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Abstract. This paper presents a computationally efficient modelling approach for the predic-
tion of underwater noise radiation from offshore pile driving. A near-source module is adopted
to capture the interaction between the pile, fluid and soil, which is based on a previously de-
veloped semi-analytical vibro-acoustic model. This module primarily aims at modelling the
sound generation and propagation in the vicinity of the monopile. The Green’s tensor for an
axisymmetric ring source in a horizontally stratified acousto-elastic half-space emitting both
compressional and shear waves is derived using the normal modes and branch line integra-
tions. The boundary integral equations are then formulated based on the reciprocity theorem,
which forms the mathematical basis of the far-from-source module for the propagation of the
wave field at large radial distances. The complete noise prediction model comprises the two
modules, which are coupled through the boundary integral formulation with the input obtained
from the near-source module. Model predictions are benchmarked against measurement data
from an offshore installation campaign.
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1 INTRODUCTION

The anthropogenic noise generated during the installation of the foundation piles for offshore

wind farms has raised serious concern over environmental issues. The underwater noise pollu-

tion can endanger the lives of marine mammals and fishes [1]. Under the strict environmental

regulations imposed by the government in many countries, the offshore industry strives to keep

the noise levels to within acceptable limits. To assess the noise levels to be expected and con-

trol the hydro-sound emission, underwater noise predictions are required prior to the offshore

installation of piles in most projects.

Over the last decades, modeling of the underwater noise generated by offshore pile driving

has been studied extensively. Reinhall and Dahl [2] firstly proposed a coupled Finite Element

(FE) and Parabolic Equation (PE) model for the prediction of underwater noise for offshore

pile driving. The former method (FE) aims at generating the noise in the vicinity of the pile,

while the latter one (PE) focus on the long-range propagation of the sound field. The coupling

is achieved via a vertical array of phased point sources from FE results. Lippert and Estorff

[3] presented a coupled FE and wavenumber integration model and investigated the influence

of uncertainties in the sediment parameters through Monte-Carlo simulations. A theoretical

benchmark case was then examined by various models discussed in [4]. Similar to [2], a two-

step approach is adopted in most available models mentioned in [4, 3, 5] with a FE model to

capture the vibration of the pile and a sound propagation model to propagate the field at larger

distances (from the pile).

A semi-analytical approach for the prediction of underwater noise from pile driving was

developed by Tsouvalas and Metrikine [6] based on a mode-matching technique. In contrast

to most of the aforementioned models, this model additionally captured the characteristics of

more complex seabed conditions with the soil being described as a three-dimensional elastic

continuum. This allows one to examine the influence of the seabed properties on the noise

generation and transmission.

In this paper, the authors present a coupled modelling approach for the noise prediction

by impact piling with the focus being placed on a computationally efficient approach for the

propagation of the sound field at large distances. The method extends the earlier works [7]

by a far-range propagation module. The complete model comprises two modules: i) a near-

source module aiming at the accurate description of the pile-water-soil interaction together with

the sound generation and propagation in the pile vicinity [6], and ii) a far-from-source module

aiming at the propagation of the wavefield at larger distances. The input to the far-from-source

module is provided by the near-source module through the boundary integral formulation.

Section 2 introduces the mathematical statement of the problem together with the solution

technique. In section 3, an experimental benchmark case is presented and measurement results

are compared to model predictions. Finally, section 4 gives an overview of the main conclusions

of the paper.

2 THEORY

The complete vibro-acoustic model for noise prediction in impact piling is shown in Fig.1.

The pile is modelled as linear elastic thin shell occuping the domain 0 ≤ z ≤ L. A vertical force

F (t) is applied at the top side of the pile. The ocean environment is modelled as an acousto-

elastic layered waveguide. The fluid is modelled as a three-dimensional inviscid compressible

medium with a compressional wave speed cf and a density ρf occupying the domain z0 ≤
z ≤ z1 and r ≥ R. The soil is described as a three-dimensional horizontally stratified elastic
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continuum. Each soil layer is characterised by its density ρj , the compressional and shear

wave speeds cp,j and cs,j , and the compressional and shear damping coefficients αp,j and αs,j ,

respectively. In the near-source module, the soil occupies the domain z ≥ z1 and is terminated

at a large depth z = H with a rigid boundary which has been shown not to affect the pile

vibrations and noise generation in the vicinity of the pile [6]. In the far-from-source module, the

soil extends to infinity in the vertical direction to accurately capture the energy loss mechanisms

at larger distances from the pile.

Figure 1: Geometry of the complete system (left) and the coupled modelling approach (right).

2.1 Governing equations

The equations of motion of the pile-soil-water system read [7]:

L up + Im üp = − [H(z − z0)−H(z − L)] ts + f (1)

Gj ∇2uj
s + (λj +Gj)∇∇ · uj

s − ρjüj
s = 0 (2)

∇2φf (r, z, t)−
1

c2f
φ̈f (r, z, t) = 0 (3)

In the equations above, up = [up,z(z, t) up,r(z, t)]
T

is the displacement vector of the mid-

surface of the shell, uj
s(r, z, t) =

[
ujs,z(r, z, t) u

j
s,r(r, z, t)

]T
is the displacement vector of each

solid layer and φf (r, z, t) is a velocity potential introduced for the description of the fluid. The

operators L and Im are the stiffness and modified inertia matrices, respectively [6]. The vector

ts represents the boundary stress vector that takes into account the reaction of the soil and fluid

surrounding the shell at z0 < z < L. Naturally, in the domain z0 < z < z1 this reflects only the

normal pressure exerted by the fluid normal to the surface whereas for z > z1 both shear and

normal stresses are present. The functions H(z − zi) are the Heaviside step functions which

are used here to account for the fact that the soil and the fluid are in contact with a segment
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of the shell in correspondence with Fig.1. The vector f = [frz(z, t) frr(z, t)]
T

represents the

externally applied force on the surface of the shell.

A set of boundary conditions and interface conditions are formulated as follows for r ≥ R:

pf (r, z0, t) = 0 (4)

σ1s,zz(r, z1, t) + pf (r, z1, t) = 0, σ1s,zr(r, z1, t) = 0, u1s,z(r, z1, t)− vf,z(r, z1, t) = 0 (5)

σj+1
s,zi (r, zj, t)−σjs,zi(r, zj, t) = 0, uj+1

s,i (r, zj, t)−ujs,i(r, zj, t) = 0 , 2 ≤ j ≤ N−1, i = z, r (6)

uNs,r(r, zN , t) = u
N
s,z(r, zN , t) = 0 (7)

where pf (r, z, t) indicates the pressure in the fluid, σjs,zi(r, z, t) represents the stresses in the

soil at the corresponent layer j. In addition to Eqs. (4–7), the radiation condition needs to

be satisfied at r → ∞. In the far-from-source module, the boundary conditions at z = zN
are substituted by the radiation condition at z → ∞, which indicates that the bottom soil is

modelled as elastic half-space.

2.2 Solution to the coupled problem

The complete solution to the coupled vibroacoustic problem consists of two modules: (i) the

near-source module aiming at the noise generation and propagation in the vicinity of the pile;

and (ii) the far-from source module aiming at propagating the field at larger distances from the

pile.

2.2.1 Near-source module

The near-source module is based on a three-dimensional vibroacoustic model developed by

Tsouvalas and Metrikine [6]. The module captures the characteristic of dynamic interactions

between the pile and the surrounding media. A modal decomposition is applied both for the

shell structure and the acousto-elastic waveguide as:

ũp,k(z, ω) =
∞∑

m=1

Am Ukm(z) ,

φ̃f (r, z, ω) =
∞∑
p=1

CpH
(2)
0 (kpr) φ̃f,p(z) ,

φ̃s(r, z, ω) =
∞∑
p=1

CpH
(2)
0 (kpr) φ̃s,p(z) ,

ψ̃s(r, z, ω) =
∞∑
p=1

CpH
(2)
1 (kpr) ψ̃s,p(z) ,

(8)

in which the subscripts p, f, s indicate the pile structure, fluid and soil, respectively, k refers to

the displacement components r and z, the index m = 1, 2, ...,∞ represents the mode number.
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H
(2)
n denotes the nth-order Hankel function of the second kind which ensures that the radia-

tion condition at r → ∞ is satisfied at all times. The expressions for the displacement and

the pressure/stress fields can be obtained through Helmholtz decomposition by substituting the

potential functions. The coefficients Cp with p = 1, 2, ...,∞ are the unknown modal ampli-

tudes. The coefficients Am are the modal amplitudes to be determined by solving the coupled

problem. The terms kp denote the horizontal wavenumber obtained by the formulation of the

eigenvalue problem of the acousto-elastic region [8]. A system of infinite algebraic equations

to the unknown coefficients Cp can be obtained [7]:

∞∑
q=1

Cq

(
Lqp + kqH

(2)
1 (kqR) Γq δqp −

∞∑
m=1

Rmq Qmp

Im

)
=

∞∑
m=1

FmQmp

Im
(9)

The coefficients of the shell structure are given by:

Am =

Fm +
∞∑
p=1

CpRmp

Im
(10)

The terms Lqp, Γq,Qmp,Rmp and Im are computed given the expressions in [6], which are omit-

ted here for brevity. The eigenproblem of the shell and the surrounding acousto-elastic medium

can be solved independently, which provide flexibilities in examining various configurations of

the system.

2.2.2 Far-from-source module

To propagate the axisymmetric disturbances radiated from the pile into the surrounding

medium, Green’s tensors for a ring source emitting both compressional and shear waves are

first derived. Assuming that a ring source is positioned at r0 = (r0, z0), the wave equation in

the Fourier-Hankel domain reads [9]:[
d2

dz2
+ k2z,ξ

]
Φ̂g

Ξ,ξ(kr, z; r0, z0, ω) =
J0(kr r0)

2π
δ(z − z0)Sξ

β(ω) (11)

in which ξ indicates the type of the sources considered; ”f” being a fluid source, ”p” a com-

pressional source, and ”s” being a shear source. The subscript Ξ represents the position of the

receiver in the layered medium. Sξ
β(ω) represents the source strength, which will be determined

based on a unit impulse in β direction at source point r0 as discussed in section 2.2.3.

The solutions to Eq.(11) for the displacement potentials Φ̂g
Ξ,ξ = [φ̂gf,ξ, φ̂

g
s,ξ, ψ̂

g
s,ξ] in the wavenum-

ber domain are first derived for an acousto-elastic layered half-space. Applying the inverse

Hankel transform yields:

Φ̃g
Ξ,ξ(r; r0, ω) = −1

2

∫ +∞

−∞
(Sξ

β(ω)
e−ikz,ξ|z−z0|

4πik(z, ξ)
+A1

ξe
ikz,ξz+A2

ξe
−ikz,ξz)J0(kr r0)H

(2)
0 (kr r)krdkr

(12)

For z ≥ zN , A1
ξ = 0 to ensure that the downward propagating waves leave the soil half-space

without reflection. Upon substitution of the Eq.(12) into Eqs.(4–6), it becomes clear that the

kernels in the integral representations need to be satisfied. This yields a linear algebraic system

of equations with unknowns A1
ξ and A2

ξ . Once the amplitude coefficients are solved for every
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kr, the Green’s tensor for any configuration of compressional or shear source potentials can be

obtained.

To evaluate the wavenumber integral given by Eq.(12), the complex contour integration tech-

nique is applied. The solution can be expressed as a summation of a finite number of (normal)

modes supplemented by Ewing-Jardetsky-Press (EJP) branch line integrations. The final ex-

pression of the Green’s tensor in modal summation for the acousto-elastic domain considered

here reads:

Φ̃g
Ξ,ξ(r, z; r0, z0;ω) = −πi

M∑
m=1

[
Φ̂g,num

Ξ,ξ (kr, z; r0, z0)

f ′(kr)
J0(kr r0)H

(2)
0 (krr)kr

](m)

+
1

2

∫
α+β

Φ̂g
Ξ,ξ(kr, z; r0, z0)J0(kr r0)H

(2)
0 (krr)krdkr

(13)

in which Φ̂g,num
Ξ,ξ = [φ̂g,numf,ξ , φ̂g,numsj ,ξ

, ψ̂g,num
sj ,ξ

] denotes the numerator of the solutions of the po-

tential functions in Hankel domain. The characteristic equation f(kr), being the determinant of

the coefficient matrix, is used to determine the horizontal wavenumbers k
(m)
r .

2.2.3 Direct boundary element integral

The direct boundary element method (BEM) is adopted in this model to couple the near-

source and far-from-source modules. The solution of the wavefield in both acoustic and elas-

todynamic field employs Somigliana’s identity in elastodynamics and Green’s third identity in

potential theory [9-11]. The boundary data is specified from the near-source module on a cylin-

drical surface at r = r0 from the pile, i.e. section 2.2.1, are used as input to the far-from-source

module via the BEM.

The fundamental solutions of Green’s displacement tensors ŨΞξ
αβ(r, r0, ω) are derived from

the potential functions [12] given the receiver point at r = (r, z) (in medium Ξ) in α-direction

due to a unit impulse at source r0 = (r0, z0) (in medium ξ) in β-direction:

Ũ sξ
αβ(r, r0, ω) = ∇φ̃gsj ,ξ(r, r0, ω) +∇×W, W = −

∂ψg
sj ,ξ

(r, r0, ω)

∂r

Ũ fξ
αβ(r, r0, ω) = ∇φ̃gf,ξ(r, r0, ω)

(14)

For the elastic domain, the Green’s stress tensors T̃Ξξ
αβ (r, r0, ω) related to ŨΞξ

αβ(r, r0, ω) can be

obtained through substitution of Eq. (14) into the constitutive equations [12]. The fundamental

solution pair {Ũαβ, T̃αβ} can be obtained once the unknown source strengths Sξ
β(ω) are deter-

mined. By employing the Green’s displacement tensors in Eq.(14), the traction vector can be

expressed through stress tensor as,

τ̃i = σ̃ijnj (15)

where τ̃i is the traction vector in i direction, nj is the unit normal vector at the boundary. The

condition of a unit impulsive load can be applied in the β-direction at the source r = r0 by

setting, : [
τ̃β
τ̃α

]
=

[
δ(r − r0)

0

]
(16)

The solution of Eq.(16) yields the coefficients Sp
β(ω) and Ss

β(ω).
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For the acoustic domain, the conventional boundary integral representation is the Helmholtz

integral in terms of pressure or displacement potential. By taking the directional derivative

of the displacement potential as stated in Eq.(14), the boundary integral formulation for the

displacement can be obtained directly by setting Sf (ω) = 1, which is analogous to the integral

formulation in the soil.

By utilizing Betti’s reciprocal theorem in elastodynamics [10] and Green’s theorem for

acoustic problem [11], the complete solution for the acousto-elastic domain reads:

ũΞα(r) =
∑
β=r,z

∫
Ss

(
ŨΞs
αβ(r, r0, ω) · t̃nβ (r0, ω)− T̃n,Ξs

αβ (r, r0, ω) · ũβ(r0, ω)

)
dSs

0(r0)

+

∫
Sf

(
ŨΞf
αr (r, r0, ω) · p̃(r0, ω)− T̃n,Ξf

αr (r, r0, ω) · ũr(r0, ω)

)
dSf

0 (r0), r ∈ V
(17)

where n is the outward normal to the cylindrical boundary. The superscripts of the Green’s

tensors, ”f” and ”s” indicate fluid and soil domains, respectively.
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Figure 2: Input forcing function.

3 VALIDATION CASE STUDY

In order to validate the model, a benchmark case is considered with the measurement data

recorded at offshore wind farm BARD Offshore 1 [5]. The material properties and the geometry

of the model are given in Table 3 [5]. The seabed in the model consists of a thin marine sediment

layer overlaying a stiffer soil half-space. The actual penetration depth of the pile was around 20

m. The pile was driven by a hydraulic hammer. The time signature of the applied force is the

one shown in Fig.2, which generates approximately 1370 KJ blow energy into the system. The

frequency spectrum is also given in Fig.2.

The peak pressure level (Lpeak) and the sound exposure level (SEL) of receiver points at

radial distances up to 1500m are shown in Fig.3. As can be seen, the difference between the
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Figure 3: Comparison of SEL and Lpeak at several radial distances from the pile and 2 m above the seabed.

Parameter Pile Parameter Fluid Upper soil Bottom sediment

Length[m] 85 Depth [m] 40 2 48

Density [kg/m3] 7850 ρ[kg/m3] 1000 1888 1908

Outer diameter [m] 3.35 cL [m/s] 1500 1705 1725

Wall thickness [mm] 70 cT [m/s] - 186 370

Final penetration depth [m] 20 αp [dB/λ] - 0.91 0.88

Maximum Blow Energy [kJ] 1370 αs [dB/λ] - 1.86 2.77

Table 1: Basic input parameters for the simulations.

predicted SEL and the measured values are 0.60 dB and 0.89 dB at 10m and 1500m radial

distances from the pile respectively. The SEL indicates the averaged amount of energy radiated

into the surrounding media and Lpeak evaluates the impulsiveness of the pressure waves from

the pile. The results verify the validity of the developed model, which can provide predictions

that lies within the accuracy of the measurement equipment (± 1 or 2 dB).

Figure 4 shows the pressure levels (dB re 1μPa2/Hz) in 1/3-octave bands at various radial

distances from the pile. Assuming that the energy in all the defined bandwidths (one-third

octave) results from an effective source, the bandwidth energies add directly to give the total

energy in one frequency band. The derivation of the sound pressure level in the unit of dB re 1

μPa2s−1 reads:

SPL1/3−octave = 10 log10

n∑
i=m

( |p̃i(ω)|2
p20

)
(18)

As can be seen in Fig.4, the spectrum shows that most of the energy is distributed at low fre-

quencies, which is consistent with the 1/3-octave band spectrum obtained by measurement data

and numerical results from FE-PE model in [5].
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Figure 4: One-third octave band spectrum for a point positioned 2m above the seabed in the fluid and at r = 1500m

from the pile.

4 CONCLUSIONS

The paper presents a computationally efficient coupled approach for noise predictions by

offshore pile driving. The mathematical background of the generation and propagation of the

sound field is given and the adopted method of solution is described. The direct boundary

integral equation (BIE) formulation is adopted to propagate the radiated wave field from the

near-source module to larger distances. A numerical analysis of a benchmark case is conducted,

which verifies the validity of the model for the prediction of underwater noise from offshore pile

driving. In the future, model predictions will be benchmarked against both numerical model

predictions and available data from other measurement campaigns published in the scientific

literature.
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