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S.G.P. Castro a,*, E.L. Jansen b 

a Delft University of Technology, Group of Aerospace Structures and Computational Mechanics, Kluyverweg 1, 2629 HS, Delft, Netherlands 
b Rotterdam University of Applied Sciences, School of Engineering and Applied Science, G.J. de Jonghweg 4-6, 3015 GG, Rotterdam, Netherlands   

A R T I C L E  I N F O   

Keywords: 
Koiter method 
Displacement-based 
Buckling 
Post-buckling 
Finite elements 
Classical formulation 
Plate 

A B S T R A C T   

Koiter’s asymptotic method enables the calculation and deep understanding of the initial post-buckling behav-
iour of thin-walled structures. For the single-mode asymptotic analysis, Budiansky (1974) presented a clear and 
general formulation for Koiter’s method, based on the expansion of the total potential energy function. The 
formulation from Budiansky is herein revisited and expanded for the multi-modal asymptotic analysis, of pri-
mordial importance in structures with clustered bifurcation modes. Given the admittedly difficult implementa-
tion of Koiter’s method, especially for multi-modal analysis and during the evaluation of the third– and 
fourth–order tensors involved in Koiter’s analysis; the presented study proposes a formulation and notation with 
close correspondence with the implemented algorithms. The implementation is based on state-of-the-art 
collaborative tools: Python, NumPy and Cython. The kinematic relations are specialized using von Kármán 
shell kinematics, and the displacement field variables are approximated using an enhanced Bogner-Fox-Schmit 
(BFS) finite element, modified to reach third-order interpolation also for the in-plane displacements, using 
only 4 nodes per element and 10 degrees-of-freedom per node, aiming an accurate representation of the second- 
order fields. The formulation and implementation are verified by comparing results for isotropic and composite 
plates against established literature. Finally, results for multi-modal displacement fields with up to 5 modes and 
corresponding post-buckling factors are reported for future reference.   

1. Introduction 

The asymptotic theory originally proposed by Koiter [1] allows a 
rapid evaluation of the initial post-buckling behavior of structures. The 
method has been used within a semi-analytical context [2,3] and has 
also been applied within a finite element framework [4–12]. In recent 
years, the method has been applied in the context of variable stiffness of 
panel-type structures [10,12–16] and in the analysis of imperfection 
sensitive shells [17–20]. 

In particular, the multi-modal formulation of Koiter’s approach 
provides a systematic and efficient procedure to assess the nonlinear 
behavior of the structure in cases where several buckling modes interact, 
such as in structures highly optimized for buckling [21–23] and 
imperfection-sensitive shell structures [24–26]. In such designs, small 
imperfections due to variations in manufacturing parameters can induce 
different bifurcation paths [27,28], which can be studied by Koiter’s 
perturbation analysis. 

Plates may also show clustered buckling modes, usually when high 

aspect ratios are involved [12]. Madeo et al. [12] evaluated variable 
stiffness plates where 4 modes were required in the multi-modal 
expansion to obtain a satisfactory approximation of the post-buckling 
behavior. In these studies, the authors used a bi-linear mixed 4-node 
plate element (MISS-4 [29–31]) with first-order shear deformation 
theory. 

The aim of the present work is to derive a complete displacement- 
based formulation for the single- and multi-modal Koiter’s asymptotic 
analysis. The formulation and notation herein proposed attempts to keep 
a close correspondence between the theory and the implemented algo-
rithms, and thereby helpful in addressing the issues experienced in the 
past with the finite element implementation of Koiter’s asymptotic 
method, as highlighted by Casciaro [9]. 

The following discussion starts revisiting the double expansion of the 
total potential functional using Koiter’s theory, as proposed by 
Budiansky [32] for a single-mode asymptotic analysis. The formulation 
is then expanded for the more general case of a multi-modal asymptotic 
analysis. General-purpose functional derivatives are presented and 

* Corresponding author. 
E-mail address: s.g.p.castro@tudelft.nl (S.G.P. Castro).  

Contents lists available at ScienceDirect 

Thin-Walled Structures 

journal homepage: http://www.elsevier.com/locate/tws 

https://doi.org/10.1016/j.tws.2020.107217 
Received 14 August 2020; Received in revised form 25 September 2020; Accepted 14 October 2020   

mailto:s.g.p.castro@tudelft.nl
www.sciencedirect.com/science/journal/02638231
https://http://www.elsevier.com/locate/tws
https://doi.org/10.1016/j.tws.2020.107217
https://doi.org/10.1016/j.tws.2020.107217
https://doi.org/10.1016/j.tws.2020.107217
http://crossmark.crossref.org/dialog/?doi=10.1016/j.tws.2020.107217&domain=pdf
http://creativecommons.org/licenses/by/4.0/


Thin-Walled Structures 159 (2021) 107217

2

expressions for these functional derivatives are later obtained using von 
Kármán non-linear plate kinematics. These expressions can be used with 
any displacement-based analytical, semi-analytical or numerical 
approach; and in the present study it is proposed to approximate the 
displacement fields using the Bogner-Fox-Schmit (BFS) element [33], 
one of the most accurate rectangular finite elements for predicting the 
deflection of thin-walled shells, as stated by Zienkiewicz & Taylor [34, 
p.153]. The conventional BFS achieves third-order interpolation for the 
deflection using only 4 nodes per element and 6 degrees-of-freedom per 
node. An enrichment is proposed to the conventional BFS element to 
achieve third-order interpolation also for the in-plane displacements, 
keeping only 4 nodes per element and increasing to 10 
degrees-of-freedom per node. This enrichment of the in-plane dis-
placements enable high accuracy while approximating the second-order 
displacement fields, required in Koiter’s method. The developed 
formulation and implementation is verified against existing literature 
for single- and multi-modal asymptotic expansion of metallic and com-
posite plates, under various loading and boundary conditions. Reference 
results for multi-modal analysis that are not readily available in the 
literature are reported, including the second-order displacement fields. 

2. Expansion of the total potential energy functional 

Koiter’s asymptotic theory was first presented in 1945 [1]. Budian-
sky [32] presents a complete review of Koiter’s asymptotic method, 
proposing a general-purpose formulation based on the total potential 
energy functional of the system. The present work elaborates on this 
formulation and expands it to the complete multi-modal Koiter’s anal-
ysis. Given a total potential energy functional that has the displacements 
u and the a scalar load multiplier λ as unknowns ϕ[u, λ]. At a pre-buckling 
static equilibrium: 

δϕ[u0, λ0] = ϕ’[u0, λ0]δu = 0 (1)  

where u0 is a known solution corresponding to the pre-buckling load λ0. 
The formulation herein presented is compatible with either a linear or a 
nonlinear pre-buckling state. In Eq. (1), the notation ϕ’δu is used instead 
of δϕ to conveniently express the functional variation as a tensor product 
between the Frechét derivative ϕ’ and the variation of the vector con-
taining all degrees-of-freedom δu [32]. The first functional variation 
becomes a first-order tensor multiplying a vector; the second variation 
becomes a second-order tensor multiplying two vectors, and so forth, as 
demonstrated in Eq. (2). 

δϕ = ϕ’δuδ2 

ϕ = ϕ’’δuδuδ3 

ϕ = ϕ’’’δuδuδuδ4 

ϕ = ϕivδuδuδuδu (2) 

Assume that there exists at least one point of equilibrium that in-
tersects [u(λ), λ] at a bifurcation point [uc,λc], such that uc = λcu0. This 
bifurcation point is evaluated according to Appendix A. Hence, at the 
bifurcation point, the following static equilibrium ought to exist: 

δϕ[uc, λc] = ϕ’[uc, λc]δu = 0 (3) 

Assuming that ϕ is continuous at the vicinity of uc, a Taylor expan-
sion around the equilibrium point [uc, λc] can be applied on Eq. (3) to find 
approximations for new state of equilibrium [u(λ),λ], ∀λ > λc. The error 
of this approximation becomes zero when limλ→λc . For this first Taylor 
expansion, a displacement perturbation v is assumed such that: 

v= u(λ) − uc (4)  

with limλ→λc v = 0 because u crosses the bifurcation point. The notation 
ϕ(n)

c = ϕ(n)[uc, λc], is adopted to obtain the result of the first Taylor 
expansion shown in Eq. (5), that approximates the total potential energy 
functional at [u,λc], with the new displacement state being u = uc + v. 

ϕ’[u, λc]δu = ϕ’cδu + ϕ’’
c δuv +

1
2
ϕ’’’

c δuv2 +
1
6

ϕiv
c δuv3 + O(4) = 0 (5) 

It is worth emphasizing that each Frechét derivatives from the first 
expansion of Eq. (5) is calculated at [uc,λc], and not [u0, λc]; where uc =

λcu0 and u0 is a linear or nonlinear pre-buckling state. Terms ϕ(n)
c 

represent nth –order Frechét derivatives of the total potential energy 
functional about the displacement degrees-of-freedom u. Equation (2) 
demonstrates how these Frechét derivatives of the total potential energy 
functional ultimately generate nth –order tensors. Vectors δu and v are 1st 

–order tensors, such that ϕ(n)
c v(n− 1)δu should be read as nth –order tensor 

products. Defining the following notation for the derivatives of ϕ in 
terms of λ [32]: 

ϕ(n)
c = ϕ(n)[uc, λc]

ϕ̇
(n)
c =

d
dλ

ϕ(n)
c

ϕ̈
(n)
c =

d2

dλ2ϕ(n)
c

(6) 

To approximate the total potential energy functional at [u, λ] each 
Frechét derivate of Eq. (5) undergoes a second Taylor expansion that 
assumes u(λ) continuous for any load increment λ − λc, resulting in: 

ϕ(n)[uc, λ] = ϕ(n)
c + ϕ̇

(n)
c (λ − λc) +

1
2
ϕ̈
(n)
c (λ − λc)

2
+ O(3) (7) 

The expressions in Eq. (7) are readily applied into Eq. (5) to obtain 
the approximation for the total potential energy functional at the new 
equilibrium, i.e. ϕ’[u, λ], which becomes: 

ϕ’[u, λ]δu =

(

ϕ’’
c + ϕ̇

’’
c (λ − λc) +

1
2
ϕ̈

’’
c (λ − λc)

2
+ ⋯

)

vδu +
1
2

(

ϕ’’’
c 

+ϕ̇
’’’
c (λ − λc) +

1
2
ϕ̈

’’’
c (λ − λc)

2
+ ⋯

)

v2δu +
1
6

(

ϕiv
c + ϕ̇

iv
c (λ − λc)

+
1
2
ϕ̈

iv
c (λ − λc)

2
+ ⋯

)

v3δu + ⋯ (8)  

3. Single-mode asymptotic analysis 

Koiter [1] proposed to express u − uc and λ − λc using the following 
asymptotic expansion: 

u − uc = v = ξuI + ξ2uII + ξ3uIII + ⋯
λ − λc = aIλcξ + bIλcξ2 + ⋯ (9)  

where: (1) ξ is a scalar parameter. (2) uI is a first-order field, taken 
directly from one or a linear combination of multiple linear buckling 
modes. Vector uI is customarily re-scaled dividing by the maximum 
normal displacement amplitude and multiplying by the plate or shell 
thickness. (3) uII is a second-order field that provides a correction to the 
first-order field. (4) The third-order field uIII, and higher, are assumed to 
have a negligible contribution. (5) aI and bI are respectively first- and 
second-order load parameters to be determined. Equation (9) is a 
reduced-order model (ROM) relating the load λ and displacement u 
around the equilibrium point [uc,λc]. Note that this ROM could have been 
built around any equilibrium point, a property that is explored in the 
Koiter-Newton approach [35,36]. Koiter’s expansion given by Eq. (9) is 
directly used into Eq. (8) to render: 

(10) 
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Note in Eq. (10) that only the terms up to ξ3 are shown. Equation (10) 
must be satisfied regardless the values of ξ and δu, such that each term 
must vanish separately. The arbitrary value δu = uI can be used [32], 
with uI being the first eigenvector when I = 1, or a composition of ei-
genvectors obtained at the bifurcation point [uc, λc]. With δu = uI the 
orthogonality of the second-order field leads to ϕ̇’’

c uIuII = 0. Hence, Eq. 
(10) can be used to obtain the equations for aI and bI in the single-mode 
expansion:   

Equation (11) is in agreement with Casciaro [9]. Note in Eq. (11) that 
aI can be calculated using only uI, whereas bI additionally needs the 
second-order field uII. Budiansky [32] suggests to compute uII using the 
terms for ξ2 in Eq. (10): 

ϕ’’
c uIIδu +

1
2
u2

I ϕ’’’
c δu + aIλcuIϕ̇

’’
c δu = 0  

which must hold for all arbitrary variations δu, such that: 

ϕ’’
c uII +

1
2

u2
I ϕ’’’

c + aIλcuIϕ̇
’’
c = 0 (12) 

For problems in solid mechanics ϕ′′
c will generally be an invertible 

positive-definite square matrix [32], such that the solution of Eq. (12) 
can be: 

uII =
[
ϕ’’

c

]− 1
(

−
1
2
ϕ’’’

c u2
I − aIλcuIϕ̇

’’
c

)

(13) 

Note in Eqs. (12) and (13) that vector uII is appropriately used 
instead of uII because Eq. (13) allows multiple solutions of uII for 
different multipliers applied to uI. However, one must guarantee that 
any calculated uII is orthogonal to uI such that the second-order 
displacement vector uII becomes a valid vector basis for the reduced- 
order model of Eq. (9). Gram-Schmidt orthogonalization [37] can be 
used to obtain the orthogonal component of uII, where first the projec-
tion of uII onto uI is obtained as: 

projuI uII = uI
〈uII, uI〉
〈uI,uI〉 

Next, the orthogonal uII can be calculated subtracting the projection 
from uII, using: 

uII = uII − uI
〈uII,uI〉
〈uI,uI〉

(14)  

4. Multi-modal asymptotic analysis 

The possibility to perform post-buckling analysis in structures with 
clustered buckling modes is one of the apparent advantages of Koiter’s 
method compared to other methods [9,12]. The necessity of considering 
multiple modes in the asymptotic expansion has been demonstrated by 
many authors, for instance in variable-angle tow plates with clustered 
buckling modes [12] and in imperfection sensitive structures [19,24,32, 
38–41]. 

The single-mode asymptotic expansion of Eq. (9) can be generalized 
to a multi-modal asymptotic expansion, as shown in Eqs. (15) and (16) 
[42]: 

u − uc = v = ξiui + ξiξjuij + ⋯ (15)  

ξI(λ − λI)= λIaIjkξjξk + λIbIjkℓξjξkξℓ + ⋯ (16)  

where summation convention is applied for repeated indices j, k,ℓ =

1, 2,⋯m is applied. Equation (16) is a reduced-order model consisting of 
a system of m equations obtained for I = 1, 2,⋯,m, which has ξ1, ξ2,⋯ 
, ξm unknowns. The value λI correspond to the Ith linear buckling 

eigenvalue uI, always re-scaled by dividing with the maximum out-of- 
plane displacement and multiplying by the plate thickness. Finding 
the right number of linear buckling modes m in the multi-modal analysis 
is a common question [9], and an accepted criterion is to select a number 
of modes that lies within 10%–20% departing from the first critical load 
[9]. 

Note that Eq. (15) consists on a reduced-order model to calculate 
displacements u based on a pre-buckled state uc with known linear 
buckling modes ui and known second-order displacement fields uij. As in 
the case of the single-mode expansion, for plates and shells it is 
customary to re-scale uij dividing by the maximum normal displacement 
amplitude of uij and multiplying by the plate or shell thickness. The 
coefficients ξi for i = 1,…,m are found for each load λ after solving the 
system of m equations given by Eq. (16). Solving Eq. (16) requires the 
calculation of all coefficients aijk and bijkℓ. 

The expressions given by Eqs. (15) and (16) are applied to the 
expanded total potential energy functional of Eq. (8). The terms multi-
plying ξjξk and ξjξkξℓ are collected, analogously to the terms multiplying 
ξ2 and ξ3 for the single-mode expansion in Eq. (10). The collected terms 
for the multi-modal expansion are shown in Eq. (17), where the 
following orthogonality property of the linear buckling modes is used: 〈 

ui, uj〉 = 0, ∀i ∕= j; leading to ϕ’’
c uiuj = 0, ∀i ∕= j; ϕ̇’’

c uiuj = 0, ∀i ∕= j; and 

ϕ̈’’
c uiuj = 0, ∀i ∕= j. Moreover, collected terms in brackets that are 

multiplying any of the perturbation parameters ξj,k,ℓ ultimately vanish, 
knowing that ξj,k,ℓ→0. 

ξjξk

[(
aijk + aikj

)
λiuiϕ̇

’’
c + ϕ’’’

c ujuk + ϕ’’
c ujk + ϕ’’

c ukj

]
δu + ξjξkξℓ

[
λi

ϕ̇
’’
c ui

(
bijkℓ + bikℓj + biℓkj + bijℓk + bikjℓ + biℓjk

)
+ ϕiv

c ujukuℓ + ϕ’’’
c

(
ujukℓ 

+ujuℓk + ukujℓ + ukuℓj + uℓujk + uℓukj

)
+ ϕ̈

’’
c λ2

i ui

(
aiijaikℓ + aijiaikℓ + aiijaiℓk

+ aijiaiℓk + aiikaijℓ + aikiaijℓ + aiikaiℓj + aikiaiℓj + aiiℓaijk + aiℓiaijk + aiiℓaikj

+ aiℓiaikj

)
+ ϕ̇

’’’
c λi

(
aiijukuℓ + aijiukuℓ + aiikujuℓ + aikiujuℓ + aiiℓujuk

+ aiℓiujuk + aijkuiuℓ + aikjuiuℓ + aijℓuiuk + aiℓjuiuk + aikℓuiuj

+ aiℓkuiuj
)]

δu + ⋯= 0
(17) 

For the expanded equilibrium to be stationary, each term in Eq. (17) 
must vanish separately, similarly to the single-mode expansion. 
Assuming δu = ui in Eq. (17), the expressions for aijk and bijkℓ can be 
obtained, as respectively given in Eqs. (18) and (19). 

aijk = −
1

2λi

ϕ’’’
c uiujuk

ϕ̇
’’
c uiui

(18)   

aI = −
1

2λc

u3
I ϕ’’’

c

u2
I ϕ̇

’’
c

bI = −

(
1
6
u4

I ϕiv
c +

1
2
aIλcu3

I ϕ̇
’’’
c +

1
2
a2

I λ2
cu2

I ϕ̈
’’
c + u2

I uIIϕ’’’
c

)

/
(

λcu2
I ϕ̇

’’
c

)
(11)   
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Note in the calculation of bijkℓ that the second-order fields uij are 
needed. As in the single-mode expansion case, a non-orthogonal second- 
order field uij is calculated first. Note that the terms in brackets multi-
plying ξjξk in Eq. (17) are obtained for any ith mode. Therefore, the 
contribution for all i = 1,…,m modes are added and the following 
equation for uij is obtained: 

ujk =
[
ϕ’’

c

]− 1

(

−
1
2

ϕ’’’
c ujuk −

1
m
∑i=m

i=1
aijkλiuiϕ̇

’’
c

)

(20) 

The orthogonal second-order field vectors in the multi-modal 
asymptotic expansion can be obtained after successive Gram-Schmidt 
orthogonalization [37] operations, used to remove the components of 
ujk that are parallel to all linear buckling modes used in the multi-modal 
expansion ui, with i = 1, 2, …, m. This orthogonalization procedure is 
formulated in Eq. (21). 

ujk =ujk −
∑i=m

i=1
ui

〈ujk,ui〉
〈ui,ui〉

(21)  

5. Functional derivatives using von Kármán kinematics 

This section demonstrates how to calculate the functional derivatives 

leading to the nth –order tensors ϕ(n)
c , ϕ̇(n)

c and ϕ̈(n)
c , previously introduced 

during the single-mode and multi-modal asymptotic expansions. The 
discussion focus on von Kármán non-linear kinematics, and can be easily 
extended to other non-linear kinematic equations, such as those pro-
posed by Sanders [40,43] and Timoshenko & Gere [43, section2.2.4]. 

Fig. 1. Models for isotropic plates, adapted from Lanzo et al. [55].  

bijkℓ =
− 1

6λiϕ̇
’’
c uiui

[
ϕiv

c uiujukuℓ + 3ϕ’’’
c ui
(
ujukℓ + uℓujk

)
+ λiϕ̇

’’’
c ui
(
aiijukuℓ + aijkuℓui + aikℓuiuj

)
+ λ2

i ϕ̈
’’
c uiui

(
aiijaikℓ + aijkaiℓi ++aikℓaiij

) ]

(19)   
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5.1. Strains 

Von Kármán proposed a kinematic relation for plates that neglect 
various non-linear terms that come from the full non-linear Green- 
Lagrange strain-displacement relations [43, section2.2.2]. Von Kármán 
kinematics are also referred to in the literature as Donnell-type [44,45] 
or Kirchhoff-Love non-linear equations. Using classical equivalent single 
layer theory, the three-dimensional strains are expressed as ϵ(x, y, z) =

ε(x, y)+ zκ(x, y), such that the extensional ε and rotational κ strains can 
be defined in terms of the in-plane displacement field variables u(x, y),
v(x, y),w(x, y) as: 

ε =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

εxx

εyy

γxy

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

u,x +
1
2

w,2x

v,y +
1
2

w,2y

u,y + v,x + w,xw,y

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

κ =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

κxx

κyy

κxy

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

− w,xx

− w,yy

− 2w,xy

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

(22) 

Assuming the following approximation for the displacement field: 

Table 1 
Convergence of BFSC element for first buckling mode, isotropic case.  

Model Case Lanzo et al. [55] BFSC convergence for λc/λref  

nx × ny  λc/λref  ny = 4  ny = 6  ny = 8  ny = 10  ny = 12  ny = 14  ny = 16  ny = 18  ny = 20  

A1 a/ b =

1  
25× 25  4.00263 3.99358 3.99921 3.99983 3.99995 3.99998 3.99999 4.00000 4.00000 4.00000 

a/ b =

2  
49× 21  4.00323 3.99419 3.99929 3.99985 3.99996 3.99998 3.99999 4.00000 4.00000 4.00000 

a/ b =

3  
49× 15  4.00674 3.99439 3.99932 3.99985 3.99996 3.99998 3.99999 4.00000 4.00000 4.00000 

A2 a/ b =

1  
33× 33  7.71346 7.66910 7.69296 7.69263 7.69203 7.69171 7.69154 7.69145 7.69139 7.69136 

a/ b =

2  
49× 21  7.01142 6.95834 6.97190 6.97210 6.97191 6.97178 6.97171 6.97167 6.97165 6.97163 

a/ b =

3  
– – 7.03814 7.05577 7.05595 7.05565 7.05547 7.05537 7.05531 7.05528 7.05526 

A3 a/ b =

1  
– – 1.69586 1.69768 1.69806 1.69817 1.69821 1.69823 1.69824 1.69825 1.69825 

a/ b =

2  
33× 17  1.38808 1.38371 1.38566 1.38602 1.38612 1.38616 1.38618 1.38619 1.38619 1.38619 

a/ b =

3  
– – 1.33821 1.33894 1.33908 1.33912 1.33914 1.33914 1.33915 1.33915 1.33915 

A4 a/ b =

1  
– – 6.73286 6.74461 6.74418 6.74373 6.74350 6.74337 6.74331 6.74327 6.74324 

a/ b =

2  
49× 21  4.85495 4.83580 4.84603 4.84698 4.84713 4.84715 4.84716 4.84716 4.84716 4.84715 

a/ b =

3  
– – 4.39779 4.40549 4.40627 4.40642 4.40645 4.40646 4.40646 4.40646 4.40646 

B1 a/ b =

1  
33× 33  25.57659 24.19007 25.40526 25.50502 25.52282 25.52721 25.52846 25.52882 25.52889 25.52887 

a/ b =

2  
49× 23  23.94518 23.30597 23.83356 23.87513 23.88171 23.88292 23.88303 23.88291 23.88275 23.88261 

a/ b =

3  
49× 15  24.2542 23.51109 24.07096 24.10957 24.11329 24.11364 24.11343 24.11316 24.11292 24.11273 

B2 a/ b =

1  
33× 33  48.15739 50.37432 48.28268 47.93517 47.83308 47.79429 47.77688 47.76807 47.76321 47.76033 

a/ b =

2  
49× 23  42.21176 42.88262 41.91507 41.73877 41.68699 41.66723 41.65827 41.65367 41.65109 41.64952 

a/ b =

3  
49× 15  41.72252 41.53774 40.70907 40.55857 40.51447 40.49763 40.48996 40.48601 40.48377 40.48241 

C1 a/ b =

1  
25× 25  9.35185 8.71909 9.24793 9.31349 9.32538 9.32769 9.32784 9.32749 9.32708 9.32670 

a/ b =

2  
45× 23  6.56822 6.54374 6.55314 6.55058 6.54903 6.54813 6.54757 6.54720 6.54695 6.54678 

a/ b =

3  
45× 15  5.88460 5.95400 5.89677 5.87237 5.86074 5.85441 5.85060 5.84813 5.84645 5.84525 

C2 a/ b =

1  
25× 25  14.78220 14.92525 14.74298 14.68146 14.66129 14.65341 14.64965 14.64755 14.64623 14.64535 

a/ b =

2  
45× 23  10.34334 10.74294 10.44685 10.35511 10.31516 10.29405 10.28156 10.27355 10.26811 10.26424 

a/ b =

3  
45× 15  9.74613 9.67930 9.56774 9.54651 9.54032 9.53787 9.53667 9.53599 9.53557 9.53530  
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u, v,w⊺ = Suu

Su =

⎡

⎣
Su

Sv

Sw

⎤

⎦ (23)  

where Su,v,w are known shape functions; each component u, v,w can be 
written adopting summation convention for repeated indices as: 

u = Su
aua

v = Sv
aua

w = Sw
a ua

(24)  

with a = 1,2,⋯,n. The strain variations can be represented as: 

δε = ε’δu
δκ = κ’δu (25)  

where the ’ (prime) symbol is used to denote a Frechét’s differentiation. 
Adopting index notation to represent the strains, such that ε1 = εxx,ε2 =

εyy,ε3 = γxy,κ1 = κxx,κ2 = κyy,κ3 = κxy; the first and second variations of 
the extensional and rotational strains become: 

δεi = ε’iaδua

δκi = κ’iaδua

δ(δεi) = ε’’
iabδuaδub

δ(δκi) = κ’’
iabδuaδub

(26)  

With these definitions, the first Frechét’s differentiation of the strains 
can be represented as: 

Table 2 
Convergence of BFSC element for bI (b− factor), isotropic case.  

Model Case Lanzo et al. [55] BFSC convergence for bI (b− factor)  

nx × ny  bI=1  ny = 4  ny = 6  ny = 8  ny = 10  ny = 12  ny = 14  ny = 16  ny = 18  ny = 20  

A1 a/ b =

1  
25× 25  0.18244 0.18655 0.18373 0.18311 0.18289 0.18279 0.18273 0.18270 0.18267 0.18266 

a/ b =

2  
49× 21  0.21177 0.21517 0.21277 0.21222 0.21202 0.21193 0.21188 0.21185 0.21183 0.21182 

a/ b =

3  
49× 15  0.22167 0.22519 0.22302 0.22251 0.22232 0.22224 0.22219 0.22216 0.22214 0.22212 

A2 a/ b =

1  
33× 33  0.19576 0.21278 0.26446 0.19664 0.21681 0.19589 0.20598 0.19571 0.20176 0.19565 

a/ b =

2  
49× 21  0.26541 0.27179 0.26607 0.26500 0.26467 0.26452 0.26447 0.26443 0.26441 0.26440 

a/ b =

3  
– – 0.33573 0.33077 0.32955 0.32911 0.32904 0.32897 0.32893 0.32891 0.32889 

A3 a/ b =

1  
– – 0.00619 0.00529 0.00504 0.00493 0.00488 0.00485 0.00482 0.00481 0.00480 

a/ b =

2  
33× 17  0.00881 0.00951 0.00912 0.00900 0.00895 0.00892 0.00891 0.00890 0.00889 0.00889 

a/ b =

3  
– – 0.02572 0.02600 0.02507 0.02528 0.02497 0.02509 0.02494 0.02501 0.02492 

A4 a/ b =

1  
– – 0.17106 0.17037 0.17023 0.17015 0.17011 0.17009 0.17007 0.17006 0.17005 

a/ b =

2  
49× 21  0.26083 0.31749 0.27225 0.26075 0.26085 0.26367 0.26339 0.26047 0.25998 0.26069 

a/ b =

3  
– – 0.18543 0.18392 0.18358 0.18346 0.18341 0.18337 0.18336 0.18334 0.18333 

B1 a/ b =

1  
33× 33  0.21935 0.21531 0.33212 0.22298 0.24930 0.22145 0.23232 0.22108 0.22622 0.22094 

a/ b =

2  
49× 23  0.21960 0.24769 0.23083 0.23598 0.22395 0.23024 0.22380 0.22462 0.22473 0.22321 

a/ b =

3  
49× 15  0.21148 0.21735 0.26961 0.22659 0.21428 0.22178 0.21473 0.21194 0.21577 0.21416 

B2 a/ b =

1  
33× 33  0.29241 0.39369 0.34365 0.39354 0.30060 0.31165 0.30953 0.30172 0.29923 0.29945 

a/ b =

2  
49× 23  0.28583 0.34901 0.33925 0.32215 0.28414 0.29305 0.28055 0.28671 0.28312 0.28326 

a/ b =

3  
49× 15  0.27654 0.33651 0.34539 0.31122 0.28495 0.28404 0.27896 0.27751 0.27998 0.27734 

C1 a/ b =

1  
25× 25  0.11453 0.10765 0.11914 0.11926 0.11897 0.11877 0.11864 0.11855 0.11849 0.11845 

a/ b =

2  
45× 23  0.07171 0.07680 0.07527 0.07465 0.07438 0.07424 0.07417 0.07412 0.07409 0.07407 

a/ b =

3  
45× 15  0.07992 0.11259 0.09853 0.09254 0.08860 0.08632 0.08505 0.08429 0.08383 0.08353 

C2 a/ b =

1  
25× 25  0.11686 0.15020 0.12852 0.12391 0.12229 0.12159 0.12124 0.12104 0.12092 0.12084 

a/ b =

2  
45× 23  0.13282 0.11883 0.17133 0.15872 0.15760 0.14789 0.14515 0.14331 0.14308 0.14044 

a/ b =

3  
45× 15  0.08651 0.10179 0.09192 0.08984 0.08913 0.08883 0.08868 0.08860 0.08855 0.08851  
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ε’
a =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Su
a,x + w,xSw

a,x

Sv
a,y + w,ySw

a,y

Su
a,y + Sv

a,x + w,xSw
a,y + w,

y
Sw

a,x

κ’
a =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

− Sw
a,xx

− Sw
a,yy

− 2Sw
a,xy

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

(27) 

The second differentiation: 

ε’’
ab =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Sw
a,xS

w
b,x

Sw
a,yS

w
b,y

Sw
a,yS

w
b,x + Sw

a,xS
w
b,y

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

κ’’
ab = 0

(28) 

Note in Eq. (28) that ε’’
iab represents a symmetric second-order tensor, 

which is an important property to be considered while implementing the 
method. 

For the differentiations with respect to λ, we must recall that all 
functional expansions were calculated about the bifurcation point [uc,

λc], such that the strains and stresses are those corresponding to the 
displacement uc = λu0, with λ = λc. Starting with ε and κ, using the 

notation ∂( ⋅)/∂λ = (
⋅

⋅) and ∂2( ⋅)/∂λ2 = (
⋅⋅

⋅): 

ε̇ =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

u0,x + λw0,
2
x

v0,y + λw0,
2
y

u0,y + v0,x + 2λw0,xw0,y

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

κ̇ =

⎧
⎪⎨

⎪⎩

− w0,xx

− w0,yy

− 2w0,xy

⎫
⎪⎬

⎪⎭

(29) 

If the pre-buckling state u0 is evaluated linearly for a plate with no 
bending-extension coupling and only in-plane pre-buckling loads, w0 =

0 and the initial post-buckling analysis is greatly simplified. Neverthe-
less, the formulation presented next is valid for the more general case of 
w0 ∕= 0. 

The second differentiation with respect to λ gives: 

ε̈ =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

w0,
2
x

w0,
2
y

2w0,xw0,y

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

κ̈ = 0

(30) 

For ε’
a and κ’

a, the first differentiation with respect to λ gives: 

ε̇’
a =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

w0,x Sw
a,x

w0,y Sw
a,y

w0,x Sw
a,y + w0,y Sw

a,x

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

κ̇’
a = 0

(31) 

For the second differentiations with respect to λ, ̈ε’a = 0 and ̈κ ’
a = 0. 

For ε’’
ab and κ’’

ab all derivatives with respect to λ are zero. 

5.2. Stresses 

Based on Eqs. (22)–(31) it is straightforward to compute the 

corresponding stresses. Using classical constitutive relations for lami-
nated composites [46] and adopting the index notation: N1 = Nxx, N2 =

Nyy and N3 = Nxy; M1 = Mxx, M2 = Myy and M3 = Mxy; the stress-strain 
relations can be written as: 

Ni = Aijεj + Bijκj
Mi = Bijεj + Dijκj

(32)  

where Aij represents the plate membrane stiffness; Bij the membrane- 
bending coupling stiffness; and Dij the bending stiffness; all for i, j =

1,2, 3. The first Frechét derivative of the stress terms are: 

N ′

ia = Aijε
′

ja + Bijκ
′

ja

M′

ia = Bijε
′

ja + Dijκ
′

ja

(33) 

Recalling from Eq. (28) that κ’’
jab = 0, the second Frechét derivatives 

are: 

N’’
iab = Aijε’’

jab

M’’
iab = Bijε’’

jab

(34) 

Note that N’’
iab,M’’

iab are symmetric second-order tensors. The first 
derivatives with respect to λ can be readily computed as: 

Ṅi = Aijε̇j + Bijκ̇j
Ṁi = Bijε̇j + Dijκ̇j

(35)  

Ṅia’ = Aijε̇’ja
Ṁia’ = Bijε̇’ja

(36)  

Ṅ’’
iab = 0

Ṁ’’
iab = 0

(37) 

Finally, the second derivatives about λ are: 

N̈i = Aijε̈j

M̈i = Bijε̈j

N̈ia’ = 0
M̈ia’ = 0
N̈’’

iab = 0

M̈’’
iab = 0

(38)  

5.3. Functional derivatives 

Assuming a general loading vector with distributed forces N̂ at the 
plate boundaries δΩ, the total potential energy can be written as: 

ϕ =
1
2

∫

Ω

(Niεi + Miκi)dΩ −

∫

δΩ

λN̂
⊺
ud(δΩ) (39)  

where dΩ = dxdy and summation convention is adopted for terms with 
repeated index i with i = 1, 2,3. The stationary total potential energy at 
[uc, λc] is defined as ϕc’ = ϕ’[uc, λc], calculated using the first variation of 
ϕc = ϕ[uc, λc]: 

ϕc
′

δu =

⎡

⎣1
2

∫

Ω

(δNiεi + Niδεi + δMiκi + Miδκi)dΩ −

∫

δΩ

λN̂
⊺
δud(δΩ)

⎤

⎦ (40) 

The variation δu is defined as δu = ua = {⋯, ua,⋯}
⊺, such that the 

first Frechét derivative of the total potential energy becomes: 
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ϕc’ua =

⎡

⎣1
2

∫

Ω

(Nia’εi + Niε’ia + Mia’κi + Miκ’ia)dΩ −

∫

δΩ

λN̂
⊺
Su

ax=ℓx
d(δΩ)

⎤

⎦ua

(41) 

Resuming with the second Frechét derivative, now replacing δu with 
δu = ub = {⋯, ub,⋯}

⊺: 

(42) 

Note that ϕ′′
c in Eq. (42) represents a second-order tensor with all 

geometrically non-linear terms present. If a linear pre-buckling state is 
assumed, ϕ′′

c becomes the linear constitutive stiffness matrix of the sys-
tem [9]. Continuing with the third Frechét derivative, now using δu =

uc = {⋯, uc,⋯}
⊺: 

(43) 

Lastly, using δu = ud = {⋯, ud,⋯}
⊺, the fourth Frechét derivative 

gives: 

Fig. 2. uI for isotropic plates with a/b = 3; each row corresponds to one model; columns from left to right are linear buckling modes for: I = 1, 2, 3,4.  
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(44) 

It is now possible to compute the functional differentiations corre-
sponding to the second expansion of the total potential energy func-
tional, about λ. From Eq. (42), the first differentiation about λ becomes: 

(45) 

The second differentiation of ϕ′′
c about λ becomes: 

Fig. 3. u11 for isotropic plate with a/b = 3; each row corresponds to one model; columns from left to right are: u, v, 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
u2 + v2

√
.  
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(46) 

The first differentiation of ϕ’’’
c can be calculated based on Eq. (43) as: 

(47) 

The second differentiation of ϕ’’’
c about λ can be calculated from Eq. 

(47): 

Fig. 4. u22 for isotropic plate with a/b = 3; each row corresponds to one model; columns from left to right are: u, v, 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
u2 + v2

√
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(48) 

The first and second differentiation of ϕiv
c with respect to λ can be 

calculated based on Eq. (44): 

(49)  

ϕ̈
iv
c uaubucud = 0 (50)  

6. Modified Bogner-Fox-Schmit finite element 

The Bogner-Fox-Schmit (BFS) finite element [33] is a classical C1 
continuous confirming plate element obtained by taking tensor products 
of cubic Hermite splines. The BFS is one of the most accurate rectangular 

Fig. 5. u33 for isotropic plate with a/b = 3; each row corresponds to one model; columns from left to right are: u, v, 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
u2 + v2

√
.  

Table 3 
Convergence of BFSC element for first buckling mode and model A1 with a/b = 1, anisotropic case.  

E1/

E2  

Phan & Reddy [56] Bilotta et al. [57] BFSC convergence for λc/λref  

λc/λref  ny = 4  ny = 6  ny = 8  ny = 10  ny = 12  ny = 14  ny = 16  ny = 18  ny = 20  

1 – – 4.1596 4.1662 4.1670 4.1671 4.1671 4.1672 4.1671 4.1671 4.1671 
3 5.7538 5.7561 5.7501 5.7534 5.7537 5.7538 5.7537 5.7537 5.7538 5.7540 5.7540 
10 11.492 11.4976 11.4923 11.4922 11.4919 11.4919 11.4921 11.4919 11.4914 11.4916 11.4910 
20 19.712 19.7148 19.7167 19.7135 19.7127 19.7127 19.7119 19.7124 19.7122 19.7144 19.7036  
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finite elements for thin-walled shells, as stated by Zienkiewicz & Taylor 
[34, p.153], and therefore has been chosen to implement the formula-
tion herein developed. With only 4 nodes per element, the standard BFS 
element approximates the out-of-plane displacements using 3rd –order 
polynomials, which is still a reasonable low-order interpolation for 
plates and very simple to implement [47], in contrast with triangular 

elements which use higher order polynomials [47], such as the Argyris 
element [48]. 

A drawback of the standard BFS element when used in the context of 
Koiter’s method is the linear interpolation of the in-plane displacements 
[33], resulting in a poor convergence when trying to represent the 
second-order displacement fields uij and all dependent quantities such as 

Fig. 6. u11. for anisotropic plate A1 with a/b = 1; rows from top to bottom are: E1/E2 = 1, 3,10,20; columns from left to right are: u, v, 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
u2 + v2

√
.  

Table 5 
Multi-modal expansion coefficients bTiso

ijkℓ for isotropic plate.  

bTiso
1jkℓ  Tiso [58] BFSC bTiso

2jkℓ  Tiso [58] BFSC 

b1111  0.1353 0.1347 b2111  0 0 
b1112  0 0 b2112  0.0663 0.0682 
b1121  0 0 b2121  0.2796 0.2543 
b1122  0.0663 0.0692 b2122  0 0 
b1211  0 0 b2211  0.2747 0.2729 
b1212  0.0675 0.0644 b2212  0 0 
b1221  0.2747 0.2766 b2221  0 0 
b1222  0 0 b2222  0.2221 0.2176  

Table 6 
Eigenvalues λi for isotropic plate used in multi-modal analysis, units in [N/m].  

Eigenvalue DIANA DIANA BFSC 

CQ40L Allman 

λ1  6307 6337 6328 
λ2  6844 6885 6866 
λ3  7405 7432 7426 
λ4  8105 8165 8127 
λ5  9863 9955 9886 
λ6  12040 12182 12066 
λ7  14606 14822 14635 
λ8  17542 17584 17575  

Table 4 
Convergence of BFSC element for bI (b− factor), model A1 with a/b = 1, anisotropic case.  

E1/

E2  

Bilotta et al. [57] BFSC convergence for bI (b− factor)  

bI=1 (b− factor)  ny = 4  ny = 6  ny = 8  ny = 10  ny = 12  ny = 14  ny = 16  ny = 18  ny = 20  

1 – 0.17403 0.17138 0.17078 0.17056 0.17046 0.17041 0.17038 0.17036 0.17034 
3 0.19865 0.20384 0.20011 0.19933 0.19906 0.19894 0.19887 0.19883 0.19880 0.19878 
10 0.17075 0.17792 0.17277 0.17172 0.17135 0.17117 0.17108 0.17103 0.17100 0.17098 
20 0.12595 0.13393 0.12809 0.12689 0.12646 0.12627 0.12616 0.12609 0.12604 0.12607  
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Table 7 
Multi-modal expansion coefficients bijkℓ for isotropic plate using 5 modes.  

bijkℓ  DIANA 
CQ40L 

DIANA 
Allman 

BFSC Err bijkℓ  DIANA 
CQ40L 

DIANA 
Allman 

BFSC Err bijkℓ  DIANA 
CQ40L 

DIANA 
Allman 

BFSC Err bijkℓ  DIANA 
CQ40L 

DIANA 
Allman 

BFSC Err bijkℓ  DIANA 
CQ40L 

DIANA 
Allman 

BFSC Err 

b1111  0.21531 0.21756 0.21564 1% b2111  0 0 0  b3111  0 0 0  b4111  0.01072 0.01079 0.01084 0% b5111  0 0 0  
b1112  0 0 0  b2112  0.11844 0.11830 0.11971 1% b3112  − 0.11414 0.11583 0.10853 6% b4112  0 0 0  b5112  − 0.01003 0.01004 − 0.01012 1% 
b1113  0 0 0  b2113  − 0.03165 0.03132 0.02935 6% b3113  0.15488 0.15732 0.16034 2% b4113  0 0 0  b5113  0.00353 0.00349 − 0.00352 1% 
b1114  0.03791 0.03852 0.03868 0% b2114  0 0 0  b3114  0 0 0  b4114  0.09640 0.09693 0.09810 1% b5114  0 0 0  
b1115  0 0 0  b2115  − 0.03296 0.03256 − 0.03278 1% b3115  0.04183 0.04190 − 0.04218 1% b4115  0 0 0  b5115  0.07800 0.07834 0.07940 1% 
b1121  0 0 0  b2121  0.10201 0.10181 0.09619 6% b3121  − 0.13375 0.13454 0.14553 8% b4121  0 0 0  b5121  − 0.01008 0.01006 − 0.01014 1% 
b1122  0.22357 0.22823 0.23092 1% b2122  0 0 0  b3122  0 0 0  b4122  − 0.02560 − 0.02558 − 0.02360 8% b5122  0 0 0  
b1123  − 0.05975 0.06042 0.05661 6% b2123  0 0 0  b3123  0 0 0  b4123  0.02485 − 0.02539 − 0.02385 6% b5123  0 0 0  
b1124  0 0 0  b2124  − 0.09139 − 0.09116 − 0.09643 6% b3124  0.14851 − 0.15510 − 0.14599 6% b4124  0 0 0  b5124  − 0.01931 0.01934 − 0.01798 7% 
b1125  − 0.06222 0.06282 − 0.06322 1% b2125  0 0 0  b3125  0 0 0  b4125  − 0.07448 0.07506 − 0.07873 5% b5125  0 0 0  
b1131  0 0 0  b2131  − 0.03709 0.03637 0.03935 8% b3131  0.17117 0.17440 0.16386 6% b4131  0 0 0  b5131  0.00333 0.00331 − 0.00333 1% 
b1132  − 0.05975 0.06042 0.05661 6% b2132  0 0 0  b3132  0 0 0  b4132  0.03334 − 0.03378 − 0.03594 6% b5132  0 0 0  
b1133  0.08108 0.08206 0.08364 2% b2133  0 0 0  b3133  0 0 0  b4133  0.00267 0.00238 0.00239 0% b5133  0 0 0  
b1134  0 0 0  b2134  0.04119 − 0.04193 − 0.03948 6% b3134  0.02392 0.02267 0.02277 0% b4134  0 0 0  b5134  0.02974 0.02990 − 0.03152 5% 
b1135  0.02190 0.02185 − 0.02200 1% b2135  0 0 0  b3135  0 0 0  b4135  0.02999 0.03073 − 0.02920 5% b5135  0 0 0  
b1141  0.03791 0.03852 0.03868 0% b2141  0 0 0  b3141  0 0 0  b4141  0.08099 0.08163 0.07762 5% b5141  0 0 0  
b1142  0 0 0  b2142  − 0.04796 − 0.04733 − 0.04364 8% b3142  0.22521 − 0.23119 − 0.24585 6% b4142  0 0 0  b5142  − 0.02136 0.02158 − 0.02012 7% 
b1143  0 0 0  b2143  0.04655 − 0.04697 − 0.04411 6% b3143  0.01803 0.01631 0.01636 0% b4143  0 0 0  b5143  0.02118 0.02148 − 0.02031 5% 
b1144  0.34088 0.34603 0.35002 1% b2144  0 0 0  b3144  0 0 0  b4144  0.04186 0.04112 0.04142 1% b5144  0 0 0  
b1145  0 0 0  b2145  − 0.13952 0.13888 − 0.14561 5% b3145  0.20255 0.21029 − 0.19972 5% b4145  0 0 0  b5145  0.03251 0.03196 0.03228 1% 
b1151  0 0 0  b2151  − 0.03314 0.03261 − 0.03286 1% b3151  0.03946 0.03965 − 0.03989 1% b4151  0 0 0  b5151  0.06468 0.06506 0.06222 4% 
b1152  − 0.06222 0.06282 − 0.06322 1% b2152  0 0 0  b3152  0 0 0  b4152  − 0.03748 0.03783 − 0.03525 7% b5152  0 0 0  
b1153  0.02190 0.02185 − 0.02200 1% b2153  0 0 0  b3153  0 0 0  b4153  0.03716 0.03765 − 0.03557 6% b5153  0 0 0  
b1154  0 0 0  b2154  − 0.06348 0.06273 − 0.05827 7% b3154  0.35252 0.35857 − 0.37768 5% b4154  0 0 0  b5154  0.02982 0.02916 0.02949 1% 
b1155  0.48408 0.49009 0.49626 1% b2155  0 0 0  b3155  0 0 0  b4155  0.05705 0.05601 0.05654 1% b5155  0 0 0  
b1211  0 0 0  b2211  0.11844 0.11830 0.11971 1% b3211  − 0.11414 0.11583 0.10853 6% b4211  0 0 0  b5211  − 0.01003 0.01004 − 0.01012 1% 
b1212  0.19257 0.19643 0.18555 6% b2212  0 0 0  b3212  0 0 0  b4212  − 0.04879 − 0.04927 − 0.05214 6% b5212  0 0 0  
b1213  − 0.07002 0.07018 0.07591 8% b2213  0 0 0  b3213  0 0 0  b4213  0.02199 − 0.02266 − 0.02134 6% b5213  0 0 0  
b1214  0 0 0  b2214  − 0.04796 − 0.04733 − 0.04364 8% b3214  0.16784 − 0.17373 − 0.16313 6% b4214  0 0 0  b5214  − 0.04244 0.04283 − 0.04494 5% 
b1215  − 0.06255 0.06291 − 0.06338 1% b2215  0 0 0  b3215  0 0 0  b4215  − 0.03388 0.03390 − 0.03150 7% b5215  0 0 0  
b1221  0.22357 0.22823 0.23092 1% b2221  0 0 0  b3221  0 0 0  b4221  − 0.02560 − 0.02558 − 0.02360 8% b5221  0 0 0  
b1222  0 0 0  b2222  0.26634 0.27587 0.27403 1% b3222  0.06669 − 0.07876 − 0.07909 0% b4222  0 0 0  b5222  − 0.02111 0.02278 − 0.02296 1% 
b1223  0 0 0  b2223  0.01850 − 0.02129 − 0.02139 0% b3223  0.26692 0.27435 0.27908 2% b4223  0 0 0  b5223  − 0.01844 − 0.01904 0.01800 5% 
b1224  − 0.09054 − 0.09132 − 0.08418 8% b2224  0 0 0  b3224  0 0 0  b4224  0.14102 0.14590 0.14725 1% b5224  0 0 0  
b1225  0 0 0  b2225  − 0.06939 0.07388 − 0.07438 1% b3225  − 0.21859 − 0.22834 0.21563 6% b4225  0 0 0  b5225  0.11457 0.11821 0.11945 1% 
b1231  − 0.05975 0.06042 0.05661 6% b2231  0 0 0  b3231  0 0 0  b4231  0.03334 − 0.03378 − 0.03594 6% b5231  0 0 0  
b1232  0 0 0  b2232  0.01850 − 0.02129 − 0.02139 0% b3232  0.29211 0.30076 0.28465 5% b4232  0 0 0  b5232  − 0.02975 − 0.03041 0.03205 5% 
b1233  0 0 0  b2233  0.07402 0.07417 0.07547 2% b3233  0.00700 − 0.00521 − 0.00520 0% b4233  0 0 0  b5233  − 0.00283 0.00235 − 0.00237 1% 
b1234  0.08787 − 0.09062 − 0.08509 6% b2234  0 0 0  b3234  0 0 0  b4234  0.01855 − 0.01893 − 0.01906 1% b5234  0 0 0  
b1235  0 0 0  b2235  − 0.06062 − 0.06173 0.05831 6% b3235  − 0.04564 0.04096 − 0.04134 1% b4235  0 0 0  b5235  0.01383 − 0.01407 − 0.01422 1% 
b1241  0 0 0  b2241  − 0.04796 − 0.04733 − 0.04364 8% b3241  0.22521 − 0.23119 − 0.24585 6% b4241  0 0 0  b5241  − 0.02136 0.02158 − 0.02012 7% 
b1242  − 0.17252 − 0.17588 − 0.18602 6% b2242  0 0 0  b3242  0 0 0  b4242  0.09860 0.10277 0.09780 5% b5242  0 0 0  
b1243  0.07775 − 0.08090 − 0.07615 6% b2243  0 0 0  b3243  0 0 0  b4243  0.01781 − 0.01853 − 0.01868 1% b5243  0 0 0  
b1244  0 0 0  b2244  0.26417 0.26994 0.27235 1% b3244  0.12529 − 0.12952 − 0.13036 1% b4244  0 0 0  b5244  0.01864 − 0.01991 0.01807 9% 
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Table 7 (continued ) 

bijkℓ  DIANA 
CQ40L 

DIANA 
Allman 

BFSC Err bijkℓ  DIANA 
CQ40L 

DIANA 
Allman 

BFSC Err bijkℓ  DIANA 
CQ40L 

DIANA 
Allman 

BFSC Err bijkℓ  DIANA 
CQ40L 

DIANA 
Allman 

BFSC Err bijkℓ  DIANA 
CQ40L 

DIANA 
Allman 

BFSC Err 

b1245  − 0.11982 0.12102 − 0.11240 7% b2245  0 0 0  b3245  0 0 0  b4245  0.10346 − 0.10630 0.11089 4% b5245  0 0 0  
b1251  − 0.06222 0.06282 − 0.06322 1% b2251  0 0 0  b3251  0 0 0  b4251  − 0.03748 0.03783 − 0.03525 7% b5251  0 0 0  
b1252  0 0 0  b2252  − 0.06939 0.07388 − 0.07438 1% b3252  − 0.35269 − 0.36471 0.38396 5% b4252  0 0 0  b5252  0.07955 0.08253 0.07916 4% 
b1253  0 0 0  b2253  − 0.06062 − 0.06173 0.05831 6% b3253  − 0.03351 0.02823 − 0.02844 1% b4253  0 0 0  b5253  0.01144 − 0.01186 − 0.01201 1% 
b1254  − 0.26338 0.26794 − 0.28089 5% b2254  0 0 0  b3254  0 0 0  b4254  0.03271 − 0.03489 0.03165 9% b5254  0 0 0  
b1255  0 0 0  b2255  0.37666 0.38331 0.38701 1% b3255  0.16398 − 0.16879 − 0.17032 1% b4255  0 0 0  b5255  − 0.05715 0.05705 − 0.05765 1% 
b1311  0 0 0  b2311  − 0.03165 0.03132 0.02935 6% b3311  0.15488 0.15732 0.16034 2% b4311  0 0 0  b5311  0.00353 0.00349 − 0.00352 1% 
b1312  − 0.07002 0.07018 0.07591 8% b2312  0 0 0  b3312  0 0 0  b4312  0.02199 − 0.02266 − 0.02134 6% b5312  0 0 0  
b1313  0.08961 0.09097 0.08547 6% b2313  0 0 0  b3313  0 0 0  b4313  0.00354 0.00331 0.00333 1% b5313  0 0 0  
b1314  0 0 0  b2314  0.06246 − 0.06251 − 0.06648 6% b3314  0.01803 0.01631 0.01636 0% b4314  0 0 0  b5314  0.01709 0.01753 − 0.01667 5% 
b1315  0.02066 0.02068 − 0.02081 1% b2315  0 0 0  b3315  0 0 0  b4315  0.05219 0.05239 − 0.05522 5% b5315  0 0 0  
b1321  − 0.05975 0.06042 0.05661 6% b2321  0 0 0  b3321  0 0 0  b4321  0.02485 − 0.02539 − 0.02385 6% b5321  0 0 0  
b1322  0 0 0  b2322  0.01850 − 0.02129 − 0.02139 0% b3322  0.26692 0.27435 0.27908 2% b4322  0 0 0  b5322  − 0.01844 − 0.01904 0.01800 5%  

b1323  0 0 0  b2323  0.08101 0.08131 0.07697 5% b3323  0.00700 − 0.00521 − 0.00520 0% b4323  0 0 0  b5323  − 0.00385 0.00342 − 0.00345 1% 
b1324  0.11790 − 0.12059 − 0.12824 6% b2324  0 0 0  b3324  0 0 0  b4324  0.01855 − 0.01893 − 0.01906 1% b5324  0 0 0  
b1325  0 0 0  b2325  − 0.09781 − 0.09860 0.10382 5% b3325  − 0.03351 0.02823 − 0.02844 1% b4325  0 0 0  b5325  0.01383 − 0.01407 − 0.01422 1% 
b1331  0.08108 0.08206 0.08364 2% b2331  0 0 0  b3331  0 0 0  b4331  0.00267 0.00238 0.00239 0% b5331  0 0 0  
b1332  0 0 0  b2332  0.07402 0.07417 0.07547 2% b3332  0.00700 − 0.00521 − 0.00520 0% b4332  0 0 0  b5332  − 0.00283 0.00235 − 0.00237 1% 
b1333  0 0 0  b2333  0.00194 − 0.00141 − 0.00141 0% b3333  0.12149 0.12257 0.12130 1% b4333  0 0 0  b5333  0.01391 0.01388 − 0.01386 0% 
b1334  0.00944 0.00851 0.00854 0% b2334  0 0 0  b3334  0 0 0  b4334  0.06196 0.06203 0.06314 2% b5334  0 0 0  
b1335  0 0 0  b2335  − 0.00929 0.00763 − 0.00769 1% b3335  0.16495 0.16646 − 0.16606 0% b4335  0 0 0  b5335  0.04960 0.04936 0.05034 2% 
b1341  0 0 0  b2341  0.04655 − 0.04697 − 0.04411 6% b3341  0.01803 0.01631 0.01636 0% b4341  0 0 0  b5341  0.02118 0.02148 − 0.02031 5% 
b1342  0.07775 − 0.08090 − 0.07615 6% b2342  0 0 0  b3342  0 0 0  b4342  0.01781 − 0.01853 − 0.01868 1% b5342  0 0 0  
b1343  0.01252 0.01182 0.01188 0% b2343  0 0 0  b3343  0 0 0  b4343  0.06741 0.06758 0.06429 5% b5343  0 0 0  
b1344  0 0 0  b2344  0.03475 − 0.03502 − 0.03525 1% b3344  0.41852 0.42450 0.43188 2% b4344  0 0 0  b5344  0.01553 0.01522 − 0.01538 1% 
b1345  0.18455 0.18703 − 0.19700 5% b2345  0 0 0  b3345  0 0 0  b4345  0.02995 0.028z78 − 0.02905 1% b5345  0 0 0  
b1351  0.02190 0.02185 − 0.02200 1% b2351  0 0 0  b3351  0 0 0  b4351  0.03716 0.03765 − 0.03557 6% b5351  0 0 0  
b1352  0 0 0  b2352  − 0.06062 − 0.06173 0.05831 6% b3352  − 0.03351 0.02823 − 0.02844 1% b4352  0 0 0  b5352  0.01144 − 0.01186 − 0.01201 1% 
b1353  0 0 0  b2353  − 0.01266 0.01107 − 0.01118 1% b3353  0.16495 0.16646 − 0.16606 0% b4353  0 0 0  b5353  0.05255 0.05240 0.04992 5% 
b1354  0.10603 0.10969 − 0.10418 5% b2354  0 0 0  b3354  0 0 0  b4354  0.02725 0.02667 − 0.02694 1% b5354  0 0 0  
b1355  0 0 0  b2355  0.04548 − 0.04564 − 0.04606 1% b3355  0.58796 0.59206 0.60319 2% b4355  0 0 0  b5355  0.02128 0.02076 − 0.02102 1% 
b1411  0.03791 0.03852 0.03868 0% b2411  0 0 0  b3411  0 0 0  b4411  0.09640 0.09693 0.09810 1% b5411  0 0 0  
b1412  0 0 0  b2412  − 0.04796 − 0.04733 − 0.04364 8% b3412  0.16784 − 0.17373 − 0.16313 6% b4412  0 0 0  b5412  − 0.04244 0.04283 − 0.04494 5% 
b1413  0 0 0  b2413  0.06246 − 0.06251 − 0.06648 6% b3413  0.01803 0.01631 0.01636 0% b4413  0 0 0  b5413  0.01709 0.01753 − 0.01667 5% 
b1414  0.28640 0.29139 0.27692 5% b2414  0 0 0  b3414  0 0 0  b4414  0.04186 0.04112 0.04142 1% b5414  0 0 0  
b1415  0 0 0  b2415  − 0.07022 0.06999 − 0.06519 7% b3415  0.25104 0.25769 − 0.24333 6% b4415  0 0 0  b5415  0.03251 0.03196 0.03228 1% 
b1421  0 0 0  b2421  − 0.09139 − 0.09116 − 0.09643 6% b3421  0.14851 − 0.15510 − 0.14599 6% b4421  0 0 0  b5421  − 0.01931 0.01934 − 0.01798 7% 
b1422  − 0.09054 − 0.09132 − 0.08418 8% b2422  0 0 0  b3422  0 0 0  b4422  0.14102 0.14590 0.14725 1% b5422  0 0 0  
b1423  0.11790 − 0.12059 − 0.12824 6% b2423  0 0 0  b3423  0 0 0  b4423  0.01855 − 0.01893 − 0.01906 1% b5423  0 0 0  
b1424  0 0 0  b2424  0.18470 0.19014 0.18089 5% b3424  0.12031 − 0.12684 − 0.12780 1% b4424  0 0 0  b5424  0.05896 − 0.06065 0.06330 4% 
b1425  − 0.13255 0.13504 − 0.12575 7% b2425  0 0 0  b3425  0 0 0  b4425  0.03271 − 0.03489 0.03165 9% b5425  0 0 0  
b1431  0 0 0  b2431  0.04119 − 0.04193 − 0.03948 6% b3431  0.02392 0.02267 0.02277 0% b4431  0 0 0  b5431  0.02974 0.02990 − 0.03152 5% 
b1432  0.08787 − 0.09062 − 0.08509 6% b2432  0 0 0  b3432  0 0 0  b4432  0.01855 − 0.01893 − 0.01906 1% b5432  0 0 0  
b1433  0.00944 0.00851 0.00854 0% b2433  0 0 0  b3433  0 0 0  b4433  0.06196 0.06203 0.06314 2% b5433  0 0 0  
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Table 7 (continued ) 

b1434  0 0 0  b2434  0.03337 − 0.03429 − 0.03456 1% b3434  0.45534 0.46249 0.43973 5% b4434  0 0 0  b5434  0.01706 0.01642 − 0.01658 1% 
b1435  0.13142 0.13441 − 0.12692 6% b2435  0 0 0  b3435  0 0 0  b4435  0.02725 0.02667 − 0.02694 1% b5435  0 0 0  
b1441  0.34088 0.34603 0.35002 1% b2441  0 0 0  b3441  0 0 0  b4441  0.04186 0.04112 0.04142 1% b5441  0 0 0  
b1442  0 0 0  b2442  0.26417 0.26994 0.27235 1% b3442  0.12529 − 0.12952 − 0.13036 1% b4442  0 0 0  b5442  0.01864 − 0.01991 0.01807 9% 
b1443  0 0 0  b2443  0.03475 − 0.03502 − 0.03525 1% b3443  0.41852 0.42450 0.43188 2% b4443  0 0 0  b5443  0.01553 0.01522 − 0.01538 1% 
b1444  0.14804 0.14680 0.14777 1% b2444  0 0 0  b3444  0 0 0  b4444  0.31532 0.31939 0.31842 0% b5444  0 0 0   

b1445  0 0 0  b2445  0.06128 − 0.06455 0.05853 9% b3445  0.18407 0.18253 − 0.18424 1% b4445  0 0 0  b5445  0.16826 0.17003 0.17164 1% 
b1451  0 0 0  b2451  − 0.06348 0.06273 − 0.05827 7% b3451  0.35252 0.35857 − 0.37768 5% b4451  0 0 0  b5451  0.02982 0.02916 0.02949 1% 
b1452  − 0.26338 0.26794 − 0.28089 5% b2452  0 0 0  b3452  0 0 0  b4452  0.03271 − 0.03489 0.03165 9% b5452  0 0 0  
b1453  0.10603 0.10969 − 0.10418 5% b2453  0 0 0  b3453  0 0 0  b4453  0.02725 0.02667 − 0.02694 1% b5453  0 0 0  
b1454  0 0 0  b2454  0.19382 − 0.19668 0.20510 4% b3454  0.20229 0.19694 − 0.19871 1% b4454  0 0 0  b5454  0.10377 0.10517 0.10118 4% 
b1455  0.20173 0.19992 0.20174 1% b2455  0 0 0  b3455  0 0 0  b4455  0.29529 0.29799 0.30066 1% b5455  0 0 0  
b1511  0 0 0  b2511  − 0.03296 0.03256 − 0.03278 1% b3511  0.04183 0.04190 − 0.04218 1% b4511  0 0 0  b5511  0.07800 0.07834 0.07940 1% 
b1512  − 0.06255 0.06291 − 0.06338 1% b2512  0 0 0  b3512  0 0 0  b4512  − 0.03388 0.03390 − 0.03150 7% b5512  0 0 0  
b1513  0.02066 0.02068 − 0.02081 1% b2513  0 0 0  b3513  0 0 0  b4513  0.05219 0.05239 − 0.05522 5% b5513  0 0 0  
b1514  0 0 0  b2514  − 0.07022 0.06999 − 0.06519 7% b3514  0.25104 0.25769 − 0.24333 6% b4514  0 0 0  b5514  0.03251 0.03196 0.03228 1% 
b1515  0.40139 0.40706 0.38885 4% b2515  0 0 0  b3515  0 0 0  b4515  0.05234 0.05111 0.05166 1% b5515  0 0 0  
b1521  − 0.06222 0.06282 − 0.06322 1% b2521  0 0 0  b3521  0 0 0  b4521  − 0.07448 0.07506 − 0.07873 5% b5521  0 0 0  
b1522  0 0 0  b2522  − 0.06939 0.07388 − 0.07438 1% b3522  − 0.21859 − 0.22834 0.21563 6% b4522  0 0 0  b5522  0.11457 0.11821 0.11945 1% 
b1523  0 0 0  b2523  − 0.09781 − 0.09860 0.10382 5% b3523  − 0.03351 0.02823 − 0.02844 1% b4523  0 0 0  b5523  0.01383 − 0.01407 − 0.01422 1% 
b1524  − 0.13255 0.13504 − 0.12575 7% b2524  0 0 0  b3524  0 0 0  b4524  0.03271 − 0.03489 0.03165 9% b5524  0 0 0  
b1525  0 0 0  b2525  0.26154 0.26762 0.25647 4% b3525  0.13559 − 0.14228 − 0.14394 1% b4525  0 0 0  b5525  − 0.05715 0.05705 − 0.05765 1% 
b1531  0.02190 0.02185 − 0.02200 1% b2531  0 0 0  b3531  0 0 0  b4531  0.02999 0.03073 − 0.02920 5% b5531  0 0 0  
b1532  0 0 0  b2532  − 0.06062 − 0.06173 0.05831 6% b3532  − 0.04564 0.04096 − 0.04134 1% b4532  0 0 0  b5532  0.01383 − 0.01407 − 0.01422 1% 
b1533  0 0 0  b2533  − 0.00929 0.00763 − 0.00769 1% b3533  0.16495 0.16646 − 0.16606 0% b4533  0 0 0  b5533  0.04960 0.04936 0.05034 2% 
b1534  0.13142 0.13441 − 0.12692 6% b2534  0 0 0  b3534  0 0 0  b4534  0.02725 0.02667 − 0.02694 1% b5534  0 0 0  
b1535  0 0 0  b2535  0.03760 − 0.03847 − 0.03892 1% b3535  0.62291 0.62848 0.59811 5% b4535  0 0 0  b5535  0.02128 0.02076 − 0.02102 1% 
b1541  0 0 0  b2541  − 0.13952 0.13888 − 0.14561 5% b3541  0.20255 0.21029 − 0.19972 5% b4541  0 0 0  b5541  0.03251 0.03196 0.03228 1% 
b1542  − 0.11982 0.12102 − 0.11240 7% b2542  0 0 0  b3542  0 0 0  b4542  0.10346 − 0.10630 0.11089 4% b5542  0 0 0  
b1543  0.18455 0.18703 − 0.19700 5% b2543  0 0 0  b3543  0 0 0  b4543  0.02995 0.02878 − 0.02905 1% b5543  0 0 0  
b1544  0 0 0  b2544  0.06128 − 0.06455 0.05853 9% b3544  0.18407 0.18253 − 0.18424 1% b4544  0 0 0  b5544  0.16826 0.17003 0.17164 1% 
b1545  0.18507 0.18245 0.18430 1% b2545  0 0 0  b3545  0 0 0  b4545  0.18211 0.18432 0.17724 4% b5545  0 0 0  
b1551  0.48408 0.49009 0.49626 1% b2551  0 0 0  b3551  0 0 0  b4551  0.05705 0.05601 0.05654 1% b5551  0 0 0  
b1552  0 0 0  b2552  0.37666 0.38331 0.38701 1% b3552  0.16398 − 0.16879 − 0.17032 1% b4552  0 0 0  b5552  − 0.05715 0.05705 − 0.05765 1% 
b1553  0 0 0  b2553  0.04548 − 0.04564 − 0.04606 1% b3553  0.58796 0.59206 0.60319 2% b4553  0 0 0  b5553  0.02128 0.02076 − 0.02102 1% 
b1554  0.20173 0.19992 0.20174 1% b2554  0 0 0  b3554  0 0 0  b4554  0.29529 0.29799 0.30066 1% b5554  0 0 0  
b1555  0 0 0  b2555  − 0.18789 0.18501 − 0.18679 1% b3555  0.25230 0.24895 − 0.25181 1% b4555  0 0 0  b5555  0.35181 0.35393 0.35447 0%  
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the bijkℓ factors of Eq. (19). 
A modified BFS element is proposed to enable third-order interpo-

lation also for the in-plane displacements. Additional 4 degrees-of- 
freedom per node are included, being the first derivatives of the in- 
plane displacements: u,x, u,y, v,x and v,y. Hence, no nodes are added 
and the resulting element has still 4 nodes with 10 degrees-of-freedom 
per node. This enhanced BFS element is referred to in the following 
discussion as BFSC: Bogner-Fox-Schmit-Castro. The in-plane u, v and 
out-of-plane w displacements are approximated using: 

u, v,w =
∑4

i=1
Su,v,w

i uei (51)  

where uei contains the 10 degrees-of-freedom of the ith node. The 
matrices containing the shape functions Su,v,w

i are defined as: 

Fig. 7. uij for isotropic plate used in multi-modal asymptotic expansion analysis; columns from left to right are: u, v, 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
u2 + v2

√
.  
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Su
i =

[
Hi Hx

i Hy
i 0 0 0 0 0 0 0

]

Sv
i =

[
0 0 0 Hi Hx

i Hy
i 0 0 0 0

]

Sw
i =

[
0 0 0 0 0 0 Hi Hx

i Hy
i Hxy

i
]

(52)  

with Hi,Hx
i ,H

y
i ,H

xy
i calculated using natural coordinates [49–51]: 

Hi =
1
16
(ξ + ξi)

2
(ξξi − 2)(η + ηi)

2
(ηηi − 2)

Hx
i = −

ℓx

32
ξi(ξ + ξi)

2
(ξξi − 1)(η + ηi)

2
(ηηi − 2)

Hy
i = −

ℓy

32
(ξ + ξi)

2
(ξξi − 2)ηi(η + ηi)

2
(ηηi − 1)

Hxy
i =

ℓxℓy

64
ξi(ξ + ξi)

2
(ξξi − 1)ηi(η + ηi)

2
(ηηi − 1)

(53)  

where ℓx,ℓy are respectively the finite element dimensions along x, y. 
The values of ξi, ηi given in Eq. (54) were adopted for each of the four 
nodes. 

Node ξi ηi
1 − 1 − 1
2 +1 − 1
3 +1 +1
4 − 1 +1

(54) 

In the present study, only rectangular elements were used, such that 
the natural coordinates can be defined simply as: ξ = 2x/ ℓx − 1; and 
η = 2y/ℓy − 1. All derivatives of Su,v,w

i required in the strain equations 
can then be calculated in terms of the natural coordinates using Eq. (55). 
All integrations over the finite element domains are performed numer-
ically using standard Guass-quadrature and a mesh of 4× 4 integration 
points per element, unless otherwise specified. 

∂
∂x

=
ℓx

2
∂
∂ξ

∂
∂y

=
ℓy

2
∂
∂η

(55)  

7. Implementation 

The main challenge to implement Koiter’s asymptotic approach is 
the calculation of the third- and fourth-order tensors ϕ’’’

c and ϕiv
c . A naive 

implementation can easily blow the memory of any modern computer. 
For example, a mesh with only 20 nodes, or 200 degrees-of-freedom 
using the BFSC element, would generate a complete ϕiv

c tensor with 
2004 = 1.6 × 109 elements to be stored, requiring 11.92 GB of memory 
if double precision is used. Moreover, calculating all 1.6× 109 terms is 
computationally too expensive. For slightly larger problems found in 
any engineering application such naive approach becomes just imprac-
ticable. Many drawbacks experienced in the past with Koiter’s asymp-
totic method are due to mistakes in implementation more than to 
intrinsic defects of the asymptotic approach itself, as stated by Casciaro 
[9]. The implementation herein proposed carefully takes into account all 

non-zero terms derived in Section 5.3 while calculating the higher-order 
tensors. The strategy adopted consists on evaluating the products 
involving high-order tensors ϕ’’’

c and ϕiv
c on-the-fly, already during the 

numerical integration of each element. For instance, ϕiv
c defined in Eq. 

(44) is never fully calculated. Instead, the tensor product ϕiv
c uaubucud is 

evaluated and stored during the finite element assembly, using the 
following rearrangement of Eq. (44):  

where Ωe represents the domain of one finite element. Note that only 
tensors up to second-order are fully calculated and stored, e.g. Niab,εibd. 
Moreover, for the implementation one should note that Niab = Niac =

Niad = Nibc = Nibd = Nicd and εiab = εiac = εiad = εibc = εibd = εicd, such 
that εiab is calculated with Eq. (28) and Niab with Eq. (34). The imple-
mentation carried out for the present study is based on Python [52], 
NumPy [53] and Cython [54], where all tensor products are efficiently 
evaluated using NumPy [53], as illustrated in the following pseudo--
code:

The authors could verify the benefit of the proposed formulation and 
notation while implementing the method, achieving a one-to-one cor-
respondence between the method and implemented algorithms. 

8. Results for single-mode Koiter’s asymptotic expansion 

8.1. Isotropic plates 

Lanzo et al. [55] performed initial post-buckling analysis in isotropic 
plates with various aspect ratios, loading and boundary conditions, as 
illustrated in Fig. 1. Table 1 compares the convergence of λc/λref with 

Table 8 
Eigenvalues λi for composite plate used in multi-modal analysis, units in [N/m].  

Eigenvalue DIANA DIANA BFSC 

CQ40L Allman 

λ1  5257 5312 5303 
λ2  5420 5483 5467 
λ3  6011 6088 6060 
λ4  6132 6185 6178 
λ5  6877 6976 6928 
λ6  7967 8100 8021 
λ7  9258 9441 9317 
λ8  10740 10993 10804  

ϕiv
c uaubucud =

1
2
∑k

e=1

∫

Ωe

(
uaubN’’

iabε’’
icducud + uaucN’’

iacε’’
ibdubud

+uaudN’’
iadε’’

ibcubuc + ubucN’’
ibcε’’

iaduaud + ubudN’’
ibdε’’

iacuauc + ucudN’’
icdε’’

iabuaub

)

dΩe (56)   
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Table 9 
Multi-modal expansion coefficients for composite plate using 5 modes.   
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0.18993 0.18806 0.18646 1%  0 0 0   − 0.01064 − 0.01116 0.01117 0%  0 0 0   0 0 0   
0 0 0   0.10871 0.10467 0.10615 1%  0 0 0   0.10064 0.09356 0.08835 6%  − 0.01046 − 0.01025 0.01036 1%  
− 0.03384 − 0.03531 0.03531 0%  0 0 0   0.09543 0.09339 0.09447 1%  0 0 0   0 0 0   
0 0 0   0.02851 0.02771 0.02604 6%  0 0 0   0.13833 0.13851 0.14054 1%  − 0.00367 − 0.00358 0.00359 0%  
0 0 0   − 0.02944 − 0.02877 0.02901 1%  0 0 0   − 0.03644 − 0.03392 0.03409 1%  0.08213 0.08050 0.08152 1%  
0 0 0   0.09250 0.08810 0.08345 5%  0 0 0   0.11881 0.10997 0.11925 8%  − 0.01053 − 0.01010 0.01013 0%  
0.19890 0.18587 0.18916 2%  0 0 0   0.02464 0.02214 − 0.02063 7%  0 0 0   0 0 0   
0 0 0   0.08446 0.08087 − 0.08539 6%  0 0 0   0.13451 0.13344 − 0.12660 5%  0.02016 0.01891 0.01763 7%  
0.05216 0.04922 0.04641 6%  0 0 0   0.02454 0.02422 − 0.02281 6%  0 0 0   0 0 0   
− 0.05386 − 0.05109 0.05169 1%  0 0 0   0.07375 0.06968 0.07309 5%  0 0 0   0 0 0   
− 0.03384 − 0.03531 0.03531 0%  0 0 0   0.07951 0.07781 0.07424 5%  0 0 0   0 0 0   
0 0 0   0.04284 0.03944 − 0.03659 7%  0 0 0   0.20449 0.19737 − 0.20872 6%  0.02261 0.02198 0.02072 6%  
0.30355 0.29547 0.29851 1%  0 0 0   − 0.04021 − 0.03494 0.03563 2%  0 0 0   0 0 0   
0 0 0   0.04266 0.04314 − 0.04045 6%  0 0 0   − 0.01420 − 0.01106 0.01132 2%  0.02246 0.02297 0.02172 5%  
0 0 0   0.12820 0.12414 0.12960 4%  0 0 0   0.18158 0.18143 0.17310 5%  − 0.03298 − 0.02875 0.02942 2%  
0 0 0   0.03365 0.03258 0.03515 8%  0 0 0   0.15212 0.15288 0.14439 6%  − 0.00338 − 0.00331 0.00337 2%  
0.05216 0.04922 0.04641 6%  0 0 0   0.03332 0.03282 − 0.03470 6%  0 0 0   0 0 0   
0 0 0   0.03810 0.03953 − 0.03732 6%  0 0 0   − 0.02012 − 0.01827 0.01900 4%  0.03179 0.03211 0.03355 4%  
0.07169 0.07286 0.07382 1%  0 0 0   − 0.00231 − 0.00184 0.00188 2%  0 0 0   0 0 0   
− 0.01888 − 0.01784 0.01790 0%  0 0 0   0.02959 0.03017 0.02878 5%  0 0 0   0 0 0   
0 0 0   − 0.02964 − 0.02832 0.02838 0%  0 0 0   − 0.03360 − 0.03137 0.03199 2%  0.06765 0.06635 0.06365 4%  
− 0.05386 − 0.05109 0.05169 1%  0 0 0   0.03659 0.03461 0.03273 5%  0 0 0   0 0 0   
0 0 0   0.05671 0.05304 0.04936 7%  0 0 0   0.31573 0.30416 0.31875 5%  − 0.02991 − 0.02495 0.02547 2%  
− 0.01888 − 0.01784 0.01790 0%  0 0 0   0.03635 0.03617 0.03431 5%  0 0 0   0 0 0   
0.42279 0.40110 0.40683 1%  0 0 0   − 0.05338 − 0.04528 0.04646 3%  0 0 0   0 0 0   
0 0 0   0.10871 0.10467 0.10615 1%  0 0 0   0.10064 0.09356 0.08835 6%  − 0.01046 − 0.01025 0.01036 1%  
0.16924 0.15646 0.14871 5%  0 0 0   0.04859 0.04539 − 0.04815 6%  0 0 0   0 0 0   
0 0 0   0.04284 0.03944 − 0.03659 7%  0 0 0   0.15060 0.14565 − 0.13722 6%  0.04557 0.04424 0.04627 5%  
0.06157 0.05785 0.06264 8%  0 0 0   0.02192 0.02219 − 0.02104 5%  0 0 0   0 0 0   
− 0.05423 − 0.05030 0.05057 1%  0 0 0   0.03262 0.02977 0.02784 6%  0 0 0   0 0 0   
0.19890 0.18587 0.18916 2%  0 0 0    0.02464  0.02214  − 0.02063 7%  0 0  0  0 0  0  
0 0 0   0.25341 0.24575 0.24462 0%  0 0 0   − 0.06973 − 0.08089 − 0.07988 1%  − 0.02405 − 0.02558 0.02557 0%  
0.07839 0.07004 − 0.06520 7%  0 0 0   0.14389 0.13969 0.14099 1%  0 0 0   0 0 0   
0 0 0   − 0.01975 − 0.02396 − 0.02355 2%  0 0 0   0.23989 0.22601 0.23077 2%  0.01987 0.01990 − 0.01893 5%  
0 0 0   − 0.06766 − 0.07177 0.07160 0%  0 0 0   0.19737 0.18845 − 0.17989 5%  0.12450 0.12107 0.12234 1%  
0 0 0   0.04284 0.03944 − 0.03659 7%  0 0 0   0.20449 0.19737 − 0.20872 6%  0.02261 0.02198 0.02072 6%  
0.15454 0.14361 − 0.15216 6%  0 0 0   0.10056 0.09946 0.09525 4%  0 0 0   0 0 0   
0 0 0   0.25015 0.24887 0.25000 0%  0 0 0   − 0.11461 − 0.10795 − 0.10874 1%  0.02115 0.02293 − 0.02096 9%  
0.06971 0.07019 − 0.06650 5%  0 0 0   − 0.01857 − 0.01900 − 0.01911 1%  0 0 0   0 0 0   
0.10376 0.09420 0.08797 7%  0 0 0   0.10470 0.10162 − 0.10542 4%  0 − 0.00001 0   0 0 0   
0.05216 0.04922 0.04641 6%  0 0 0   0.03332 0.03282 − 0.03470 6%  0 0 0   0 0 0   
0 0 0   − 0.01975 − 0.02396 − 0.02355 2%  0 0 0   0.26106 0.24556 0.23420 5%  0.03241 0.03214 − 0.03365 5%  
0.07805 0.07661 − 0.07208 6%  0 0 0   − 0.01867 − 0.01795 − 0.01808 1%  0 0 0   0 0 0   
0 0 0   0.06795 0.06695 0.06802 2%  0 0 0   − 0.00373 0.00075 0.00030   − 0.00238 − 0.00116 0.00129 11%  
0 0 0   0.05590 0.05582 − 0.05302 5%  0 0 0   − 0.03551 − 0.02317 0.02485 7%  − 0.01483 − 0.01425 − 0.01444 1%  
− 0.05386 − 0.05109 0.05169 1%  0 0 0   0.03659 0.03461 0.03273 5%  0 0 0   0 0 0   
0 0 0   − 0.06766 − 0.07177 0.07160 0%  0 0 0   0.32196 0.30442 − 0.31968 5%  0.08671 0.08617 0.08325 3%  
0.23458 0.22045 0.23094 5%  0 0 0   0.03422 0.03612 − 0.03311 8%  0 − 0.00001 0   0 0 0   
0 0 0   0.05590 0.05582 − 0.05302 5%  0 0 0   − 0.02367 − 0.01102 0.01226 11%  − 0.01274 − 0.01274 − 0.01283 1%  
0 0 0   0.35028 0.33969 0.34263 1%  0 0 0   − 0.14729 − 0.13501 − 0.13719 2%  − 0.05897 − 0.05460 0.05557 2% 

(continued on next page) 
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Table 9 (continued )  
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− 0.03384 − 0.03531 0.03531 0%  0 0 0   0.09543 0.09339 0.09447 1%  0 0 0   0 0 0   
0 0 0   0.04284 0.03944 − 0.03659 7%  0 0 0   0.15060 0.14565 − 0.13722 6%  0.04557 0.04424 0.04627 5%  
0.25292 0.24617 0.23460 5%  0 0 0   − 0.04021 − 0.03494 0.03563 2%  0 0 0   0 0 0   
0 0 0   0.05792 0.05846 − 0.06152 5%  0 0 0   − 0.01420 − 0.01106 0.01132 2%  0.01828 0.01915 0.01822 5%  
0 0 0   0.06360 0.06167 0.05803 6%  0 0 0   0.22313 0.21757 0.20638 5%  − 0.03298 − 0.02875 0.02942 2%  
0 0 0   0.08446 0.08087 − 0.08539 6%  0 0 0   0.13451 0.13344 − 0.12660 5%  0.02016 0.01891 0.01763 7%  
0.07839 0.07004 − 0.06520 7%  0 0 0   0.14389 0.13969 0.14099 1%  0 0 0   0 0 0   
0 0.00001 0   0.17482 0.17720 0.16891 5%  0 0 0   − 0.11396 − 0.11429 − 0.11493 1%  0.06470 0.06452 − 0.06675 3%  
0.10598 0.10382 − 0.10963 6%  0 0 0   − 0.01867 − 0.01795 − 0.01808 1%  0 0 0   0 0 0   
0.11638 0.10951 0.10342 6%  0 0 0   0.03422 0.03612 − 0.03311 8%  0 0 0   0 0 0   
0.30355 0.29547 0.29851 1%  0 0 0   − 0.04021 − 0.03494 0.03563 2%  0 0 0   0 0 0   
0 0 0   0.25015 0.24887 0.25000 0%  0 0 0   − 0.11461 − 0.10795 − 0.10874 1%  0.02115 0.02293 − 0.02096 9%  
− 0.12792 − 0.11056 0.11258 2%  0 0 0   0.31619 0.30635 0.30539 0%  0 0.00003 0   0 0 0   
0 0 0   − 0.03246 − 0.03198 − 0.03205 0%  0 0 0   0.37384 0.36459 0.37020 2%  − 0.01611 − 0.01421 0.01451 2%  
0 0.00001 0   0.05950 0.06434 − 0.05871 9%  0 0 0   − 0.15999 − 0.13457 0.13791 2%  0.17925 0.17269 0.17412 1%  
0 0 0   0.03810 0.03953 − 0.03732 6%  0 0 0   − 0.02012 − 0.01827 0.01900 4%  0.03179 0.03211 0.03355 4%  
0.07805 0.07661 − 0.07208 6%  0 0 0   − 0.01867 − 0.01795 − 0.01808 1%  0 0 0   0 0 0   
0 0 0   − 0.03228 − 0.03385 − 0.03388 0%  0 0 0   0.40462 0.39410 0.37601 5%  − 0.01705 − 0.01366 0.01403 3%  
− 0.00736 − 0.00582 0.00594 2%  0 0 0   0.06091 0.06062 0.06154 2%  0 0 0   0 0 0   
0.11564 0.11445 0.10841 5%  0 0 0   − 0.02607 − 0.02237 0.02292 2%  0 0 0   0 0 0   
0 0 0   0.05671 0.05304 0.04936 7%  0 0 0   0.31573 0.30416 0.31875 5%  − 0.02991 − 0.02495 0.02547 2%  
0.23458 0.22045 0.23094 5%  0 0 0   0.03422 0.03612 − 0.03311 8%  0 − 0.00001 0   0 0 0   
0 0.00001 0   0.18202 0.18104 − 0.18693 3%  0 0 0   − 0.16932 − 0.12937 0.13328 3%  0.11015 0.10635 0.10249 4%  
0.09411 0.09544 0.09092 5%  0 0 0   − 0.02607 − 0.02237 0.02292 2%  0 0 0   0 0 0   
− 0.16978 − 0.14324 0.14682 2%  0 0 0   0.29010 0.27197 0.27501 1%  0 0.00001 0   0 0 0   
0 0 0   0.02851 0.02771 0.02604 6%  0 0 0   0.13833 0.13851 0.14054 1%  − 0.00367 − 0.00358 0.00359 0%  
0.06157 0.05785 0.06264 8%  0 0 0   0.02192 0.02219 − 0.02104 5%  0 0 0   0 0 0   
0 0 0   0.05792 0.05846 − 0.06152 5%  0 0 0   − 0.01420 − 0.01106 0.01132 2%  0.01828 0.01915 0.01822 5%  
0.07884 0.08042 0.07584 6%  0 0 0   − 0.00328 − 0.00304 0.00316 4%  0 0 0   0 0 0   
− 0.01741 − 0.01650 0.01680 2%  0 0 0   0.05144 0.05057 0.05299 5%  0 0 0   0 0 0   
0.05216 0.04922 0.04641 6%  0 0 0   0.02454 0.02422 − 0.02281 6%  0 0 0   0 0 0   
0 0 0   − 0.01975 − 0.02396 − 0.02355 2%  0 0 0   0.23989 0.22601 0.23077 2%  0.01987 0.01990 − 0.01893 5%  
0.10598 0.10382 − 0.10963 6%  0 0 0   − 0.01867 − 0.01795 − 0.01808 1%  0 0 0   0 0 0   
0 0 0   0.07394 0.07274 0.06903 5%  0 0 0   − 0.00373 0.00075 0.00030   − 0.00357 − 0.00245 0.00262 7%  
0 0 0   0.09119 0.09017 − 0.09423 4%  0 0 0   − 0.02367 − 0.01102 0.01226 11%  − 0.01483 − 0.01425 − 0.01444 1%  
0 0 0   0.04266 0.04314 − 0.04045 6%  0 0 0   − 0.01420 − 0.01106 0.01132 2%  0.02246 0.02297 0.02172 5%  
0.06971 0.07019 − 0.06650 5%  0 0 0   − 0.01857 − 0.01900 − 0.01911 1%  0 0 0   0 0 0   
0 0 0   − 0.03246 − 0.03198 − 0.03205 0%  0 0 0   0.37384 0.36459 0.37020 2%  − 0.01611 − 0.01421 0.01451 2%  
− 0.01043 − 0.00961 0.00998 4%  0 0 0   0.06593 0.06552 0.06251 5%  0 0 0   0 0 0   
0.16363 0.16000 0.16743 5%  0 0 0   − 0.02759 − 0.02151 0.02216 3%  0 0 0   0 0 0   
0.07169 0.07286 0.07382 1%  0 0 0   − 0.00231 − 0.00184 0.00188 2%  0 0 0   0 0 0   
0 0 0   0.06795 0.06695 0.06802 2%  0 0 0   − 0.00373 0.00075 0.00030   − 0.00238 − 0.00116 0.00129 11%  
− 0.00736 − 0.00582 0.00594 2%  0 0 0   0.06091 0.06062 0.06154 2%  0 0 0   0 0 0   
0 0 0   − 0.00106 0.00022 0.00009   0 0 0   0.10759 0.11005 0.10873 1%  − 0.01463 − 0.01509 0.01503 0%  
0 0 0   − 0.00671 − 0.00326 0.00361 11%  0 0 0   − 0.14533 − 0.14292 0.14283 0%  0.05128 0.04950 0.05049 2%  
− 0.01888 − 0.01784 0.01790 0%  0 0 0   0.03635 0.03617 0.03431 5%  0 0 0   0 0 0   
0 0 0   0.05590 0.05582 − 0.05302 5%  0 0 0   − 0.02367 − 0.01102 0.01226 11%  − 0.01274 − 0.01274 − 0.01283 1%  
0.09411 0.09544 0.09092 5%  0 0 0   − 0.02607 − 0.02237 0.02292 2%  0 0 0   0 0 0   
0 0 0   − 0.01006 − 0.00686 0.00733 7%  0 0 0   − 0.14533 − 0.14292 0.14283 0%  0.05417 0.05240 0.05007 4%  
0 0 0   − 0.04172 − 0.03999 − 0.04044 1%  0 0 0   0.50937 0.46891 0.47971 2%  − 0.02072 − 0.01554 0.01611 4%  
0 0 0   − 0.02944 − 0.02877 0.02901 1%  0 0 0   − 0.03644 − 0.03392 0.03409 1%  0.08213 0.08050 0.08152 1% 

(continued on next page) 
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Table 9 (continued )  
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− 0.05423 − 0.05030 0.05057 1%  0 0 0   0.03262 0.02977 0.02784 6%  0 0 0   0 0 0   
0 0 0   0.06360 0.06167 0.05803 6%  0 0 0   0.22313 0.21757 0.20638 5%  − 0.03298 − 0.02875 0.02942 2%  
− 0.01741 − 0.01650 0.01680 2%  0 0 0   0.05144 0.05057 0.05299 5%  0 0 0   0 0 0   
0.34824 0.33057 0.31766 4%  0 0 0   − 0.04840 − 0.03930 0.04023 2%  0 0 0   0 0 0   
− 0.05386 − 0.05109 0.05169 1%  0 0 0   0.07375 0.06968 0.07309 5%  0 0 0   0 0 0   
0 0 0   − 0.06766 − 0.07177 0.07160 0%  0 0 0   0.19737 0.18845 − 0.17989 5%  0.12450 0.12107 0.12234 1%  
0.11638 0.10951 0.10342 6%  0 0 0   0.03422 0.03612 − 0.03311 8%  0 0 0   0 0 0   
0 0 0   0.09119 0.09017 − 0.09423 4%  0 0 0   − 0.02367 − 0.01102 0.01226 11%  − 0.01483 − 0.01425 − 0.01444 1%  
0 0 0   0.24395 0.24177 0.23317 4%  0 0 0   − 0.12652 − 0.12069 − 0.12194 1%  − 0.05897 − 0.05460 0.05557 2%  
0 0 0   0.12820 0.12414 0.12960 4%  0 0 0   0.18158 0.18143 0.17310 5%  − 0.03298 − 0.02875 0.02942 2%  
0.10376 0.09420 0.08797 7%  0 0 0   0.10470 0.10162 − 0.10542 4%  0 − 0.00001 0   0 0 0   
0 0.00001 0   0.05950 0.06434 − 0.05871 9%  0 0 0   − 0.15999 − 0.13457 0.13791 2%  0.17925 0.17269 0.17412 1%  
0.16363 0.16000 0.16743 5%  0 0 0   − 0.02759 − 0.02151 0.02216 3%  0 0 0   0 0 0   
− 0.15396 − 0.12432 0.12713 2%  0 0 0   0.17826 0.16750 0.16188 3%  0 0.00001 0   0 0 0   
− 0.01888 − 0.01784 0.01790 0%  0 0 0   0.02959 0.03017 0.02878 5%  0 0 0   0 0 0   
0 0 0   0.05590 0.05582 − 0.05302 5%  0 0 0   − 0.03551 − 0.02317 0.02485 7%  − 0.01483 − 0.01425 − 0.01444 1%  
0.11564 0.11445 0.10841 5%  0 0 0   − 0.02607 − 0.02237 0.02292 2%  0 0 0   0 0 0   
0 0 0   − 0.00671 − 0.00326 0.00361 11%  0 0 0   − 0.14533 − 0.14292 0.14283 0%  0.05128 0.04950 0.05049 2%  
0 0 0   − 0.03584 − 0.03575 − 0.03594 1%  0 0 0   0.53806 0.49633 0.47575 4%  − 0.02072 − 0.01554 0.01611 4%  
0.42279 0.40110 0.40683 1%  0 0 0   − 0.05338 − 0.04528 0.04646 3%  0 0 0   0 0 0   
0 0 0   0.35028 0.33969 0.34263 1%  0 0 0   − 0.14729 − 0.13501 − 0.13719 2%  − 0.05897 − 0.05460 0.05557 2%  
− 0.16978 − 0.14324 0.14682 2%  0 0 0   0.29010 0.27197 0.27501 1%  0 0.00001 0   0 0 0   
0 0 0   − 0.04172 − 0.03999 − 0.04044 1%  0 0 0   0.50937 0.46891 0.47971 2%  − 0.02072 − 0.01554 0.01611 4%  
0 0 0   − 0.16590 − 0.15320 0.15563 2%  0 0 0   − 0.20584 − 0.14718 0.15310 4%  0.36636 0.34222 0.34399 1%  
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λref =
π2

b2
Eh3

12(1 − ν2)

Table 2 shows the convergence of bI, often referred to in the litera-
ture dealing single-mode asymptotic expansion as the “b− factor”. The 
results from Lanzo et al. [55] are compared against the BFSC imple-
mentation with progressively refined meshes. The mesh refinement is 
controlled by the number of elements along y, named ny, calculating the 
number of elements along x using nx = a/b× ny. The numerical inte-
gration was done using 4 × 4 integration points, which provided a 
converged and stable integration scheme, i.e. we verified that adding 
more integration points did not change the results and using less inte-
gration points (3 × 3) resulted in unstable behaviour for models B1, B2, 
C1 and C2. 

For models A1, A2, A3, A4, B1, B2, C1, C2 with a/ b = 3, the 
buckling modes uI, with I = 1,2, 3,4, are given in Fig. 2. The second- 
order field displacements corresponding to u1, u2 and u3, namely u11, 
u22 and u33, are respectively given in Figs. 3–5. These results correspond 
to a mesh of (nx = 60) × (ny = 20) BFSC elements. The plots are created 
using a visualization mesh of 900 × 300 points along x and y, respec-
tively; calculating the consistent displacement according to Eq. (52) at 
each plotting point. Note the complexity of the second-order displace-
ment, which are in-plane for this case. The fast convergence for bI shown 
in Table 2 is a direct consequence of the fast convergence of the second- 
order field uII. The enrichment on u and v enabled by the BFSC element 
is the main reason for this fast-converging behavior. 

8.2. Composite plates 

A composite plate presented by Phan & Reddy [56] and Bilotta et al. 
[57] will be used as a reference for verification of the single-mode 
expansion for composite plates. The following material properties are 
used: 

E2 = 8 GPa,
G12

E2
= 0.6, ν12 = 0.25 

Using the load and boundary conditions of model A1 of Fig. 1, the 
plate geometry is defined based on a = b = 1 m, and thickness of h =

0.1 m. The laminate stacking sequence is [0/90/90/0], with the prin-
cipal direction being the plate’s x − axis. Table 3 shows the convergence 
of the critical linear buckling eigenvalue for the BFSC element. The re-
sults from Phan & Reddy [56] are exact solutions obtained with classical 
plate theory, whereas the results from Ref. [57] are based on 
bi-quadratic finite elements and a mesh of 25 × 25 elements. Note the 
good agreement between the BFSC element and the literature for all 
anisotropic ratios E1/E2, already with a mesh of only 4 × 4 elements. 

The convergence of the bI coefficient is shown in Table 4. The 
second-order displacement field u11 was solved with Eq. (13) and 
orthogonalized with Eq. (14). Note in Fig. 6 how the u, v, 

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
u2 + v2

√

displacement components of u11 change with the anisotropic ratio E1/

E2, clearly showing that in the initial post-buckling the displacements 
are progressively more focused with the increase of E1/ E2, and that 
these focused post-buckling displacements are aligned with the 0∘ and 
90∘ directions of the laminate stacking sequence. 

9. Results for multi-mode Koiter’s asymptotic expansion 

9.1. Isotropic plates 

Tiso [58] presented multi-modal results for model A1 using a ge-
ometry of: a = 0.14 m, b = 0.10 m and thickness of 1 mm; with isotropic 
material properties E = 70 GPa and ν = 0.3. With this configuration, the 
first two buckling loads are close and respectively equal to 2828.15 N 
and 2866.50 N. Tiso’s definition of coefficients bijkℓ can be translated to 
the notation herein presented as given in Eq. (57), which has a different 
index ordering when compared to Eq. (19). Despite the different index 

ordering, Eq. (19) and Eq. (57) are equivalent in cases where aijk = 0. 

bTiso
ijkℓ = −

1
6ϕ

iv
c uiujukuℓ +

1
2ϕ

’’’
c ukuℓuij +

1
2ϕ

’’’
c uℓuiujk

λiϕ̇
’’
c uℓuℓ

(57) 

Table 5 shows the verification of the formulation herein presented 
against the results from Tiso [58] for a multi-modal expansion using 2 
modes. 

Jansen & Rahman [59] used the general purpose finite element code 
DIANA [60] to investigate the dynamic response of plates and shells 
using reduced-order models based on Koiter’s theory. The plate therein 
investigated has a geometry of a = 0.6 m, b = 0.2 m, total thickness of 
1 mm. The same plate was used to verify the formulation and imple-
mentation herein presented for the multi-modal asymptotic expansion of 
a composite plate. Using the loading and boundary condition of model 
A1 (Fig. 1, the analyses in DIANA are carried out using two element 
types: 1) The eight-node quadrilateral shell element CQ40L, based on 
first-order shear deformation kinematics (FSDT), mesh with 16 × 48 
elements; 2) Allman-type triangular element [61,62], with kinematics 
based on the classical laminated plate theory (CLPT). The Allman-type 
element triangular mesh has 24 × 72 × 2 elements. Table 6 presents 
the linear buckling eigenvalues and Table 7 presents the results for the 
bijkℓ coefficients using 5 modes, calculated per Eq. (19) for a plate with 
isotropic properties E = 70 GPa and ν = 0.3. The relative error is 
calculated about the results using DIANA’s Allman-type element. The 
BFSC mesh has 16 × 48 elements, and the authors verified that all 
models are converged. There is clearly a close agreement between DI-
ANA’s implementation and the present formulation, with a maximum 
difference of 9%, attributed to differences verified for the linear buck-
ling eigenvalues λi, shown in Table 6. For many coefficients, there is a 
sign switch because ui are symmetric eigenmodes about the plate 
mid-plane, providing interchangeably positive and negative solution for 
some of the bijkℓ coefficients. 

Fig. 7 illustrates the second-order field modes uij for the isotropic 
plate used in the multi-modal asymptotic expansion. 

9.2. Composite plates 

Table 8 presents the linear buckling eigenvalues and Table 9 present 
results for a composite plate with layup of [+45/ − 45/90/0]sym and 
material properties E11 = 127.62900 GPa, E22 = 11.30740 GPa, G12 =

G23 = G13 = 6.00257 GPa and ν12 = 0.300235. Results using DIANA’s 
CQ40L and Allman-type elements are present together with the BFSC 
results. The error of the BFSC implementation is again calculated about 
the results obtained with the Allman-type element. The same mesh, load 
and boundary conditions of the previous isotropic case are used. Again, a 
maximum error of 9% is verified for the bijkℓ coefficients, attributed to 
the differences in λi values between the Allman-type and BFSC elements. 

Fig. 8 illustrates the second-order field modes uij for the composite 
plate used in the multi-modal asymptotic expansion. 

10. Conclusion 

A complete displacement-based formulation for the Koiter’s multi- 
modal asymptotic expansion was presented. The formulation and no-
tation adopted enabled a close correspondence between the formulation 
and implemented algorithms, facilitating further developments on the 
field of initial post-buckling analysis and reduced-order models based on 
Koiter’s method. The present work used state-of-the-art collaborative 
tools to implement the developed methods: Python [52], NumPy [53] 
and Cython [54]. 

A modified Bogner-Fox-Schmit (BFS) finite element was proposed 
and referred to as Bogner-Fox-Schimt-Castro (BFSC), which has enriched 
in-plane displacements when compared to the conventional BFS element 
to enable an accurate representation of the second-order displacement 
fields. This element has only 4 nodes per element and 10 degrees-of- 
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freedom per node, which are: u, ux, uy, v, vx, vy, w, wx, wy and wxy. The 
results herein presented showed that the third-order interpolation of w 
led to an ultra-fast convergence of the linear buckling eigenvalues, 
whereas the third-order interpolation of u and v led to an ultra-fast 
convergence of the second-order displacement fields and consequently 
of the bijkl factors obtained in Koiter’s analysis. 

Future studies should investigate the same strategy herein adopted to 
enrich the in-plane interpolation of the BFS element to create modified 
versions of the TUBA3 family [48]. Other approaches for enriching the 

membrane displacement field could also be investigated, such as the 
interpolation covers suggested by Jun et al. [63] for triangular shell 
elements. Another alternative is to use fifth-order Hermite polynomials 
enhancing the BFS element to also interpolate the rotational strains w,xx 
and w,yy, keeping C1 continuity even with distorted meshes, thus keeping 
the high convergence rates herein observed for non-rectangular meshes 
[64]. 

In the present study, Von Kármán nonlinear kinematics were used to 
derive the nth–order tensors obtained from the total potential energy of 

Fig. 8. uij for composite plate used in multi-modal asymptotic expansion analysis; columns from left to right are: u, v, 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
u2 + v2

√
.  
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the system. The effect of using more complete nonlinear kinematics such 
as Sanders and Timoshenko & Gere [43] should also be investigated, 
especially for shells with single and double curvature. 

The displacement-based notation herein presented simplifies 
formulating and implementing the compatibility between different 
semi-analytical domains [65], even for Koiter’s asymptotic analysis. 
Such possibilities would allow one to apply semi-analytical methods for 
stiffened panels and shells using efficient displacement representations 
such as those provided by Legendre hierarchical polynomials [66, Sec-
tion7.3], [67–69]. 

Finally, the effect of initial imperfections should be included in the 
presented formulation to enable asymptotic perturbation analyses, 
especially important in imperfection sensitive shells. 
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A. Linear Buckling Analysis 

In Eq. (5) it is known from the equilibrium condition that ϕ[uc, λc] = 0. Dividing the remaining terms by ‖v‖: 

ϕ’[u, λc]δu = ϕ[uc, λc]
v
‖v‖

δu +
1
2

ϕ’’’[uc, λc]v2 v
‖v‖

δu +
1
2
ϕtv[uc, λc]v3 v

‖v‖
δu + O(4) = 0 (A.1) 

It becomes convenient to define a normalized eigenvector ui at λ→λi , such that < ui,ui >= 1: 

ui =
v

||v||
(A.2) 

Thus, one can change Eq. A.1 using the definition of ui to obtain: 

ϕ′[u, λi]δu = ϕ’’[uc, λi]uiδu +
1
2

ϕ’’’[uc, λi]uivδu +
1
6
ϕiv[uc, λi]uiv2δu + O(4) = 0 (A.3) 

From Eq. A.3, the following relation is obtained when λ→λi, i.e. v→0: 

ϕ’[uc, λi]uiδu = ϕ’’[λiu0, λi]uiδu = 0 (A.4) 

Equation A.4 represents the Neutral Equilibrium Criterion [40], which can be used to compute λi and ui, i.e. the linear buckling eigenvalues and 
eigenmodes, based on a pre-buckling state [u0, λ0] For a system with N degrees-of-freedom there are N pairs λi,ui, so that one should select the mode ui 

that corresponds to the lowest positive λi, named λc in the previous discussions for single-mode asymptotic expansion. In most commonly used 
eigenvalue solvers, the eigenvalues can be computed and sorted in ascendant order, such that only a few first pairs of eigenvalues and eigenvectors 
need to be calculated. 
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