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ABSTRACT
The development of primary and secondary instabilities is investigated numerically for a supersonic transitional flow over a backward-facing
step at Ma = 1.7 and Reδ0 = 13 718. Oblique Tollmien–Schlichting (T–S) waves with properties according to linear stability theory (LST) are
introduced at the domain inlet with zero, low, or high amplitude (cases ZA, LA, and HA). A well-resolved large eddy simulation (LES) is
carried out for the three cases to characterize the transition process from laminar to turbulent flow. The results for the HA case show a rapid
transition due to the high initial disturbance level such that the non-linear interactions already occur upstream of the step, before the Kelvin–
Helmholtz (K–H) instability could get involved. In contrast, cases ZA and LA share a similar transition road map in which transition occurs
in the separated shear flow behind the step. Case LA is analyzed in detail based on the results from LST and LES to scrutinize the evolution
of T–S, K–H, and secondary instabilities, as well as their interactions. Upstream of the step, the linear growth of the oblique T–S waves is
the prevailing instability. Both T–S and K–H modes act as the primary mode within a short distance behind the step and undergo a quasi-
linear growth with a weak coupling. Upon pairing of the large K–H vortices, subharmonic waves are produced, and secondary instabilities
begin to dominate the transition. Simultaneously, the growth of T–S waves is retarded by the slow resonance between subharmonic K–H
and secondary instabilities. The vortex breakdown and reattachment downstream further contribute to the development of the turbulent
boundary layer.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0005431., s

I. INTRODUCTION

The backward-facing step (BFS) is one of the canonical geome-
tries in aerospace engineering applications, such as the surface
junction of airfoils1 and engine inlet,2 window frame of cockpits,3

and flame holder of combustors.4 In the combustor, this geome-
try can enhance the mixing of fuel and air.5 For external flows,
the flow field over the BFS has drawn considerable attention for
its relevance to triggering laminar-to-turbulent transition at skin
joints.6,7 Generally, the overall process of boundary layer transition
can be divided into three main stages: the receptivity to the external

disturbances, the gradual increase of the initial disturbances by
the linear/transient growth of the perturbations or a bypass pro-
cess, and finally the breakdown to turbulence caused by nonlinear
interactions.8 However, the specific process of the transition can
be very different depending on the configuration or environmental
conditions.

For a natural transition, the dominant mechanism is the
excitation, amplification, and breakdown of Tollmien–Schlichting
(T–S) waves, which are commonly referred to as the first or pri-
mary mode in the discrete mode spectrum.9 This is the usual transi-
tion mechanism encountered on smooth surfaces under quiescent
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free-stream conditions. For a subsonic flow, up to Ma ≈ 0.7,
the least-stable T–S waves remain as two-dimensional (spanwise
wavenumber equals zero).10 In the transonic and low supersonic
regime, the three-dimensional oblique T–S waves are more unstable
than the two-dimensional waves. At much higher Mach numbers,
Ma∞ ≥ 4.0, other modes become more unstable, which is, however,
not our current scope.

Linear stability theory (LST) is widely used to identify these
most unstable modes and predict their growth in the early linear
stage of the transition process. Reed, Saric, and Arnal8 provided
a comprehensive overview of the application of LST for bound-
ary layer stability analysis. In the present work, we address a low
supersonic flow (Ma = 1.7). In this regime, the transition process
is initiated by the exponential growth of oblique T–S waves, fol-
lowed by the occurrence of weakly and strongly nonlinear effects,
and finally breakdown to turbulence. In the early linear growth
stage, other modes are damped with the development of the tran-
sitional boundary layer along the streamwise direction and their
interactions with T–S waves can usually be neglected. Mayer, Von
Terzi, and Fasel11 further confirmed that the oblique waves can
individually induce a fully turbulent boundary layer in supersonic
flow, employing LST, parabolized stability equations (PSE), and
direct numerical simulation (DNS). The nonlinear process starts
with the rapid (transient) growth of the primary modes caused by
the interaction of a pair of oblique waves, leading to the gener-
ation of streamwise vorticity.12 Depending on the specific situa-
tion, a secondary instability may be induced or a bypass transition
occurs. Zhang and Zhou13 used PSE to investigate the role of sec-
ondary instability in the transition with imposed two-dimensional
and oblique T–S waves. Their results showed that the secondary
instabilities are not the main mechanism leading to the transition
in the flat plate case. The bypass path means that the linear growth
of primary or secondary modes is bypassed as a result of forc-
ing disturbances with large amplitude, such as strong free-stream
turbulence, pressure gradient, and wall curvature.14,15 Abdalla and
Yang16 reported that the Kelvin–Helmholtz (K–H) mode can be
the primary instability in the laminar-to-turbulent transition of
the laminar separated shear layer without any finite magnitude
environmental disturbances. The K–H rolls increase in size and
undergo a sinusoidal modulation via the helical instability along
the spanwise direction, and the induced highly three-dimensional
vortices break down to turbulence with the rolling-up of hairpin
vortices.

The backward-facing step is one of the cases where other insta-
bilities than T–S modes may prevail in the transition process.6 Over-
all, there are three main large-scale disturbances observed behind
the BFS, including a large primary recirculation eddy as well as
Görtler-like and Kelvin–Helmholtz vortices.7,17,18 The leading tran-
sition mechanism depends on the geometry configuration and is
mainly governed by the step height relative to the incoming bound-
ary layer thickness.7 When the step height exceeds a critical value,
which is a function of unit Reynolds number, the traveling and shed-
ding of the K–H vortices are usually the main driver of the transi-
tion process.17 Furthermore, Eppink et al.19 indicated that transition
is accelerated by the interaction of various instability mechanisms
behind the step, which can be considered as a modulation of three
different types of disturbances with sufficient large amplitudes, but
differing in a frequency band. The low-frequency disturbances are

related to traveling waves, while the medium and high frequency
contents are associated with T–S waves and shear layer instabil-
ity, respectively. It seems that the various instabilities and their
interactions, instead of the individual effects by the growth of T–S
waves, have a great impact on the transition for such a configuration
where a separation bubble is present. Simulations by Brinkerhoff and
Yaras20 observed that the streamwise vortices induced by the T–S
waves are amplified inside the separated shear layer due to the local
adverse pressure gradient and develop into coherent hairpin vortices
eventually.

In the supersonic regime, the separated shear layer instability
has also been widely reported for the BFS case.21,22 In our previ-
ous work,23 we have scrutinized the transition path with an unper-
turbed laminar boundary layer inflow, consisting of the initiation
and growth of the K–H vortices, distortion of the large quasi-two-
dimensional vortices via the secondary instability, the emergence
of the Λ-shaped and hairpin vortices via the vortex breakdown,
and finally leading to a turbulent state. Due to the lack of oblique
T–S waves in the incoming boundary layer in front of the step,
the role of primary T–S modes, their interactions with the excited
K–H modes, and the secondary waves in the transition process
of the free shear layer, however, are not completely documented
and understood. Mayer, Wernz, and Fasel24 numerically investi-
gated the oblique breakdown mechanism of the transition excited
by the three-dimensional T–S waves. They first demonstrated that
the breakdown to turbulence can be triggered solely by the devel-
opment of a fundamental primary oblique wave. The interaction
between one oblique fundamental wave and two oblique subhar-
monic waves is also reported. This subharmonic resonance triad can
accelerate the laminar-to-turbulent transition. Marxen, Iaccarino,
and Shaqfeh25 proposed that the transition is a slow resonant pro-
cess between the primary and secondary waves in the presence
of roughness in which the amplitudes of the excited fundamen-
tal and subharmonic secondary waves are augmented significantly.
The transient evolution of the primary wave does not usually affect
the secondary instability. In addition, the primary waves tend to
damp downstream when the excited secondary waves and other
large vortices become significant.26 Paredes, Choudhari, and Li27

found that the primary oblique wave can be stabilized by stationary
streamwise streaks if the streak spacing is less than half the span-
wise wavelength of the primary oblique wave. In contrast, when
the streak spacing exceeds this critical value, the primary oblique
wave is destabilized by the streaks, which accelerates the oblique
breakdown. This nonlinear process usually features staggered Λ-
shaped vortices along the boundary layer, the following hairpin vor-
tices caused by lift-up effects, and a breakdown of these coherent
vortices via nonlinear interactions between them.28 In the above-
mentioned investigations, the primary instability is mainly associ-
ated with either T–S or K–H waves solely. In the present work,
we investigate how the incoming T–S waves behave in the back-
ground of the strong K–H instability and their interactions with
the induced secondary instability in the transition process for a
Ma = 1.7 BFS flow.

This paper is organized as follows: In Sec. II, the numerical
setup for the current BFS case is described. Specifically, we present
the linear stability theory used to generate the unstable oblique
T–S waves that are introduced at the domain inlet as initial bound-
ary conditions. Section III first briefly compares the results for the
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investigated three cases with zero, low, and high amplitude pertur-
bations (cases ZA, LA, and HA). Subsequently, a comprehensive
analysis is made of the case with low-amplitude oblique waves using
both LST and LES. A summary of the main conclusions is given
in Sec. IV.

II. FLOW CONFIGURATION AND NUMERICAL SETUP
A. Governing equations

The physical problem is governed by the three-dimensional
compressible Navier–Stokes (N–S) equations with adequate bound-
ary and initial conditions, which represent the conservation of mass,
momentum, and total energy,

∂ρ
∂t

+
∂

∂xi
(ρui) = 0, (1)

∂ρuj

∂t
+

∂

∂xi
(ρuiuj + δijp − τij) = 0, (2)

∂E
∂t

+
∂

∂xi
(uiE + uip − ujτij + qi) = 0, (3)

where ρ is the density, p is the pressure, and ui are the components
of the velocity vector.

The total energy E is defined as

E = p
γ − 1

+
1
2
ρuiui, (4)

the viscous stress tensor τij follows the Stokes hypothesis for a
Newtonian fluid

τij = μ(
∂ui

∂xj
+
∂uj

∂xi
− 2

3
δij

∂uk

∂xk
), (5)

and the heat flux qi is computed by Fourier’s law,

qi = −κ∂T/∂xi. (6)

The fluid is air and assumed to behave as a perfect gas with a
specific heat ratio γ = 1.4 and a specific gas constant R = 287.05
J(kg K)−1. Accordingly, the thermodynamic properties follow the
ideal-gas equation of state,

p = ρRT. (7)

The dynamic viscosity μ and thermal conductivity κ are a function of
the static temperature T and are modeled according to Sutherland’s
law and the assumption of a constant Prandtl number Pr,

μ = μref
Tref + S
T + S

( T
Tref
)

1.5
, (8)

κ = γR
(γ − 1)Pr

μ. (9)

The values adopted for the computation are the following:
μref = 18.21 × 10−6 Pa s, Tref = 293.15 K, S = 110.4, and Pr = 0.72.

B. Flow configuration
The current computational case is an open BFS (i.e., no upper

wall) with a supersonic laminar inflow, a schematic of which is
shown in Fig. 1. Three cases are considered on the same geometry
with different inflow conditions, featuring a laminar zero-pressure
gradient boundary layer superimposed with zero-amplitude (case
ZA, i.e., clean laminar inflow), low-amplitude (case LA), and high-
amplitude (case HA) oblique waves at the inlet.

The laminar inflow is characterized by the free-stream Mach
number Ma∞ = 1.7 and the Reynolds number Reδ0 = 13 718 based
on the inlet boundary layer thickness δ0 (99%u∞) and free-stream
values for velocity u∞ and viscosity μ∞. The main flow parameters
are summarized in Table I. We indicate free stream flow parame-
ters with subscript ∞ and stagnation parameters with subscript 0.
The size of the computational domain corresponds to [Lx, Ly, Lz]
= [110δ0, 33δ0, 16δ0] including a length of 40δ0 upstream of the step.
The height of the step is three times the inlet boundary layer thick-
ness, which is large enough to trigger the transition from laminar to
turbulent flow.17

FIG. 1. Schematic of the region of interest, which is in the center of the computational domain with the size of ([−40, 70] × [−3, 30] × [−8, 8])δ0 in the x, y, and z directions.
This figure represents an instantaneous numerical schlieren graph in the x–y cross section for the low-amplitude perturbed laminar flow case. Indicated are the wall-normal
profiles of the mean velocity and perturbations.

TABLE I. Main flow parameters of the current cases.

Ma∞ u∞ δ0 θ0 Re∞ T0 p0 h p∞

1.7 469.85 m/s 1 mm 0.107 mm 1.3718 × 107 m−1 300 K 1 × 105 Pa 3 mm 20 259 Pa
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C. Numerical method
An implicit large eddy simulation (LES) method of Hickel,

Egerer, and Larsson29 is used to solve the governing equations. This
technique, the adaptive local deconvolution method (ALDM), pro-
vides a spatial discretization scheme with a consistent subgrid scale
model for turbulence and shock waves with negligible numerical
diffusion in a well resolved laminar flow. An explicit third-order
total variation diminishing (TVD) Runge–Kutta scheme is used
for time marching.30 This method has been successfully applied
to various supersonic flow cases, including shock wave/boundary
layer interaction (SWBLI)31–33 and laminar to turbulent transition.23

More details about the numerical method can be found in Refs. 29
and 34.

The numerical grids are generated using a Cartesian structure
with block-based local refinement, as displayed in Fig. 2. In addition,
hyperbolic grid stretching was used in the wall-normal direction
downstream of the step, which is not visible in Fig. 2 due to the
high mesh density. The mesh is sufficiently refined near all walls
(y+ < 1) to ensure a well-resolved wall shear stress. The grid spac-
ing becomes coarser with increasing wall distance, but the expansion
ratio between the adjacent blocks is not larger than two. The dis-
tribution of mesh cells is uniform in the spanwise direction. Using
this discretization strategy, the computation domain has around
3.6 × 107 grid points; thus, we obtain a spatial resolution of the flow
field with Δx+

max × Δy+
max × Δz+

max = 40 × 0.96 × 20 in wall units for
the first level grid near the wall in the entire domain (Δx+

max = 0.9
on the step wall). The temporal resolution, that is the time step, is
approximately Δtu∞/δ0 = 7.6 × 10−4, corresponding to a Courant–
Friedrichs–Lewy condition CFL < 0.5. The grid convergence of the
current setup has been verified in our previous work.23

The step and wall are modeled as non-slip adiabatic surfaces.
All the flow variables are extrapolated at the outlet of the domain.
At the inflow and on top of the domain, non-reflecting boundary
conditions based on Riemann invariants are used. Periodic bound-
ary conditions are imposed in the spanwise direction. The grid
and numerical approach used in the current study are the same
for all three cases, except for the inlet boundary conditions. Case
ZA has a clean compressible self-similar laminar inflow boundary
layer profile, while cases LA and HA contain oblique T–S waves
superimposed on the same mean laminar boundary layer profile
at the inlet. The setup of the imposed T–S mode will be described
in Sec. II D.

D. Oblique wave generation
Linear stability analysis is widely used to study the distur-

bance growth of a parallel flow in the linear regime with relatively
low computational expenses compared with LES and DNS.35,36 The
spatial variant of LST was employed for the current investigation.
According to this approach, the flow variables are decomposed into
a steady part q̄ and an unsteady perturbation q′, with the latter being
represented by harmonic modes,

q(x, y, z, t) = q̄(x, y, z) + q′(x, y, z, t)

= q̄(x, y, z) + q̃(y) ⋅ ei(αx+βz−ωt) + c.c. (10)

The real part of α and β determines the streamwise and spanwise
wavenumber, and the imaginary part of α shows the growth rate in
the x direction. The angle ϕ of the traveling perturbation waves with
respect to the x axis is given by arctan(βr/αr). The real and imagi-
nary parts of ω represent the frequency and temporal growth rate,
respectively. The term c.c. denotes the complex conjugate of the per-
turbation in order to obtain a real-valued quantity. In the LST solver,
the reference length for these parameters is the local Blasius length
l =
√
ν∞x/u∞ (x/δ0 = 382 at the inlet), for instance, the dimen-

sionless streamwise wavenumber αl = αl. In the following parts, the
parameters of wave properties with superscript l are normalized by
the Blasius length l, and those with superscript δ are normalized by
the inlet boundary layer thickness δ0. For the spatial stability analy-
sis, β and ω are prescribed real numbers, while α is the to-be-solved
complex number. In this case, the formulation of the perturbations
can be rewritten as

q′(x, y, z, t) = e−αix(q̃r cos θ − q̃i sin θ)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

real part

+ ie−αix(q̃r sin θ + q̃i cos θ)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

imaginary part

,

(11)

where θ = αrx + βz −ωt. The base flow q̄ and perturbations q̃ are sub-
stituted into the compressible N–S equations. The linearized N–S
equations are then further simplified by the parallel-flow assump-
tion to the Orr–Sommerfeld (O–S) equations. With appropriate
boundary conditions, these equations represent an eigenvalue prob-
lem. In the spatial analysis, the resulting eigenvalues of the O–S
equations are the complex wavenumber α, and the corresponding
complex eigenfunctions are the disturbances of the three velocity
components, pressure, and temperature. The LST solver used in the

FIG. 2. Details of the numerical grid
depicted in the x–y plane in the compu-
tational domain near the step. For clarity,
every second point in the x direction and
fourth point in the y direction are plotted.
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FIG. 3. Contours of αi at the domain inlet obtained from
LST.

present study is a validated in-house code whose numerical details
and validation have been reported previously.37–39

For the present BFS case, the compressible base flow was com-
puted by using a selective frequency damping technique.40 Next,
spatial LST is used to find the local most unstable mode, i.e., cor-
responding to the smallest negative value of αl

i, within a range of
0.03 ≤ βl ≤ 0.12 and 0.008 ≤ ωl ≤ 0.024. Figure 3 shows the contours
of αl

i at the local Reynolds number Rel = 2167 based on the Blasius
length. As we can see, the maximum ∣αl

i∣ is reached at αl
i = −0.002 55

for βl = 0.062 02 and ωl = 0.016 05. The corresponding streamwise
wave number and wave angle are αl

r = 0.040 01 and ϕ = 57.17○,
respectively. It has been reported that for the similar flow condi-
tions, the wave angle of the primary mode is between ϕ = 55○ ∼ 60○

(at Ma > 1.6), the streamwise wave number αl
r = 0.035–0.09 (at Rel

= 2000 and Ma = 1.6), and angular frequency ωl = 0.006–0.03 (at
Rel = 2000 and Ma = 1.6).12,41,42 Our results fall into this reported
range.

The eigenvalues spectra and corresponding disturbance profiles
of the most unstable oblique wave are plotted in Fig. 4. The horizon-
tal branch on the left represents the fast acoustic wave spectrum and

the one on the right the slow acoustic wave spectrum [see Fig. 4(a)].43

These two continuous horizontal spectra are generated from the
streamwise wavenumber αr corresponding to the phase velocities cph
= 1± 1/Ma. The vertical branch denotes the continuous vorticity and
entropy spectra cph = 1. At the current Reynolds number, these two
branches overlap and become indistinguishable, which is a common
behavior in high Reynolds number flow, as reported by Balakumar
and Malik.44 The mode with a minimum negative value belongs
to another continuous spectrum (most of them are not shown in
the plot due to their large imaginary magnitudes), which will decay
rapidly with the streamwise distance and therefore is not our cur-
rent concern. These spurious modes can be identified by examining
their eigenfunctions. The other discrete mode in the fourth quad-
rant is the T–S mode and has the largest growth rate among all the
physical modes. Figure 4(b) shows the perturbation profiles of the
velocity components, pressure, and temperature for this mode. We
substitute the computed αr , β, and ω into Eq. (11), retaining only
the real part of q′, where e−αix is set as a constant initial ampli-
tude. We consider two cases: with low amplitude (e−αix = 0.026, case
LA) and high amplitude (e−αix = 0.26, case HA). Correspondingly,
the averaged amplitude of the streamwise velocity fluctuations is

FIG. 4. (a) Eigenvalue spectra and
(b) the wall-normal disturbances of the
local least stable T–S mode at ωδ0/u∞
= 0.101 64 and βδ0 = 0.392 70 obtained
from LST.
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FIG. 5. Streamwise development of the time and spanwise-averaged (a) skin fric-
tion and (b) root mean square of wall pressure fluctuations (normalized by ρ∞u2

∞
)

for case ZA (○), case LA (——), and case HA (- - - - - -).

equivalent to Ain = 0.1%u∞ (case LA) and Ain = 1%u∞ (case HA)
in the disturbed region (0 ≤ y/δ0 ≤ 5.0).

III. RESULTS
We first compare the transition process of the boundary layer

among the three cases ZA, LA, and HA in this section to investigate
the impact of the initial disturbance level on the transition process.
The main involving instabilities are identified by the visualization of
the instantaneous vortical structures. Case LA shows T–S, K–H, and
secondary waves most clearly. Our focus then is put on this most
interesting case, i.e., the low-amplitude oblique waves case, to dis-
cuss the interaction among the oblique T–S, K–H, and secondary
modes.

A. Comparison of transition process with different
initial disturbance levels

First of all, an overview of the boundary layer development is
provided by discussing the streamwise variation of the time- and
spanwise-averaged skin friction, as shown in Fig. 5(a). The curves
for cases ZA and LA coincide. The boundary layer remains laminar
upstream the step, as can be inferred from the low level of ⟨Cf ⟩. In
the first half of the separation bubble (0.0 ≤ x/δ0 ≤ 5.1), the recir-
culating flow is still laminar, and ⟨Cf ⟩ is approximately zero. Then,
⟨Cf ⟩ decreases toward a global minimum at x/δ0 ≈ 8.0, followed by
an increase in ⟨Cf ⟩. In both cases, the shear layer reattaches around
x/δ0 = 10.9. For case HA, the transition occurs much faster than for
the other two cases. Skin friction begins to grow shortly downstream
the inlet at x/δ0 ≈ −33.0, which indicates an early onset of transition.
After a quick growth between −28.0 ≤ x/δ0 ≤ −21.0, ⟨Cf ⟩ reaches a
typical turbulent level,45 indicating that the boundary layer is already
quite turbulent upstream the step. As a result of the more energetic
shear layer and, thus, the promotion of mixing, the reattachment
length (Lr/δ0 = 8.8) is 19% shorter than for the other two cases. The
skin friction coefficient reaches a steady value at about ⟨Cf ⟩ = 2.9
× 10−3 for all the cases at x/δ0 > 30. Table II compares the reattach-
ment length Lr from the current LES with existing experimental and
numerical results normalized with the step height h. In the laminar
case, the obtained Lr/h = 3.63 agrees well with the value reported by
Karimi, Wijeyakulasuriya, and Nalim46 for their low-turbulence case
(turbulence intensity I = 0.5%) and is smaller than the one reported
by Zhu et al.22 due to the lower Ma in the current case. For the turbu-
lent case, it can be seen that Lr/h = 2.93 is very close to the reported
values, for example, Lr/h = 3.0 reported by Chakravarthy, Arora, and
Chakraborty.47

The root mean square (rms) of the wall pressure prms

=
√
⟨p′p′⟩/ρ∞u2

∞ is plotted in Fig. 5(b), illustrating the level
of fluctuations and the generation of turbulence. Due to the
imposed oblique waves, the rms of wall pressure for cases LA
and HA is around two and three orders higher than for the
clean laminar inflow case at the inlet [not visible in Fig. 5(b)

TABLE II. Comparison of the reattachment length reported in various studies. Note that the reference length δ0 is the boundary layer thickness in front of the step in some cases,
and I is the free stream or maximum inflow turbulence intensity.

Authors Ma Re∞ (m−1) h (mm) δ0/h Lr/h Comments

Chakravarthy, Arora, and Chakraborty47 1.5 4.41×107 6.35 0.32 3.0 LES, I ≈ 6%
Roshko and Thomke48 2.0 3.74×107 6.35 0.54 3.36 Experiment, turbulent
Liu et al49 2.0 3.35×107 3.18 0.25 3.0 LES, I ≈ 1%
Soni, Arya, and De18 2.0 3.34×107 3.2 . . . 4.1 LES, I ≈ 2.9%
Karimi, Wijeyakulasuriya, and Nalim46 2.0 3.32×107 3.18 . . . 3.56 Rans, I ≈ 0.5%
Bolgar, Scharnowski, and Kähler50 2.0 2.77×107 7.5 0.47 3.24 Experiment, I ≈ 2%
Chen et al.51 3.0 0.77×107 5 . . . 3–4 Experiment, turbulent
Zhu et al.22 3.4 0.610×107 3 0.33 5.9 Experiment, laminar
Zhu et al.22 3.4 0.610×107 3 0.33 3.6 Experiment, turbulent
Present case ZA 1.7 1.37×107 3 0.33 3.63 LES, laminar
Present case LA 1.7 1.37×107 3 0.33 3.63 LES, I ≈ 0.8%
Present case HA 1.7 1.37×107 3 0.33 2.93 LES, I ≈ 8%
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due to its level lower than 10−5]. In case HA, the pressure fluc-
tuations start to increase at x/δ0 = −31.0, which confirms that
transition is initiated at this point. After reaching a local max-
imum at x/δ0 = −24.0, they gradually reduce to a level of prms
= 0.005 upstream the step. For cases ZA and LA, the pressure
fluctuations grow very slowly upstream the step. Behind the step,
all three cases display a similar variation tendency, but with dif-
ferent rates. Case HA has a higher initial level of the pressure

fluctuations after the step and a higher peak value than the other
two cases. Case LA follows nearly the same trajectory as case
ZA downstream the step, notwithstanding it being imposed with
low-amplitude oblique waves, which provides further support for
the assumption that these two cases share the same transition
path throughout the separated shear layer region. The wall pres-
sure fluctuations finally reach identical levels for all three cases
at x/δ0 > 30.

FIG. 6. Instantaneous vortical structures
at tu∞/δ0 = 912, visualized by isosur-
faces of λ2. A numerical schlieren based
on the z = 0 slice is also included with
|∇ρ|/ρ∞ = 0–1.4. (a) Case ZA and (b)
case LA at λ2 = −0.02.
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The visualization of instantaneous vortical structures for all
three cases is presented by means of isosurfaces of the λ2 vortex
criterion52 in Figs. 6 and 7. For both cases ZA and LA, there is a
strong shear layer produced at separation, which is subject to the
inviscid instability, inducing large K–H vortices. Subsequently, these
large vortices break down into small vortices as they move toward
the bottom wall, which is likely caused by the secondary instability.
Finally, a fully turbulent boundary layer flow develops downstream
of the separation bubble, as illustrated by the small hairpin vortices
resulting from the breakdown of the large Λ-shaped vortices and
reattachment of all these unsteady waves. These similar features of
the instantaneous flow field provide further confirmation that cases
ZA and LA follow the same transition path. For the low-amplitude

case, however, the development of the upstream boundary layer also
shows the imposed oblique T–S waves upstream the step, as shown
in Fig. 5 and will be discussed in more detail in Sec. III B 1. In
contrast, case HA undergoes a much earlier transition, which takes
place already in the attached boundary layer upstream of the step
[Fig. 7(a)]. The visualization shows oblique vortices that are excited
by the large-amplitude T–S waves and their secondary instabili-
ties, which form the arc-shaped vortices. These disturbances of the
boundary layer already become highly three-dimensional upstream
of the step. Since the incoming flow is effectively turbulent at the step
[Fig. 7(b)], the free shear layer of case HA is more unsteady (tur-
bulent) than for case ZA/LA. Note that the increased level of λ2 in
Fig. 7(b) is aimed to remove the small homogeneous vortices and

FIG. 7. Instantaneous vortical structures
at tu∞/δ0 = 912 for case HA, visual-
ized by isosurfaces of λ2. A numerical
schlieren based on the z = 0 slice is
also included with |∇ρ|/ρ∞ = 0–1.4. (a)
Upstream the step at λ2 = −0.02 and (b)
downstream at λ2 = −0.08.
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better visualize the interesting vortical structures. The shear layer
reattaches earlier because of the more energetic shear layer, while
the generated reattachment shock has a smaller shock angle and
stronger intensity (see the included numerical schlieren in Fig. 7).
The latter observations are in qualitative agreement with the pre-
dictions from a theoretical inviscid model of the flow reattachment
configuration.

By comparison, the transition path of case LA is very similar
to what was observed in the undisturbed laminar case.23 Basically,
the transition consists of four major phases according to the domi-
nant instability. The growth of the T–S modes is the main source of
the disturbances upstream the step (phase 1: x/δ0 < 0). In the sec-
ond phase (phase 2: 0 ≤ x/δ0 ≤ 4), the development of large K–H
vortices is the most significant feature of the flow field. However,
in the current LA simulation case, we can also observe the effect of
the oblique waves in this region, such as the harmonic undulation
of the K–H vortices compared to the more straight K–H vortices
in case ZA. The secondary instability dominates the growth of the
turbulence in the third phase (phase 3: 4 ≤ x/δ0 ≤ 7.5). Near the
reattachment location, the breakdown of vortices promotes the tran-
sition to fully developed turbulence (phase 4: x/δ0 ≥ 7.5). For case
HA, on the other hand, the gradual growth of the oblique T–S waves
appears to saturate soon, and other instabilities already take effect
well upstream of the step. As a result, the flow field is highly turbu-
lent in the shear layer, which may be the cause that the initiation of
large K–H vortices is suppressed. Therefore, with our current inter-
est lying on the interaction between K–H and T–S instabilities, for
the subsequent analysis, we identify case LA as the most interest-
ing one to scrutinize the effects of possible primary and secondary
instability interactions in the transition for the supersonic BFS
configuration.

B. Evolution of instabilities in case LA
1. Tollmien–Schlichting instability

The wavenumber and frequency of the least stable waves
depend on the local Reynolds number Rel based on the Blasius

length.10 We traced the eigenvalues of the unstable modes, including
the least unstable one, along the streamwise direction. The stability
diagram is displayed in Fig. 8, where three levels of αl

i are com-
puted at a constant spanwise wavenumber βl = 0.062 02 and angular
frequency ωl = 0.016 05 against Rel. Since the Reynolds number of
our case is very close to the critical one, the variation of ω is rel-
atively small for each level of αl

i when Rel < 2225 at βl = 0.062 02
[Fig. 8(a)]. For increasing Rel (moving downstream), the upper and
lower branches of the stability diagram move toward each other
until they finally meet. The unstable region of the oblique waves is
decreasing with increasing Rel and ∣αl

i∣. Figure 8(b) shows the same
levels of αl

i with different Rel and βl at a specific angular frequency
ωl = 0.016 05. A similar trend of βl with Rel is observed as that of ωl

in Fig. 8(a). The development of the most unstable mode (the one
with maximum ∣αl

i∣) at the given βl and ωl is also included in Fig. 8
(the dashed–dotted lines). We can see that the frequency and span-
wise wavenumber of the least unstable modes are relatively constant
along the streamwise distance. In conclusion, the wavenumber and
frequency of the oblique wave imposed at the inlet remain in the
unstable region and are very close to the values of the local most
unstable oblique T–S wave upstream the step. Therefore, in the fol-
lowing discussion, we only look into the spatial development of the
unstable mode with the imposed wavenumber and frequency using
both LST and LES.

The evolution of the oblique waves computed by LES can be
measured by the maximum root mean square of the streamwise
velocity fluctuations. The semi-log plot in Fig. 9 already indicates
that the current LES can well predict the exponential growth rate of
the oblique T–S waves. The averaged streamwise growth rate is given
by the slope of the curve whose value approximates to 0.0155 and
is very close to the LST result αδ = 0.0161 for the inflow perturba-
tion. We also provide the shape factor of the boundary layer in Fig. 9
(dashed line). The shape factor is almost a constant upstream the
step, and its mean value is equal to 4.36. Chang et al.53 proposed that
the shape factor is a function of pressure gradient and free stream
Mach number in a compressible laminar flow with adiabatic wall

FIG. 8. Contours of αi computed from
LST at the imposed (a) spanwise
wavenumber βl = 0.062 02 and (b) angu-
lar frequency ωl = 0.016 05 (——, αl

i
= −0.0014; - - - - - -, αl

i = −0.0015;
⋯⋯, αl

i = −0.0016; and –⋅–⋅–, ∣αl
i∣max).
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FIG. 9. Maximum rms of streamwise velocity fluctuations
(solid line) and shape factor of the boundary layer (dashed
line) along the streamwise direction.

and provided the following empirical fit:

H(Ma∞, λ′θ) =
3.182λ′θ + 0.577 57
λ′2θ + 1.49λ′θ + 0.223

⋅ (1 +
γ − 1

2
Ma2
∞), (12)

where λθ is a corrected pressure gradient factor in compressible
flow, which equals to zero in our case without pressure gradient. We
obtain H = 4.09 using this empirical formula, which is close to the
current mean shape factor.

Next, we calculate the streamwise wavenumber and growth rate
using LES results. The temporal Fourier transform of the LES data is
computed at every streamwise location,

Q′(x, f ) =
N

∑
k=1

q′(x, tk)eiftk , (13)

where tk denotes the discrete time samples. In the present case, the
extracted signals are from the wall pressure and include 1200 sam-
ples within five periods of the imposed oblique waves. Next, the cor-
responding phase angle θ(x) and amplitude A(x) of the perturbation
q′ are obtained via

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

θ = arctan
I(Q′)
R(Q′)

A = ∥Q′∥.
(14)

After θ(x) and A(x) are collected at every streamwise location, the
streamwise wave number and growth rate finally are determined

by54,55

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

αr(x) =
∂θ(x)
∂x

αi(x) = −
1

A(x)
∂A(x)
∂x

.
(15)

The obtained results are compared with the results from LST in
Fig. 10. The LES results give a slightly oscillating wave number
and growth rates upstream the step (x/δ0 < −10.0). This mod-
ulation usually happens when the forcing amplitude is relatively
large and is caused by weak acoustic disturbances traveling within
the boundary layer.11,54 Near the step, the large variation of αr
and αi is caused by the non-parallel effects and acceleration in
front of the step. We are very satisfied with the agreement of LST
and LES.

For further comparisons, the wall-normal amplitude distribu-
tions for streamwise velocity and pressure fluctuations are plot-
ted for both LST and LES in Fig. 11, at x/δ0 = −25.0, βl = 0.062,
and ωl = 0.016. The values of all variables are normalized by
their respective maximum value of the profiles. Results from these
two techniques are found to be in excellent agreement. It mani-
fests that our current LES can reproduce the exponential growth
of the oblique T–S waves predicted by LST in the present study.
Therefore, we are confident that the well-resolved LES is a suit-
able method for computing the spatial evolution of these T–S waves
downstream.

FIG. 10. Streamwise development of (a)
wavenumber αr and (b) growth rate αi
resulting from LST (○) and LES (——).
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FIG. 11. Comparison of wall-normal pro-
files of perturbation amplitudes between
LST (○) and LES (——) for (a) stream-
wise velocity and (b) pressure at x/δ0
= −25.0, βl = 0.062, and ωl = 0.016 for
case LA.

2. Primary Kelvin–Helmholtz instability

The incoming laminar boundary layer separates at the step
edge upon which a strong initially two-dimensional shear layer is
generated (see Fig. 6). The spanwise vorticity propagates and redis-
tributes along the free shear layer via the K–H instability. Immedi-
ately downstream the step, two-dimensional vortices are produced
due to the K–H instability, which is absolutely unstable to small dis-
turbances, such as incoming T–S waves and the additional effect of
the small numerical round-off errors. Then, these two-dimensional
waves undergo deformation and distortion caused by the growing

disturbances. In the meantime, the region of strong spanwise vor-
ticity gradually expands and simultaneously vorticity peaks develop
at certain locations where the quasi-two-dimensional K–H vortices
are formed. These spanwise vortical structures behind the step are
also visualized by the pressure contours of spanwise-normal slices in
Fig. 12. The vortex lines (black) point to the negative spanwise direc-
tion, corresponding to clockwise rotation looking from the left side.
In case ZA, the vortex lines are straight in the spanwise direction,
whereas these lines are sinusoidal due to the incoming oblique T–S
waves in case LA, corresponding to the harmonic undulation of the
K–H vortices in Fig. 6(b).

FIG. 12. K–H vortices illustrated by contours of pressure at tu∞/δ0 = 912. Black arrow lines represent the vortex lines. (a) Case ZA and (b) case LA.
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In Secs. III B 2-III B 4, we provide a further analysis of the
involved instabilities from the perspective of vorticity dynamics.
By analyzing the generation, development, and structural charac-
teristics of the vorticity, such as stretching, tilting, and lift up, in
the transition process, we obtain an understanding of how the pri-
mary instability evolves and the secondary instability is excited. The
enstrophy is defined as the integral of the square of the vorticity,

E = ∫
A

1
2
ωiωidA, (16)

where A is the area of the cross section perpendicular to the stream-
wise direction. Hiejima56 has used this variable to quantify the
streamwise location of the vortex breakdown in the transition pro-
cess induced by supersonic streamwise vortices. For compressible
flow, the transport equation for the local enstrophy is formulated
as57

d
dt
(1

2
ω2

i ) = ωiωj
∂ui

∂xj
´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¶

T+S

−ω2
i
∂uj

∂xj
´¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¶

D

+ εijk
ωi

ρ2
∂ρ
∂xj

∂p
∂xk

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
B

+ ωiεijk
∂

∂xj
(1
ρ
∂τkl

∂xl
)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
V

. (17)

The first term can be decomposed into three parts, for instance for
the x direction,

T = Txy + Txz =
∂u
∂y

ωyωx +
∂u
∂z

ωzωx,

Sxx =
∂u
∂x

ωxωx,
(18)

where the first two terms Txy and Txz represent the vortex tilting
caused by the wall-normal and spanwise vorticity, while S speci-
fies the vortex stretching. The second term D represents the dila-
tion effects in compressible flows. The function of this term is to
redistribute the existing vorticity, instead of creating or destroy-
ing. In response to this term, the local enstrophy decreases if the
flow field is undergoing expansion, and it increases in compression
regions. Terms B and V signify the baroclinic torque and viscous
dissipation, respectively. If the density gradient and pressure gra-
dient are nearly parallel in the flow field, the baroclinic torque is
negligible. In a high speed flow, especially when a large-scale vor-
tex structure occurs, viscous dissipation can be neglected due to the

high Re. For this reason, V will not be considered in the following
analysis. The evolution of the instabilities and underlying vortical
mechanism can be scrutinized by assessing the contribution of each
term in the enstrophy transport equation. Suryanarayanan, Gold-
stein, and Brown58 enhanced the mechanistic understanding of the
transition process induced by discrete roughness elements based on
this vorticity-based analysis.

The streamwise distribution of the integral enstrophy is com-
puted using Eq. (16) for the three individual coordinate directions,
as well as for the total enstrophy, with the results, as shown in
Fig. 13. The integration area is selected as −8.0 ≤ z/δ0 ≤ 8.0 and −3.0
≤ y/δ0 ≤ 0.0, where most of the vortical activity occurs. At the step
(x/δ0 = 0), the large spanwise enstrophy component is caused by
the strong inviscid instability of the shear layer. The total enstro-
phy subsequently decays and reaches a minimum at x/δ0 ≈ 2.5
due to the spatial redistribution of the spanwise vorticity (as will
be shown in Fig. 16). The total enstrophy increases gradually with
the streamwise distance in the second phase between 2.5 < x/δ0
< 7.5 mainly due to the evolution of spanwise and streamwise
vorticity. Then, the enstrophy remains at a high and relatively
constant level in the vortex breakdown and reattachment region
(7.5 < x/δ0 < 14.0). This observation provides supporting evidence
that the vortex breakdown usually occurs in the vicinity of the
location where a local maximum of enstrophy is present.56 The
spanwise enstrophy Ez is the most significant one in the region
of 0.0 < x/δ0 < 5.0, and then again in the downstream region
x/δ0 > 15.0.

Using the decomposition according to the separate terms in
Eqs. (17) and (18), the balance of the most important enstrophy Ez
and its evolution along the streamwise direction is shown in Fig. 14.
The integration area in the y–z plane is the same as for Fig. 13. The
dilatation term is the most significant contribution near the step,
which is expected because the vorticity field is subject to a strong
expansion.

For 2.5 < x/δ0 < 4.0, the development of the vorticity field is
dominated by Szz , i.e., the vortex stretching of the induced K–H
vortices, caused by the gradient of the spanwise velocity ∂w/∂z.
Based on the above vortex visualization and vorticity dynamics
analysis, the most significant disturbances are the K–H vortices
in this stage, and the development of the eddies is mainly due
to the dilation and stretching of the spanwise vorticity itself. It
can be inferred that the primary K–H instability plays the most
important role in this process, instead of T–S and secondary
instabilities.

FIG. 13. Streamwise development of the integrated enstro-
phy in the y–z plane for case LA. The gray dashed lines
distinguish the different phases in the transition process.
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FIG. 14. Streamwise variation of the integrated production
terms for Ez behind the step for case LA. The gray dashed
lines distinguish the different phases in the transition pro-
cess.

Although the T–S waves are not clearly visible in Fig. 12, they
still coexist with the K–H modes in the second phase. They do
not show up prominently in the visualization because T–S waves
only have a weak velocity gradient, which is overwhelmed by the
strong contribution of the K–H vortices. To better assess the devel-
opment of the T–S waves, three stations have been selected (one just
upstream of the step and two in the separated shear layer down-
stream of it) to analyze the spatial evolution of the wave pattern
across the step. Figure 15 provides the signals of the streamwise
velocity at these stations alongside with their frequency weighted
power spectral density. Compared with case ZA, case LA shows
large amplitude fluctuations and a single dominant frequency peak
at fδ0/u∞ ≈ 0.016 for station A, corresponding to the amplitude and

frequency of the imposed oblique waves. Shortly downstream (sta-
tion B), the sinusoidal footprint of the oblique waves can still be
recognized, but it is mixed with higher frequency fluctuations. At
the same time, it is observed that the oblique waves are strongly
amplified, and their energy is about 20 times larger than at the
upstream station A. In this small region, the original information
of the T–S waves can be extracted with the amplified amplitude by
a low-pass filter since the interacting signals are not strongly cou-
pled yet. Further downstream (station C), the velocity fluctuations
exhibit a wide-band frequency spectrum. The most significant peak
is at fδ0/u∞ ≈ 0.2, which corresponds to the natural frequency of
the K–H vortices for the current configuration.23 The fluctuation
energy of case LA is still larger than for case ZA, for example, around

FIG. 15. Temporal evolution of the
streamwise velocity perturbations
(left) and the corresponding frequency
weighted power spectral density (right)
at (a) station A (x/δ0 = −0.1875,
y/δ0 = 0.031 25), (b) station B (x/δ0
= 0.203 125, y/δ0 = 0.0390 625), and
(c) station C (x/δ0 = 0.593 75, y/δ0
= −0.171 875) based on the slice z = 0
for case ZA (green lines) and LA (blue
lines).
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FIG. 16. Contour of spanwise vorticity with the streamlines in the x–y plane at three instants, showing the K–H vortex pairing.

two times larger at fδ0/u∞ = 0.2. Additionally, the incoming T–S
waves and intrinsic K–H waves are fully coupled already without a
significant low-frequency feature of the T–S waves. Therefore, we
believe that the K–H instability acts as an amplifier of the incom-
ing weak oblique waves and spanwise K–H waves themselves in the
interaction between primary T–S and K–H modes.59,60

On the other hand, the spanwise wavenumber modulation also
contributes to the interaction. As shown in Fig. 6(b), the large quasi-
two-dimensional K–H vortices are undulated in the shape of the
incoming T–S waves along the spanwise direction between 2.0 < x/δ0
< 3.0. Compared to the straight vortex lines in case ZA [Fig. 12(a)],
the vortex lines of case LA present harmonic (sinusoidal) wave
forms with the spanwise wavelength of the incoming T–S
waves [Fig. 12(b)]. The vortex pairing may occur with the mutual

interaction of the neighboring wavy vortices, as well as the convected
shear layer. The vortex merging process is visualized by the stream-
lines in Fig. 16. At the initialization phase of the vortex pairing, the
upstream K–H vortices are slightly weaker and smaller [Fig. 16(a)].
As both of the vortices are advected downstream, the weaker vor-
tices cannot resist the stronger strain field generated by the other
one and are stretched by the velocity gradient [Fig. 16(b)]. Finally,
the upstream vortices are striped off from the downstream outer
recirculation region and merged into the stronger one during the
convection process [Fig. 16(c)].61,62

In the weak coupling region, both of the T–S and K–H modes
are the primary mode. The growth rate of the fluctuations caused
by them is examined in Fig. 17(a). In a very short distance (0 < x/δ0
< 0.8), the growth rate of existing waves within the shear layer falls

FIG. 17. (a) Maximum rms of streamwise
velocity fluctuations along the stream-
wise direction (case ZA, green circle;
case LA, blue solid line) and (b) fre-
quency weighted power spectral density
map of maximum pressure signals along
the streamwise direction based on the
z = 0 slice between −5.0 ≤ x/δ0 ≤ 20.0
for case LA. At every streamwise posi-
tion, the weighted spectra are normal-
ized by the minimum of P(f ). The
gray dotted line signifies the frequency
at which f P(f ) is maximum. The gray
dashed lines distinguish the different
phases in the transition process.
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into a quasi-linear regime, but with a much larger value compared to
the growth rate of the upstream T–S waves. Wu, Ma, and Zhou57 also
reported the linear growing behavior of the K–H waves in the early
roll-up process of the large K–H vortex. In contrast, the small distur-
bances (around 10−6u∞) upstream the step in case ZA are drastically
amplified in the redistribution region of the spanwise vorticity. Once
the spanwise K–H vortices emerge, both cases ZA and LA display a
similar level of fluctuations in the shear layer. The dominant fre-
quency of the unsteady waves shifts from the low value (fδ0/u∞
≈ 0.016) to a much higher one (fδ0/u∞ ≈ 0.2 ∼ 0.4), which suggests
the leading instability switching from the T–S instability to the K–H
instability, as shown in Fig. 17(b). When the maximum amplitude of
the fluctuations exceeds 2%u∞, the K–H mode plays a more impor-
tant role and undergoes a rapid growth (0.8 < x/δ0 < 4.0). We infer
that the dilatation of the spanwise vorticity has a greater effect on
the high-frequency waves caused by the shear layer instability than
on the low-frequency oblique waves. Subharmonic K–H waves are
produced between 2.5 < x/δ0 < 4.0 due to the vortex pairing of the
fundamental K–H vortices, which reduces the leading frequency to
fδ0/u∞ ≈ 0.2.

3. Secondary instability

The velocity is not uniform along the spanwise direction, and
the K–H vortices are not strictly two dimensional in the shear layer,
which induces two types of secondary instabilities in the transition.
As shown in Fig. 13, there is significant creation of wall-normal and
streamwise vorticity after the first phase (x/δ0 ≥ 4.0). First of all,
the wall-normal velocity is non-uniform in the spanwise direction
due to the existing disturbances within the shear layer. The origi-
nally spanwise-aligned vortices may then be lifted up at some loca-
tions where there is high wall-normal velocity. These high-velocity
regions are obvious in the instantaneous vortical structures visual-
ization of Fig. 18(a). This secondary lift-up effect produces wall-
normal vorticity. As shown in Fig. 18(d), the coherent vortices are
gradually lifted up in the streamwise direction. If we consider the
enstrophy balance for the wall-normal direction (Fig. 19), it is obvi-
ous that the upward tilting of spanwise vorticity is the dominant
mechanism in producing the wall-normal vorticity.

Moreover, the bent-up parts of the vortices are convected faster
than the other parts due to the larger streamwise velocity in the

FIG. 18. Isosurfaces of vortical criterion Q = 0.08 at tu∞/δ0 = 912, contoured by (a) streamwise velocity, (b) streamwise vorticity (purple: ωx < 0; orange: ωx > 0), (c)
wall-normal vorticity, and (d) wall-normal vorticity in the x–y plane (blue: ωy < 0; red: ωy > 0).

FIG. 19. Streamwise variation of the integrated production
terms for Ey behind the step for case LA. The gray dashed
lines distinguish the different phases in the transition pro-
cess.
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FIG. 20. Streamwise variation of the integrated production
terms for Ex behind the step for case LA. The gray dashed
lines distinguish the different phases in the transition pro-
cess.

upper region of the shear layer. This secondary behavior leads to the
nonuniformity of the streamwise velocity in the spanwise direction,
which generates streamwise vorticity. By the analysis of the enstro-
phy balance for the x-direction (Fig. 20), we can see that the tilting
of wall-normal vortices is a significant contributor to increase the
streamwise vorticity. In turn, the streamwise velocity gradient along
the induced vortex line ∂u/∂x leads to the stretching of the stream-
wise vortices, which is also the main mechanism for the enstrophy
evolution in this stage.

The combination of these two secondary instabilities results in
the initiation of the large Λ-shaped vortices (see Fig. 18) in which
high-speed parts of the spanwise vortices are elevated by the sec-
ondary lift-up effects and subsequently the streamwise vorticity is
produced due to the secondary streamwise tilting dynamics. The
low-momentum parts form into the legs of the Λ-shaped vortices,
and the high-momentum parts develop into the head of Λ-shaped
vortices in this region. Since the strong spanwise vorticity has a neg-
ative sign, the left leg of the Λ-shaped vortex has positive streamwise
[Fig. 18(b)] and wall-normal [Fig. 18(c)] vorticity, while the right
leg has negative vorticity. As long as the streamwise vortices are
produced, they will keep stretching because of the higher speed in
the bending parts until they break down. In general, the streamwise
enstrophy is more significant than the wall-normal enstrophy in this
stage (see Fig. 13).

As shown in Fig. 17, the secondary instability undergoes a rapid
growth to 20%u∞ in this stage and the frequency characteristic shifts
from a dominant value fδ0/u∞ ≈ 0.2, the same value of subharmonic

K–H waves, to a low-frequency broadband spectrum, which is also
reported by Sansica, Sandham, and Hu63 in their shock-induced
laminar separation bubble case. The unsteadiness of the primary
T–S modes is much less energetic than that of the subharmonic
waves. We believe that the primary T–S waves appear to be con-
taminated or retarded. Our observations support the opinion that
the primary T–S waves diminish in the region where the excited sec-
ondary disturbances have a large amplitude.54 The dominant mech-
anism is the slow resonance between subharmonic K–H vortices
and the secondary instability in this region in which disturbances
slowly grow due to the induced secondary instability and their
frequency features still remain the same as those of subharmonic
K–H vortices.

4. Breakdown and reattachment
In the following stage (x/δ0 ≥ 7.5), the streamwise vortices keep

being elongated in the streamwise direction and lifted up due to
stretching dynamics (see Figs. 19 and 20). This rolling up and pro-
longation lead to the formation of the small hairpin vortices, which
is the signature of a fully developed turbulent flow, as illustrated in
Fig. 21. The enstrophy reaches its global maximum before the shear
flow impinges on the wall, which occurs around x/δ0 = 10.9. Then,
the strong vorticity tilting and stretching terms start to decrease until
they vanish gradually far downstream. Across the reattachment, the
hairpin vortices keep their typical structure, apparently without sig-
nificant effects from the compression waves in their proximity. The
streamwise and spanwise spacing of the hairpin vortices is λx ≈ λz

FIG. 21. Isosurfaces of vortical criterion λ2 = −0.1 at tu∞/δ0 = 908 contoured by the streamwise velocity.
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≈ 90ν/uτ based on the local wall shear stress, which is the typical
spacing of the coherent structures, as reported in previous exper-
imental studies.64 The fluctuations of velocity reach their highest
level at the mean reattachment point, as shown in Fig. 17(a). The
pressure power spectral density [Fig. 17(b)] shows a broadband dis-
tribution typical for developed turbulence. In addition, more energy
is observed around the reattachment in the low-frequency parts
(fδ0/u∞ ≈ 0.2).

In summary, the imposed low-amplitude oblique waves
undergo slow growth in agreement with the expected linear dynam-
ics upstream the step and damp close to the step due to the expansion
fan. In a short distance behind the step, both oblique T–S waves
and generated K–H waves act as the primary mode. The interac-
tion of T–S and K–H waves leads to the rapid growth of the dis-
turbances within 0 ≤ x/δ0 ≤ 1. Pairing of the adjacent undulating
K–H vortices generates subharmonic K–H waves. Then, the large-
amplitude secondary instability, including the lift-up effects and
streamwise tilting, begins to take the lead. In the meantime, the weak
T–S waves vanish in the competition with the strong subharmonic
waves and can no longer be discerned. As the flow reattaches down-
stream, the transition to fully developed three-dimensional turbu-
lence with a broadband frequency spectrum (cf. Fig. 17) is almost
completed.

IV. CONCLUSION
The transition path and unsteady behavior of the supersonic

flow over a backward-facing step geometry show large differences
between the two cases with low- and high-amplitude upstream dis-
turbances. For case HA with high-amplitude initial perturbation, we
obtain the excitation of oblique and secondary vortices, as well as
non-linear breakdown already upstream of the step. This leads to
a turbulent boundary layer upstream of the separation bubble. In
contrast, the imposed low-amplitude oblique T–S wave (case LA)
remains within the linear growth regime, which is the initial stage
of the natural transition. Therefore, the laminar-to-turbulent tran-
sition scenario does not differ much from the fully laminar case
ZA, i.e., initiation of the K–H instability, followed by the secondary
instability, leading to Λ-shaped vortices, hairpin vortices, and finally
to a fully turbulent state. In a short distance behind the step, the
interaction between T–S and K–H modes is a weak coupling pro-
cess in which the amplitude of T–S waves is amplified significantly
by the strong shear layer, but their frequency remains unchanged.
In addition, the spanwise K–H vortices show a harmonic undula-
tion with the wavelength of the T–S wave. Due to the effects of the
energetic three-dimensional fluctuations downstream the separation
bubble, the interaction enters a non-linear stage and the unsteady
behavior features a broad range of space and time scales. Behind the
reattachment point, the boundary layer is highly turbulent.
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