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The Soft Inverted Pendulum with Affine Curvature

Cosimo Della Santina1,2,3

Abstract— We introduce here a novel under-actuated me-
chanical system motivated by recent advances in soft robotics.
We derive its governing equations, discuss its properties,
and consider a solution for the stabilization of its unstable
equilibrium. The results we propose here are intended as a first
step towards dealing with the much more challenging general
problem of controlling full fledged soft robots subject to non
negligible external forces and operating at high accelerations.

I. INTRODUCTION

Continuum soft robots [1] are mechanical systems made
of continuously deformable soft materials, equipped with a
finite set of actuators acting at discrete points along the
structure. The last decade saw an exponential growth in
the development of soft robotic platforms with increasing
motion and actuation capabilities. Nonetheless, their ability
of executing complex tasks is still very limited, due to the
overwhelming complexity of the associated control problem.
The reasons behind this impasse are of both technological
and theoretical kind. We are interested here in the latter, for
which the main source of complexity comes from the infi-
nite dimensional nature of soft robots, and the consequent
strong under-actuation.

Attacking the control problem directly from an infinite
dimensional standpoint seems excessive at the current level
of the state of the art. Indeed, control of partial differential
equations is still largely focused on linear systems. Although
inspiring, results concerning the nonlinear case are still of
limited applicability [2], [3], not yet quite matching the
complexity of a soft robot [4]. As a consequence, it has
been for long thought that machine learning was the only
sensible approach to soft robotic control [5], and model
based strategies were relegated to quasi-static kinematic
control [6]. Nevertheless, this scenario is rapidly evolving
thanks to the development of accurate yet manageable finite
dimensional models of soft robots [7], [8]. This in turn is
driving the study of model-aware control strategies, and
ultimately the establishment of soft robotic control as a
proper sub-field of control theory.

First important results going in this direction deal with
soft robots for which the dynamic effect of continuum
parts is negligible [9]. The dynamic contributions of non-
localized deformations are instead taken into account by
[10], [11]. While working well in the practice, all these tech-
niques rely on a fully actuated reduced model of the robot.
This simplifying assumption clearly exposes the closed
loop to control-spillover, and more in general to erroneous
assessment of stability properties and performance.
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Aerospace Center (DLR), Oberpfaffenhofen, Germany, 3Department of
Informatics, Technical University of Munich, Munich, Germany. Contact
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Fig. 1. The soft inverted pendulum with main quantities highlighted.
The principal axis is shown as a dark gray line. The system is subject
to gravity, and it is actuated trough a pure torque τ applied at its tip. Its
curvature at any point is an affine function of the the coordinate identifying
the position along the main axis of the robot. The weights of this function
are the configuration variables of the system.

This issue has been faced by [12], albeit within a linear
approximation. Here, stability is proven for a proportional
feedback loop acting on an high dimensional FEM model
through a reduced number of control inputs. The under-
actuated and fully nonlinear nature of the control problem
is instead faced in [13], where the PD-poly is proposed, as
an extension of the PD regulator taking into account higher
order deformation modes.

The present paper goes deeper into this challenge by
introducing a novel under-actuated template system, the soft
inverted pendulum with affine curvature. Fig. 1 depicts the
pendulum in two configurations. This model can be seen as
the soft counterpart of the well-knownn acrobot [14]. Here,
the two degrees of freedom are distributed along the soft
structure rather than being concentrated in two joints. To
achieve this goal, we contextually introduce an analytical
model for soft robots extending our previous work [13]. In
analogy with the acrobot, the control action is considered
here applied the farthest from the base. This choice is
motivated by the kind of actuation sources that we encounter
in soft robotics [11]. The main properties of this system are
discussed, and nonlinear feedback controllers are developed
regulating the unstable straight configuration of the robot.

Our approach substantially mirrors the path that the
control community undertook in the 90’s and early 00’s,
when trying to understand how to deal with under-actuated
rigid robots. Rather than attacking directly the general
problem, a vast range of low dimensional template models
were introduced and their behavior studied in detail [15].
Examples include the cart pole, the pendubot, and the above
mentioned acrobot [14]. The impact in robotics of the fruits
of these efforts cannot be overstated. On the one hand,
they have provided theoretical insights about what and how

2020 59th IEEE Conference on Decision and Control (CDC)
Jeju Island, Republic of Korea, December 14-18, 2020

978-1-7281-7447-1/20/$31.00 ©2020 IEEE 4135

Authorized licensed use limited to: TU Delft Library. Downloaded on February 08,2021 at 10:10:38 UTC from IEEE Xplore.  Restrictions apply. 



(a) Workspace

(b) θ0 = −3π (c) θ0 = 0

Fig. 2. Analysis of the positions that can be attained by the pendulum’s tip,
according to (5) and for θ0, θ1 ∈ (−6π, 6π). Panel (a) shows the complete
workspace, also presenting three curves that are traced for selected constant
values of θ0, and θ1 varying in the whole considered range. Corresponding
configurations of the pendulum are shown within panels (b) and (c). The
loci of tip positions are color coded as in panel (a). The shape of the
pendulum for θ1 = −6π is shown in green, and for θ1 = +6π in blue.
Intermediate configurations are plotted in light gray.

can be achieved with underactuated mechanical systems.
On the other hand, their direct implementation has pro-
duced groundbreaking practical improvements - especially
in robotic locomotion. In a similar fashion, we believe that
focusing on a small-size yet meaningful system can help in
isolating open control challenges in soft robotics, provide
a test bench for experimenting with nonlinear control, and
serve as a benchmark for different control approaches.

A. Summary of contributions

This work contributes to the state of the art in soft robotic
control with: (i) an analytical model of soft robots with
affine curvature, (ii) a low dimensional template model
for under-actuated soft robots, (iii) the study of the main
properties of this system, (iv) the closed loop stabilization
of its unstable straight configuration by means of collocated
and non collocated feedback linearization.

B. Unit system

Units will not be explicitly specified in the rest of the
paper. All physical units may be assumed to be expressed
in the MKS system, and angles in radian.

II. MODEL

A. A preliminary note on the method

The results that follow build on the ground laid by
our previous work [13]. There we port the assumed mode
technique [16] from the flexible link world to the soft one,
by expressing the curvature of the soft robot through a
polynomial expansion. We then derive a partially numerical
model, and an analytical one under the further assumption of

Fig. 3. Values of the components of the inertia matrix B, for an exhaustive
range of configurations.

Fig. 4. Values of the gravity force field G for an exhaustive range of
configurations. Note that elastic forces are not included.

almost constant curvature. A similar modelling approach has
been also proposed by [17]. There authors discuss the static
case only and provide no control prospective. On the other
hand, they come up with a much more general formulation
in terms of admitted strains and actuation sources.

Despite reflecting a same philosophy, the results in-
troduced by the following subsections substantially differ
from [13]. Indeed, here we explore in depth what happens
when the curvature function is affine rather than a generic
polynomial, showing that under this assumption an exact
model can be derived without further approximations.

B. General definitions
Consider a segment of soft material as in Fig. 1. Its length

is L and its thickness D. The structure is considered to
be inextensible. Only planar motions are studied here. A
coordinate s ∈ [0, 1] parametrizes the positions along the
main axis of the pendulum, in such a way that Ls is the arc
length of the path connecting the base to the point s through
the main axis. A reference frame {Ss} is connected at each
point s, therefore {S0} is the base frame and {S1} the tip
frame. The relative orientation of all frames w.r.t. the base
frame is zero when the system in straight. The posture of
{Ss} w.r.t. {S0} is (xs, ys, αs) ∈ R3, with xs and ys being
the Cartesian coordinates of the frame’s origin, and αs the
local orientation. A further coordinate d ∈

[
− 1

2 ,+
1
2

]
is

introduced to parametrize the remaining points within the
segment. The Cartesian coordinates of a point (s, d) in the
global frame are called (xs,d, ys,d), while in the local frame
{Ss} they are (d, 0). This implies that the overall shape
of the robot at each time t is completely specified by the

4136

Authorized licensed use limited to: TU Delft Library. Downloaded on February 08,2021 at 10:10:38 UTC from IEEE Xplore.  Restrictions apply. 



(a) Pendulum, k = 4 (b) Configuration, k = 4

(c) Pendulum, k = 1 (d) Configuration, k = 1

Fig. 5. Autonomous (τ ≡ 0) evolutions of the soft pendulum, for two
different values of the stiffness k, and same initial condition θ(0) =
(π/4,−π/4). Panels (a) and (c) show the evolution of pendulum shape.
The initial condition is shown in green, and the final in blue. Intermediate
configurations are displayed in light gray. The evolution of the pendulum’s
tip is represented by a solid line of a darker grey. Panels (b) and (d) reports
the time evolution of the configuration variables.

configuration of its central axis. This in turn is completely
defined by the curvature at each point κs(t) : [0, 1]×R→ R,
see for example [18, Sec. 1.5].

From now on, we assume that κs is well approximated
by an affine function of the coordinate s

κs(t) = θ0(t) + θ1(t)s, (1)

where θ0 and θ1 are the constant and linear components of
κ and they will serve as our configuration variables, with
θ = (θ0, θ1) being the configuration vector. Therefore this
model extends the constant curvature one [11], to which it
is traced back for θ1 ≡ 0.

C. Kinematics

We aim at expressing the posture of each material point
as sole function of θ. We start from d = 0 (principal axis).
The orientation is the integral of the curvature [18, Sec. 1.7]

αv(t) =

∫ v

0

κs(t)ds = θ0(t)v + θ1(t)
v2

2
, (2)

where v is an auxiliary variable with the same meaning as
s. The Cartesian coordinates can then be evaluated as

xv(t)= −L
∫ v

0

sin (αs(t)) ds, yv(t)=L

∫ v

0

cos (αs(t)) ds. (3)

These integrals can be solved by expanding the argument
of sine and cosine, and integrating the terms separately. The
result is as follows
xv(t)

L
=sin

(
θ0

2

2θ1

)√
π

θ1

[
C

(
θ0 + vθ1√

πθ1

)
−C

(
θ0√
πθ1

)]
− cos

(
θ0

2

2θ1

)√
π

θ1

[
S

(
θ0 + vθ1√

πθ1

)
− S

(
θ0√
πθ1

)]
.

(4)

yv(t)

L
=cos

(
θ0

2

2θ1

)√
π

θ1

[
C

(
θ0 + vθ1√

πθ1

)
−C

(
θ0√
πθ1

)]
+ sin

(
θ0

2

2θ1

)√
π

θ1

[
S

(
θ0 + vθ1√

πθ1

)
−S

(
θ0√
πθ1

)]
,

(5)

where we make use of the Fresnel integrals [19, Appendix
A], i.e. S(w) =

∫ w
0

sin
(
π
2 t

2
)

dt, C(w) =
∫ w
0

cos
(
π
2 t

2
)

dt.
It is worth underlying here that these functions are defined
in the whole complex plane, and it can be proven by direct
inspection that S(iw) = −iS(w) and C(iw) = iC(w).
Therefore, xv and yv are always real numbers, despite
θ1 appearing as square root. For what concerns the divi-
sion by θ1, algebraic manipulations yield limθ1→0 xv(t) =
L(cos(vθ0) − 1)\θ0, and limθ1→0 yv(t) = L sin (vθ0) \θ0.
These are the expressions of Cartesian coordinates that
we commonly find in the constant curvature literature
[11]. These expressions are in turn well defined in the
straight configuration of the segment limθ→0 xv(t) = 0,
limθ→0 yv(t) = Lv. Fig. 2 reports a study of the segment’s
tip workspace, i.e. for v = 1. Plots of the system in
several configurations are also shown in panels (b) and (c),
providing some examples of the versatility of the proposed
kinematic description.

Finally, Cartesian coordinates of a generic point (s, d)
can be evaluated by directly applying the definition:
xv,d = xv + dD cos

(
θ0v + θ1v

2/2
)
, yv,d = yv +

dD sin
(
θ0v + θ1v

2/2
)
.

D. Dynamics

The inertia matrix is evaluated by integrating the contri-
butions of all the infinitesimal mass elements

B(θ0, θ1) =

∫ 1

0

∫ + 1
2

− 1
2

ρ(s, d) JT
s,dJs,d dd ds, (6)

where Js,d = ∇θ (xv,d, yv,d) is the Jacobian matrix map-
ping θ̇ to ẋv,d and ẏv,d. Note that all elements of Js,d
are function of both the states. Coriolis and centrifugal
contributions C(θ, θ̇)θ̇ can be evaluated from B using
standards procedures - e.g. Christoffel symbols.

The gravitational field is obtained as well by summing
up all the contributions of the infinitesimal mass elements

G(θ)=∇T
θ

∫ 1

0

∫ 1
2

− 1
2

ρ(s, d)g(sin(φ)xs,d + cos(φ)ys,d) dd ds, (7)

where φ is a fixed value defining the direction of the field.
Finally, elastic, dissipative, and actuation forces are de-

rived following the same steps as in [13], yielding to

B(θ)θ̈ + C(θ, θ̇)θ̇ +G(θ) + kHθ + βHθ̇ = H

[
1
0

]
τ (8)

where H ∈ R2×2 is the Hankel matrix Hi,j, = 1/(i+j−1),
k ∈ R is the segment stiffness, and d ∈ R its damping.

E. The soft inverted pendulum

We call soft inverted pendulum with affine curvature a
soft segment described by (8), and subject to a gravitational
field aligned to the direction identified by the straight
configuration of the Pendulum, oriented so to serve as a
destabilizing force - in the inverse pendulum fashion. This
is obtained for φ = 0, as shown in Fig. 1. In this case we
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Fig. 6. Supercritical pitchfork bifurcation of equilibria to changes of
stiffness k. Colors are used to identify the corresponding points in the two
plots. Crosses identify unstable equilibria, while dots indicate stable ones.

Fig. 7. Effect of a constant torque τ in shaping the equilibrium
configurations of the system. For strong actions one of the two eqiulibria
disappears. Colors are used to identify the corresponding points in the two
plots. We report in light grey the cycle of hysteresis that we obtain when
slowily varying the actuation from −5 to 5.

have

G(0, 0) = (0, 0). (9)

F. Choice of inertia distribution

The integrals (6) and (7) have closed form solution for
several choices of the normalized1 density function ρ(s, d),
including the uniform distribution of mass ρ ≡ m. We
consider here the soft pendulum mass to be concentrated at
the tip of the segment, i.e. ρ(s, d) = mδs−1 with δw being
the Dirac’s delta. Note that we cannot compress further our
mass distribution to a point since the y coordinate has null
gradient around the straight configuration. As consequence
the inertia matrix would loose rank. This is however solved
including the rotational inertia introduced by the d direction.
Even within this simplifying assumption the explicit form of
B and G are too long to be displayed (each element would
occupy approximately a page). We resort instead to plotting
their values in Figs. 3 and 4, for the choice of parameters
introduced in the next example.

Example 1. Consider the soft pendulum described by (8)
with L = 1, D = .1, m = 1, g = 9.81, and β = 0.1. The
system starts from the initial condition θ(0) = (π/4,−π/4),
θ̇(0) = 0. Two values of k are considered, i.e. medium
stiffness 4 and low stiffness 1. The resulting autonomous

1The unit of ρ is the one of a weight, since s and d are normalized to
be unit-less quantities. Note also that

∫ 1
0

∫+1/2
−1/2

dd ds = 1.

Fig. 8. Time progression of quasi static control action τ and its effect on
θ. The resulting evolution is a sequence of slow motions and sudden snaps
spanning the whole workspace of the pendulum. The first two instances of
this behaviour are highlighted with green and purple areas respectively.

(a) Pendulum, t ∈ (0, 80) (b) Pendulum, t ∈ (80, 85)

Fig. 9. As a response to an input slowly varying from −5 to 5 the
pendulum first undergoes a slow deformation, shown in panel (a). The
green line is the initial shape (t = 0), the red one to the final one (t = 80).
Intermediate shapes are shown in light gray. When a critical value of τ
is exceeded the pendulum presents catapult-like behaviour. It releases all
the stored energy in a fast burst, and moves in few second to the opposite
side of the workspace. This is shown by panel (b). The red line refers to
the initial condition (t = 80), the blue one to the final one (t = 85).

(τ = 0) evolution is obtained by integrating (8), and it is
reported in Fig. 5.

III. A STUDY OF EQUILIBRIA

The soft inverted pendulum with affine curvature has
a quite rich structure, that we briefly investigate in this
section. Plugging the equilibrium conditions (θ̇ = 0 and
θ̈ = 0) in (8) yields

G1(θ̄) + κθ̄0 +
κ

2
θ̄1 = τ̄ , G2(θ̄) +

κ

2
θ̄0 +

κ

3
θ̄1 =

τ̄

2
, (10)

where θ̄ is the equilibrium configuration and τ̄ the equilib-
rium torque.

A. Origin
Thanks to (9) we can immediately see that (0, 0) is always

an equilibrium for τ̄ = 0, and for all possible values of
k,m,L,D. Looking at the results of Example 1, we can
expect the stability of this equilibrium to be dependent
on how much the pendulum is soft. This intuition can be
formalized by looking at the stiffness matrix

K=∇θ(G(θ) + kHθ)θ=(0,0) =

[
k − Lgm

3
k
2
− Lgm

8
k
2
− Lgm

8
k
3
− Lgm

20

]
.

According to Sylvester’s criterion, K is positive defined
if and only if K1,1 = k − Lgm

3 > 0, and det(K) = k2 −
13Lgm

30 k+ (Lgm)2

80 > 0. The first condition can be rewritten
as k/(Lgm) > 1/3, while the second translates into either
k/(Lgm) < (13− 2

√
31)/60, or

k >
13 + 2

√
31

60
Lgm. (11)
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Of all these conditions only the latter survives, being the
more stringent. As expected, (11) tells us that the straight
equilibrium is stable if the robot’s stiffness is not too low
when compared to the mass and the length.

B. Other equilibria

Example 1 also tells us that even when the origin becomes
unstable the system still finds at least another stable equilib-
rium to converge to - as expected from a mechanical system
subject to energy dissipation. Unfortunately, the complex
nature of G prevents the closed form solution of (10) for
θ 6= (0, 0). We will therefore fix the physical parameters
of the system as in Example 1, and perform a bifurcation
analysis of the equilibria when varying either k or τ̄ . Albeit
we do not make any claim of generality here, it is worth
mentioning that the same analysis was repeated for several
choices of the physical parameters, with consistent results.

First, we look at the solutions of (10) when τ̄ = 0 and k
varies. Results are shown in Fig. 6. A supercritical pitchfork
bifurcation [20, Sec. 2.3] can be observed in correspondence
to the threshold defined by (11). If the pendulum is stiff
enough only one equilibrium exists, corresponding to the
straight configuration. When the pendulum gets too soft this
equilibrium becomes unstable, and trifurcates originating
two others symmetric and stable equilibria. This behavior
persists even when k reaches 0.

We now look at the equilibria when a constant stiffness
not verifying (11) is selected (k = 1). We instead vary
τ̄ . This is shown in Fig. 7. As expected the two stable
equilibria move while conserving their attractiveness when
the input torque is modified. Interestingly, θ̄0 stays almost
constant, while θ̄1 varies linearly. This at least until a critical
value of |τ̄ | is reached, beyond which a blue-sky catastrophe
manifests [20, Sec. 2.3], i.e. one of the two equilibria
disappears. This behavior can give birth to an hysteresis
cycle, by varying the input τ in an ample and slow enough
fashion. Fig. 7 shows such cycle with a solid gray line.

Example 2. Consider the soft pendulum of Example 1,
with k = 1, and forced with a triangle wave with period
180 seconds, and amplitude 5. The system starts from the
initial condition θ(0) = (2π,−6π), θ̇(0) = 0. Its evolution
is shown in Fig. 8. The pendulum follows the motion of
the closest equilbrium - storing energy in potential form.
When the equilibrium disappears, the system is abruptly
attracted to the only remaining equilibrium. The outcome is
a sudden and fast release of the stored energy, resulting in
the catapult-like trajectory shown by Fig. 9.

Behaviors as the one in Example 2 have been the object of
study of continuum mechanics literature [21], as a product
of infinite dimensional descriptions of the elastic rods. The
fact that a so low dimensional model can produce such
a complex behavior is somehow unexpected, and it is an
aspect worth investigating in future work.

IV. FEEDBACK STABILIZATION

We study here the stabilization of the straight configu-
ration of the soft inverted pendulum, by means of partial
feedback linearization.

Fig. 10. Values of the components of the inertia matrix B̃, for an
exhaustive range of configurations. The small areas in which the inertia
coupling is lost (i.e. B1,2 = 0) are highlighted in red in the picture.

Fig. 11. Values of the gravity force field G̃, for an exhaustive range of
configurations. Note that elastic forces are not included.

A. Change of coordinates

We want to clearly separate the system in an actuated
portion and a completely under-actuated one, in the fashion
of [14]. To this end, we introduce the following change of
coordinates

q0 = θ0 +
1

2
θ1 = α1, q1 =

1

2
θ0 +

1

3
θ1 =

∫ 1

0

αsds, (12)

where q = (q0, q1) serves as the new configuration of the
pendulum. By means of (12), Eq. (8) is modified into (note
that H is symmetric and positive defined)

B̃(q)q̈ + C̃(q, q̇)q̇ + G̃(q) + K̃q + D̃q̇ =

[
τ
0

]
, (13)

where the new inertia matrix is B̃(q) = H−1B(H−1q)H−1,
and the new matrix collecting Coriolis and centrifugal ef-
fects is C̃(q, q̇) = H−1C(H−1q,H−1q̇)H−1. Gravitational
forces in the new coordinates are G̃(q) = H−1G(H−1q).
The new stiffness matrix is K̃ = kH−1 � 0, and the new
damping is D̃ = βH−1 � 0. We report in Figs. 10 and
11 the plots of B̃ and G̃, for the choice of parameters
of Example 1. With the goal of writing more compact
equations in the following, we define h(q, q̇) = C̃(q, q̇)q̇ +
G̃(q) + K̃q + D̃q̇. For the same reason, we will also omit
dependencies on q and q̇ when possible.

B. Collocated feedback

We attempt here to stabilize the straight configuration
by feedback linearizing the output q0 = α1. The first step
towards this goal is to write the dynamics of q0. This can
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(a) Pendulum, k = 1 (b) Control action, k = 1 (c) Natural config., k = 1 (d) Control config., k = 1

(e) Pendulum, k = 1, far (f) Control action, k = 1, far (g) Natural config., k = 1, far (h) Control config., k = 1, far

(i) Pendulum, k = 0.5 (j) Control action, k = 0.5 (k) Natural config., k = 0.5 (l) Control config., k = 0.5

Fig. 12. Results when closing the loop with collocated controller (15), combined with a PD regulator with unitary gains. Panels (a,e,i) display how the
shape of the pendulum evolves. The initial condition is shown in green, and the final in blue. Intermediate configurations are displayed using light gray.
The evolution of the pendulum’s tip is represented by a solid line of a darker grey. Panels (b,f,j) report the control action, panels (c,g,k) the evolution
in coordinates θ, and (d,h,l) in q. Note that the axes limits is coherent across simulations. Panels (a-d) depict the results for a value of stiffness (k = 1)
verifying condition for asymptotic stability (18). The initial condition is θ(0) = (π/4,−π/4). Panels (e-h) present the results of the same closed loop,
when initialized much further from the equilibrium, in θ(0) = (2π,−3π). Panels (i-l) report a simulation with stiffness under the critical threshold
required for stability (k = .5). The initial condition is again θ(0) = (π/4,−π/4).

be done by extracting q̈1 from the second equation of (13),
and substituting it in the first. The following second order
differential equation results(

B̃1,1 − B̃2
2,1/B̃2,2

)
q̈0 +

(
h1 − (B̃2,1/B̃2,2)h2

)
= τ. (14)

This equation can be feedback linearized by

τ =
(
h1 − (B̃2,1/B̃2,2)h2

)
+
(
B̃1,1 − B̃2

2,1/B̃2,2

)
u, (15)

where u is an extra control action to be defined later. Note
that this feedback loop is always well defined since B̃2,2 6=
0, being a principal minor of an inertia matrix. The resulting
closed loop dynamics is

q̈0 = u, B̃2,2q̈1 + h1 = −B̃1,2u. (16)

According to [14, Theorem 1], the stability of this dynamics
can be analyzed by looking separately at the convergence
of q0, and at the dynamics of q1 under the assumption that
q0 ≡ 0, i.e. the zero-dynamics.

To stabilize q0 we consider a simple PD regulator acting

on the linearized dynamics only, u = −ϕPq0−ϕDq̇0, where
ϕP and ϕD are positive scalar gains. This control action
brings q0 to 0 exponentially fast, starting from any arbitrary
initial condition.

Since u(0, 0) = 0, the zero-dynamics is obtained by set-
ting to 0 all the instances of q0 and q̇0 in the second equation
of (13). The result is B̃2,2(0, q1)q̈1 + C̃2,2(0, q1, 0, q̇1)q̇1 +

G̃2(0, q1)+K̃2,2q1 + D̃2,2q̇1 = 0. The stability of this system
can be proven by using V (q1, q̇1) = B̃2,2(0, q1)q̇21/2 +∫ q1
0
G̃2(0, q∗)dq∗ + K̃2,2q

2
1/2 as Lyapunov candidate. Its

derivative is V̇ = −D̃2,2q̇
2
1 ≤ 0, and the thesis follows by

invoking LaSalle’s invariance principle. Note however that
V (q1, q̇1) needs to be positive defined. This is not trivially
provable for generic choice of the system parameters, due
to the complex form of G̃. So, we settle for proving the
positivenes locally by looking at the stiffness

∂

∂q1
(G̃2(0, q1) + K̃2,2q1)q1=0 = 12k − 12

10
mgL > 0. (17)
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(a) Pendulum, k = 0.25 (b) Control action, k = 0.25 (c) Natural config., k = 0.25 (d) Control config., k = 0.25

(e) Pendulum, k = 0.25, far (f) Control action, k = 0.25, far (g) Natural config., k = 0.25, far (h) Control config., k = 0.25, far

(i) Pendulum, k = 0.1 (j) Control action, k = 0.1 (k) Natural config., k = 0.1 (l) Control config., k = 0.1

Fig. 13. Effect of the non collocated control loop (20), with u selected as an LQR designed on the linearized system. Panels (a,e,i) depict how the
shape of the pendulum evolves. The initial condition is in green, the final in blue. Intermediate configurations are in light gray. The progression of the
pendulum’s tip is marked with a solid line of a darker grey. Panels (b,f,j) depict the control action, panels (c,g,k) the evolution in coordinates θ, and
(d,h,l) in coordinates q. Note that the axes limits is coherent across simulations. Panels (e-h) show the behavior of the closed loop when the stiffness
(k = 0.25) is substantially lower than the minimum admitted by the collocated controller. The initial condition is the usual θ(0) = (π/4,−π/4). Panels
(i-k) are the same but with θ(0) = (2π,−3π). Panels (m-p) report a simulation with a very low stiffness (k = 0.1), for which even the non collocated
control loop fails (even if locally the equilibrium is still attractive). The initial condition is again θ(0) = (π/4,−π/4).

At the same time we want the system in open-loop to be
unstable, otherwise there is no point in using a stabilizing
controller. Combining (11) and (17) yields

13 + 2
√

31

60
>

k

gmL
>

1

10
. (18)

This equation defines the interval within which a collocated
action can be both useful and effective. If the system is
too soft, there is no chance of stabilizing the equilibrium
in this way, and we must resort to something even more
sophisticated2.

Example 3. Consider the soft pendulum of Example 1, with
k = 1 or k = 0.5, and controlled by (15) with ϕP = 1 and
ϕD = 1. We consider the two usual starting configurations
θ(0) = (π/4,−π/4) and θ(0) = (2π,−6π), both with
θ̇(0) = 0. The result is reported in Fig. 12.

2For the sake of space, we do not consider a full state feedback for u.

C. Non collocated feedback

We consider here the possibility of feedback linearizing
the output q1 =

∫ 1

0
αsds. The strategy is non collocated

since the control action acts on q0, and the controller has
to influence q1 through the dynamics [14].

We start by making explicit q̈0 from the first equation of
(13), and we substitute the result of this operation in the
second equation. This procedure results in(

B̃2
1,2 − B̃1,1B̃2,2

)
q̈1 +

(
B̃1,2h1 − B̃1,1h2

)
= B̃1,2τ, (19)

from which the feedback linearizing loop is trivially derived
as

τ=
(
h1 − (B̃1,1h2)/B̃1,2

)
+
(
B̃2,1 − (B̃1,1B̃2,2)/B̃1,2

)
u.

(20)
Note that this control action makes sense only if B̃1,2 6= 0
(so-called inertial coupling). This condition holds true for
almost all the configurations of the soft pendulum, with the
exception of the small areas shown in red in Fig. 10.
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Combining (13) and (20) yields

B̃2,1q̈0 = −h2 − B̃2,2u, q̈1 = u. (21)

This time a simple PD control on q1 is not sufficient since
the zero dynamics for q1 ≡ 0 and u ≡ 0 is q̈0 = 0, which
is polynomially unstable. Hence, we proceed to a local
analysis of the complete dynamics (21) by linearizing the
equations around the equilibrium (0, 0). The resulting linear
system is sufficiently compact to be presented explicitly

η̇ =

 0 0 1 0
0 0 0 1

−6k+ 11
10
Lgm

L2m

12k− 12
10
Lgm

L2m
− 6β
L2m

12β
L2m

0 0 0 0

η +

0
0
1
1

u,
where η ∈ R4 describes small perturbations of (q, q̇) around
(0, 0). The system is always unstable, with two poles in 0

and the other two in (±
√

22gL3m2

5 − 24kL2m+ 36β2 −
6β)/(2L2m). To see if the equilibrium can be locally
stabilized we calculate the reachability matrix 0 −1 18β

L2m
r1

0 1 0 0
−1 18β

L2m
r1 r2

1 0 0 0,

,
with r1 = −

(
0.1gL3m2 − 6kL2m+ 36β2

)
/
(
L4m2

)
, and

r2 = 36β
(
gL3m2 − 10kL2m+ 30β2

)
/
(
5L6m3

)
. This

matrix is full rank for all the values of the physical pa-
rameters verifying3 L3g2m2 − 120L2gkm + 3600Lk2 −
3600β2g 6= 0. Therefore almost all the choices of physical
parameters admit a complete pole placement of all the poles
of A, leading to a locally asymptotically stable closed loop
behavior.

Example 4. Consider the soft pendulum of Example 1, with
k = 0.25 or k = 0.1, and controlled through (20) and u =
γP q+ γD q̇. The gains γP and γD are such to minimize the
LQ index

∫∞
0
qTq+q̇Tq̇+uTu dt. We consider the two usual

starting configurations θ(0) = (π/4,−π/4) and θ(0) =
(2π,−6π), both with θ̇(0) = 0. The result is reported in
Fig. 13.

V. CONCLUSIONS

This paper introduced an underactuated low dimensional
mechanical model - the inverted elastic pendulum - designed
to serve as a template for soft robot control. This system
proved to have a rich nonlinear behavior (bifurcations,
hystereses), and presents unique challenges from the con-
trol standpoint. Nonlinear feedback regulators have been
proposed based on partial feedback linearization. Despite
not being always implementable in the practice, results
obtained with this technique allow to establish upper bounds
to the performance that controller relying less on the perfect
knowledge of the model can hope to achieve. Interestingly,
the kind of control approaches that can be implemented de-
pends on the degree of softness of the system. Future work
will include (i) investigating simpler control techniques, (ii)
attacking the trajectory tracking problem, (iii) extending
these results to full fledged soft robots.

3This condition is derived through straightforward manipulations of the
matrix’s determinant.
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