus than the
direct wave injection in the subsurface. Figure 8 shows
normalized vertical cross-sections taken from Figures 3a
and 3b for x = 3.5 km. The blue trace denotes the
cross-section of Figure 3a and the red trace denotes the
cross-section of Figure 3b. The blue trace in Figure 8
shows variations along the cross-section whereas the red
trace shows a more stable cross-section due to the can-
celed events and improved focus at the focal point.

CONCLUSIONS

We present a visual tour for explaining the focusing pro-
cess without up/down decomposition. We show that we
can create better focusing in the subsurface by Uk(r, t)�
Uk(r,�t) than one can achieve with the direct waves
only (see Figure 3). We successfully retrieve the Green’s
function for a pre-defined subsurface location and the
comparison to the directly modeled Green’s function is
found to be excellent. Our retrieved Green’s function
retrieves both the primary and multiple events of the
heterogeneous subsurface model. The iterative method
we present converges at three iterations; however, more
iterations might be needed for more complex subsurface
models. The iterative scheme we propose forms the basis
for imaging without up/down decomposition, and makes
the Marchenko methods more appropriate for imaging
dipping structures.
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