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On the Excitation of Anomalous EM Transients
Along the Surface of a Thin Highly-Contrasting
Sheet With Dielectric and Conductive Properties

Martin Štumpf,Senior Member, IEEE, Ioan E. Lager,Senior Member, IEEE

Abstract—The electric line source excited, pulsed electromag-
netic (EM) field response on the surface of a highly-contrasting
thin sheet with dielectric and conductive properties is studied
analytically in the time domain (TD) with the aid of the Cagniard-
DeHoop (CdH) technique. Closed-form TD expressions reveal
anomalous highly-oscillatory EM transients propagated over the
surface of the layer. Illustrative numerical examples demonstrate
the EM surface phenomenon.

Index Terms—time-domain analysis, thin-sheet cross-layer con-
ditions, pulsed EM fields, electromagnetic scattering, surface
waves.

I. I NTRODUCTION

A GREAT success in the EM field long-range wireless
transfer achieved in the beginning of the 20th century has

Š

triggered the theoretical research into the EM wave propaga-
tion mechanisms [1]. With the concept of elastic surface waves 
in mind [2], it was hoped to explain the long-distance EM
transmission by proving the existence of an EM surface wave.
These efforts resulted in useful mathematical tools for solving 
a class of EM boundary value problems [3], but also led to
long-standing controversies (see e.g. [4], [5]) and terminology
confusion [6]. While such disputes are still not fully settled in 
the frequency domain [7], the situation is truly transparent in
the TD, where all wave phenomena actually manifest them-
selves. Indeed, under the causality-preserving CdH representa-
tion [8], any singularity in the complex slowness plane can be
directly associated with a physical phenomenon occurring in 
the resulting wave motion [9]. Hence, the presence of a pole
singularity in the pertaining slowness complex plane implies
the existence of a true (causal) surface wave (e.g. Rayleigh’s 
wave at the traction-free boundary of a solid or Scholte’s
wave along a fluid-solid interface [10]). Consequently, the
CdH approach is pursued in the present letter, where the 
electric-line-source excited pulsed EM field response on the
surface of a highly-contrasting, dielectric thin sheet is studied 
analytically. The resulting TD closed-form expressions clearly
reveal that under certain circumstances strongly oscillatory
anomalous EM transients can occur.
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Fig. 1. An impulsive electric-line source in the presence of a highly-
contrasting thin layer.

II. PROBLEM DEFINITION

The problem configuration under consideration is shown in
Fig. 1. Here, the position is specified by coordinates{x, y, z}
with respect to an orthogonal, Cartesian reference frame with
the origin O and the standard base formed by unit vectors
{ix, iy, iz}. The time coordinate is denoted byt ∈ R. The
partial differentiation operator is denoted by∂ that is supplied
with the pertaining subscript. The time-convolution operator is
denoted by∗

t
. Finally,H(t) is the Heaviside unit-step function

andδ(t) denotes the Dirac-delta distribution.
The problem configuration consists of a layer of thickness

δ > 0 that is relatively small with respect to the spatial support
of the excitation pulse, that is, (EM wave speed)×(incident
wave pulse time width). The EM properties of the layer are
described by the (real-valued, scalar and positive) electric
permittivity, ǫ, and electric conductivity,σ. The layer is
located in the loss-free background medium occupyingD0.
Its EM properties are described by electric permittivityǫ0
and magnetic permeabilityµ0. The corresponding EM wave
speed isc0 = (µ0ǫ0)

−1/2 > 0 and the wave admittance is
denoted byY0 = (ǫ0/µ0)

1/2 > 0. It is assumed that the layer’s
constitutive parameters show a high contrast with respect to
the ones of the embedding.

The electric-line source, defined by its causal electric-
current pulseI(t) (in A), excitesy-independent,TE-polarized
EM field components{Ey, Hx, Hz}(x, z, t) that are inD0

governed by [11, Sec. 18.2]

−∂zHx + ∂xHz + ǫ0∂tEy = −I(t)δ(x)δ(z − h) (1)

∂xEy + µ0∂tHz = 0 (2)

−∂zEy + µ0∂tHx = 0 (3)
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Across the sheet, the EM field equations are supplemented
with the saltus-type TD conditions (cf. [12, Eqs. (3) and (4)])

E+
y − E−

y = o(δ) (4)

H+
x −H−

x = (GE + CE∂t)Ey(x, 0, t) + o(δ) (5)

as δ ↓ 0 for all x ∈ R and t > 0, where superscripts+ and
− denote the field values approaching the upper and lower
surface of the layer. Furthermore, the coefficients{CE, GE}
follow from [13, (2) and (3)]

GE =

∫ δ/2

ζ=−δ/2

σ(ζ)dζ and CE =

∫ δ/2

ζ=−δ/2

ǫ(ζ)dζ (6)

which can be viewed as local Kirchhoff lumped electric-circuit
elements characterizing the layer. They can be further used to
define thelayer conductance ratio, ηL = GE/Y0 and thelayer
admittance time constantτL = CE/GE [13, (39) and (40)].

III. SLOWNESS-DOMAIN EXPRESSIONS

The pulsed EM response of a highly-contrasting thin layer
will be found with the aid of the classic CdH technique [8].
To that end, we employ the space-time shift invariance of
the problem configuration to combine an unilateral Laplace
transformation with the wave slowness representation in thex-
direction. To show the notation, the corresponding expressions
are given for thes-domain counterpart ofEy-field, that is

Êy(x, z, s) =

∫ ∞

t=0

exp(−st)Ey(x, z, t)dt (7)

for {s ∈ R; s > 0}, thus relying on Lerch’s uniqueness
theorem [14, Appendix], and

Êy(x, z, s) =
s

2πi

∫ i∞

p=−i∞

exp(−spx)Ẽy(p, z, s)dp (8)

wherep is the wave slowness parameter along thex-direction.
The EM field equations (1)–(3) with the cross-layer conditions
(4) and (5) are next solved using Eqs. (7) and (8). Accordingly,
thes-domain solution of Eqs. (1)–(3) as observed atP (x, δ/2)
on the layer’s surface has the following form

Êy(x, 0, s) = −
sµ0Î(s)

2πi

∫ i∞

p=−i∞

exp{−s[px+ γ0(p)h]}

×
Ψ⊥(p)

s+ τ−1

L
+Ψ⊥(p)

dp

2γ0(p)
(9)

for x ∈ R and{s ∈ R; s > 0}, whereΨ⊥(p) = 2γ0(p)/µ0C
E

and

γ0(p) = (1/c20 − p2)1/2 with Re(γ0) ≥ 0 (10)

is the slowness parameter in thez-direction. In accordance
with the analysis given by de Hoop and Jiang [15], it is seen
that the integrand in Eq. (9) has no poles in the complexp-
plane for{s ∈ R; s > 0}, Re(Ψ⊥) ≥ 0 and GE/CE ≥ 0,
which implies the absence of true (causal) surface waves.
As indicated in [15], however, the excitation of a strongly
oscillatory TD EM effect is still feasible. Its detailed space-
time description is the main subject of the letter.

Finally note that a similar analysis can be readily carried
out for theTM -polarized EM fields excited by an impulsive

magnetic-line sourceK̂y(x, z, s) = V̂ (s)δ(x)δ(z − h). To
this end, we use the following expression for thes-domain
magnetic-field strength observed just above the surface of a
dielectric/conductive thin layer

Ĥy(x, 0
+, s) = 2Ĥ i

y(x, 0, s)

+
sǫ0V̂ (s)

2πi

∫ i∞

p=−i∞

exp{−s[px+ γ0(p)h]}

×
Ψ‖(p)

s+ τ−1

L
+Ψ‖(p)

dp

2γ0(p)
(11)

whereĤ i
y(x, z, s) denotes the incident (cylindrical) wave and

Ψ‖(p) = 2ǫ0/γ0(p)C
E. The integrand in Eq. (11) has no poles

in the entire complexp-plane, which, again, attests theabsence
of true surface waves. Moreover, owing to the behavior of
Ψ‖(p) along the pertaining CdH path, no significant surface
transients can occur in this case (see [16], for details).

A thorough discussion on the real-FD modal properties of a
dielectric slab can be found in [17, Sec. 11.5], for instance. In
the solution of a TD wave field problem, however, the nature
of a source must be properly accounted for (see also Sec. VI).

IV. T IME-DOMAIN SOLUTION

The space-time analytical expressions will be provided for
the line source located close to the surface,h ↓ 0, for which
the strongest surface phenomena can be expected [15], [16],
[18]. To that end, we shall transform the slowness integral
representation (9) to the TD. In the limith ↓ 0, the original
integration contour along the imaginaryp-axis is, under the ap-
plication of Cauchy’s theorem and Jordan lemma [11, p. 1054],
deformed into the CdH path that is defined viap(τ) = τ/x
for {|x|/c0 ≤ τ < ∞}, thus representing a loop encircling
the branch cuts along{1/c0 < |Re(p)| < ∞, Im(p) = 0}.
Consequently, upon combining the integrations just above
and just below the branch cuts, while introducingτ as the
new variable of integration, we arrive at integral expressions
that can be uniquely transformed back to the TD using the
Schouten-Van der Pol theorem [11, p. 1056]. For more details
regarding the relevant CdH transformation procedure we refer
the reader to [8], [15], [16]. Pursuing the CdH approach, the
TD original of Eq. (9) is found in the following form

lim
h↓0

Ey(x, 0, t) = −∂tI(t) ∗t
(ǫ0/C

E)(Y0π)
−1

×

∫

c0t

|x|

u=1

sin
[

(2ǫ0/C
E)|x|

(

u2 − 1
)1/2

(c0t/|x| − u)
]

× exp
[

−ηL(ǫ0/C
E)|x| (c0t/|x| − u)

]

du (12)

for all x ∈ R and t ≥ |x|/c0, thus expressing the field at
z = 0 by virtue of its continuity across the layer (see Eq. (4)).
Interpreting (12) as a function of the normalized timec0t/|x|
(with respect to the pulse travel time|x|/c0), it is seen that
its oscillations get faster as both time andǫ0|x|/CE increase.
Furthermore, the TD response is exponentially attenuated with
the decay constant proportional to the factorηLǫ0|x|/C

E. To
gain further insights into the TD phenomenon, the integration
with respect tou will be, in a heuristic manner, carried out
analytically. To that end, the argument of the sine function is
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replaced with a parabola and the thus obtained integral is then
evaluated with the help of formula [19, Eq. (7.4.39)]. In this
way, we arrive at the following approximate formula

lim
h↓0

Ey(x, 0, t) ≃ −∂tI(t) ∗t

ǫ0
CE

1

Y0π

(

2π

β(t)

)1/2

{

C

[

(

β(t)

2π

)1/2 (
c0t

|x|
− 1

)

]

sin

[

β(t)

4

(

c0t

|x|
− 1

)2
]

− S

[

(

β(t)

2π

)1/2 (
c0t

|x|
− 1

)

]

cos

[

β(t)

4

(

c0t

|x|
− 1

)2
]}

× exp

(

−
ηL
2

ǫ0
CE

|x|
c0t

|x|

)

H(c0t− |x|) (13)

where C(x) and S(x) denote Fresnel’s integrals [19,
Eqs. (7.3.1) and (7.3.2)].

β(t) =
2ǫ0
CE

|x|

[

(c0t/|x|+ 1)2 + 1

(c0t/|x| − 1)2 + 1

]1/2

(14)

Since the determination of the range of validity of the closed-
form formula (13) is beyond the scope of this work, we shall
further limit ourselves to its validation via a numerical exam-
ple. To our best knowledge, the closed-form TD analytical
expression (12) and its approximation (13) are new to the
literature. The validity of the approximate expression will be
next demonstrated on a numerical example.

V. I LLUSTRATIVE NUMERICAL EXAMPLE

For the sake of simplicity, we shall analyze the surface
effect on a homogeneous thin slab for which the Kirchhoff
circuit coefficients (see Eq. (6)) can be expressed asGE = δσ
and CE = δǫrǫ0, where ǫr is the relative permittivity. For
demonstrating the aimed at highly-contrasting, thin-sheet be-
havior, we take the layer conductance ratioηL = GE/Y0 to
be significantly smaller than 1 andǫr to be significantly larger
than 1 – this combination is illustrative for a thin sheet of
conductive silicon the type of which is standardly employed
in complementary metaloxide semiconductor (CMOS) tech-
nology. The field response is excited by the impulsive line
source with the rectangular pulse shape

I(t) = Im[H(t)−H(t− tw)] (15)

where we take the amplitudeIm = 1.0mA and the pulse time
width tw such that the pulse’s spatial extent,dw = c0tw, to
be considerably smaller thanδ. The following parameters are
then selected for the discussed numerical experiment:

• dw/δ = 3/4ǫr;
• the field response is calculated at the horizontal offset

|x| = ǫrδ, corresponding todw/|x| = 3/4;
• ηL = 1/5, corresponding toσ = Y0/5δ;
• τL = CE/GE = 20/3tw, corresponding toCE/Y0tw =

4/3 and entailingǫ0|x|/CE = 1.

The pulsed electric field response, as calculated (exactly) by
using (12), is shown in Fig. 2a. As can be seen, the computed
oscillatory response is well estimated by the closed-form
(approximate) TD formula (13). To show the effect of the
layer, we have also plotted the corresponding response that
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Fig. 2. The scaled electric-field pulsed responses observed on the surfaces of
highly-contrasting thin layers. (a) The exact solution (12) and its approx-
imation (13) for GE/Y0 = 1/5 and CE/Y0tw = 4/3; (b) The exact
solution (12) and its alternative composed of head waves forGE/Y0 = 0

andCE/Y0tw = 2.

would be excited in the absence of the layer (void), that is
(cf. [15, Eq. (35)])

lim
ǫ↓ǫ0,σ↓0

Ey(x, 0, t) = −
Im

|x|Y0

{

H(c0t/|x| − 1)

(c20t
2/x2 − 1)1/2

−
H[c0(t− tw)/|x| − 1]

[c20(t− tw)2/x2 − 1]1/2

}

(16)

with its typical (line-source) inverse-square root behavior at
c0t/|x| = 1 (i.e. at the pulse travel time) and atc0t/|x| =
1 + c0tw/|x| = 7/4.

In the final example, we shall validate the conclusions drawn
in the Appendix by calculating the response just above the
surface of a loss-free, high-dielectric thin layer. In order to
demonstrate the effect of the excitation pulse-time width on
the transient response, we now take a (relatively) shorter pulse
with c0tw/δ = ǫr/2, which is still supposed to be relatively
high. Since we keep|x| = ǫrδ, we havec0tw/|x| = 1/2 and
the relative layer’s admittance increases toCE/Y0tw = 2. Fig-
ure 2b shows that the exact solution (12) can be alternatively
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expressed as a sum of TD head-wave constituents propagating
in the layer (see Appendix).

VI. CONCLUSIONS

The pulsed EM field response of a thin, highly-contrasting
layer with dielectric and conductive properties excited by an
electric-line source has been analyzed analytically via the CdH
technique. It has been demonstrated that the layer can support
anomalous, highly-oscillatory EM transients propagating over
its surface. Their TD analytical description, including its
closed-form approximation is provided.

Duality predicts that such TD EM surface effects can also
be excited by a magnetic-line source located just above a thin,
high-permeability layer. Nonetheless, it was shown that no
significant surface EM transients can be excited by a (TM -
polarized) magnetic-line source above the surface of a high-
dielectric thin film. The described TD surface phenomenon
bears similarities with the one exhibited by theTM -polarized,
TD EM reflected field observed just above the surface a thin
plasmonic sheet [16], [18]. Consequently, the TD EM wave
phenomenon may find its applications in designing sensing
structures employing the high sensitivity of the EM response
to parameters of the thin-layer’s surface [20].

The present work concentrated on transients triggered by a
single-pulse excitation. An intriguing question is the manner
in which the observed phenomena evolve towards a steady-
state behavior entailed by a periodic excitation, with the
response to a train of pulses as a technologically extremely
relevant intermediate step. Such a study is also expected
to yield enlightening correspondences with standard results
obtained via FD arguments, e.g. steady-state surface waves.
This evidently broad exploration is a topic of future research.

APPENDIX

ALTERNATIVE SOLUTION

In order to further explain the physics of EM surface tran-
sients, we shall discuss the solution pertaining to a dielectric
layer of a finite thicknessδ > 0. Hence, upon replacing
Eqs. (4) and (5) with the continuity-type boundary conditions
applying at{x ∈ R, z = ±δ/2} for all t > 0, the transform-
domain electric-field strength just above the surface can be
expressed in the geometric-series form

lim
z↓δ/2

Ẽy(p, z, s) = −
[

µ0/2γ0(p)
]

Î(s)
[

1 + R̃(p)
]

+
[

µ0/2γ0(p)
]

Î(s)R̃(p)
[

1− R̃2(p)
]

×
∞
∑

N=0

R̃2N (p) exp[−sγ1(p)ZN ] (17)

as h ↓ δ/2, whereZN = 2(N + 1)δ > 0 is the vertical
propagation path and

R̃(p) = [γ0(p)− γ1(p)]/[γ0(p) + γ1(p)] (18)

has the meaning of the (transform-domain) reflection coeffi-
cient with γ1(p) = (1/c21 − p2)1/2 denoting the vertical slow-
ness parameter in the dielectric layer (cf. Eq. (10)) withc1 =
(ǫµ0)

−1/2 > 0. The terms included in the sum of Eq. (17)

can be understood as generalized-ray constituents propagating
in the layer. They can be readily transformed to the TD via
the CdH inversion procedure [21, Appendix A]. Due to the
reflections against the surrounding free-space in which they
do not propagate, the total wave motion, in general, consists
of the head-wave (also referred to as lateral-wave [22, p. 97])
and body-wave TD contributions whose arrival times are
TH = |x|/c0+ZN(1/c21−1/c20)

1/2 andTB = (x2+Z2
N)1/2/c1,

respectively. TheN -th head-wave constituent occurs only in
the region where|x|/(x2 + Z2

N )1/2 > c1/c0.
Now, if the layer under consideration is assumed to be thin

(i.e. δ ↓ 0) and highly dielectric (i.e.c1 ≪ c0), it follows
that the oscillatory surface response is dominantly composed
of head-wave constituents propagated via reflections inside the
layer. Mathematically, the head-wave contributions arise from
the integration along the so-called head-wave CdH path en-
circling {c−1

0 < |Re(p)| < |x|/(x2 + Z2
N )1/2c−1

1 , Im(p) = 0}
along the branch cut in the complexp-plane. In Fig. 2b it is
demonstrated that the sum of the TD head-wave constituents
is in the limit equivalent to the closed-form analytical solution
(12) pertaining to the saltus-type conditions (4) and (5).
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