
 
 

Delft University of Technology

Homo- and Heteroclinic Connections in the Spatial Solar-Sail Earth-Moon Three-Body
Problem

Heiligers, Jeannette

Publication date
2019
Document Version
Accepted author manuscript
Published in
2019 AAS/AIAA Astrodynamics Specialist Conference  11/08/19 - 15/08/19 Portland, United States

Citation (APA)
Heiligers, J. (2019). Homo- and Heteroclinic Connections in the Spatial Solar-Sail Earth-Moon Three-Body
Problem. In I. I. Hussein, K. R. Horneman, C. Scott , & B. W. Hansen (Eds.), 2019 AAS/AIAA Astrodynamics
Specialist Conference 11/08/19 - 15/08/19 Portland, United States (Vol. 171, pp. 1593-1612). [AAS 19-782]
(Advances in the Astronautical Sciences Series; Vol. 171).
Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright
Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without the consent
of the author(s) and/or copyright holder(s), unless the work is under an open content license such as Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.

This work is downloaded from Delft University of Technology.
For technical reasons the number of authors shown on this cover page is limited to a maximum of 10.



 1 

HOMO- AND HETEROCLINIC CONNECTIONS IN THE SPATIAL 

SOLAR-SAIL EARTH-MOON THREE-BODY PROBLEM 

Jeannette Heiligers* 

This paper investigates homo- and heteroclinic connections between solar-sail pe-

riodic orbits in the Earth-Moon circular restricted three-body problem (CR3BP). 

While homo- and heteroclinic connections have been explored extensively in the 

classical Earth-Moon CR3BP, the inclusion of a solar-sail induced acceleration 

introduces a time-dependency into the dynamics. This time-dependency prevents 

the use of traditional tools that reduce the dimensionality of the problem in search 

for such connections (e.g., the Jacobi constant and spatial Poincaré sections). 

Previous work by the author has already demonstrated that homo-and heteroclinic 

connections can be found in the planar solar-sail Earth-Moon three-body problem 

for a perfectly reflecting solar sail by introducing: 1) a piece-wise constant sail at-

titude along the unstable and stable solar-sail assisted manifolds, 2) the concept 

of temporal Poincaré sections, and 3) a genetic algorithm approach. This paper 

extends the work to the spatial problem and will also, for the first time, explore 

the effect of non-specular reflectance properties of the solar sail on the connec-

tions. Both homo- and heteroclinic connections between planar Lyapunov orbits 

and between halo orbits are presented for different solar-sail models, with errors 

on the position and velocity at the connection of the unstable and stable mani-

folds of, on average, 1 km and 25 m/s for the planar case and 15 km and 56 m/s 

for the spatial case.  

INTRODUCTION 

As a propellant-less propulsion method, solar sailing [1-3] opens up the possibility to continuously off-

set part of the gravitational acceleration in the two-body problem [4, 5] and the three-body problem [6]. In 

case of the dynamical framework of the circular restricted three-body problem (CR3BP), adding a solar-sail 

induced acceleration to the dynamics allows a change in the location of the libration points and the creation 

of new periodic orbits around those libration points [7-9]. In the Earth-Moon CR3BP, this has resulted in 

new orbit families around the L1 point, the L2 point, and the Earth that exhibit great potential for high-

latitude observation of the Earth or Moon. For example, using an Earth-Moon barycentric synodic refer-

ence frame, Figure 1a shows a constellation of two sailcraft in two different orbits around the Earth that can 

achieve near-continuous coverage of the Arctic region (>96% temporal resolution). These orbits originate 
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from a continuation on the solar-sail characteristic acceleration* starting from a classical (i.e., no solar-sail), 

highly elliptical Earth-centered orbit. Because this classical orbit passes through the Earth, it is of no prac-

tical use. However, by adding a solar-sail induced acceleration, where the sail maintains an orientation per-

pendicular to the direction of sunlight, the orbit moves away from the Earth’s center and becomes useful 

for Earth observation [10]. A similar approach, but applied to the family of vertical Lyapunov orbits at the 

Earth-Moon L2 point, results in the constellation in Figure 1b. This constellation of two solar-sail vertical 

Lyapunov orbits enables continuous coverage of the lunar South Pole and center of the Aitken Basin on the 

far side of the Moon, while maintaining continuous contact with Earth. Note that this constellation makes 

use of an out-of-plane sail steering law to pull the orbits below the southern hemisphere of the Moon and 

are thus not symmetric in the Earth-Moon orbital plane. Both constellations are achievable with near-term 

solar-sail technology as they require solar-sail characteristic accelerations of ca  0.27 mm/s2, which is of 

the same magnitude as the envisioned technology for the previously proposed Sunjammer mission [11]. 

The constellations in Figure 1 can only provide adequate temporal coverage of either the North or South 

poles of the Earth and Moon. Therefore, movement from these constellations to their mirrored counterparts 

(i.e., in the ( ),x z − plane) would allow to observe, within a single mission, for example not only the Earth’s 

Arctic region, but also its Antarctic region. In the literature, such movement between periodic orbits in the 

CR3BP is often referred to as a homo- or heteroclinic connection.  

  

a) b) 

Figure 1 Constellations of two solar-sail periodic orbits in the Earth-Moon three-body problem 

that can achieve (near-)continuous coverage of a) the Earth’s Arctic region and b) the lunar South 

Pole + Aitken Basin. 

The topic of homo- and heteroclinic connections is a well-researched area, see, for example, [12-17]. In 

the classical case, such connections consist of linkages between trajectories along the unstable and stable 

manifolds of the initial and final periodic orbit, respectively. However, within the classical dynamics, such 

connections may not always be feasible and may require an impulsive v  to overcome a velocity discrep-

ancy at the linkage. Alternatively, the spacecraft may be assumed to carry a low-thrust propulsion system 

that can distribute the required v  along the manifold trajectories and as such create perfect homo- and 

heteroclinic connections, where “perfect” refers to the absence of any discrepancies in position or velocity 

at the linkage. Either propellant consuming forms of low-thrust propulsion, e.g., ion propulsion [18-20], or 
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solar-sail propulsion may be used to that end. In this paper, the latter is exploited to create homo- and het-

eroclinic connections in the Earth-Moon three-body problem.  

Solar-sail assisted homo- and heteroclinic connections have been designed in a range of Sun-planet sys-

tems, e.g., in the Sun-Earth system [21] and between periodic orbits around the libration points of different 

three-body systems [22], e.g., between periodic orbits around the L1 and L2 points of the Sun-Earth and 

Sun-Mars/Venus systems. In particular, trajectories between the L2 point of the Earth-Moon system and the 

L1 point of the Sun-Mars system have been demonstrated to enable so-called solar-sail Earth-Mars cyclers: 

trajectories that allow round-trips between Earth’s and Mars’ vicinity to construct a continuous supply 

chain for future robotic and human exploration of Mars [23]. Recent work by the author has extended the 

design of solar-sail assisted homo- and heteroclinic connections to the Earth-Moon system [24]. However, 

the cited work only considers planar homo- and heteroclinic connections, i.e., connections between solar-

sail planar Lyapunov orbits at the L1 and L2 points of the Earth-Moon system. The current paper will there-

fore present an extension to the spatial problem. In addition, while work on solar-sail homo- and hetero-

clinic connections has so-far always considered the sail as an ideal, perfectly reflecting mirror, this paper 

will, for the first time, investigate the effects of non-ideal, i.e., non-specular reflectance properties of the 

solar sail, on the existence of the solar-sail assisted homo- and heteroclinic connections in the Earth-Moon 

three-body problem. 

SOLAR-SAIL AUGMENTED CIRCULAR RESTRICTED THREE-BODY PROBLEM 

The dynamical framework to find solar-sail assisted homo-and heteroclinic connections is that of the 

circular restricted three-body problem, augmented with an acceleration produced by the solar sail. This 

section will first introduce the CR3BP and will subsequently present two different models (an ideal and a 

non-ideal model) to represent the acceleration produced by the solar sail.  

Augmented circular restricted three-body problem 

The dynamical framework of the CR3BP assumes that the motion of a mass, m , is affected only by the 

gravitational attraction of two large celestial bodies, 1m  (here, the Earth) and 2m  (here, the Moon) and that 

mass m  exerts a negligible gravitational attraction on 1m  and 2m . Furthermore, the two large celestial 

bodies are assumed to move in circular co-planar orbits around their barycenter. In this work, the CR3BP is 

augmented in the sense that the motion of the mass m  (here, the solar-sail spacecraft) is not only affected 

by the gravitational attraction of the Earth and Moon, but also by a self-produced sail acceleration. To de-

fine the equations of motion of the sailcraft, a barycentric synodic reference frame, ( )ˆ ˆ ˆ, ,S x y z , is defined 

where the basis vector x̂  points from the Earth to the Moon, the vector ẑ  is oriented perpendicular to the 

Earth-Moon orbital plane, and the ˆ −y vector complements the right-handed reference frame. Since the 

x− axis of this reference frame follows the motion of the Moon around the Earth, the frame rotates at an 

angular rate   around its z− axis with respect to inertial space, i.e., ˆ=ω z . Furthermore, a set of canon-

ical units is used, where the total mass of the system, 1 2m m+ , the distance between 1m  and 2m , and 1   

are taken as the units of mass, length, and time, respectively. Using these canonical units, the equations of 

motion of the sailcraft can be defined in frame ( )ˆ ˆ ˆ, ,A x y z , and under the assumptions stated, as [6] 

 ( )2 sU t+  + =r ω r a   (1) 

where  
T

x y z=r  (see Figure 2) and  
T

x y z=r  are the position and velocity vectors of the sail-

craft, that together form the sailcraft’s state vector,  
T

=x r r . The gradient of the potential U represents 
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the combination of the gravitational and centrifugal accelerations, which can be computed from 

 ( )2 2

1 2

1 1

2

U
U x y

r r

   −
 = − + − + 

  r
  (2) 

where  1 1 0 0
T

r = = +r r  and  2 2 1 0 0
T

r = = − −r r  are the position vectors of the Earth 

and Moon, respectively. Finally, in Eq. (1), ( )s ta  is the solar-sail induced acceleration, which will be fur-

ther defined in the next subsection.  

 

Figure 2 Schematic of the solar-sail augmented circular restricted three-body problem (planar 

view) [24]. 

Solar-sail induced acceleration 

In recent years, a set of technology demonstration missions (IKAROS [1], NanoSail-D2 [2], and 

LightSail-1 [3]) have proven the concept of solar-sail propulsion and more missions are ongoing 

(LightSail-2 [25]) and scheduled for the future (NEA Scout [26]) to exploit this elegant form of in-space 

propulsion. The concept relies on the use of an extremely thin, mirror-like membrane to reflect solar pho-

tons. During the reflection, a momentum exchange takes place between the photons and the membrane that 

induces a force, and therefore an acceleration, on the spacecraft. To model the resulting acceleration, dif-

ferent reflectance properties of the solar sail can be assumed. In this work, two models will be adopted: 

1) An ideal model, where the solar sail is assumed to be a perfect mirror that enables pure specular re-

flection of all solar photons. 

2) A non-ideal model, where optical imperfections of the sail membrane cause diffuse reflection, ab-

sorption, and thermal emission of part of the solar radiation.  

A generic definition of the solar-sail induced acceleration (from here on, for brevity, referred to as sail 

acceleration) is:  

 

2 2

0,EM ˆ
2

N T
s

a f f

PA PA

   
= +   

  
a m   (3) 

where m̂  is the direction of the sail acceleration and 0,EMa  is the dimensionless characteristic sail accelera-

tion. For the latter, values of up to 0,EMa = 0.1 will be considered, which is equivalent to the previously 

   

Earth Moon 

S t   

n̂   

Ŝ   

Ŝ   

s S→r

  

r   

   1 −   

x   

y   

Sail 
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mentioned near-term dimensional value of 0.27 mm/s2. The remaining variables in Eq. (3), represent the 

solar radiation pressure ( P ), the sail area ( A ), and the magnitude of the solar radiation pressure forces 

acting normal and tangential to the sail ( Nf  and Tf ) , respectively. These forces are defined as [6]: 

 ( ) ( ) ( )21 cos 1 cos 1 cos
f f b b

N f

f b

B B
f PA rs B s r r

 
  

 

 −
= + + − + − 

+  

  (4) 

 ( )1 cos sinTf PA rs  = −   (5) 

where 90 ,90o o   −   is the cone angle, which is defined as the angle between the sail normal vector, n̂ , 

and the direction of sunlight, Ŝ , see Figure 2. Note that the vectors n̂  and Ŝ  will be further defined later in 

this section. Equations (4) and (5) make use of a range of optical coefficients: the total reflectivity constant, 

r , the specular reflectivity fraction coefficient, s , the non-Lambertian coefficient, B , and the emissivity 

coefficient,  . For the latter two, the subscripts ' 'f  and ' 'b  refer to the front and back of the sail, respec-

tively. Values for these coefficients, for both the ideal and non-ideal sail models can be found in Table 1. 

Substituting these values into Eqs. (4) and (5), results in the following: 

1) For an ideal sail model, 22 cosNf PA =  and 0Tf = , which implies that, for an ideal sail model, 

the sail acceleration acts only normal to the sail membrane, i.e., in direction ˆ ˆ=m n . Substituting 

this relation and the reflectance coefficients into Eq. (3) results in 

 ( )2

0,EM
ˆcoss a =a n   (6) 

2) For a non-ideal sail model, 0Nf   and 0Tf  , which implies that an angular separation exists be-

tween the vectors m̂  and n̂  (see also the right plot in Figure 3) of magnitude: 

 1tan T

N

f

f
 −  
=  

 
  (7) 

such that the equivalent of the cone angle for vector m̂  becomes: 

   = −   (8) 

Table 1 Solar-sail reflectance coefficients [6, 27]. 

Model r  s  fB  
bB  f  

b  

Ideal 1 1 n/a n/a n/a n/a 

Non-ideal 0.91 0.94 0.79 0.67 0.025 0.27 

As mentioned, both the normal vector, n̂ , and the sunlight direction, Ŝ , need to be defined in more de-

tail. First, to define the direction of sunlight, two assumptions are made: 1) the Sun is assumed to orbit the 

Earth-Moon system in the ( )ˆ ˆ, −x y plane, thereby neglecting the small, approximately 5 deg inclination 

between the ecliptic and Earth-Moon orbital planes; 2) the orbit of the Earth-Moon barycenter around the 

Sun is assumed to be circular with a radius of 1 astronomical unit (au). Then, considering the motion of the 

Moon around the Earth and that of the Earth around the Sun, the unit vector Ŝ  in Figure 2 conducts a 

clockwise motion in frame A  at a dimensionless rate of S = 0.9252 and with a period of 2S SP =  , 

which will be referred to as the synodic period throughout the rest of this manuscript. The unit vector Ŝ  

can then be described as 
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( )

cos

ˆ sin

0

S

S

t

t t

 
 

= − 
 
  

S (9) 

Equation (9) implies that the Sun is positioned along the negative x− axis at time 0t = . With the direc-

tion of sunlight defined, the position of the Sun, Sr , in frame A , can also be defined, by multiplying Eq. 

(9) by 1 au. Furthermore, from Figure 2 it follows that S s S→= +r r r  where s S→r  is the sail-Sun vector. 

Considering that s S→r r , the sail-Sun and barycenter-Sun vectors are assumed equal. The consequences 

of this assumption are: 1) a constant solar radiation pressure, P , throughout the Earth-Moon system, see 

Eqs. (3) - (5); and 2) a constant solar-sail characteristic acceleration, 0,EMa , throughout the Earth-Moon 

system for which the value is determined at a sail-Sun distance of 1 au. 

To uniquely define the sail normal vector, n̂ , a sail-centered reference frame, ( )ˆ ˆ ˆ, ,B S θ φ , is defined

where ( )ˆ ˆ ˆˆ ˆ/=  θ z S z S  and ˆˆ ˆ
S= φ r θ , see Figure 3. Using the cone angle and an additional angle, called

the clock angle  , the sail normal vector can be defined in frame B  (see the superscript ( )' 'B ) as

( )

cos

ˆ sin sin

sin cos

B



 

 

 
 

=
 
  

n (10) 

Similarly, the vector m̂  can be defined in frame B  as 

( )

cos

ˆ sin sin

sin cos

B



 

 

 
 

=
 
  

m (11) 

In order to obtain the vectors n̂  and m̂  in frame A  for use in Eq. (6) (for an ideal sail model) and Eq. 

(3) (for a non-ideal sail model), the following transformation is required

( ) ( )

( ) ( )

ˆ ˆˆ ˆ ˆ

ˆ ˆˆ ˆ ˆ

B

B

t

t

 =
 

 =
 

n S θ φ n

m S θ φ m
(12) 

It is this transformation that introduces the time-dependency into the equations of motion in Eq. (1): for 

any attitude of the sail, its acceleration depends on the instantaneous position of the Sun with respect to the 

Earth-Moon system.  

Figure 3 Schematic of reference frame B and the definition of the cone and clock angles. 


θ̂

φ̂

Ŝ

Ŝ

m̂

n̂
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SOLAR-SAIL PERIODIC ORBITS AND THEIR INVARIANT MANIFOLDS 

Solar-sail periodic orbits. For the classical CR3BP, it is well-known that several families of periodic 

orbits exist around the Lagrange points, including the families of planar Lyapunov and halo orbits. When 

adding a sail acceleration to the dynamics of the CR3BP, the shape of a subset of these orbits can be al-

tered. It is important to note that only a subset of orbits can be altered, because, for any solar-sail orbit in 

the Earth-Moon system to be periodic over time, its period must coincide with the synodic period, SP , i.e., 

the period needs to be the same as the period of the Sun’s orbital motion around the Earth-Moon system. 

The work in Reference [8] therefore developed an approach based on a continuation method that starts 

from a suitable classical orbit (i.e., an orbit with a period equal to a fraction or integer number of synodic 

periods) and iteratively adds an ever-larger sail acceleration to the dynamics. Using a differential correction 

algorithm, the dynamical system is solved at each iteration until a maximum value for 0,EMa  is reached or 

until the differential corrector no longer converges. This approach then results in families of solar-sail peri-

odic Lyapunov and halo orbits, parameterized by the value for 0,EMa . Different families can be generated 

by assuming the spacecraft to be located at either of the two y − axis crossings of the classical orbit at time 

0t = , i.e., choosing either the crossing on the left or right-hand side of the Lagrange point as initial condi-

tion of the solar-sail periodic orbit. Note that starting from a different y − axis crossing results in a different 

configuration of the Sun, Earth, Moon and sail over the course of the orbit and therefore in a different shape 

of the orbit. Different families can also be generated by adopting different solar-sail steering laws. In this 

paper two steering laws will be considered:  

1) A “Sun-facing” steering law, where the sail is oriented perpendicular to the direction of sunlight at

all times, i.e., ( ) ( )ˆˆ t t=n S .

2) An “Earth-Moon line” steering law, where the sail is oriented perpendicular to the Earth-Moon line

at all times, i.e., ( )ˆ cos 0 0
T

Ssign t =    n . Note that the normal vector flips direction once per

synodic period to prevent the Sun from illuminating the back of the sail. 

For more details on the generation of the solar-sail Lyapunov and halo orbits, the reader is referred to 

Reference [8]. In the current paper, only the orbits selected for the generation of homo- and heteroclinic 

trajectories will be presented, which appear in Figure 4 with details of the orbits in Table 2. The table and 

figure indicate that all orbits have a period of one synodic period, but that they either conduct two or three 

revolutions around the Lagrange point within that period. Furthermore, all orbits shown in Figure 4 exist 

for a solar-sail characteristic acceleration of 0,EMa = 0.1. Note that many more orbit families are presented 

in References [8, 10, 28], but that the ones in Figure 4 are considered representative for demonstrating the 

appropriateness of the proposed solution method and the existence of solar-sail homo- and heteroclinic in 

the spatial Earth-Moon CR3BP. 

The homo- and heteroclinic connections that will be considered between these orbits are detailed in Ta-

ble 3. Each transfer is given an ID (first column), where the subscripts ‘L’ and ‘H’ refer to connections 

between Lyapunov orbits and between halo orbits, respectively. The next two columns indicate which or-

bits are used as starting and ending conditions of the transfer, where the orbit notation of Table 2 is used. If 

the starting and final orbits are the same, a homoclinic connection is considered, while different starting 

and final orbits will result in a heteroclinic connection. The last two columns indicate which sail model will 

be considered for each of the connections. Because some results are already available in the literature, see 

Reference [24], and to limit the number and types of connections to be investigated to a workable number 

of nine, not every connection will be generated for both sail models. Note that also a range of other trans-
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fers could have been considered (e.g., the reverse of the heteroclinic connections). However, the connec-

tions in Table 3 are once again assumed to present representative scenarios of connecting different types of 

orbits (Lyapunov and halo orbits), orbits around either the same or different Lagrange points, and orbits 

that are phased differently, while also investigating the effect of non-ideal reflectance properties of the sail 

on some of those connections. 

a) b) 

Figure 4 Selected solar-sail periodic orbits: a) Lyapunov orbits, b) halo orbits. 

Table 2 Details of selected solar-sail periodic orbits in Figure 4. 

Orbit Type 0,EMa Period Steering law 
Lagrange 

point 

Initial condition 

(left/right of La-

grange point) 

L1 Lyapunov 0.1 SP Sun-facing 1 Left 

L2 Lyapunov 0.1 SP Sun-facing 1 Right 

L3 Lyapunov 0.1 SP Sun-facing 2 Right 

H1 Halo 0.1 SP Earth-Moon line 1 Right 

H2 Halo 0.1 SP Earth-Moon line 2 Left 

H3 Halo 0.1 SP Sun-facing 2 Left 

Table 3 Homo- and heteroclinic connections to be investigated. 

Transfer ID 
Starting 

orbit 

Final 

orbit 

Homo- or heteroclinic Sail model 

Homoclinic Heteroclinic Ideal Non-ideal 

T1L L1 L1  See [24]  

T2L L3 L3  See [24]  

T3L L2 L3  See [24]  

T4L L1 L2  See [24]  

T1H H1 H1   

T2H H3 H3    

T3H H2 H3   

T4H H1 H2   
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Solar-sail assisted invariant manifolds. All orbits presented in Figure 4 are linearly unstable [8], giving 

rise to the existence of stable and unstable invariant manifolds. For brevity, the theory of invariant mani-

folds and their computation is not described in this paper. Instead, for such information, the reader is re-

ferred to, for example, References [15, 24, 29]. However, what is important to highlight is that, to obtain 

the stable and unstable solar-sail assisted invariant manifolds of the orbits in Figure 4, the dynamics along 

the unstable and stable invariant manifolds needs to be the same as those used to generate the solar-sail 

periodic orbits, i.e., the dynamics along those manifolds include a sail acceleration for which the same sail 

steering law is used as the one used along the solar-sail periodic orbit. To highlight the inclusion of the sail 

acceleration, this paper refers to the invariant manifolds as “solar-sail assisted” invariant manifolds. By 

including the sail acceleration in the computation of the invariant manifolds of the solar-sail periodic orbits, 

the shape of the unstable and stable invariant manifolds is very similar to the typical shape obtained for the 

classical case, see Figure 5a for an example. Figure 5a shows the trajectories along the unstable and stable 

solar-sail assisted invariant manifolds of orbit ‘L1’, where 50 trajectories along each manifold are propa-

gated forwards and backwards in time (for the unstable and stable manifold trajectories, respectively) for a 

maximum integration time of 1.2 SP . In case the trajectory approaches the Moon at a distance less than 

twice the lunar radius, the integration is truncated prematurely. The figure shows the typical branches of the 

invariant manifolds (the interior and exterior branches) as well as the ( ),x z − plane symmetry that is pre-

sent in the classical system. This symmetry is maintained due to the periodicity of the solar-sail orbits and 

the symmetry of the sail acceleration vector along the orbit and its invariant manifolds. Finally, note that 

the trajectories shown in Figure 5a are generated for a perturbation magnitude of 10-6 in dimensionless units 

along the (un)stable eigenvector. This value will be adopted throughout the rest of the paper.  

a) b) 

Figure 5 Trajectories along the unstable (red) and stable (green) solar-sail assisted invariant man-

ifolds of orbit L1. a) For ˆˆ =n S , b) for a 10 deg cone angle.

If a sail attitude different from the one in the periodic orbit is used along the solar-sail assisted mani-

folds, the symmetry of the dynamics is lost, see, for example, Figure 5b which uses a constant cone angle 

of 10 deg and clock angle of 90 deg. Note that, due to an inconsistency between the sail attitude in the peri-

odic orbit and that along the invariant manifolds, one cannot really speak of manifold trajectories anymore, 

but rather of manifold-like trajectories. However, for brevity, the remainder of this paper will omit the post-

fix “-like”.  
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PROBLEM DEFINITION 

The problem that needs to be solved is that of finding a trajectory along the unstable manifold of one 

orbit, ( )U

M tx , and a trajectory along the stable manifold of another orbit (or the same orbit, in case of a ho-

moclinic connection), ( )S

M tx , that connect at time linkt t= . Here, “connect” refers to a smooth transition in 

phase space from the unstable manifold trajectory into the stable manifold trajectory such that a transfer 

from the initial to the final orbit is enabled. The work in Reference [24] concluded that the planar problem 

exhibits five degrees of freedom, which are extended to seven degrees of freedom for the spatial problem. 

These seven degrees of freedom are: 

- The starting location of the unstable manifold trajectory along the initial periodic orbit, which de-

termines the initial condition of the forward propagation of the unstable manifold trajectory, ,0

U

Mx .  

- The attitude of the sail (i.e., the cone and clock angles) along the unstable manifold trajectory, U  

and U . (Note that U  is not applicable in the planar case). 

- The time of linkage of the unstable and stable manifold trajectories, linkt  . 

- The attitude of the sail (i.e., the cone and clock angles) along the stable manifold trajectory, 
S  

and 
S . (Again, note that 

S  is not applicable in the planar case). 

- The arrival location of the stable manifold trajectory along the final periodic orbit, which deter-

mines the initial condition for the backward propagation of the stable manifold trajectory, ,0

S

Mx . 

In order to define the initial state vectors of the (un)stable manifold trajectories, i.e., ,0

U

Mx  and ,0

S

Mx  in 

items 1 and 5 above, a set of conventions related to time need to be introduced, see also Reference [24] and 

Figure 6. First, the initial time in the starting and final solar-sail periodic orbits are denoted as 0 0Ut =  and 

0

St . Note that a subscript ' 'M  refers to variables associated with the manifold trajectories, while the omis-

sion of such a subscript refers to variables associated with the solar-sail periodic orbits. The initial time in 

the final orbit, 0

St , is assumed to occur an integer number of synodic periods after 0

Ut , i.e.,  0

S

St nP= . This 

time difference gives the sailcraft time to maneuver from the initial to the final orbit, where the earliest 

arrival time for the sailcraft in the final orbit is 0

S

St nP= . If the unstable manifold trajectory starts a time 
Ut  

after 0

Ut , where 0 U

St P  , the initial state vector at the start of the unstable manifold trajectory is given 

by propagating the initial periodic orbit from 0

Ut  to 
Ut . Similarly, the stable manifold trajectory can start a 

time 
St  after 0

St , where 0 S

St mP  , where m  is again an integer. By setting 1m = , the transfer is given 

an extra synodic period to complete the homo- or heteroclinic connection. As a result, the shortest and 

longest travel times for the transfers are SP  and ( ) Sn m P+ , respectively. Note that the actual values for m  

and n  will be justified later in the “Methodology” section. 

Starting from the initial state vectors, ,0

U

Mx  and ,0

S

Mx , the unstable and stable manifold trajectories are 

propagated forward and backward until the linkage time, linkt . The state vectors in the unstable and stable 

manifold trajectories at the end of these propagations are denoted as  

 ( ) , , , , , , , , ,

T T
U U U U U U U U U U

M link M f M f M f M f M f M f M f M f M ft x y z x y z   = = =   x x r v   (13) 
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 ( ) , , , , , , , , ,

T T
S S S S S S S S S S

M link M f M f M f M f M f M f M f M f M ft x y z x y z   = = =   x x r v   (14) 

Then, for a connection to exist, the following constraint needs to be satisfied at the linkage time: 

 ( ) ( ), ,

U U S S

M link M f M f M linkt t= = =x x x x   (15) 

Equation (15) results in a set of six constraints for the spatial problem. In order to satisfy these constraints, 

correct values for the seven degrees of freedom need to be found, which are denoted as: 

 
T

U S U U S S

linkt t t =  p α δ α δ   (16) 

In Eq. (16), a vector notation is used for the cone and clock angles to indicate that a piecewise constant sail 

attitude is adopted along the unstable and stable manifold trajectories, i.e., 1 2

T
U U U U

i   =  α , 

1 2

T
U U U U

i   =  δ , 1 2

T
S S S S

i   =  α , and 1 2

T
S S S S

i   =  δ . These different 

cone and clock angles are applied on equidistant time intervals along the manifold trajectories. For the pla-

nar case, 1i =  is chosen in accordance with the work in Reference [24], i.e., only one sail attitude is ap-

plied along the unstable manifold trajectory and another sail attitude is applied along the stable manifold 

trajectory. Instead, for the spatial case, three different values for i  will be explored, 1, 2i =  and 3 , i.e., 

either one, two, or three different sail attitudes along both the unstable and stable manifold trajectories. The 

vector of parameters in Eq. (16) can be further extended by a choice in whether to follow the interior or 

exterior branch of the (un)stable manifolds. This choice of branch is determined by the sign of the perturba-

tion along the (un)stable manifold. In this paper, trial runs are conducted to choose the most optimal com-

bination of these signs. 

 

x   

 

Final  

orbit 

0 0Ut =   0

S

St nP=  

Ut   
,0 0

U U U

Mt t t= +  

,0

U

Mx  

  

,

U

M ft  

,

U

M fx   
,

S

M ft  

,

S

M fx  

 

,0 0

S S S

Mt t t= +  

,0

S

Mx  
Starting  

orbit 

 

Figure 6 Schematic of time conventions and transfer constraints. 

METHODOLOGY 

For the classical case, two of the constraints in Eq. (15) can be satisfied by choosing a suitable Poincaré 

section and by connecting periodic orbits of the same Jacobi constant value. For the planar case, this leaves 

only two constraints to be evaluated, which can be done visually, while the spatial case requires more ad-

vanced methods for evaluation of the remaining four constraints [12]. When searching for solar-sail homo- 

and heteroclinic connections in the Earth-Moon system, the time-dependency adds an additional constraint 

as the ends of the unstable and stable manifold trajectories not only need to match in the spatial domain, but 

also in time, see Eq. (15). This impedes the use of a fixed spatial Poincaré section because the time of arri-

val at the Poincaré section will most likely not occur at the same time for both manifold trajectories [24]. 
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The time-dependency also impedes the use of the Jacobi constant to eliminate one of the constraints in Eq. 

(15) for several reasons. First, the initial and final orbits will not have the same Jacobi constant, simply 

because the main criterion for selecting the orbits from within their family is that both the initial and final 

orbit require the same sail technology, i.e., they need to exist for the same value for ,EMoa  . Moreover, the 

solar-sail Earth-Moon system is not Hamiltonian and therefore the Jacobi constant does not remain constant 

along the periodic orbit, nor along the manifold trajectories. Therefore, to deal with the time dependency, 

the concept of temporal Poincaré sections is introduced, i.e., propagation up to the linkage time, linkt , in-

stead of up to some coordinate to ensure that the end of the propagated trajectories match not only in spatial 

coordinates but also in time. Another difference between the search for classical and solar-sail homo- and 

heteroclinic connections is that the solar sail allows a certain extent of control: by changing the attitude of 

the sail with respect to the incoming sunlight, the manifold trajectories can be altered (as discussed in Sec-

tion on “Solar-sail periodic orbits and their invariant manifolds”). This results in the concept of solar-sail 

assisted manifolds, which significantly aids the search for homo- and heteroclinic connections.  

Using the temporal Poincaré sections, the error between the (un)stable solar-sail assisted manifold tra-

jectories at a certain time instead of at a certain set of spatial coordinates, is evaluated. This error is as-

sessed by defining the following figure of merit: 

 J w r v=  +   (17) 

with 5w =  a weight and , ,

U S

M f M fr = −r r  and , ,

U S

M f M fv = −v v .  The value for the weight of five is 

determined from trial runs and from the fact that an error in velocity can, in reality, be overcome more easi-

ly than an error in position. The value of the error in Eq. (17) will depend on the choice of the values for the 

parameters in Eq. (16). To find the parameter values that result in the smallest error, i.e., in a near-perfect 

homo- or heteroclinic connection, a genetic algorithm approach is taken at hand, using the Matlab func-

tion ga.m. The function is used with its default settings except for the initial population, which is generated 

manually using a pseudorandom uniform distribution between the bounds for each of the variables. These 

bounds are defined as: 

 

0

2 4

0 4

90 90

0 180

90 90

0 180

U
S

S
S S

Slink

o oU

o oU

o oS

o oS

Pt

P Pt

Pt

    
    
    
    
    

 = −     
    
    

−     
    

    

p α

δ

α

δ

  (18) 

From Eq. (18) it is clear that, in this work, 2n =  and 2m = .  

Finally, to ensure that the departure from the initial orbit, the linkage of the two trajectories, and the ar-

rival at the final orbit occur in chronological order, the following linear constraints are defined: 

 
U S

linkt t t +   +   (19) 

where   is a margin. For homoclinic connections, this margin prevents the genetic algorithm from con-

verging to solutions that barely move away from the periodic orbit:  

 
0.9 Homoclinic

0.01 Heteroclinic

S

S

P

P



= 


  (20) 
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RESULTS - PLANAR CASE 

Results for homo- and heteroclinic connections between planar Lyapunov orbits were already presented 

in Reference [24], but only for the case of an ideal sail model. This section will complement the results in 

Reference [24] by also considering a non-ideal sail model to prove the feasibility of homo- and heteroclinic 

connections between solar-sail Lyapunov orbits in the Earth-Moon system even in the case of optical im-

perfections of the solar sail, bringing the found connections one step closer to reality.  

The planar Lyapunov orbits considered in this paper, see Figure 4, all exist for a Sun-facing steering 

law, see Table 2, i.e., for a zero-cone angle. When substituting  = 0 into Eqs. (4) and (5), it follows that 

0Tf = . The sail acceleration vector therefore acts perpendicular to the sail membrane even in the case of a 

non-ideal sail model, but is reduced in magnitude from 0,EMa  to 0,EM0.93a . The factor of 0.93 can be ob-

tained from substituting the reflectance coefficients of Table 1 into Eq. (4) and a subsequent substitution 

into Eq. (3). An example of the effect of this reduced magnitude on the solar-sail periodic orbits appears in 

Figure 7 for orbits L1, L2 and L3, which shows that the difference between the orbits obtained for the ideal 

(black solid lines) and non-ideal (red solid lines) sail models is minimal. Using the corrected solar-sail pe-

riodic orbits as initial and final orbits, and executing the methodology of the previous section (with 1i = , 

see below Eq. (16), and 90U S o = = ) , results in the homo- and heteroclinic connections of Table 4 and 

Figure 8. Note that, because the difference in solar-sail orbits for the ideal and non-ideal sail model are only 

minimal, Figure 8 only shows the planar Lyapunov orbits for the ideal sail model for clarity purposes. 

However, the start and end of the trajectories for the non-ideal sail model perfectly wind off and onto the 

solar-sail planar Lyapunov orbits for the non-ideal solar-sail model. Furthermore, note that, to account for 

the inherent randomness of the genetic-algorithm approach, the algorithm is run for five different seed val-

ues for both the ideal-sail and the non-ideal-sail cases and the best results appear in Table 4 and Figure 8. 

Furthermore, a population size of 1000 individuals is used with a maximum number of generations of 100.  

   

a) b) c) 

Figure 7 Effect of non-ideal sail reflectance properties on orbits L1, L2, and L3. 

The results show that, for the non-ideal sail model, the genetic algorithm converges to a similar solution 

for most of the trajectories considered, see for example the resemblance in orbit shape and departure and 

arrival locations for transfers T3L and T4L in Figure 8c and d. From Table 4 it becomes clear that these tra-

jectories exist for errors in position and velocity at linkage of, on average, 1 km and 25 m/s, respectively. 

These results show that, with a simple steering strategy of two constant cone angles in the unstable and 

stable manifold trajectories, homo- and heteroclinic connections can be found for a non-ideal sail model. In 

almost all cases, the effect of the non-ideal sail properties is an increase in the time of flight of 13%, which 

is of the same order of magnitude as previously reported increases in time of flight of 8 – 10.8% [11, 30, 

31]. While the shape of the trajectories, the errors on position and velocity at the linkage, and the times of 

flight may be very similar between the results for the ideal and non-ideal sail models, these trajectories may  
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a)  

  
b)  

  
c)  

  
d)  

Figure 8 Tranfers TL1 – TL4 for both an ideal (black solid lines) and a non-ideal (red solid lines) so-

lar-sail model. Full transfer on the left; a zoom on the right. Note that the planar Lyapunov orbits 

shown are only shown for the ideal sail model.: a) TL1, b) TL2, c) TL3, and d) TL4. 
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be obtained with completely different cone angles, see for example trajectory T4L. These different cone 

angles are partly due to the non-ideal reflectance properties of the sail and partly due to the many local min-

ima present in the problem. For example, while both the ideal and non-ideal trajectories for T4L start and 

end at approximately the same time, the time of linkage appeared to be very different: while for the ideal 

case the linkages takes place almost at the end of the transfer, it takes place almost at the start of the trans-

fer for the non-ideal case. 

Table 4 Details of transfers T1L, T2L, T3L, and T4L. 

T
ra

n
sf

er
 

Ideal sail model Non-ideal sail model 

r ,  

km 

v , 

m/s 

U , 

deg 

S , 

deg 

Time 

of 

flight, 

days 

r ,  

km 

v , 

m/s 

U , 

deg 

S , 

deg 

Time 

of 

flight, 

days 

T1L 0.0047 0.0046 40.2 -27.8 79.1 0.3 24.6 -65.9 -60.2 87.9 

T2L 0.6 0.3 13.9 -15.6 61.1 0 4.5 -7.0 -9.2 85.5 

T3L 9.8 0.5 34.5 -9.6 51.7 0.7 0.3 23.4 -20.6 50.8 

T4L 3.6 0.2 -80.6 -25.3 95.6 0.1 60.9 51.0 74.9 97.6 

RESULTS – SPATIAL CASE 

The same approach as described for the planar case is applied to transfers T1H – T4H, only now with 

clock angles different from 90 deg and with 1, 2i =  and 3  for the cone and clock angle vectors in Eq. (16). 

The best results appear in Table 5, Figure 9, and Figure 10. Note that “best” refers both to the best result 

among the five different seed values and to the most optimal number of attitude changes along the unstable 

and stable manifold trajectories, i.e., the value for i . Furthermore, note that Table 5 and Figure 10 also 

include the results for both an ideal and non-ideal sail model for transfer T2H. When considering the first 

two data columns in Table 5, it can be computed that the average errors in position and velocity are 15 km 

and 56 m/s, respectively. From comparing these values with those for the planar trajectories in Table 4, it 

appears that the errors for the spatial case are more significant than those for the planar case, even though 

more variation in the sail attitude was introduced for the spatial case. From the columns in Table 5 for 
U
α , 

U
δ , 

S
α , and 

S
δ  it becomes clear that most transfers exploit this variation, where transfers T2H – T4H all 

exploit either two or three different attitudes along the manifold trajectories. Note that the different seg-

ments with different attitude angles of the sail are represented in Figure 9 and Figure 10 through the use of 

different line thicknesses. Even though the errors are not as small as for the planar case, these solutions still 

provide excellent initial guesses for other methods that allow even more freedom in the sail attitude while 

enforcing strict constraints on the linkage of trajectory segments such as a multiple shooting differential 

correction approach [29, 32]. Finally, from comparing the results for the ideal and non-ideal sail model for 

transfer T2H it again becomes clear that, also for the spatial case, connections between solar-sail periodic 

orbits remain feasible under non-ideal reflectance properties of the sail. As mentioned before, due to the 

many local minima present in the problem, the solution found for the non-ideal sail model is even better 

(i.e., smaller errors on position and velocity for the same time of flight) than the solution for the ideal sail 

model. However, the differences are small which is also evident from comparing the actual trajectories in 

Figure 9b and Figure 10. 
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Table 5 Details of transfers T1H T2H T3H, and T4H for an ideal sail model. 

T
ra

n
sf

er
 Ideal sail model 

r ,  

km 

v ,  

m/s 

U
α ,  

deg 

U
δ ,  

deg 

S
α ,  

deg 

S
δ , 

deg 

Time of 

flight, 

days 

T1H  1.6  10-4 56.7 [55.0] [155.6] [85.8] [157.6] 105.2 

T2H 18.6 24.2 
[44.4 

47.8] 

[57.2 

-147.3] 

[21.4 

49.5] 

[162.0 

-108.2] 
56.8 

T2H 

(non-

ideal) 

4.2  10-2 21.7 

[72.8 

46.6 

42.0] 

[-111.0 

88.3 

90.8] 

[18.9 

56.9 

33.4] 

[-163.6 

-10.5 

24.1] 

56.8 

T3H 2.8 84.7 
[55.8 

53.1] 

[92.1 

-55.8] 

[25.5 

43.3] 

[-112.4 

69.4] 
48.8 

T4H 55.9 94.0 

[30.9 

62.1 

39.1] 

[-136.5 

39.7 

15.1] 

[81.2 

62.5 

69.2] 

[-127.6 

-72.8 

-22.5] 

65.1 

 

CONCLUSIONS 

This paper has proven the existence of homo- and heteroclinic connections between halo orbits around the 

L1 and L2 points of the solar-sail Earth-Moon three-body problem. As such, it has demonstrated a success-

ful extension of the methodology previously proposed for the planar case to the spatial case. The methodol-

ogy makes use of temporal Poincaré sections, solar-sail assisted manifolds and a piecewise-constant sail 

attitudes along these manifolds to achieve connections between the unstable and stable manifold trajecto-

ries of the halo orbits. At the connection, errors in position and velocity remain of, on average, 1 km and 25 

m/s for the planar case and 15 km and 56 m/s for the spatial case. As such, the found solutions provide ex-

cellent initial guesses for methods that can solve the fully constrained problem, e.g., a multiple shooting 

differential correction method. In addition to an extension to the spatial case, this paper also extended the 

work from an ideal (purely specular) solar-sail model to a non-ideal model that accounts for specular and 

diffuse reflection, absorption and thermal emission. Even under non-ideal sail properties, this paper has 

shown that homo- and heteroclinic connections can be found in both the planar and spatial problems, but 

that non-ideal reflectance properties may lead to an increase in the time of flight of, on average, 13%. The 

investigation in this paper is part of a continuing effort to enable motion between constellations of solar-sail 

periodic orbits that would allow continuous monitoring of, alternately, the northern and southern high-

latitudes of either the Earth or Moon. 
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a)  

  
b)  

  
c)  

  
d)  

Figure 9 Transfers T1H – T4H for an ideal sail model. Different linewidths indicate the segments 

along the unstable and stable manifold trajectories along which a different attitude of the sail is ap-

plied. a) T1H, b) T2H, c) T3H, and d) T4H.  
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Figure 10 Transfer T2H for a non-ideal sail model. Different linewidths indicate the segments along 

the unstable and stable manifold trajectories along which a different attitude of the sail is applied. 
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