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Abstract 

In this paper, fatigue crack growth behavior of Al5083 welded joint under mixed mode loading was 

firstly studied. Afterwards, fatigue crack growth behavior of butt welded joints under a mixed mode 

overload has been investigated. Influence of post weld heat treatment on retardation caused by 

overload was also studied. It was shown that two existing retardation models for non-welded 

material subjected to mixed mode overload are not capable to predict retardation of welded joints 

accurately. By including the effect of residual stress to the models, an extension to them was 

proposed to enhance the accuracy of them for welded joints. 
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Nomenclature 

𝑎 Crack length 

𝑎𝑑 Delay length or retarded crack length 

𝑎𝑜𝑙 Crack length at which the overload is applied 

𝐶 Paris constant 

𝐶𝑝
∗ Mixed mode retardation parameter 

𝐸 Modulus of elasticity 

𝐹 Uniaxial applied load 

𝐹𝑚𝑎𝑥
𝐵𝑙  Maximum applied load 

𝐹𝑚𝑖𝑛
𝐵𝑙  Minimum applied load 

𝐹𝑜𝑙 Applied overload 

ℎconvection Convection coefficient 

ℎtotal Total heat loss coefficient 

𝐼 Arc current 

𝐾𝑚𝑎𝑥
𝐵𝑙  Maximum stress intensity factor of baseline 

𝐾𝐼
𝑑 Maximum stress intensity factor at 𝑎𝑑 

𝐾eq Equivalent stress intensity factor 

𝐾I Stress intensity factor of mode I 

𝐾I,applied Applied stress intensity factor 

𝐾I,eff Effective stress intensity factor 

𝐾II Stress intensity factor of mode II 

𝐾𝑒𝑞
𝑜𝑙 Equivalent stress intensity factor for applied 

overload 

𝐾𝑅𝑒𝑠 Residual stress intensity factor 

𝑚𝐼 Wheeler exponent 

𝑚∗ Mixed mode exponent 

𝑁 Cycle 

𝑁𝑑 Delay cycles 

𝑛 Paris constant 

𝑞 Heat flux 

𝑞convection Heat loss through convection 

𝑞radiation Heat loss through radiation 
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𝑄 Heat input 

𝑟 The area in which the heat flux is acted 

𝑟𝑏 The area in which 95% of the heat flux is deposited 

𝑟𝑝 Plastic zone size 

𝑟𝑝,𝑑 Plastic zone size at 𝐾𝐼
𝑑 

𝑟𝑝,𝑜𝑙 Overload plastic zone size at 𝑎𝑜𝑙 

𝑅 Loading ratio 

𝑅𝐵𝑙 Baseline loading ratio 

𝑅𝑜𝑙 Overload ratio 

𝑆22 Transverse component of stress 

𝑆𝑦 Yield Strength 

𝑡 Time 

𝑇 Temperature 

𝑇𝑎 Ambient temperature 

𝑇𝑖 Current temperature 

𝑣 Welding speed 

𝑉 Arc voltage 

𝑤 Specimen width 

𝑥ℎ Location of center point of moving heat source 

𝛼 Plastic zone size factor 

𝛽 Loading angle 

∆𝐾 Stress intensity factor range 

∆𝐾eq Equivalent stress intensity factor range 

∆𝐾eq,eff Equivalent effective stress intensity factor range 

∆𝐾I,eff Effective stress intensity factor range 

𝜀em Emissivity 

𝜂 Arc efficiency 

𝜎bol Stefan-Boltzman constant 
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1. Introduction 

Al-Mg alloy of 5xxx series is widely used in the marine, pressure vessel and aerospace 

industries due to its excellent weldability, corrosion resistance and high toughness [1]. It is well-

known that fatigue loading is the main cause of failure in these industries. In many practical cases 

the loading direction as well as loading amplitude may change. Also, the weld zone in structures are 

the most critical area for crack initiation. So, special attention to welded joints under different 

loading conditions is required. 

Kim [2] examined fatigue behavior of the crack at the weld root subjected to mixed mode I and 

III loading and it was shown that the fatigue crack growth life of the specimens can be estimated 

with almost the same accuracy by employing the equivalent stress intensity factor range. Zhu et al. 

[3] investigated fatigue crack growth in the heat affected zone (HAZ) of a butt welded specimen 

subjected to mixed mode loading conditions. They observed that the FCGR was decreased by 

increasing in mode II portion of fatigue loading. Creating inclined crack, the influence of strain 

strengthening on crack growth rate and path under mixed mode loading conditions has been 

investigated by Tang et al. [4]. They stated that the crack changes its direction from mixed mode to 

mode I. Also, it was observed that strain strengthening has influence on the crack growth rate, while 

it has no influence on the crack growth paths. Jie et al. [5] studied growth behavior of fatigue crack 

in fillet cruciform welded joints with 45° inclination angle in which mixed mode stress field appear 

at the weld toe and then, results of numerical simulation were compared to the experimental results. 

However, welding residual stress was not considered in their work. 

Until now, little research has focused on the effect of welding residual stress on fatigue crack 

growth behavior of welded joints subjected to mixed mode loading. Ma et al. [6] investigated 

fatigue crack growth of welded joints subjected to mixed mode loading. In their experiments, the 

crack was created at the weld toe and it was parallel to the welding direction. Their experimental 

results showed that the fatigue crack growth rate (FCGR) of welded specimen is less than that of 

base non-welded specimen and they proposed a model on the basis of the initial distribution of 
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residual stress. However, redistribution of residual stress was not considered. Wang et al. [7] 

studied mixed mode fatigue crack growth of welded joint in high strength steel. They did not used 

as-weld specimen and some mechanical operations and post weld heat treatment was conducted on 

weldment. It was shown that due to the compressive welding residual stress in the longitudinal 

direction, the crack opening force in pure mode I is lower than that in mixed mode loading in which 

the low level of crack closure is caused by the compressive welding residual stress in the transverse 

direction. Based on experimental results, they proposed an equivalent stress intensity factor to 

correlate fatigue crack growth data. 

Overload is another important parameter which has an influence on the FCGR [8] and is defined 

as large stress peak in an otherwise constant amplitude load history. Applying the overload, a large 

amount of plastic deformation around the crack tip is created. Due to the interaction between plastic 

and elastic areas, the residual compressive stress field appears around the crack tip and 

consequently the fatigue crack growth is retarded [9]. Several models have been proposed for 

calculating retardation caused by overload [10,11]. Among them, Wheeler retardation model [12] is 

one of the most practical models. Many modifications to Wheeler model have been proposed by 

investigators [13-16]. However, these models are restricted to pure mode I overload conditions. 

The problem becomes more complicated if mixed mode conditions prevail at the crack tip by 

changing in the overload direction due to a special event such as thermo-shock or an operating error 

or temporary change in the loading direction [11]. For this purpose, some studies have focused on 

the fatigue crack growth behavior of materials subjected to mixed mode overload [17-24]. Sander 

and Richard [17] numerically showed that an increase in mode II portion of the overload causes a 

decrease in crack closure. Results of mixed mode overload experiments showed that the largest 

retardation occurred in the case of pure mode I overload and as the portion of mode II overload 

increases, the amount of retardation decreases [18,19]. Using the multi-focused optical microscope, 

Lee and Choi [20] noticed that as the shear portion of overload increases, the fatigue crack tip is 

sharpened and also the damage zone in the vicinity of the crack front is rotated. By conducting 
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several experiments on cruciform geometry specimens, Datta et al. [21] observed that the 

retardation caused by overload is proportional to the crack length and magnitude of overload, while 

no monotonic behavior was observed between the increase in the fatigue life and the value of mode 

mixity. It was shown that the fatigue crack growth rate is more consistent with change in the value 

of mode mixity and also the retardation of crack growth is continuously decreased by increasing in 

the value of mode mixity [22].  

By applying mixed mode overload to tubular specimens, Rege et al. [23] showed that 

retardation length is more than two times longer than the size of the overload plastic zone obtained 

from a linear elastic solution. Shahani et .al [24] proposed two models to evaluate retardation of 

fatigue crack growth of non-welded specimen under mixed mode overload by extending the 

Wheeler retardation model. In their first model, retardation can be predicted with high accuracy. 

However, their second model can be more practical since it does not include more material 

constants than the Wheeler model. All the aforementioned models have been proposed for non-

welded structures and their application to the welded joints has not been examined. As a result of 

plastic strains caused by local heating and cooling during the welding process, residual stress takes 

place affecting the fatigue crack growth of welded joints [25] and it should be taken into account in 

retardation models. 

In the first step of the present research, the effect of mixed mode fatigue loading on the crack 

growth behavior of Al5083 welded and non-welded specimens is investigated. It is shown that the 

fatigue crack growth rate of welded joints can be correlated with that of non-welded specimens at 

the same loading conditions by including the effect of residual stress caused by welding. In the 

second stage, the effect of mixed mode single overload on the fatigue crack propagation of welded 

specimens is investigated. In this case, the baseline fatigue loading prior to and after overload, was 

applied under pure mode I and only single overload was applied under mixed mode conditions. In 

the meanwhile, effect of post weld heat treatment (PWHT) on retardation of fatigue crack growth 

for pure mode I overload is examined and it is shown that it leads to a significant reduction in 
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retardation. By including residual stress effect into the two previous retardation models proposed 

for non-welded specimens, an extension of them is provided to enhance the accuracy of the models 

for welded joints under mixed mode overload. 

2. Experiments 

2.1. Material specification 

The material employed in this research was 5083-H111 aluminum alloy with thickness of 5 mm. 

The chemical composition of aluminum alloy 5083-H111 is presented in Table 1.  

Table 1. Chemical composition (wt.%) of base metal and weld metal. 

Element Si Fe Cu Mn Mg Zn Ti Cr Al 

Base Meatal (AA5083) 0.4 0.4 0.1 0.75 4.45 0.25 0.15 0.15 bal 

Weld metal (AA5183) 0.4 0.4 0.1 0.75 4.75 0.25 0.15 0.15 bal 

 

Prior to the welding process, welding parts were wiped with ethanol in order to remove the 

impurities of the surfaces and a wire brush was employed to eliminate the aluminum oxide. Fig. 1 

shows the Single ‘V’ butt joint configuration. The welding of the sheets was performed using TIG 

(Tungsten Inert Gas) welding process, with AA5183 used as the filler metal. The chemical 

composition of the filler metal is given in Table 1. The sheets were welded in a single pass and 

during the welding process, temporary stainless steel backing bar, as shown in Fig. 1, was used to 

support and shield molten weld metal. The direction of welding was parallel to the rolling direction. 

In order to avoid joint distortion the sheets were fixed with suitable clamps during the welding 

process. 

 

Fig 1. Joint configuration. 
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The welding parameters applied for TIG welding are presented in Table 2. 

Table 2. Welding process parameters 

Parameter Values 

Current 210 A 

Voltage 10 v 

Filler rod diameter 4 mm 

Tungsten electrode diameter 3 mm 

Welding speed 3 mm/s 

Shielding gas Argon 

Gas flow rate 12 lit/min 

 

Preparing tension test specimens from both base metal and the welded joint, tensile experiments 

were performed. Table 3 shows the mechanical properties of the base metal and welded joint at the 

ambient temperature. 

Table 3. Mechanical properties of the base metal and welded joints at ambient temperature. 

Elongation (%) Tensile Strength (MPa) 0.2% Proof Stress (MPa) Poisson's ratio E (GPa)  

22.1±0.6 309±4 140±1.5 0.33 65±0.8 Base metal 

10.3±0.1 263±1.6 127±1 0.33 60±0.5 Welded joint 

 

2.2. Experimental Procedure 

Mixed mode (mode I and mode II) fatigue crack growth experiments were carried out on both 

weld metal and base metal using Compact Tension Shear (CTS) specimen introduced by Richard 

and Benitz [26]. Fig. 2 illustrates geometry of the CTS specimen employed in the present 

investigation including relevant details regarding the mixed mode fixture.  
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(a) 

 

  

(b) (c) 

Fig. 2. Drawing of the (a) fixture and (b) CTS specimen, dimensions are in mm. (c) mixed mode fixture. 

Initial notch was created by electro-discharge machining at the center of the weld line. The 

direction of initial notch is parallel to the welding direction in welded specimen (WM) and is 
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parallel to the rolling direction in base metal specimen (BM). The designed fixture was made from 

17-4 PH stainless steel and its dimensions were obtained by analyzing the fixture using ABAQUS 

6.14 [27] in such a manner that the stresses were lower than the endurance limit of the 

aforementioned steel. 

Different mixed mode loading conditions can be created at the crack tip by rotating the 

specimen and the fixture with various angles 𝛽. As illustrated in Fig. 2, it can be assured that the 

loads are transmitted from the fixture to the CTS specimen in the horizontal and vertical directions 

by making elongated holes on the fixture. 

The tests were performed employing an MTS 60 kN servo-hydraulic fatigue machine. All the 

experiments were conducted at ambient temperature with the loading ratio 𝑅(= 𝐹𝑚𝑖𝑛 𝐹𝑚𝑎𝑥⁄ ) of 0.1 

and frequency of 20 Hz. 

The test specimens were fatigue precracked under pure mode I loading conditions up to 

𝑎𝑓𝑟𝑜𝑛𝑡 𝑤⁄ = 0.555, where 𝑎𝑓𝑟𝑜𝑛𝑡 and 𝑤 are the crack length at the front side and width of the 

specimen, respectively.  

Two groups of experiments were conducted. Fig. 3 shows the loading pattern of these two 

groups. In the first group (i.e. mixed mode constant amplitude loading experiments) presented in 

Section 3, after the fatigue precracks were created, the specimens were tested under constant 

amplitude loading at 𝛽 = 0,15,30, 45° with respect to the axis perpendicular to the crack plane (Fig. 

3a).  

In the second group (i.e. mixed mode overload experiments) presented in Section 4, only the 

single overload was applied under mixed mode conditions and the baseline fatigue loading prior to 

and after applying overload, was applied under pure mode I conditions (Fig. 3b). For this purpose, 

after fatigue precracking, to create mixed mode conditions the loading angle was changed to four 

various mode mixities of 𝛽 = 0,15,45, 90° by rotating the fixture. Then, the specimens were 

subjected to single overload spike at a loading rate of 0.2 kN/s. Thereafter, by returning the fixture 

to 𝛽 = 0°, fatigue loading was continued under pure mode I conditions the same as loading prior to 
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overload. In order to investigate the effect of post weld heat treatment on the retardation caused by 

overload, a welded specimen was subjected to heat treatment. For this purpose, a welded specimen 

was kept at 250°C for 1 hour and then cooled to ambient temperature in a heat chamber. 

(a) 

 

(b) 

 

Fig. 3. Schematic of loading pattern for (a) group I: mixed mode constant amplitude loading experiments (b) 

group II: mixed mode single overload experiments. 

The crack length of the specimen was measured by visual method. For the welded joint, the 

crack length measurement was performed on both sides of the specimen. During crack growth, 

digital images of the crack tip region were recorded using two cameras with resolution of 2448 by 

2048. In order to enhance optical capability of the crack length measurement, the region ahead of 

the crack tip was painted with white color. For more accurate detection of the crack tip, the photos 

were taken when the cracks was completely open. As shown in Fig. 3, fatigue loading was stopped 
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at the minimum load every 2000 cycles and then the load was increased to 95% of the maximum 

load and held for 1 second and after that signals were sent to the cameras to take pictures. 

Due to the asymmetric geometry of the weld, the crack length on the two sides of the specimen 

varies widely. Fig. 4 shows the comparison between the measured crack length during the test by 

digital cameras and the actual crack length at the end of the precrack stage for the welded joints. 

The actual crack length can be determined after breaking the specimen at the end of the test. The 

measured and actual crack length have less than 2% difference.  

(a) 

 

(b) 

 

(c) 

 

Fig. 4. (a) Top view of actual crack length obtained after the test. Measured crack length obtained during 

the test (b) back view (c) front view, at the end of the precrack stage. 

 

2.3. Stress intensity factors for CTS welded specimen 

Since the equations at hand for the SIFs of CTS specimen [28] are only valid for the straight 

crack (i.e. the direction of the crack growth does not change) and also they do not consider the weld 

geometry, so, a 3D simulation for several crack geometries was performed by the finite element 

method. The stress intensity factors, 𝐾I and 𝐾II, were then calculated for all the experiment 
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conditions by numerical simulation of the CTS specimen under mixed mode fatigue loading. Details 

of the numerical simulation have been completely explained in Section 3.2.2. 

The equivalent stress intensity factor 𝐾eq has been introduced for considering mode I and mode II 

simultaneously. Richard proposed Eq. (1) for the calculation of  𝐾eq [29]: 

𝐾eq =
𝐾I

2
+

1

2
√𝐾I

2 + 4(𝛼1𝐾II)2  (1) 

where 𝛼1 = 1.155. Furthermore, the cyclic equivalent stress intensity factor, ∆𝐾eq, is: 

∆𝐾eq =
∆𝐾I

2
+

1

2
√∆𝐾I

2 + 4(𝛼1∆𝐾II)2  (2) 

Eq. (3) shows the modified form of Paris law which can be used to evaluate the behavior of 

mixed mode fatigue crack growth: 

𝑑𝑎

𝑑𝑁
= 𝐶(∆𝐾eq)

𝑛
  (3) 

where 𝐶 and 𝑛 are material constants. 

In mixed mode experiments, the maximum and minimum uniaxial fatigue loads applied in 

different loading angles were chosen in such a manner to give an equivalent stress intensity factor 

of approximately 8 MPa√m for the base metal and 9 MPa√m for the welded joint immediately after 

precrack growth started. 

The overload ratio is defined according to Eq. (4): 

𝑅𝑜𝑙 =
𝐾𝑒𝑞

𝑜𝑙

𝐾𝑚𝑎𝑥
𝐵𝑙   (4) 

where 𝐾𝑒𝑞
𝑜𝑙 can be calculated using Eq. (1) and 𝐾𝑚𝑎𝑥

𝐵𝑙  denotes the maximum SIF of the baseline 

loading. In mixed mode overload experiments, the applied overload was chosen to have an overload 

ratio 𝑅𝑜𝑙, of 1.8. The maximum baseline load (𝐹𝑚𝑎𝑥
𝐵𝑙 ) and baseline load ratio (𝑅𝐵𝑙) were 5.2 kN and 

0.1, respectively. 

 

 

 



14 
 

3. Mixed mode fatigue crack growth 

3.1. Experimental results 

It was observed that the fatigue crack growth direction changes immediately from the precrack 

orientation as the load direction changes. Also, it was observed that there is no great difference in 

crack deviation angle between non-welded and welded specimens. Fig. 5 shows crack growth paths 

for loading angle 𝛽 = 30° in welded and non-welded specimens. 

  

(a) (b) 

Fig. 5. Crack growth paths for loading angle 𝛽 = 30° in (a) non-welded specimen (b) welded specimen. 

Shahani et al. [24] showed that using Gaussian function instead of incremental polynomial 

method (proposed by standard ASTM E647 [30]) for calculating the fatigue crack growth rate, 

generates the similar mean values with better fitting. Therefore, the Gaussian function has been 

employed as data reduction method to calculate FCGRs for all the tests. This function is defined as 

[28].  

𝑎𝑖 = 𝑑1𝑒
−(

𝑁𝑖−𝑏1
𝑐1

)
2

+ 𝑑2𝑒
−(

𝑁𝑖−𝑏2
𝑐2

)
2

+ 𝑑3𝑒
−(

𝑁𝑖−𝑏3
𝑐3

)
2

+ 𝑑4𝑒
−(

𝑁𝑖−𝑏4
𝑐4

)
2

  (5) 

where 𝑏𝑖, 𝑐𝑖 and 𝑑𝑖 are the regression parameters which are determined by the least squares method. 

Fig. 6 shows the fatigue crack growth rate of welded joints subjected to mixed mode constant 

amplitude loading in terms of the equivalent stress intensity factor range. 
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Fig. 6. FCGR of the welded specimens subjected to mixed mode constant amplitude loading. 

Fig. 7 shows the fatigue crack growth rate of welded joints in comparison with base metal 

specimens for various mode mixities. 

As can be seen from Figs. 6 and 7, at the first stage of crack growth for the same mode mixity, 

the FCGR in welded joint is lower than that in base metal. This is because of the compressive 

residual stress perpendicular to the initial crack plane by the welding process which decreases the 

fatigue crack growth rate. The effect of residual stress is more obvious in pure mode I condition 

(Fig. 7a). By increasing mode mixity the effect of the residual stress on the FCGR decreases 

rapidly, since the crack grows far from the weld zone because of crack deviation. Also, it can be 

seen that the FCGRs of specimens after a while became almost equal to each other which can be 

inferred that residual stress was gradually released by crack growth. In addition, in all welded 

specimens, the FCGR at the back side is greater than the front side. It may be due to different 
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distribution of welding residual stress at front and back sides of the welded specimens. So, finite 

element simulation is performed to investigate the effect of welding residual stress. 

 
 

(a) (b) 

 
 

(c) (d) 

Fig. 7. Fatigue crack growth rate of WM and BM specimens versus ∆𝐾eq,applied. 
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3.2. Finite element analysis 

In order to obtain the exact value of stress intensity factors including residual stress effect, 3D 

finite element simulation was performed using two software, Abaqus 6.14-2 [27] and Zencrack 

[31]. At first, welding simulation was conducted to achieve distribution of residual stress and then 

crack growth simulation was performed. 

3.2.1. Welding simulation 

3D finite element simulation of the welding process was conducted using Abaqus. The 

sequentially coupled thermomechanical analysis was accomplished, in which heat transfer analysis 

was followed by mechanical analysis. It means, a thermal analysis was firstly performed to achieve 

the temperature history of the plate. Thereafter, the temperature history was incrementally applied 

to the mechanical analysis in order to determine the residual stresses. That is, in mechanical 

analysis the temperatures of nodes were read from an output file which produced during thermal 

analysis. Fig. 8 illustrates the steps of welding simulation. 

 

Fig. 8. Steps of welding simulation. 

Hexagonal quadratic heat transfer elements (DC3D20) were employed for the thermal analyses. 

The size of the meshes employed in the mechanical and thermal models was identical. In the 

mechanical analyses, hexagonal quadratic elements with reduced integration (C3D20R) were used. 

A mesh convergence study on the weld centerline was performed by changing the size of elements. 

It was found that the elements with the size of 0.2 mm near the welding zone, would provide 



18 
 

converged temperatures as well as residual stresses. Eventually, the model was discretized using 

41968 elements and 188023 nodes. 

Fig. 9 and Table 4 show the material properties employed in the FE analysis. Tensile tests were 

carried out under various temperatures to obtain variation of mechanical properties in terms of 

temperature (Fig. 9b). At high temperatures equal to the melting temperature, the value of Young’s 

modulus nearly approaches zero and subsequently the problem diverges due to numerical 

instabilities. In order to solve mentioned problem, the value of Young’s modulus at melting point 

was considered as 0.00007 GPa. The physical properties of Al5083-H116 available at the literature 

[32] were used instead of Al5083-H111 (Fig. 9a), since physical properties of 5xxx series aluminum 

alloy do not vary in the wide range. 

  

(a) (b) 

Fig. 9. (a) The physical and thermal properties of Al5083-H116 [32] (b) The mechanical properties of 

Al5083-H111 obtained from present investigation. 

Table 4. Material properties of aluminum alloy [33]. 

Density (𝑘𝑔 𝑚3⁄ ) 2640 

Latent heat (𝐽 𝑘𝑔⁄ ) 300000 

Melting range (°𝐶) 570-620 

Poisson’s ratio 0.33 
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The welding process parameters presented in Table 2 were employed in the thermal analysis of 

welding. A moving distributed heat flux was applied as a heat source on the front surface of the 

plate. According to the Friedman model [34], it was assumed that the heat source with a circular 

shape is perpendicularly applied to the surface. The heat flux should be calculated at a certain time 

and location on the surface of elements on which the heat flux is acted. For this purpose, a user 

subroutine named DFLUX, which uses the FORTRAN language was developed and included in the 

model. The distribution of heat flux is stated as Eq. (6) [34]: 

𝑞(𝑟) =
3𝑄

𝜋𝑟𝑏
2 𝑒−3(𝑟 𝑟𝑏⁄ )2

  (6) 

where 𝑄 is the input heat and it can be calculated for arc welding by the following equation [35]: 

𝑄 = 𝜂𝑉𝐼  (7) 

where 𝐼 and 𝑉 are the arc current and voltage, respectively. 𝜂 is the arc efficiency and was assumed 

to be 90% for the TIG welding process [35]. 𝑟, as illustrated in Fig. 10, is the distance between the 

point in which the heat flux is calculated and the center point of the heat source and it is expressed 

as: 

𝑟 = √(𝑥 − 𝑥ℎ)2 + 𝑦2  (8) 

where 𝑥ℎ is the location of center point of moving heat source and it can be determined at each 

moment by Eq. (9): 

𝑥ℎ = 𝑣𝑡  (9) 

where 𝑣 is the welding speed. It can be seen that by increasing the time (𝑡), the heat source moves 

on the front surface of the plate. It was determined in the subroutine that if the value of 𝑟 is equal to 

or less than 𝑟𝑏, Eq. (6) is used to calculate the heat flux and if not, the heat flux is set to zero. 𝑟𝑏 

characterizes the heat input distribution and specifies the area in which 95% of the heat flux is 

deposited and it was set to 5.5 mm based on the weld pool size [33].  
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Fig. 10. Region of the heat source and heat loss. 

The convection and radiation to the environment were considered as the thermal boundary 

conditions for all faces of the specimen except the region on which the heat source is acted. The 

heat loss can be evaluated by Eq. (10): 

𝑞 = 𝑞convection + 𝑞radiation = ℎconvection(𝑇𝑖 − 𝑇𝑎) + 𝜀em𝜎bol(𝑇𝑖
4 − 𝑇𝑎

4)  (10) 

where 𝑇𝑎 and 𝑇𝑖 are the ambient temperature and instantaneous temperature, respectively. 

ℎconvection is the convection coefficient and it was set to 8 𝑊 𝑚2⁄ °𝐶. The emissivity, 𝜀em, is 0.15 

for aluminum and the Stefan-Boltzman constant, 𝜎bol, is 5.67037×10-8 𝑊 𝑚2⁄ °𝐶4 [36]. Also, the 

ambient temperature was set to 20°C. 

As the heat loss area changes over the time for the front face of specimen, another subroutine, 

named FILM, was developed and employed with DFLUX. In the developed code, if the location 

under consideration is located within the circular area where the flux is acted, no heat loss occurs. 

Otherwise, the heat loss coefficient, which consists of both the radiation and convection 

coefficients, is calculated as follows: 

ℎtotal = ℎconvection + 𝜀em𝜎bol(𝑇𝑖
3 + 𝑇𝑖

2𝑇𝑎 + 𝑇𝑖𝑇𝑎
2 + 𝑇𝑎

3)  (11) 

therefore, the total heat loss is calculated as: 

𝑞 = ℎtotal(𝑇𝑖 − 𝑇𝑎)  (12) 



21 
 

After the heat source reaches the end of the specimen, the specimen was cooled down until the 

steady state. Fig. 11a shows the distribution of temperature in the specimen due to the moving heat 

source at t=10s. It can be seen that the maximum temperature occurs on the front surface and at the 

center of the heat source. Fig. 11b illustrates the temperature history at different locations on the 

middle section of the specimen. As can be seen from Fig. 11, the temperature decreases by moving 

away from the weld centerline. 

(a) 

 

(b) 

 

Fig. 11. (a) Distribution of temperature during motion of the heat source at t=10s. (b) Temperature history at 

x=45mm. 
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In order to verify the developed subroutines in thermal model, the problem performed by 

Fanous et al. [35], was modeled. A plate with a width of 50 mm (y direction), length of 100 mm (x 

direction), and thickness of 2.5 mm was considered. The welding speed, arc voltage, arc current and 

arc efficiency were 2 mm/s, 24 V, 30 A and 90%, respectively. The material used was Inconel 

Alloy 600. Fig. 12 shows the results of thermal analysis for two different points on the top surface 

at the middle of the plate (x=50 mm). Good agreement is observed between the thermal results of 

present study and those of Fanous et al. [35]. 

 
Fig. 12. Verification of thermal analysis for two different points on the top surface at x=50 mm. 

The thermal elasto-plastic material model, on the basis of the isotropic strain hardening rule and 

the von Mises yield criterion, was considered. Since the thermal elasto-plastic analysis is a non-

linear problem, an incremental calculation technique was used to solve the problem. 

The restrictions due to the clamps during welding process should be considered in the FE 

model. For this purpose, the surfaces under clamping force as shown in Fig. 13, were fixed in the 𝑥, 

𝑦 and 𝑧 directions during the heating step (step 1). In the next step the restrictions of the clamped 

surfaces were removed. In order to prevent the rigid body motion of the specimen, the displacement 

of four nodes on planes far from the weld line was constrained in the 𝑥 or 𝑧 directions as shown in 

Fig. 13. 
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 Fig. 13. Boundary conditions of the specimen in mechanical analysis. 

After cooling step, i.e. step 3, another step was defined to create holes in the specimen using 

element death technique.  

Fig. 14 shows the resultant transverse component of stress (𝑆22) on the front surface at the end 

of each step. It should be mentioned that 𝑆22 is perpendicular to the crack plane and so it plays an 

important role during crack growth.  

 

Fig. 14. Distribution of transverse stress on the front surface along the weld centerline, 𝑦 = 0mm. 
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As can be seen from Fig. 14, in the last increment of the heating step the stress in regions with 

elevated temperature (𝑥 > 60mm) is noticeably low. By releasing the clamps (step 2), the stress 

decreases due to removing the restriction especially in the y direction. By cooling down the 

specimen into the ambient temperature, the absolute amount of stress increases and stress remains 

in the specimen as the residual stress. The residual stress in the specimen appears as a result of 

interaction of elastic strains with plastic strains accumulated during welding process. The residual 

stress is self-balanced. So, it is tensile in some regions and compressive in others. In other words, 

the welding residual stress satisfies the self-equilibrating condition between the tensile and 

compressive regions in a welded joint. It is seen that the amount of residual stress in the specimen 

tested is considerable and it should be taken into account. As can be observed from Fig. 14, by 

creating the holes in the specimen, the pattern of residual stress distribution does not change 

considerably near the weld centerline.  

3.2.2. Crack growth simulation 

In order to obtain the precise value of the SIFs including residual stress effect, three dimensional 

simulation of fatigue crack growth was performed using Zencrack commercial software linked to 

Abaqus.  

Zencrack replaces the regular elements at the position of crack in the un-cracked model by the 

crack blocks containing singular wedge elements (Fig. 15b). Residual stresses obtained from 

welding simulation (Section 3.2.1) were imported to the crack growth analysis as predefined field. 

Zencrack uses maximum energy release rate criterion for calculating crack growth direction. The 

magnitude and direction of maximum energy release rate at each node of the crack front are 

calculated and then the crack front is updated accordingly. This procedure will be repeated until the 

crack size or the number of cycles reaches a prescribed value. 

The point loads, as shown in Fig. 15a, are related to the applied uniaxial load 𝐹 according to the 

following equations [18]: 
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𝐹1 = 𝐹6 = 𝐹 (
1

2
cos 𝛽 +

𝑐

𝑏
sin 𝛽)  (13) 

𝐹2 = 𝐹5 = 𝐹 sin 𝛽  (14) 

𝐹3 = 𝐹4 = 𝐹 (
1

2
cos 𝛽 −

𝑐

𝑏
sin 𝛽)  (15) 

To apply the loads, as shown in Fig. 15a, reference points (RP) were placed at the center of the 

holes of the specimen and each one was coupled to half of circumference of the hole. 

 

 

 

 

 

 

 

 

 

 

(a) (b) 

Fig. 15. (a) Boundary conditions and loading applied to the specimen (b) Mesh pattern employed for FE 

simulation including singular elements at the crack front (𝛽 = 30°). 

The material behavior was assumed to be linear elastic. 𝐶 and 𝑛 of Paris relation were set to 

16.5×10-10 and 2.03 which were obtained from curve fitting to data of BM experiment (Fig. 6) and 

they were employed for all other cases. Simulations have been done for 𝛽 =0, 15, 30 and 45°. Fig. 

16 shows the comparison of the crack growth paths obtained from experiments and numerical 

simulations for BM and WM specimens. 
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(a) (b) 

Fig. 16. Experimental and numerical crack growth paths for BM and WM specimens. 

As can be seen from Fig. 16, there is a good agreement between the measured and predicted 

crack growth paths. For the case of BM specimen under 𝛽 = 45° loading, the difference between 

the predicted and measured path increases slightly as the crack grows. This difference is related to 

the rolling direction. Richard et al. [37] showed that the crack has a tendency to change its 

orientation from predicted path to the rolling direction. In welded specimens, the rolling direction 

disappears as a result of melting and recrystallization at the weld zone. 

3.3. Effective stress intensity factor 

As previously shown in Fig. 14, the amount of residual stress in the specimen tested is 

considerable and it should be taken into account in the FCGR. In order to consider the effect of 

residual stress in the fatigue crack growth rate, the effective stress intensity factor range is defined 

as Eq. (16): 

∆𝐾I,eff = {
(𝐾I,applied,max + 𝐾Res) − (𝐾I,applied,min + 𝐾Res)       𝐾I,applied,min + 𝐾Res > 0 

(𝐾I,applied,max + 𝐾Res)                                                𝐾I,applied,min + 𝐾Res ≤ 0 
  (16) 

where 𝐾I,applied and 𝐾Res are SIFs caused by the external applied load and by the residual stress, 

respectively. Then, the cyclic equivalent stress intensity factor, i.e. Eq. (2), is modified as follows: 

∆𝐾eq,eff =
∆𝐾I,eff

2
+

1

2
√∆𝐾I,eff

2 + 4(𝛼1∆𝐾II)2  (17) 
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It should be noted that the residual stress affects only mode I stress intensity factor and it does 

not contribute to mode II stress intensity factor, so it is merely included into the 𝐾I. Fig. 17 

illustrates fatigue crack growth rates in terms of ∆𝐾eq,eff for various loading angles.  

  
(a) (b) 

  
(c) (d) 

Fig. 17. Crack growth rate versus ∆𝐾eq,eff for (a) 𝛽 = 0° (b) 𝛽 = 15° (c) 𝛽 = 30° (d) 𝛽 = 45°. 

Comparing the two Figs. 17 and 7, it is clearly observed that in each loading angle, when the 

residual stress effect is included in FCGR curves, FCGR data for BM and WM specimens tend to 

fall within a very narrow scatter band. In other words, ∆𝐾eq,eff is satisfactorily able to correlate 

FCGR of welded specimen with that of BM specimen. 
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4. Fatigue crack growth of welded joint subjected to overload 

In the second stage of present research, the effect of mixed mode single overload on the fatigue 

crack propagation of welded specimens is investigated. The experimental procedure was formerly 

described in Section 2.2.  

By applying the overload, a retardation occurs in fatigue crack growth. The retardation behavior 

is characterized by two parameters named as the delay cycles (𝑁𝑑) and the delay length (𝑎𝑑). These 

two parameters are schematically illustrated in Fig. 18. As shown in Fig. 18, retardation stops when 

the FCGR after applying the overload becomes equal to the FCGR prior to applying the overload. 

 

Fig. 18. Retardation parameters shown on a typical 𝑎 − 𝑁 curve. 

 

4.1. Effect of PWHT on retardation caused by overload 

Prior to presenting results of mixed mode overload for as-welded specimens, the effect of post 

weld heat treatment on retardation of crack growth has been studied for pure mode I overload as 

illustrated in Fig. 19. 
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(a) 

 
(b) 

 
Fig. 19. The effect of post weld heat treatment on retardation of crack growth caused by pure mode I 

overload. 

It can be seen from Fig. 19 that post weld heat treatment leads to a significant reduction in 

retardation. It was numerically shown (Section 3.2.1) that compressive residual stress appears 

around the crack front due to welding process. This compressive residual stress helps to increase 

crack closure caused by the overload. On the other hand, residual stress is released by post weld 

heat treatment and subsequently the retardation decreases.  
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4.2. Retardation caused by mixed mode overload 

Fig. 20 shows the influence of mixed mode I+II single overload on the fatigue crack growth of 

as-welded specimens for various overload angles. 

(a) 

 

(b) 

 

Fig. 20. Influence of mixed mode single overload on the fatigue crack growth of the welded specimens 

for various overload angles at (a) front side (b) back side. 
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As can be seen from Fig. 20, pure mode I overload created the largest retardation. As the 

fraction of mode II in the overload increases, the amount of retardation decreases. Shahani et al. 

[24] justified this by the plastic deformation caused by mixed mode overload. They showed that the 

plastic zone around the crack tip rotates by increasing the fraction mode II of overload and also its 

size becomes smaller in the vertical direction with respect to the crack plane (y-direction). The 

compressive residual stress around the crack tip decreases by decreasing plastic deformation in the 

y-direction and subsequently, the amount of retardation decreases as the shear portion of the mixed 

mode overload increases. 

4.3. The modified Wheeler retardation model 

Shahani et al. [24] proposed two models to predict crack growth retardation of non-welded 

structures subjected to mixed mode overload based on the Wheeler retardation model. The retarded 

fatigue crack growth rate is stated as follows: 

(
𝑑𝑎

𝑑𝑁
)

Retarded
= (𝐶𝑝)

𝑖

∗
(

𝑑𝑎

𝑑𝑁
)

CA
= (𝐶𝑝)

𝑖

∗
(𝐶∆𝐾𝑖

𝑛)  (18) 

where (𝑑𝑎 𝑑𝑁⁄ )CA is FCGR of constant amplitude loading and 𝐶 and 𝑛 are constants of Paris 

relation. (𝐶𝑝)
𝑖

∗
 is mixed mode retardation parameter and is determined according to the following 

equation: 

(𝐶𝑝)
𝑖

∗
= {

(
𝑟𝑝,𝑖

𝑎𝑜𝑙+𝑟𝑝,𝑜𝑙−𝑎𝑖
)

𝑚∗

          𝑎𝑖 + 𝑟𝑝,𝑖 < 𝑎𝑜𝑙 + 𝑟𝑝,𝑜𝑙 

1                                   𝑎𝑖 + 𝑟𝑝,𝑖 ≥ 𝑎𝑜𝑙 + 𝑟𝑝,𝑜𝑙

  (19) 

where 𝑚∗ is the mixed mode exponent, 𝑎𝑜𝑙 denotes the crack length when the overload was applied, 

𝑟𝑝,𝑜𝑙 denotes the size of the plastic zone produced by the mixed mode overload, 𝑎𝑖 denotes the crack 

length corresponding to the 𝑖𝑡ℎ load cycle and 𝑟𝑝,𝑖 denotes the size of current plastic zone at 𝑎𝑖 (Fig. 

21). By reaching the boundary of the current plastic zone to the boundary of the overload plastic 

zone, retardation ceases. At this point, the current FCGR becomes equal to the FCGR prior to 

applying the overload. 
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Fig. 21. Definition of plastic zone size employed in the Wheeler model. 

The plastic zone size is determined as follows [24,38]: 

𝑟𝑝 = 𝛼 (
𝐾𝑒𝑞

𝑆𝑦
)

2

  (20) 

where 𝛼 is the plastic zone size factor, 𝑆𝑦 is the yield stress and 𝐾𝑒𝑞 is obtained from Eq. (1).  

The mixed mode exponent, 𝑚∗, is defined according to the model used as follows [24]: 

Model I: 
𝑚∗

𝑚𝐼
= 𝐴 (

𝐾𝐼
𝑜𝑙

𝐾𝐼
𝑜𝑙+𝐾𝐼𝐼

𝑜𝑙) + 𝐵  (21) 

Model II: 𝑚∗ = 𝑚𝐼 (
𝐾𝐼

𝑜𝑙

𝐾𝐼
𝑜𝑙+𝐾𝐼𝐼

𝑜𝑙)  (22) 

where 𝑚𝐼 is the Wheeler exponent for specimen under pure mode I overload. 𝐴 and 𝐵 are material 

constants which are achieved from experiment. 

It was shown that the model I predicts the retardation more accurately than model II (especially 

in pure mode II overload) [24]. However, it contains two constants which should be obtained from 

several experiments. Nevertheless, only one experiment is needed to calculate mixed mode 

exponent in model II. The application of these two models proposed for non-welded specimens is 

examined for welded joints used in the present study. 

The mixed mode exponent (𝑚∗) and plastic zone size factor (𝛼) can be calculated from a 

practical method which was firstly proposed by Sheu et al. [39] for pure mode I overload. Later, 

Shahani et al. [24] employed this method for non-welded specimen under mixed mode overload. 

Plastic zone size factor (𝛼) can be determined with the aid of the delay length (𝑎𝑑), shown in Fig. 

21, as follows: 
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𝑎𝑑 = 𝑟𝑝,𝑜𝑙 − 𝑟𝑝,𝑑 = 𝛼 [(
𝐾𝑒𝑞

𝑜𝑙

𝑆𝑦
)

2

− (
𝐾𝐼

𝑑

𝑆𝑦
)

2

]  (23) 

where 𝑟𝑝,𝑜𝑙 is size of  the plastic zone caused by overload, 𝐾𝐼
𝑑 is the maximum SIF corresponding to 

crack length of 𝑎 = 𝑎𝑜𝑙 + 𝑎𝑑 and 𝑟𝑝,𝑑 is size of the plastic zone at 𝐾𝐼
𝑑. The delay length (𝑎𝑑) is 

determined based on the experimental results (Fig. 18). 

The mixed mode exponent (𝑚∗) can be obtained by employing another retardation parameter, 

i.e. the delay cycles (𝑁𝑑). An iterative procedure, as shown in Fig. 22, is needed to calibrate the 

mixed mode exponent. In particular case of pure mode I overload 𝑚∗ = 𝑚𝐼. 

 

Fig. 22. Procedure used for calculating the mixed mode exponent. 

Table 5 presents the values of the mixed mode exponent (𝑚∗) obtained from experimental 

results in comparison with the values predicted by the two models proposed by Shahani et al. [24]. 

Calculations were performed for both sides of the specimen. 
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Table 5. Values of 𝑚∗ obtained from experimental results and two models for various overload angles. 

 Front Side  Back Side 

𝛽 Exp. 

Model I Model II  

Exp. 

Model I Model II 

Value 
Error 

(%) 

Valu

e 

Error 

(%) 
 

Valu

e 

Error 

(%) 

Valu

e 

Error 

(%) 

0° 2.32 1.96 15.5 2.32 0  2.48 2.08 16.1 2.48 0 

15° 1.54 1.64 6.5 1.98 28.6  1.76 1.83 4.0 2.21 25.6 

45° 0.69 1.15 66.7 1.45 110.1  0.86 1.36 58.1 1.69 96.5 

90° 0 0.19 100 0 0  0 0.17 100 0 0 

 

The normalized mixed mode exponent (𝑚∗ 𝑚𝐼⁄ ) versus mode mixity (𝐾𝐼 (𝐾𝐼 + 𝐾𝐼𝐼)⁄ ) is 

illustrated in Fig. 23 for both sides of the specimen. 

 
 

(a) (b) 

Fig. 23. Normalized mixed mode exponent in terms of mode mixity for (a) front side and (b) back side of the 

specimen. 

As can be seen from Fig. 23 and Table 5, the proposed models for predicting mixed mode 

exponent in non-welded specimen, are not accurate for welded joints. 
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4.4. Improvement of the modified Wheeler retardation model 

The welding residual stress has not been considered in calculation of mixed mode parameter as 

well as mode mixity in the models proposed by Shahani et al. [24]. Also, it was shown that the 

residual stress affects the FCGR of the welded joints. For this purpose, the models are modified by 

replacing SIFs in all previous equations with the effective stress intensity factor (𝐾I,eff) defined in 

Eq. (24) which includes the effect of welding residual stress: 

𝐾I,eff = 𝐾I,applied + 𝐾Res  (24) 

So, the two models for calculating mixed mode exponent are rewritten as follows: 

Modified Model I: 
𝑚∗

𝑚𝐼
= 𝐴 (

𝐾I,eff
ol

𝐾I,eff
ol +𝐾II

ol) + 𝐵 = 𝐴 (
𝐾I

ol+𝐾Res

𝐾I
ol+𝐾II

ol+𝐾Res
) + 𝐵  (25) 

Modified Model II: 𝑚∗ = 𝑚𝐼 (
𝐾I,eff

ol

𝐾I,eff
ol +𝐾II

ol) = 𝑚𝐼 (
𝐾I

ol+𝐾Res

𝐾I
ol+𝐾II

ol+𝐾Res
)  (26) 

As formerly noted, the residual stress contributes to the mode I stress intensity factor and 

subsequently it is only included into the 𝐾I. By Considering the modified models and repeating the 

previous procedure for calculating mixed mode exponent, the updated values for mixed mode 

exponent can be obtained as presented in Table 6. 

Table 6. Values of 𝑚∗ estimated from the experimental results and the modified models for various overload 

angles. 

 Front Side  Back Side 

𝛽 Exp. 

Model I Model II  

Exp. 

Model I Model II 

Value 
Error 

(%) 

Valu

e 

Error 

(%) 
 

Valu

e 

Error 

(%) 

Valu

e 

Error 

(%) 

0° 0.98 0.95 3.1 0.98 0  1.24 1.20 3.2 1.24 0 

15° 0.73 0.75 2.7 0.78 6.8  1.02 1.03 0.9 1.07 4.9 

45° 0.44 0.47 6.8 0.50 13.6  0.69 0.73 5.8 0.77 11.6 

90° 0 0.02 100 0 0  0 0.02 100 0 0 

 

Fig. 24 illustrates the mixed mode exponent estimated from experimental results and the 

modified models by considering welding residual stress. 
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(a) (b) 

Fig. 24. Normalized mixed mode exponent in terms of mode mixity including residual stress effect for (a) 

front side and (b) back side of the specimen. 

As can be seen from Fig. 24, by adding the effect of residual stress into the previous models 

which were proposed based on non-welded specimens, mixed mode exponent can be predicted with 

high accuracy. 

7. Conclusions 

In the present paper, several experiments have been conducted to study the effect of the loading 

and overloading angle on fatigue crack growth of Al5083-H111. According to the obtained results, 

the following conclusions can be drawn: 

- It was observed that in mixed mode experiments the FCGR in welded joint is lower than that 

in base metal which is due to compressive residual stress perpendicular to the initial crack 

plane. Also, the FCGR of the front and back side of specimen in each loading angle 

gradually became closer to each other and then they became equal. This is due to releasing 

residual stress. By increasing mode mixity the effect of the residual stress on the FCGR 

decreased rapidly, since the crack grows far from the weld zone.  

- Plotting FCGR in terms of the effective stress intensity factor range (∆𝐾eff), a more proper 

correlation was obtained between the FCGR data of welded joints with base metal in each 

loading angle.  
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- It was observed that the post weld heat treatment decreases retardation of crack growth since 

the compressive residual stress at the crack tip is released by heat treatment. 

- According to the results of mixed mode overload experiments, pure mode I overload created 

the largest retardation. The amount of retardation decreased as the portion of mode II in the 

overload increased. No significant retardation was observed in specimen subjected to pure 

mode II overload. 

- It was shown that the available models for non-welded specimens can not accurately predict 

the mixed mode exponent in case of welded joints. These models were modified by adding 

the effect of residual stress into them in such a way that the mixed mode exponent can be 

estimated with high accuracy. 
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