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SUMMARY

The rapidly expanding field of tissue engineering presents enticing, yet demanding
challenges for scientists and engineers across many different disciplines. The ultimate
goal of tissue engineering is ambitious: to regenerate damaged or missing tissue in its
full complexity, either in vitro or in situ, and restore organ function. In addition to
cells and biochemical factors, biomaterial scaffolds form the other essential ingredient
within the tissue engineering paradigm. These scaffolds support, guide, and stimulate
neotissue formation and are rationally designed to meet the desired balance between
mechanical, mass transport and biological properties necessary for regeneration and
implantation.

Major efforts in tissue engineering have been focused on regenerating bone tissue,
as bone defects and disorders impair mobility and impose large burdens on society.
Bone is a complex tissue with a convoluted, hierarchical geometry that largely deter-
mines its physical properties. In bone tissue engineering, biomaterial designers have
been striving to emulate this geometrical complexity in porous scaffolds, in order to
obtain bone-mimicking properties and stimulate the growth of de novo bone tissue.
Rapid advances in additive manufacturing are currently offering an increased design
freedom to realize intricate scaffold morphologies, thereby rendering geometry an im-
portant aspect in the design process. Moreover, recent mechanobiological evidence has
strengthened this role even further, as extracellular geometry has been found to directly
influence cell and tissue behaviour. Despite clear evidence of its importance, however,
the appreciation for geometry and its theoretical foundation has still been limited in
scaffold design and bone tissue engineering.

Therefore, the aim of this work was to advance our understanding of the interplay
between geometry and bone biology, and integrate fundamental geometric principles
in the design of novel biomaterials for bone tissue engineering. We addressed this aim
from threemain fronts, covering both fundamental and applied research questions, and
involving theoretical, computational and experimental insights.

The first part of this thesis revolves around cell-geometry interactions. Specifically,
we explored the role of surface curvature, which is a fundamental local shape quanti-
fier from differential geometry, on the spatiotemporal organization of cells and tissues.
A thorough review of the existing evidence and proposed mechanisms behind curva-
ture guidance revealed that the presence of tensile forces plays an essential role on both
the cell and tissue levels (Chapter 2). Moreover, it was commonly observed that both
individual cells and developing tissues preferentially patterned concave instead of con-
vex regions. Since most prior studies relied on relatively simple substrates, often with-

vii



viii

out considering the mathematical basis of curvature, we designed and microfabricated
substrates with controlled variations of spherical, Euclidean and hyperbolic curvatures
(Chapter 3). Using quantitative image analysis, we studied the spatiotemporal organi-
zation of bone cells in these environments, and explored the role of cell contractility
and extracellular matrix (ECM) development. As a general rule, we found that the cells
preferred regions with negative minimum principal curvature (𝜅2 < 0), although they
could collectively venture onto other curved regions as well, provided the distance to a
region with 𝜅2 < 0 was not too large. We also observed collective curvature-induced
stress fibre orientation and the formation of detached cell sheets at large concavities.
Finally, we observed that reducing contractility and ECM development impaired the
ability of the cells to pattern unfavourably curved regions, and resulted in weaker cell
bridges.

In the second part of this thesis, we zoomed out to the tissue level and established
a geometric framework to quantify the morphology of trabecular bone, beyond what
could be obtained with traditional morphometric indices (Chapter 4). Using a large
amount of high-resolution micro-CT data, we computed the surface curvature distri-
butions of the trabecular bone interfaces. We found that curvature probability den-
sity maps were sensitive morphological fingerprints for bone from different anatomical
sites. Moreover, these maps revealed that trabecular bone does not approximate the
morphology of a minimal surface, challenging a commonly made assumption. We also
applied the scalar and tensorial Minkowski functionals to quantify the global geometry
of the trabecular interface. The Minkowski scalars were found to unify the information
of several traditional metrics within the same framework. Our work was the first to ap-
ply the relatively novel Minkowski tensors to trabecular bone morphology. Using these
tensors, we were able to quantify different levels of bone anisotropy, and we found that
the tensor𝑊0,2

1 captures similar information as the MIL tensor, contrary to what has
been assumed before. Next, we leveraged the hyperbolic geometry of triply periodic
minimal surfaces (TPMS) to design architected cellular materials with independently
tunable permeability and elastic mechanical properties, which could be exploited in
future bone tissue scaffolds (Chapter 5). We established a parametric design strategy
to decorate unit cells with hard, soft and void phases, and interpolate between strut-
based and shell-based morphologies. Computational analyses confirmed that our ap-
proach substantially expanded the permeability-elasticity property space, beyond that
of single-material structures. Additionally, we found that the elastic anisotropy could
be tuned to a large extent by varying the spatial distribution of hard and soft materi-
als. Furthermore, we demonstrated our approach by fabricating cellular materials with
multi-material 3D printing, using a combination of hard and soft polymers.

The final part of this thesis tackles specific geometric challenges in the emerging
field of 4D (bio)printing. We were particularly interested in using 4D printing to en-
able the 2D-to-3D fabrication of novel biomaterial scaffolds. This approach offers the
advantage that the flat starting materials are accessible for planar surface functionaliza-
tion techniques, which, after shape-shifting, result in a unique combination of 3D ge-
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ometry and surface functionality. As a starting point, we sought inspiration in origami-
and kirigami-based folding approaches (Chapter 6). By exploring their geometric foun-
dations, developing physicalmodels, and classifying different techniques, we uncovered
the developability constraints thatmake it inherently challenging to change the intrinsic
curvature of flat sheets using origami or kirigami, thereby imposing severe geometric
constraints on 2D-to-3D fabrication of porous scaffolds. Building upon these insights,
we developed a novel folding strategy that relies on material stretching to enable the
folding of non-developable porous structures based on TPMS (Chapter 7). Through
kinematical analysis, we computed foldable patches that could smoothly transition be-
tween a planar state and the final minimal surface configuration. We found that many
of these patches could be connected together, by respecting the hyperbolic symmetries
of TPMS, which resulted in 2D nets that could smoothly fold into large TPMS assem-
blies. By implementing delayed folding in certain patches, we showed that collisions
during folding could be avoided. We also physically demonstrated this folding strategy
by attaching pre-strained polymer sheets to 3D-printed foldable frames and exploiting
the fact that the sheet pre-strain drives the folding motion and forces the sheet to adopt
a configuration that approximates the minimal surface.

Taken together, this work addresses emerging concepts within biomaterials devel-
opment from the fundamental perspective of geometry. Our insights further under-
score the relevance of geometry, in particular surface curvature, on cell-environment
interaction and scaffold design for tissue engineering. Ultimately, this work shows that
geometry certainly imposes challenges to biomaterial designers, yet also offers valuable
opportunities to steer biological response.
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SAMENVATTING

Het snel groeiende gebied van weefselkweek en -manipulatie, meestal “tissue en-
gineering” genoemd, plaatst wetenschappers en ingenieurs voor interessante en multi-
disciplinaire uitdagingen. Het uiteindelijke doel van tissue engineering is dan ook am-
bitieus: het in vitro of in situ regenereren van beschadigd of ontbrekend weefsel en het
herstellen van de orgaanfunctie. Naast het gebruik van cellen en biochemische factoren
vormen poreuze biomaterialen, of “scaffolds” (letterlijk: steigers), een ander essentieel
ingrediënt binnen tissue engineering. Deze scaffolds ondersteunen, begeleiden en stim-
uleren de ontwikkeling van nieuw weefsel, en worden zodanig ontworpen om de juiste
balans te behalen tussen de mechanische, massatransport, en biologische eigenschap-
pen die nodig zijn voor regeneratie en implantatie.

Binnen tissue engineering is er reeds veel aandacht besteed aan het regenereren
van botweefsel, aangezien botdefecten en -aandoeningen de mobiliteit sterk kunnen
verminderen en een grote last zijn voor de maatschappij. Bot is een complex weef-
sel met een ingewikkelde en hiërarchische structuur die voor een groot deel de fysieke
eigenschappen van het weefsel bepaalt. Om botweefsel te regenereren proberen bio-
materiaalontwerpers poreuze scaffolds te ontwikkelen die de geometrische complex-
iteit van bot nabootsen, in de hoop om botachtige eigenschappen te behalen en om
de groei van nieuw botweefsel te stimuleren. Dankzij de razendsnelle vooruitgang in
3D printprocessen is de ontwerpvrijheid om scaffolds met gecompliceerde vormen en
structuren te maken sterk toegenomen in de afgelopen jaren. Bijgevolg is de vorm van
de scaffoldstructuur op zichzelf een belangrijke ontwerpparameter geworden. Boven-
dien is het belang van vorm recent nog meer toegenomen, aangezien er meer en meer
mechanobiologisch bewijs voorhanden is dat cellen enweefsels actief beïnvloedworden
door de vorm van hun omgeving. Desalniettemin speelt meetkunde (of geometrie), de
wiskundige discipline die zich bezighoudt met het bestuderen van vorm, nog al te vaak
een te kleine rol in het ontwerpen van scaffolds en in tissue engineering van botweefsel.

Het doel van dit proefschrift is om het begrip van de interactie tussen geometrie en
botbiologie te verbeteren, en om fundamentelemeetkundige concepten in te bouwen in
het ontwerp van nieuwe biomaterialen voor bot tissue engineering. We hebben dit doel
vanuit drie richtingen benaderd, zowel met een fundamenteel en toegepast perspectief,
en door gebruik te maken van theoretische, numerieke en experimentele inzichten.

Het eerste deel van dit proefschrift draait rond de interactie tussen cellen en vormen
in hun omgeving. We hebben de rol van oppervlaktekromming, een fundamenteel
concept uit de differentiaalmeetkunde om vorm te beschrijven, en de organisatie van
cellen en weefsels bestudeerd. Door middel van een grondige literatuurstudie van het
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beschikbare bewijs en de voorgestelde mechanismen voor het effect van oppervlak-
tekromming werd duidelijk dat de aanwezigheid van trekkrachten een cruciale rol
speelt, zowel op het niveau van de individuele cellen als op het niveau van de weefsels
(Hoofdstuk 2). Een algemene bevinding was ook dat individuele cellen en groeiende
weefsels voornamelijk concave gebieden verkiezen boven convexe gebieden. Aangezien
de meeste van de voorgaande studies vooral gebruik maakten van relatief eenvoudige
gekromde oppervlakken, vaak zonder wiskundige basis, hebben wij specifiekere
oppervlakken met gecontroleerde oppervlaktevariaties ontworpen en gefabriceerd
(Hoofdstuk 3). Onze oppervlakken bevatten zowel bolvormige, zadelvormige en
Euclidische gebieden. Met behulp van kwantitatieve beeldanalyse hebben we de
ruimtelijke organisatie van botcellen in deze omgevingen doorheen de tijd bestudeerd,
en hebben we de rol van celcontractiliteit en de ontwikkeling van extracellulaire matrix
(ECM) onderzocht. Een algemene observatie was dat cellen gebieden verkozen waar
de minimale hoofdkromming negatief is (𝜅2 < 0), alhoewel ze collectief ook andere
gekromde gebieden konden bedekken, zolang de afstand tot een regio met 𝜅2 < 0

niet te groot was. We observeerden ook collectieve oriëntatie van de stressvezels en
het loslaten van volledige celvellen bij grote concave vormen. Bovendien zagen we ook
dat het verminderen van celcontractiliteit en ECM-ontwikkeling de capaciteit van de
cellen om bepaalde krommingen te bedekken verminderde, en dat dit resulteerde in
zwakkere celbruggen.

In het tweede deel van het proefschrift werd geometrie op een grotere schaal
toegepast en hebben we een geometrisch raamwerk opgesteld om de morfologie
van trabeculair botweefsel meer fundamenteel te bestuderen dan met traditionele
morfometrische methoden (Hoofdstuk 4). We hebben gebruik gemaakt van een
grote hoeveelheid hoge-resolutie micro-CT data om de oppervlaktekrommingen
van menselijk trabeculair bot te bepalen. Een van onze bevindingen was dat de
2D kansverdeling van de oppervlaktekromming een gevoelige maatstaf is voor de
morfologische karakteristieken van botweefsel van verschillende anatomische locaties.
Bovendien lieten deze kansverdelingsdiagrammen ook zien dat trabeculair botweefsel
geen benadering vormt van een minimaaloppervlak, wat eerdere aannames ontkracht.
In onze nieuwe methode hebben wij ook de Minkowski scalars en tensors verwerkt
om de globale geometrie van trabeculair bot te bestuderen. We observeerden dat de
Minkowski scalars verschillende traditionele morfometrische concepten verenigden
binnen hetzelfde raamwerk. Bovendien was ons werk het eerste dat de relatief nieuwe
Minkowski tensors heeft toegepast op de analyse van trabeculair bot. Met behulp van
deze tensors was het mogelijk om verschillende types van botanisotropie te kwantifi-
ceren. Een van de observaties was dat de tensor𝑊0,2

1 gelijkaardige informatie bevat als
de MIL tensor, in tegenstelling tot wat eerder werd aangenomen. In een volgende stap
benutten we de hyperbolische meetkunde van drievoudige periodieke minimaalopper-
vlakken (“triply periodic minimal surfaces” of TPMS) om gestructureerde cellulaire
materialen te ontwerpen waarin de permeabiliteit en de mechanische eigenschappen
onafhankelijk van elkaar aangepast kunnen worden, wat interessant is voor toekom-
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stige botscaffolds (Hoofdstuk 5). We hebben een parametrische ontwerpstrategie
opgezet waarbij we eenheidscellen konden opdelen in harde en zachte delen, en daarbij
konden interpoleren tussen verschillende soorten structuren. Numerieke analyses
bevestigden dat onzemethode substantieel de permeabiliteit-elasticiteit ontwerpruimte
kon vergroten. Bovendien werd het ook duidelijk dat de elasticiteitsanisotropie voor
een groot deel aangepast kon worden door variaties in de ruimtelijke verdeling van
de harde en zachte materialen. We hebben enkele van deze cellulaire materialen ook
gefabriceerd met een multi-materiaal 3D-printproces, gebruikmakend van harde en
zachte polymeren.

Het laatste deel van dit proefschrift behandelt specifieke geometrische vraagstukken
die kaderen binnen het opkomende gebied van 4D (bio)printen. Onze interesse ligt
vooral in het gebruik van 4D printen om 2D-naar-3D fabricage van nieuwe scaffolds
te realiseren. Het beoogde voordeel van deze fabricagemethode is dat de vlakke start-
materialen (2D) toegankelijk zijn voor bepaalde functionaliseringstechnieken die enkel
toepasbaar zijn op een vlakke ondergrond. Deze vlakke materialen kunnen, na func-
tionalisering, dan naar de gewenste 3D structuur gevouwen worden, wat resulteert in
een scaffoldmet een unieke combinatie van 3D structuur en oppervlaktefunctionaliteit.
Als inspiratiebron hebben we eerst de eeuwenoude origami- en kirigamitechnieken
bestudeerd (Hoofdstuk 6). Door de geometrische fundamenten van deze technieken
te onderzoeken, fysieke modellen te maken, en de verschillende technieken te classifi-
ceren konden we hun inherente limieten om de intrinsieke kromming van een vlak vel
te veranderen blootleggen. Bijgevolg werd het duidelijk dat er significante geometrische
beperkingen zijn aan het gebruik van klassieke origami of kirigami voor 2D-naar-3D
fabricage van poreuze scaffolds. Daarom hebben we een nieuwe vouwstrategie bedacht
die, gebruikmakend van materiaalrek, toelaat om zogeheten niet-ontwikkelbare opper-
vlakken gebaseerd op TPMS te vouwen (Hoofdstuk 7). Door middel van kinematische
analyse hebben we vouwbare eenheden berekend die vloeiend kunnen transformeren
tussen een vlakke en gekromde configuratie. Door meerdere van deze eenheden aan
elkaar te bevestigen en de hyperbolische symmetrieën van TPMS te respecteren was
het mogelijk om 2D patronen te creëren die vloeiend tot grotere TPMS-structuren
gevouwen konden worden. Door het vouwen van sommige eenheden te vertragen ten
opzichte van andere eenheden was het mogelijk om botsingen tijdens het vouwen te
vermijden. We hebben deze vouwstrategie ook fysiek gerealiseerd door opgerekte poly-
meervellen te bevestigen aan 3D-geprinte frames. De ingebouwde spanning in de poly-
meervellen zorgt ervoor dat het frame zichzelf kan opvouwen, en zorgt er ook voor dat
het oppervlak spontaan een zadelvormige configuratie aanneemt die dicht aanleunt bij
die van het ideale minimaaloppervlak.

Dit proefschrift heeft verschillende opkomende concepten binnen de ontwikkeling
van nieuwe biomaterialen behandeld vanuit een fundamenteel geometrisch perspectief.
Onze inzichten hebben nog meer de relevantie van geometrie, en dan vooral opper-
vlaktekromming, op de interacties tussen cellen en hun omgeving bevestigd, alsook in
het ontwerpproces van nieuwe scaffolds voor tissue engineering. In zijn geheel toont
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dit proefschrift aan dat geometrie biomateriaalontwerpers voor belangrijke uitdagingen
stelt, maar dat het ook waardevolle mogelijkheden biedt om actief biologische interac-
ties te sturen.
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1
INTRODUCTION

“It is through geometry
that one purifies the eye of the soul.”

- Plato

3



4 1 INTRODUCTION

1.1 Shape complexity in tissues and cells
Thehuman body is a treasure trove formaterial scientists, housingmany functional

materials across a remarkably large, multidimensional property space. For example, the
stiffness spectrum of the tissues in our bodies spans nine orders of magnitude, rang-
ing from soft intestinal mucus, to stiff cortical bone1. Such exciting properties do not
merely emerge from the tissues’ chemical composition, but are also due to their ar-
chitectural complexity. A prototypical example is bone tissue, which is a hierarchical
multiphysics material that endows our body with its load-carrying ability and loco-
motion, but also serves as an ion reservoir2. From a structural perspective, bone con-
tains several structuralmotifs acrossmultiple scales, such as trabeculae (Latin for “small
beams”), osteons, or mineralized collagen fibrils, all contributing to its heterogeneous
and anisotropic properties3.

Function-specific tissue architectures are not the unique privilege of the human
body, but are found in all corners of the animal and plant kingdoms. For example,
wood achieves high specific properties due to its hierarchical tubular structure4, cork
is temperature-resistant due to its closed-cell foam structure5, the diabolical ironclad
beetle demonstrates extreme toughness due to interdigitated sutures in its exoskeleton6,
and many butterflies exhibit bright colours due to bicontinuous morphologies in their
wing scales7. The remarkable properties of those natural architected materials have
ushered in an era of bioinspired materials and structures, where natural design prin-
ciples are borrowed to develop multifunctional (composite) materials from synthetic
constituents8;9.

While material shape is, thus, a key factor in the properties of natural materials,
it also directly affects biology. In vivo, cells dynamically and bidirectionally interact
with the extracellular matrix (ECM) in which they reside, for example by exchanging
biochemical signals10. However, cells also react to biophysical signals in their environ-
ment, such as forces and shapes, which has given rise to the field of mechanobiology11.
In recent decades, it has become clear that such physical signals control cell function,
dynamics, and fate, yet many of the underlying (mechanotransduction) mechanisms
remain elusive, especially concerning the role of extracellular shape12. The dynamic
nature of these cell-ECM interactions also translates to the tissue level, resulting in con-
stantly evolving tissue architectures. In bone, for example, this modelling/remodelling
process is orchestrated through the targeted action of osteoblasts and osteoclasts, and
disruptions in this delicate balance are associated with bone disorders, such as osteo-
porosis13. Hence, the shape of tissues is also of clinical and pathological relevance.
Combined, these insights are spurring the need for a deeper understanding and appre-
ciation for shape among scientists and engineers in the bio-related fields.

1.2 Geometry: themathematical language of shape
Humankind has always been fascinated by the shape of space and matter around

us. As such, it is no surprise that geometry, the study of shape, is one of the oldest
branches of mathematics14. Just like the other disciplines in mathematics, geometry
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comes in many flavors. Here, we are primarily concerned with the differential geom-
etry of surfaces, which provides tools to characterize the shape of three-dimensional
(3D) objects, by quantifying the properties of their bounding surfaces. A quintessential
concept within differential geometry is that of surface curvature, which is a measure
for how much a surface locally deviates from a flat plane. Quantifying curvature at
different points along the surface of a smooth object provides information on its con-
vexity or concavity, and on the local spherical, saddle-shaped (hyperbolic), or planar
(Euclidean) nature. The definition of surface curvature also extends towards discrete
objects, consisting of planar faces joined by edges and vertices, which are often en-
countered in engineering and computational design (e.g. triangle meshes). For these
discrete geometries, all the surface curvature is concentrated in the edges and vertices,
instead of being distributed along the surface of a smooth object15.

Differential geometry, in particular surface curvature, has become an essential in-
gredient in contemporary materials science. Indeed, many materials, such as liquid
interfaces, foams, cellular membranes, or biological tissues have convoluted morpholo-
gies that can be quantified using surface curvature, providing insight into their physical
properties and formation processes16. Additionally, it is often relevant to also consider
the topology of these complexmaterials. Topology is a relatedmathematical field, quan-
tifying “connectedness”, i.e. the number of holes and handles in an object, thereby pro-
viding amore global perspective of shape16. Combined, surface geometry and topology
provide robust tools to quantify the shape of complex natural systems, and to develop
synthetic, biomimetic analogues.

“Ubi materia, ibi geometria”
“Where there is matter, there is geometry”

- Johannes Kepler

1.3 Shaping biomaterial scaffolds
Tissue engineering has emerged as a promising paradigm in regenerative medicine

to replace or repair damaged tissue and restore organ function. Major efforts in tissue
engineering have long been directed at regenerating bone tissue, for example, for the
treatment of segmental bone defects. The classical treatment of such large defects re-
lies on sourcing bone grafts and implanting those in the defect site, a strategy which is
hindered by graft shortages, donor site morbidity, high costs, and risks of disease trans-
fer17–19. As an alternative, the combination of bone-substituting materials and tissue
engineering has attracted widespread attention. Generally, in vitro and in situ tissue
engineering approaches rely on biomaterial scaffolds to act as templates that support
and stimulate tissue regeneration20. Developing such functional biomaterial scaffolds
presents enticing challenges for materials science. For example, the chemistry of such
biomaterials should be optimized to afford biocompatibility, bioactivity and preferably
controlled biodegradation21. However, it is also necessary to incorporate an intercon-
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nected pore structure in the scaffolds, to enable bone ingrowth, vascularization, and the
supply of nutrients and oxygen, while ensuring an appropriate and bone-mimicking set
of mechanical properties18;22.

Following rapid progress in recent years, biomaterial designers have started to em-
brace additive biomanufacturing techniques and computational design tools to ratio-
nally design complex, porous scaffolds for bone tissue regeneration (Figure 1.1). The
underlying goal is to optimize the scaffold geometries to achieve a desirable set of me-
chanical, mass transport and biological properties. Therefore, these architected scaf-
folds have earned the term “metabiomaterials”, after analogy with mechanical, acoustic
or optical metamaterials that rely on material architecture to achieve unique proper-
ties23. Supported by growing mechanobiological insights, it is becoming clear that ge-
ometry is playing an important and active role in controlling cell behaviour and stim-
ulating tissue regeneration, and thus deserves sufficient attention in biomaterial de-
sign22;24.

Sheet-based Strut-based

D
et
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tic
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Figure 1.1: Examples of architected, porous scaffolds. The designs are classified in four quad-
rants, depending on their stochastic or deterministic nature, and their strut-based or sheet-
based nature.

1.4 Geometric implications for 4D (bio)printing
While traditional additive manufacturing techniques (often collectively referred to

as 3D printing) are still colonizing the biomedical research field and have only recently
entered translational applications, researchers are already exploringmore advanced fab-
rication routes. Recent years have witnessed a surge of interest in 4D printing, where
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the fourth dimension refers to time. Specifically, 4D printing encompasses techniques
where structures are 3D-printed and change shape over time, upon external triggering.
Such techniques afford interesting design, fabrication, and functionalization opportuni-
ties. For example, shape-changingmaterials could form the basis for remotely-actuated
soft robots, minimally invasive implantation, controlled drug release, or cell encapsula-
tion25–27. A particularly interesting application of 4D printing is 2D-to-3D fabrication,
where 3D structures are shape-shifted from planar (2D) configurations. This fabrica-
tion route offers the advantage that the flat starting materials are accessible for planar
surface functionalization techniques, such as nanolithography, prior to shape-shifting.
Hence, 2D-to-3D fabrication could offer a unique combination of 3D geometry (micro-
to-macroscale) and surface topography (nanoscale), which could drastically enhance
the overall biomaterial functionality.

4D printing presents unique challenges from the perspectives of materials science
and geometry. From amaterials point of view, challenges are related to establishing trig-
gering mechanisms, e.g. by using thermo-responsive shape-memory polymers, or to
the generation of sufficiently high and localized forces to enable shape-shifting. Yet, the
largest hurdles to overcome lie with the geometric challenges. In general, it is not trivial
to define the starting configuration and spatial planning that is required to end up at a
desired final shape, especially not for topologically and geometrically complex shapes
(such as porous biomaterial scaffolds). Moreover, there are mathematical restrictions
to the attainable shapes, particularly in the case of 2D-to-3D fabrication. Inspiration to
overcome such challenges and establish geometric “rules” for 2D-to-3D shape-shifting
may come from two areas. The first is the concept of differential growth, a ubiquitous
principle in nature whereby certain regions in amaterial grow faster than others, result-
ing in spontaneous buckling and shape emergence (e.g. in plant leaves)28. A second
inspiration source is the traditional Japanse art of paper-folding: origami. Origami-
inspired folding benefits from its deterministic nature, which is why it has attracted
many mathematicians to uncover fundamental axioms and develop inverse-design al-
gorithms29. Irrespective of the inspiration source, however, it is clear that geometry
holds the key to unlock 4D printing as a fabrication route for next-generation bioma-
terials.

1.5 Thesis motivation, aim and objectives
The descriptions above undeniably underscore the importance of geometry as a

regulator of cell and tissue behaviour, and as a design parameter in biomaterials devel-
opment. Fuelled by insights in mechanobiology and advances in free-form fabrication,
it is anticipated that geometric considerations will become even more important in the
future. However, while robust and quantitative shape descriptions have long been es-
tablished in mathematics, the appreciation for geometry and its theoretical foundation
is still very limited across the biological and biomedical research spectra. Therefore, we
set out to bridge the field of geometry with biology and biomaterial design.

The aim of this thesis is to advance the understanding of the interactions between
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geometry and bone biology, and integrate fundamental geometry in the design of next-
generation biomaterials for bone tissue engineering. As explained before, surface curva-
ture is a key concept in this endeavour and, therefore, adopts a prominent role in this
thesis. Through our theoretical, computational and experimental explorations, we aim
to demonstrate that geometry imposes critical challenges, but also offers exciting op-
portunities for pushing the boundaries of biomaterial design and tissue engineering. To
work towards this overall aim, we identified the following three major research objec-
tives:

1. To study the role of surface curvature on the spatiotemporal organization of cells
and de novo tissue formation.

2. To develop geometry-based tools for studying bone morphology and for design-
ing architected materials that could serve as bone scaffolds.

3. To uncover geometric rules and develop folding algorithms for the 2D-to-3D fab-
rication of architected porous biomaterials.

1.6 Thesis outline
This thesis is structured in three major parts, corresponding to the three main re-

search objectives outlined above. The content of this thesis touches upon a broad spec-
trum of topics, yet they are all connected to the overarching aim of providing a geo-
metric perspective on bone biology and biomaterial design. The first half of the thesis
covers more fundamental research, while the second half deals with more applied re-
search questions (See also the overview figure on pages 10 and 11). Below, we provide
a brief overview and structure of the chapters in this thesis.

Part II of the thesis covers the first research objective, and deals with the role of
surface curvature on cell and tissue behaviour. In Chapter 2, the current insights and
proposedmechanisms behind curvature-guidance are reviewed, at the scales of individ-
ual cells, cell collectives, and developing tissues. Moreover, computational approaches
to model these behaviours are outlined, and the implications for scaffold design are dis-
cussed. Since most of the previous work has focussed on relatively simple geometries
of constant curvature, we set out to investigate the spatiotemporal organization of bone
precursor cells in microengineered, complex landscapes that span a broad and vary-
ing curvature spectrum, which is reported in Chapter 3. We study curvature-guided
spatial patterning and orientation of the cells using quantitative imaging analysis, and
we explore the role of cell contractility and extracellular matrix development on these
phenomena.

In Part III, we zoom out and explore geometry at the scale of trabecular bone tissue
and architected meta(bio)materials, corresponding to the second research objective. In
Chapter 4, we establish a fundamental geometrical framework for the morphological
characterization of trabecular bone, and apply the analysis to hundreds of microcom-
puted tomography scans of human bone biopsies. Specifically, we characterize the lo-
cal geometry of trabecular bone using surface curvature distributions, and quantify the
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global geometry using the scalar and tensorialMinkowski functionals that have recently
been established as fundamental shape descriptors. Next, we shift focus from naturally
to artificially architected materials in Chapter 5, and we leverage geometry to design
meta(bio)materials with independently tunable properties. Specifically, we develop a
parametric strategy, relying on hyperbolic geometry, to design multi-material struc-
tures based on triply periodic minimal surfaces (TPMS), which have attracted great in-
terest as templates for bone-substituting tissue scaffolds. Using computational homog-
enization, we explore the elasticity-permeability property space of a broad spectrum of
metamaterial designs.

Part IV addresses some of the above-mentioned geometric challenges in 2D-to-3D
fabrication, which hinder its adoption as a viable fabrication route for architected bio-
materials (research objective 3). In Chapter 6, the ancient arts of origami and kirigami
are discussed in light of their ability to generate 3D curved structures. We describe the
inherent developability constraints of these techniques but also show how apparent cur-
vature could be generated with specific origami and kirigami designs. Based on these
insights, we develop a novel origami-inspired strategy to fold complex TPMS struc-
tures from planar starting configurations in Chapter 7, which is theoretically challeng-
ing due to their intrinsically curved nature. However, by leveraging several geometric
properties of TPMS, including their hyperbolic symmetries, we are able to compute and
physically demonstrate the folding motion of several TPMS assemblies, paving the way
towards 2D-to-3D fabrication of complex, porous architectures.

Finally, Part V concludes this thesis by providing a brief summary and discussion of
our findings, as well as a reflection on the overall aim and research objectives. Moreover,
we present an outlook towards future research directions.
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THE CURIOUS CASE OF CURVATURE 
Geometric perspectives on biomaterial design

How is curvature guidance
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tissue levels ?

How do cells collectively
pattern complex
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5 How can geometry be leveraged
to design tunable, multifunctional
meta(bio)materials? 

How can origami and 
kirigami give rise to 3D 
curved shapes from flat 
sheets? 

Can origami inspire the folding of
triply periodic minimal surface
structures?

Applied research
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2
SUBSTRATE CURVATURE AS AN

EXTRACELLULAR CUE

Recent evidence clearly shows that cells respond to various physical cues in their
environments, guiding many cellular processes and tissue morphogenesis, pathology,
and repair. One aspect that is gaining significant traction is the role of local geometry
as an extracellular cue. Elucidating how geometry affects cell and tissue behavior is, in-
deed, crucial to design artificial scaffolds and understand tissue growth and remodeling.
Perhaps the most fundamental descriptor of local geometry is surface curvature, and a
growing body of evidence confirms that surface curvature affects the spatiotemporal
organization of cells and tissues. While well-defined in differential geometry, curvature
remains somewhat ambiguously treated in biological studies. Here, we provide a more
formal curvature framework, based on the notions of mean and Gaussian curvature,
and summarize the available evidence on curvature guidance at the cell and tissue lev-
els. We discuss the involved mechanisms, highlighting the interplay between tensile
forces and substrate curvature that forms the foundation of curvature guidance. More-
over, we show that relatively simple computational models, based on some application
of curvature flow, are able to capture experimental tissue growth remarkably well. Since
curvature guidance principles could be leveraged for tissue regeneration, the implica-
tions for geometrical scaffold design are also discussed. Finally, perspectives on future
research opportunities are provided.

S. J. P. Callens, R. J. C. Uyttendaele, L. E. Fratila-Apachitei, A. A. Zadpoor, Substrate
curvature as a cue to guide spatiotemporal cell and tissue organization, Biomaterials,

232, 229739, 2020.
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2.1 Introduction
Complex shapes are omnipresent in our physical world and are found at all length

scales, ranging from nanostructured materials1 to the abstract shape of the universe2.
Such shape complexity is also observed in biology, and the intriguing way it could
emerge from a single zygote forms a central topic in embryogenesis. It has long been
understood that biological form and function are intimately connected, and that me-
chanical forces are at play in the growth of complex biological shapes3. The appre-
ciation for this interplay between force and shape on one hand, and biology on the
other, has laid the foundation for mechanobiology as an important discipline explain-
ing cell behavior4. Indeed, it is now well established that the physical aspects of a cell’s
surroundings deserve as much attention as the chemical nature of the environment.
For example, cell shape, motility, and fate could all be affected by physical cues in the
environment such as stiffness5;6, viscoelasticity7, or the applied mechanical stretch8;9.
These physical cues are sensed by cells through integrin-mediated force-feedback be-
tween the cell and the extracellular matrix (ECM) or through cell-cell interactions,
and elicit a cell-level response that contributes to the emergent organization of tissue
and organism shapes10–12. The transduction of physical signals into biochemical re-
sponses is enabled through mechanotransduction pathways, which are not limited to
conformation-dependent molecular processes at the cell surface but also involve the
nucleus, being mechanically linked to the ECM through the cytoskeleton.10;13.

In addition to material-dependent physical cues14, purely shape-dependent signals
can also affect cell response. For example, it has long been known that small-scale to-
pographies in the environment (e.g., grooves or pillars) could affect cell fate and motil-
ity15–18. In addition to such sub-cellular-scale features, however, it is now understood
that the three-dimensional (3D) shape of the environment at a larger scale (≥ cell size)
can also guide cell and tissue behavior19. As such, it is of crucial importance to be
able to quantitatively describe the (3D) shape of the cell environment. This may be
best achieved using the notion of surface curvature. Surface curvature is a fundamental
concept within the mathematical field of differential geometry, capable of describing
the local geometry of a 3D object (i.e., the geometry of the bounding surface of that
object). Indeed, a rapidly growing body of experimental evidence, supported by com-
putational insights, shows that the organization, dynamics, and fate of individual cells
can be influenced by substrate curvature, on a scale larger than the individual cell size.
Furthermore, the impact of substrate curvature extends to the tissue level, and affects
both the temporal and spatial organization of tissue growth.

Here, we review the recent evidence demonstrating the role of substrate curvature
on cell organization andmotility, as well as on de novo tissue growth. We first introduce
the “language of shape”20 in terms of the formal descriptions of surface curvature, aim-
ing to provide a bridge between the fields of differential geometry and biology. Then,
we discuss the response of individual cells tomesoscale substrate curvature and address
the specific roles of intracellular components, such as the cytoskeleton and the nucleus.
Next, we move on to the collective behavior of cells, starting with cell monolayers and
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continuing with more advanced (often bone-like) tissue constructs. We also show how
cell and tissue-level computationalmodels can reproducemany of the experimental ob-
servations on curvature guidance. Understanding the response of cells and tissues to
substrate curvature is important, not only to elucidate the mechanisms involved in tis-
suemorphogenesis, pathology, and repair, but also to advance the development of novel
biomaterial strategies for tissue engineering and regenerative medicine. Therefore, we
also briefly address the implications of the reviewed curvature guidance principles for
scaffold design. We conclude with an outlook on future research directions.

2.2 Understanding substrate curvature
2.2.1 A geometrical treatment of curvature

The concept of curvature is unavoidable to everyone attempting to describe shape.
Whether dealing with lines, surfaces, or higher-dimensional objects, curvature is a fun-
damental geometrical property that provides local information about the shape of the
object. Though intuitive to some extent, curvature is often informally treated in ap-
plied contexts using ambiguous terms such as “concavity” and “convexity” that do not
capture its full complexity. However, the field of differential geometry provides for-
mal curvature definitions, enabling precise and unambiguous descriptions of the local
shape of objects. Here, we aim to introduce these definitions and equip the reader with a
more formal understanding of surface curvature, in order to better discuss its relevance
within mechanobiology.

Perhaps the most intuitive notion of curvature is that of a curved line drawn on a
two-dimensional plane. In this case, the curvature can be calculated at any point along
the line as the reciprocal of the radius of the osculating circle at that point (Figure 2.1a).
The curvature of this one-dimensional (1D) line embedded in a two-dimensional (2D)
plane provides a measure for how much the line deviates from a straight line at any
particular point. Increasing the dimension by one order, it is possible to consider the
curvature of a two-dimensional (2D) surface that is embedded in three-dimensional
(3D) space. Analogous to the previous case, the surface curvature is again evaluated at
a single point, and it describes how the surface deviates from the tangent plane at that
point21. This means that curvature is a local property of a surface. It is, therefore, not
possible to assign a single value of curvature to a surface, unless that surface has constant
curvature. Within the context of this chapter, we are concerned with this concept of
surface curvature. That is, we are interested in the curvature of the outer surface of the
substrates that cells are situated on. Surface curvature is an inherently more complex
concept than the curvature of a line in a 2D plane, since surface curvature depends
on the direction that is being considered. For example, a surface might be curved in
one direction while remaining flat in the orthogonal direction (e.g., the curvature of a
cylinder). To quantitatively describe surface curvature, two important measures have
been established, namely the mean curvature, 𝐻, and the Gaussian curvature, Κ, both
of which are useful and provide complementary perspectives on curvature.
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Figure 2.1: The definition of surface curvature. a) Top left inset displays curvature of a 1D
line embedded in a 2D plane. Remainder of the panel displays mean (𝐻) and Gaussian (Κ)
surface curvatures as functions of the principal curvatures, demonstrated on a saddle shape.
b) Some examples of intrinsically flat and intrinsically curved geometries: a cylinder (left), an
elliptic surface (middle), and a hyperbolic surface (right). c) The relation between the genus of
a surface (topology) and the Gaussian curvature of that surface.

To define bothmean andGaussian curvatures, it is useful to first introduce the prin-
cipal curvatures at a point on the surface. Imagine intersecting a curved surface at a
given point with a normal plane, i.e. a plane that contains the normal to the surface at
that point. The plane and the surface intersect along a curved line, with normal curva-
ture 𝜅𝑛 (determined as the inverse of the radius of the osculating circle, 𝜅𝑛 = 1/𝑟𝑛).
Rotating through all possible normal planes at this particular point yields a maximum
and minimum value for the normal curvature, which are the principal curvatures, 𝜅1
and 𝜅2, of the surface at that point. The principal curvatures can then be used to define
both the mean (𝐻) and Gaussian (𝐾) curvatures as:

𝐻 =
1

2
(𝜅1 + 𝜅2) (2.1)

𝐾 = 𝜅1 ⋅ 𝜅2 (2.2)

For every point on a curved surface, it is possible to calculate a single real-valued
mean and Gaussian curvature using the above definitions. Note that both measures
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are dimensional, with the mean curvature having the dimension [1/𝑙] and the Gaus-
sian curvature having the dimension [1/𝑙2], where 𝑙 is the length dimension. A flat
plane, not surprisingly, has mean and Gaussian curvatures of zero, since 𝜅1 = 𝜅2 = 0.
Rolling a flat plane into a cylinder produces nonzero mean curvature, but leaves the
Gaussian curvature unaffected since one of the two principal curvatures remains zero
for a cylinder. To achieve non-zero Gaussian curvature, both principal curvatures have
to be nonzero. This is, for example, the case on a sphere, where the principal curvatures
are equal and positive, or on a saddle, where the principal curvatures have opposite sign
(Figure 2.1a). As a consequence, the Gaussian curvature is always positive on sphere-
like or “elliptic” geometries (𝐾 > 0) while it is negative for saddle-like or “hyperbolic”
geometries (𝐾 < 0). It is important to realize that the sign of the Gaussian curva-
ture is an important indicator of the type of surface that is dealt with, since it remains
unchanged regardless of the side of the surface being considered. For example, the
Gaussian curvature of a point on a sphere is always positive, no matter when looking at
the outside (“convex” part) or inside (“concave” part) of the sphere. This is different for
the sign of the mean curvature, which depends on the chosen convention for the pos-
itive and negative principal curvatures, i.e. it depends on the chosen direction of the
surface normal. This fact hints at a deeper difference between the mean and Gaussian
curvatures: the mean curvature is an extrinsic measure, meaning that it can be defined
from outside the surface, while the Gaussian curvature is an intrinsic measure, which
can be defined from within the surface itself20–22. Otherwise stated, a resident living
on a curved surface would be able to measure the Gaussian (or the intrinsic) curvature
of that surface. This could, for example, be achieved by calculating the sum of the inte-
rior angles of a triangle drawn on the surface. On an intrinsically flat surface, such as a
plane or a cylinder, the sum of the interior angles would equal π. On a spherical surface,
however, the sum of the interior angles would exceed π, while the sum would be less
than π on a saddle-shaped surface. It would, therefore, be possible to extract informa-
tion about the intrinsic curvature of the surface merely by measuring the angles within
a surface. This is, however, not true for the mean or extrinsic curvature, as this type of
curvature depends on the way the surface is embedded in the reference 3D space. That
is, the resident living on the surface would not be able to distinguish between, say, a
cylinder and a flat plane21.

While surface curvature remains a local property, an intimate relationship between
the curvature of a surface and its global topology, or “connectedness”, exists. TheGauss-
Bonnet theorem dictates that the area-integrated Gaussian curvature, or the total cur-
vature of a surface is proportional to the genus (g) of that surface, which is a topological
invariant describing the number of “handles” of the surface20:

∫
𝐴

𝐾𝑑𝑎 = 4𝜋(1 − 𝑔) (2.3)

The Gauss-Bonnet theorem, therefore, shows that any surface with given genus, 𝑔,
has the same integral Gaussian curvature. Moreover, the genus provides information on
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the sign of the integral Gaussian curvature. A surface with g=0 (e.g., a sphere), should
have a positive integral Gaussian curvature. A surface with 𝑔 = 1 (e.g., a torus), has
zero integral Gaussian curvature. Indeed, the region with positive Gaussian curvature
on the outside of the torus is balanced by the negative Gaussian curvature on the inside.
Any surface with a higher genus, has negative integral Gaussian curvature (Figure 2.1c).
In other words, surfaces with 𝑔 > 1 are, in an integral sense, hyperbolic20.

Equipped with these definitions of the mean and Gaussian curvatures, it is possible
tomore formally describe the surface curvature and link it to themechanobiological re-
sponse of cells. It should be clear that surface curvature should primarily be discussed
using these formal descriptors, and not solely using ambiguous terms such as “convex”
and “concave” surfaces. For example, the inner surface of a cylinder and a spherical
cap could both be considered as concave, but they are very different from a more for-
mal curvature perspective (i.e., a cylinder has 𝐾 = 0 everywhere whereas a sphere has
𝐾 > 0 everywhere). Moreover, the inner and outer sides of a sphere surface are often
distinguished from each other using convexity and concavity, but could more formally
be described using mean and Gaussian curvatures: the Gaussian curvature is the same
for both cases (and it is positive), but the mean curvatures are opposite in sign. The
usefulness of convexity and concavity fades further away when discussing saddle sur-
faces (𝐾 < 0), which are convex in one direction and concave in another. Hence, the
usage of the terms “convex” and “concave” should be accompanied by the more formal
descriptions of the mean and Gaussian curvatures.

2.2.2 Examples of curved biological shapes
While in vitro biological experiments often deal with cells that are constrained to 2D

flat surfaces, the natural environment that cells inhabit in vivo is 3D, and can be highly
complex. The extracellular environment is not only complex due to its hierarchical and
composite nature, but is also structured in such a way that gives rise to spatially vary-
ing Gaussian and mean curvature distributions, resulting in a myriad of shapes that
are geometrically and topologically more complex than planar surfaces. Curvature ap-
pears on various scales in biological matter, ranging from the sub-cellular (radius of
curvature ≈ 101 − 103𝜇𝑚), and plays an important role in both morphogenesis and
pathology23;24. On the smallest scale, lipid bilayer membranes can take on complex
curved shapes, a consequence of the interplay between the biochemistry of the mem-
brane formation, membrane mechanics, and geometrical frustration25–27. Examples
of intrinsically curved membrane structures are membrane-bound spherical vesicles
(positive Gaussian curvature), cleavage furrows during cytokinesis (negative Gaussian
curvature)26, or the intracellular structures of the endoplasmatic reticulum and the
Golgi apparatus25 that exhibit high degrees of curvature variation. More convoluted
membrane organizations have also been observed, whereby the membrane adopts a 3D
minimal surface morphology with cubic periodicity, for example, in the mitochondria
of giant amoebae Chaos carolinensis28;29. It is, however, the curvature that appears on a
larger scale in the extracellular environment thatwe are primarily concernedwith in this
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chapter. A high level of shape complexity is observed throughout many organs, which
are lined by epithelial tissue. One type of recurring geometry that is, to some extent,
representative for many epithelial tissue constructs are cylindrical structures. Exam-
ples are tubular vessels, ranging from small capillaries to large arteries, tubular glands,
and ducts30. Despite their tubular nature, the geometry of these biological structures
quickly deviates from mathematically defined cylinders (with zero Gaussian curvature
everywhere) once the tubular structures are bent or branched, as this introduces curva-
ture in the second principal direction, hence resulting in regions with positive or neg-
ative Gaussian curvatures (Figure 2.2). The intricate epithelial geometries of complex
organs, such as the kidney, lung or intestine, all emerge from a simple planar cell sheet
during embryonic development31. Interestingly, this morphogenetic sculpting from a
planar to a complex, curved geometry is not solely driven by genetic factors, but also
relies heavily on thin-sheet mechanics. It has been found that mechanical instabilities
in cell sheets, in the form of buckling and wrinkling, could drive the morphogenesis of
the cerebral cortex32, intestinal villi33, airway branching34, or tooth development31;35.
Such mechanical instabilities arise as a consequence of a faster growth of the epithelial
sheet with respect to the constraining mesenchyme that surrounds it, causing the sheet
to buckle within the mesenchyme (in engineering mechanics, this problem is known as
the buckling of a plate on an elastic foundation36. The mechanical forces applied to flat
epithelia could, therefore, explain much of the spontaneous formation of complex cur-
vature distributions during morphogenesis. The convoluted geometries that arise from
these instabilities could, in turn, control further morphogenesis, for example, by reg-
ulating the spatial patterns of cell proliferation37;38 or by controlling the spatial distri-
bution of morphogens23. In addition to epithelial morphogenesis, complex curvatures
could also emerge during disease, for example, in colonic diverticulosis39 or polycys-
tic kidney disease40. In both cases, outwards-bulging spherical pouches are formed
on the colon (Figure 2.2) or kidney respectively, characterized by a primarily positive
Gaussian curvature, with negative Gaussian curvature in the neck region. Some sim-
ilar types of curvature distributions could be observed in the presence of tumors. In
fact, tumorigenesis has been found to be partly controlled by geometrical cues, such as
curvature24;41. In mice pancreatic ducts subject to oncogenic transformation, for ex-
ample, the direction of tumor growth was found to depend on the radius of curvature
of the duct: tumors expanded outwards on narrow ducts (exophytic), while they grew
inwards on larger ducts (endophytic)24.

Among the other types of tissue, osseous tissue is also well known to exhibit com-
plex curvature fields. At a small scale, osteoclasts generate small pits and trenches in
the surface of the mineralized matrix during bone resorption, resulting in local curva-
ture variations sensible by osteocytes and osteoblasts. On a slightly larger scale, how-
ever, bone tissue is also characterized by complex curvature distributions, particularly
trabecular bone. The network-like structure of trabecular bone has been shown to be
characterized by an average negative Gaussian surface curvature, rendering trabecu-
lar bone on average “hyperbolic” or saddle-shaped42;43. Moreover, the average mean
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surface curvature of trabecular bone was found to be close to zero (𝐻 ≈ 0)42.

Cleavage furrow Branching artery Colon diverticula

Figure 2.2: Some examples of Gaussian curvature in biological structures. Left: a cleavage fur-
row during cytokinesis44. Middle: Branching in an arterial network45. Right: Diverticula on
the colon46.

It should be clear that a plethora of curved biological structures exists, and that
truly flat structures are rather the exception than the rule in native tissues. However,
the question of scale should not be neglected when discussing curvature, as this only
makes sense when doing so relative to the cell size. For example, very low values of cur-
vature, with very large radii of curvature, might not be “noticed” by the cells at all. On
the other hand, very high values of curvature, with radii much smaller than the charac-
teristic cell length, should be considered more as a topographical feature (i.e. micro- or
nanotopographies15;17;47;48) rather than a truly curved substrate. At such small scales,
curvature is manifested in the form of local, curved deformations in the cell mem-
brane10. In this case, BAR (Bin/Amphiphysin/Rvs) domain proteins have been known
to be involved, both as curvature generators and as curvature sensors49. Due to the
inherent curved nature of these BAR domains, they could impose curvature in initially
flat membranes when binding to the membrane through electrostatic interactions50.
Alternatively, the BAR domain structures could act as sensors of already curved mem-
branes (e.g., curved due to an external geometrical feature) by preferentially binding to
these curved portions of the membrane and recruiting small 𝐺 proteins10;51. Because
the cell membrane is a bilayer, curving it will induce differences in stress distributions
between both sides of the membrane, which could lead to ion channel opening in the
membrane52. It has been suggested that this selective channel opening could constitute
another curvature sensing mechanism10. While membrane curvature is important for
various cell processes, such as endocytosis53 and membrane fusion54, we are dealing
with curvature at much larger length scales in this chapter, and we refer the interested



2.3 Single cell response to substrate curvature 25

reader to other reviews on the physics behind membrane curving49;50;54. For the re-
mainder of this review, we will focus on substrate curvature on length scales equal to
or higher than that of typical (mammalian) cell sizes, i.e. the radii of curvature in the
approximate range of 101 − 103𝜇𝑚.

2.3 Single cell response to substrate curvature
The appreciation for substrate curvature as a mechanism to guide cellular behavior

(i.e., “curvotaxis”55) is much more recent than that for other environmental cues such
as chemical gradients (“chemotaxis”) or substrate stiffness (“durotaxis”). Nevertheless,
there is a growing body of experimental evidence demonstrating that individual cells
can respond to substrate curvature in various ways, ranging from initial migratory pat-
terns to the differentiation behavior. While substrate curvature originally seemed to be
considered within the perspective of contact guidance, i.e. the guiding principle where
cells align along (small) ECMfibers56;57, it is now typically being considered as separate
guiding mechanism, i.e. “curvotaxis”55 or “curvature guidance”, rather than a subset of
contact guidance58. This is primarily due to the larger curvature radii in the context of
curvature guidance (≥ cell size) as opposed to the subcellular-scale features in the case
of contact guidance.

Despite a rapidly growing interest in single-cell experiments on curved substrates,
only a few types of curved geometries have been considered so far, in part due to
the challenge of fabricating precisely-defined microscale substrates with controllable
curvatures (Figure 2.3)59. In many studies, cylindrical substrates have been em-
ployed, either by seeding cells on thick (compared to cell size) fibers57;60–63, or on
hemi-cylindrical patterned substrates64–66. In addition to these discrete cylindrical
geometries, smoothly-varying sinusoidal or “wavy” patterns have also been used67–69.
From a formal curvature perspective, all these geometries are examples of developable
surfaces, which have non-zero mean curvatures (𝐻 > 0 on the convex parts and
𝐻 < 0 on the concave parts), but zero Gaussian curvature (𝐾 = 0) everywhere. In
addition to cylindrical geometries, substrates patterned with hemispherical convex
caps (𝐻 > 0, 𝐾 > 0) or concave pits (𝐻 < 0, 𝐾 > 0) have also been employed in
several studies64;70–73, as well as smoothly-varying, wavy patterns of alternating caps
and pits55. Surprisingly, little research has been performed on the response of cells
to substrates with negative Gaussian curvatures (𝐾 < 0), which are saddle-shaped
substrates30;66. In this section, we outline recent results on the behavior of individual
cells on curved substrates, first by describing how curvature affects cell alignment and
migration, and later by addressing the specific roles of cytoskeletal tension and the cell
nucleus in sensing and responding to curvature.

2.3.1 Curvature-guided cell alignment andmigration
Cell alignment and migration are the most commonly investigated phenomena in

single-cell experiments on curved substrates. Throughout the lifetime of multicellular
organisms, cell migration plays a fundamental role in the development, maintenance,
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Figure 2.3: Some examples of the curved substrates used in single-cell experiments. The mean
(top) andGaussian (bottom) curvature distributions of cylinders (a), hemicylindrical substrates
(b), sinusoid wavy substrates (c), sphere-with-skirt substrate (d), hemispherical substrates (e),
and double-sinusoid wavy substrate (f). While a-c are examples of developable (intrinsically
flat) surfaces, d-f showcase non-developable (intrinsically curved) surfaces.

pathology, and repair of tissue. Although it is a complicated multi-step process involv-
ing bi-directional cell-ECM interactions74 and variations among different cell types,
some basic principles of the cell migration cycle are conserved75. An adherent cell mi-
grating on flat surfaces first establishes polarity, developing distinct leading (front) and
trailing (rear) edges in the direction of migration. This polarity is characterized by a
polarized cytoskeletal structure and different molecular processes at the front and rear
of the cell, regulated in part by Rho GTPases75–77. Upon polarization, the leading edge
of the cell develops protrusions in the form of broad lamellipodia and “spiky” filopodia,
enabled by actin polymerization75;78. Subsequently, the protrusions bind to the ECM,
forming anchoring points for the cytoskeletal network to exert traction and pull the
cell forward over these adhesion sites76;79. Finally, detachment at the rear of the cell
and the retraction of the trailing edge occurs in order for the cell to translocate across
the substrate.

Associatedwithmigration is the tendency of cells to align (and elongate) in response
to curvature. Fibroblasts, smooth muscle cells, and mesenchymal stromal cells seeded
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on cylindrical substrates (convex side, i.e., 𝐻 > 0 and 𝐾 = 0) have been shown to
preferentially align their elongated bodies and cytoskeletal structure along the cylinder
axis57;60;64;66–68;80–82. As such, the cells tend to avoid curvature by aligning along the
(principal) direction of zero curvature. Epithelial cells on the other hand, have been
found to orient their cytoskeletal structure in circumferential direction and “wrap” the
cylindrical substrate61–63;83, thereby aligning in the (principal) direction of maximum
curvature. In experiments with fibroblasts on cylindrical substrates, the degree of lon-
gitudinal alignment was found to increase with curvature (i.e., a decreasing radius of
curvature)60;64;66. Indeed, the scale of the substrate curvature is important, since too
large curvature radii (i.e., 𝜅 >>cell size) cannot be detected by individual cells. Inter-
estingly, sufficiently large curvature cues could overrule a competing cue in the form
of nanoscale contact guidance in determining cell alignment64. While cylinders could
induce preferential cell alignment, this is not observed on spherical substrates (𝐾 > 0),
because the curvature is constant in all directions (both the mean and Gaussian curva-
tures are constant and positive on a sphere). As opposed to cylinders, there is no option
for cells on spheres to find an orientation that eitherminimizes ormaximizes curvature.
In this regard, it would be interesting to observe cellular alignment on ellipsoidal sub-
strates (𝐾 > 0 and varying), where the principal curvature in one direction is higher
than in the other. It might be expected that cells with pronounced stress fibers would
then align preferentially along the direction with the lowest curvature. Furthermore,
cell alignment on saddle surfaces (𝐾 < 0) is still largely unexplored30;66.

In addition to static cell body alignment, time-lapse microscopy has revealed that
substrate curvature also impacts directional cell migration. Human bone-marrow de-
rived stromal cells (hBMSCs) cultured on convex cylindrical substrates (𝐾 = 0,𝐻 > 0)
were shown to migrate increasingly along the cylinder axis for increasing curvatures
(decreasing radii)64;66. However, hBMSCs on concave cylindrical substrates (𝐾 = 0,
𝐻 < 0) were shown to exhibit a non-aligned and non-persistent migration mode with-
out angular preference66. In the case of T-cells seeded on sinusoidal wavy surfaces
(𝐾 = 0, 𝐻 is varying), a zigzagging migration mode in the concave grooves of the
waves (𝐻 < 0) was observed69. On (hemi-)spherical substrates, a different migra-
tion behavior has been observed on the convex (𝐾 > 0, 𝐻 > 0) sides as opposed
to the concave (𝐾 > 0, 𝐻 < 0) sides of the spheres72;73. Fibroblasts and mesenchy-
mal stromal cells (MSCs)migrate significantly faster inside concave pits as compared to
convex caps and flat surfaces, with no significant difference between the latter two72;73.
Moreover, two distinct migration modes have been observed: a typical 2D migration
response on the convex caps, but a faster, spider-like “extend-and-pull” movement in
the concave pits, whereby the cells first form long body extensions that span over the
pits, and consequently retract their cell body towards the attachment sites of the ex-
tension72. On a smoothly varying double-sinusoid landscape (Figure 2.3f), exhibiting
varying mean and Gaussian curvatures, MSCs and fibroblasts consistently migrate into
the valleys (𝐾 > 0, 𝐻 < 0) and avoid the hills (𝐾 > 0, 𝐻 > 0) along their trajectory,
a response that increases with increasing curvature values (Figure 2.4)55. During the
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Figure 2.4: Top: the migration trajectories of MSCs (obtained with time-lapse microscopy) on
double-sinusoid wavy substrates. Obtained with permission from Ref.55. Bottom: the posi-
tioning of macrophages on substrates with various types of convex hills and concave valleys.
Obtained with permission from Ref.71.

migration phase, the nuclei of the cells are first located near the deepest point of the
valleys, while the cell protrusions probe the environment. During a translocation step,
the nuclei quickly locate from one valley to the next, reaching high velocities on the
hills. This increased velocity on the convex parts is conflicting with some of the earlier
results72;73, but is likely a consequence of the dynamic exploration behavior of the cells
in this smoothly varying, hilly landscape, as opposed to the more discrete, separated
hemispheres in other studies. The observation that cells avoid convex spherical caps
(𝐾 > 0, 𝐻 > 0) is common30;70;71, provided that the curvature values are sufficiently
large (e.g., spheres with 𝑟 < 500𝜇𝑚 for fibroblasts70). In addition to fibroblasts or stro-
mal cells, this observation is also made with macrophages (Figure 2.4 bottom): cells
avoid the regions with positive values of mean and Gaussian curvatures (i.e., convex
caps) and actively migrate into regions of negative mean and positive Gaussian curva-
tures (i.e., concave pits)71. In curvature landscapes with larger feature sizes, however,
macrophages do not exhibit this curvature-driven behavior, potentially due to relatively
lower curvature values as compared to the macrophage cell size55. Despite the general
avoidance of convex caps, however, active cell migration on shallow convex caps has
been observed in some studies73;84. These shallow caps are spherical sections with an
aspect ratio below 0.5, which would correspond to a hemispherical section. Such shal-
low convex caps may pose less of an obstruction to the cells migrating from the flat
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surroundings, as compared to truly hemispherical caps.
While cell migration on developable (𝐾 = 0) and spherical (𝐾 > 0) surfaces has

been the subject of several studies, cell behavior on hyperbolic (𝐾 < 0) surfaces is
largely unexplored. In one study, axisymmetric sphere-with-skirt substrates have been
used for culturing fibroblasts30. The substrates consisted of convex caps (𝐾 > 0) that
smoothly transitioned towards the flat surroundings (𝐾 = 0) through a saddle-shaped
region (𝐾 < 0) (Figure 2.3d). Cells on such substrates avoided the convex spherical part
of the substrate, but occasionally probed it using short-lived lamellipodia30. Instead,
the cells showed an azimuthal cell polarity and migrated around the cap on the saddle-
shaped region. In another recent study, mesenchymal stromal cells were cultured on a
saddle-shaped section of a torus, and preferential migration along the concave direc-
tion of the saddle was observed66. While deliberate investigations into the response of
cells to saddle shapes are still uncommon, it is important to understand thatmany other
substrates also contain saddle-shaped regions. For example, the transition region from
a hemispherical cap to the flat surroundings must have a negative Gaussian curvature,
though this region could be very narrow and is typically not considered in curvature-
guided cell culture studies (Figure 2.3e). Nonetheless, the relevance of hyperbolic ge-
ometry in biological tissue necessitates more dedicated investigations to elucidate the
role of saddle shapes on cell migration.

2.3.2 The central role of cytoskeletal mechanics
A recurring theme in the discussions of cell response to curved substrates is the cen-

tral role that cytoskeletal arrangement and tension seem to play. The contractile stresses
that arise in the filamentous cytoskeletal network endow cells with both a sensory func-
tion, enabling them to sense the physical properties of their environment5, and a force
generation function19, not only facilitating cell migration and cytokinesis85 but also
enabling the wrinkling of soft substrates86 and even cell-scale origami folding87. The
contraction of the cytoskeleton, which consists of a network of actin microfilaments,
intermediate filaments, and microtubules, is governed by the actomyosin machinery,
consisting of filamentous actin (F-actin) in conjunction with myosin II motors that sit
in between85. A crucial ingredient for the contractility-induced sensory and force gen-
erating functions is the adhesion of the cells to the substrate that they are situated on
and the ability to transmit force88. Cells use transmembrane proteins, called integrins,
to bind to ligands in the extracellular matrix (e.g., fibronectin). Upon activation by
force, several proteins are recruited, such as talin89 and vinculin90, through which a
mechanical link between the ECM and the actin filaments of the cytoskeleton can be
established91. Moreover, the exertion of force on the integrins also activates the RhoA
signaling pathway, which, through the activation of Rho kinases (ROCK) and myosin
light chain (MLC), ultimately triggers the assembly of myosin II filaments91. Those
myosin II filaments interact with actin to enable contraction and cross-linking92, and
have also been implicated in actin polymerization93, thereby contributing to the force-
induced remodeling of the cytoskeleton, as well as the establishment of mature focal
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adhesions91. In other words, this mechanical interaction between the extracellular en-
vironment and the intracellular cytoskeleton results in a force-feedbackmechanism that
triggers the cell to remodel its cytoskeleton. This force-feedback mechanism will be af-
fected when a cell is situated on a 3D, curved geometry instead of an isotropic planar
substrate, which is why cytoskeletal arrangement and contractility are important as-
pects to consider in any discussion of curvature guidance.

Asmentioned before, fibroblasts andMSCs seeded on convex cylindrical substrates
(𝐻 > 0, 𝐾 = 0) typically align longitudinally along the cylinder axis, an effect that
increases with curvature. Typically, this global cell alignment is accompanied by an ar-
rangement of stress fibers (i.e., bundles of actin microfilaments)94 in the longitudinal
direction (i.e., in the direction of zero principal curvature)57;60;64;66;81;81. In a seminal
work, Dunn and Heath hypothesized that this cytoskeletal arrangement (and cell body
alignment) occurs because the stress fibers cannot assemble or operate in a bent condi-
tion (i.e., there is a bending energy penalty), which is why the cells avoid the substrate
curvature and align longitudinally57. While plausible, this theory does not explain the
different behavior exhibited by epithelial cells where stress fibers align circumferen-
tially61–63. It has, therefore, been suggested that the cell and cytoskeletal orientation on
convex cylindrical substrates (𝐾 = 0, 𝐻 > 0) is driven by a competition between the
bending resistance of the stress fibers and a shear deformation that develops as a conse-
quence of cell contractility95 (Figure 2.14(a) and Subsection 2.5.1). When adhering to
a flat substrate, the top surface of the cell is free to contract in the direction of the stress
fibers, while the attached (bottom) surface is constrained, resulting in a shear deforma-
tion throughout the cell thickness. When the cell is bent along a convex cylindrical sub-
strate, an additional deformation ensues: the top surface is subject to extension while
the bottom surface contracts. In this case, it is energetically favorable for the cell to align
its stress fibers perpendicularly to the cylinder axis, since the actomyosin-induced con-
traction could partly compensate for the bending-induced extension. However, this im-
poses an energetic penalty due to stress fiber bending, which prefer to alignment along
the zero-curvature direction95. The stress fiber orientation is, therefore, determined
by an energy trade-off: longitudinal alignment is predicted when the bending energy
dominates (e.g., in the case of thick stress fibers in fibroblasts), while circumferential
alignment is predicted when the contractility-term dominates (e.g., for the relatively
thin stress fibers in epithelial cells)95. Indeed, cells with pronounced straight stress
fibers (e.g., polarized fibroblasts) have been found to orient longitudinally on cylinders,
while cells with circular actin bundles (e.g., epithelial cells) or cells with insufficient or
no stress fibers (e.g., transformed 𝐿 fibroblasts) bend around the cylinder with much
lower elongation and longitudinal orientation (Figure 2.5a)62. While this theoretical
explanation provides an interesting mechanistic perspective, it cannot elucidate all the
aspects at play in stress fiber orientation. For example, in experiments on convex cylin-
ders (𝐾 = 0, 𝐻 > 0) with fibroblasts and smooth muscle cells, two distinct stress fiber
populations have been observed that are not predicted by this theory: a set of long, api-
cal stress fibers located above the nucleus and a set of shorter, basal stress fibers situated
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beneath the nucleus60. The apical and basal stress fibers increasingly align in axial and
circumferential directions respectively with increasing curvature60. Interestingly, the
circumferentially aligned stress fibers lie underneath the nucleus, while it might be ex-
pected from the theoretical explanation that they should lie close to the upper side of
the cell tomaximally compensate for the extension caused by cell bending. It, therefore,
seems likely that predicting the energetically optimal orientation of cells encompasses
more aspects than cell contractility and stress fiber bending.

a b

c
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Fibroblast
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Figure 2.5: Single-cell response on curved substrates. a) Fibroblastic-like cells align longitudi-
nally on cylindrical substrates, while epithelial cells wrap the substrates. Insets show increasing
hBMSC alignment for increasing curvature on convex cylindrical substrates64, reproducedwith
permission from The Royal Society. b) MSCs on concave and convex hemispherical substrates.
Insets obtained with permission from Ref.72 c) Fibroblasts on sphere-with-skirt substrates, ex-
hibiting apical and basal stress fiber alignment, reproduced with permission from Elsevier30.

Cells have no way to avoid curvature on convex spherical caps (𝐻 > 0, 𝐾 > 0). In
other words, the stress fibers in cells adhering to such spherical substrates must bend
regardless of their orientation. Bone marrow stromal cells seeded on convex spherical
caps were found to exhibit lower F-actin levels (i.e., less pronounced stress fibers), yet
higher phosphorylated myosin levels, indicative of higher myosin II filament activity as
compared to the cells residing on convex cylindrical substrates of the same diameter64.
It has been suggested that these increased phosphorylatedmyosin levels are necessary to
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compensate for the lower number of stress fibers whose formation seems to be impeded
on convex curved substrates, such that an adequate cytoskeletal tension and cell motil-
ity could still be maintained64. This observation has been confirmed in other studies,
where less pronounced, shorter stress fibers or lower F-actin levels were observed on
the convex spherical caps as compared to other geometries in the surroundings70;72;96.
From a curvature perspective, one expects a concave spherical pit (𝐾 > 0, 𝐻 < 0)
to elicit the same response, since there is also no direction of zero principal curvature
(𝐾 > 0 on the concave and convex sides). However, there is a way in which cells could
still avoid stress fiber bending: by spanning the pit with strong actin bundles, attached
to a few anchoring points on the side walls, that contract and lift the cell body away
from the substrate. Indeed, mesenchymal stromal cells cultured on spherical pits or in-
side spherical confinements form large extensions to bridge the concavity underneath
and adopt a spider-like morphology, with most focal adhesions being located at the an-
choring sites on the periphery of the cells (Figure 2.5b)72;97. A similar lift-off behavior
has recently been observed for stromal cells on concave cylindrical substrates (𝐾 = 0,
𝐻 < 0), and this has been linked to the non-aligned, non-persistentmigration behavior
that these cells exhibit66. The spider-likemorphology is reminiscent of the shape of cells
on micropatterned adhesive substrates, exhibiting arc-like boundaries that form natu-
rally due to cellular contractility (Figure 2.12a)98;99. Cells on smooth, double-sinusoid
substrates (varying𝐾 and𝐻) seem to exhibit a somewhat similar behavior: the nucleus
is typically positioned in a valley (𝐾 > 0,𝐻 < 0), andmost focal adhesions are situated
on the surrounding hills (𝐾 > 0, 𝐻 > 0), though some more stable, higher tensioned
FA could be present in the valleys55. Lower nuclear compression has been observed in
the valleys, yet it is unclear if the cells were fully lifted away from the double-sinusoid
substrate.

Based on these results for convex and concave spherical geometries (𝐾 > 0), a nat-
ural question to ask is what happens to the actin organizationwhen cells are subjected to
both convex and concave curvatures simultaneously (i.e., saddle surfaces, 𝐾 < 0)? On
the saddle-shaped region of sphere-with-skirt substrates, two distinct subpopulations
of stress fibers have been observed in fibroblasts: apical stress fibers (above the nucleus)
that align in the radial direction, and basal stress fibers (below the nucleus) that align
in the circumferential direction. Interestingly, the apical stress fibers do not follow the
local concave curvature of the substrate but bridge this concavity instead, much like the
previously described spanning behavior on concave pits (Figure 2.5c)30. Therefore, by
aligning along the concave principal direction (𝜅1 < 0) and consequently spanning the
substrate, the apical stress fibers can avoid bending. The basal stress fibers, however, do
not avoid bending and are oriented in the other principal (convex, 𝜅2 > 0) direction,
showing a similar behavior as on cylindrical substrates in a previous study60. Therefore,
while the argument of bending avoidance seems to hold for the apical stress fibers, it
does not explain the orientation of the basal stress fibers: why do the basal fibers align
in the most curved direction instead of trying to avoid curvature altogether? Eluci-
dating the underlying mechanisms requires further investigation, but it is noteworthy
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that the cells cultured on the saddle region migrate in the direction of the basal stress
fibers, while they typically migrate in the direction of the apical stress fibers on planar
substrates30. Migration and basal stress fiber orientation may, therefore, be linked on
those regions of negative Gaussian curvature.

The effects of cytoskeletalmechanics can be studiedmore in-depth by using drugs to
inhibit or enhance specific cell components. Activation of RhoGTPases (i.e., regulators
of stress fiber formation100) in fibroblasts and vascular smooth muscle cells on the out-
side of cylinders (𝐾 = 0, 𝐻 > 0) results in a strong reduction of apical, longitudinally
aligned stress fibers, while basal stress fibers become more pronounced and align cir-
cumferentially60. While the opposite was expected (following the stress fiber bending
argument), it has been hypothesized that this observation is due to a shift in the bal-
ance between the bending energy of stress fibers and cell contractility60. Rho inhibition,
on the other hand, results in the loss of the curvature sensing ability of mesenchymal
stromal cells cultured on double-sinusoid substrates (with varying 𝐾 and 𝐻)55. A sim-
ilar effect is obtained by drug-induced actin depolymerisation and myosin II blocking,
both of which are among the components of the actomyosin contractile apparatus55.
These results underpin the intimate connection between the formation of a contrac-
tile cytoskeletal structure and the ability of the cells to sense and respond to substrate
curvature. While the full set of the mechanisms behind curvotaxis are not yet fully
uncovered, the experimental observations seem to support at least some aspects of the
hypothesis that cytoskeletal (and cellular) alignment is driven by an energetic balance
between contractility and stress fiber bending on curved substrates.

2.3.3 The nucleus as a curvature sensor and regulator
Located in between the cytoskeletal network of eukaryotes is the cell nucleus, the

largest organelle that contains the cell’s genetic material. Mechanically, the nucleus is a
membrane-bound structure that is internally supported by a fibrous network-like nu-
cleoskeleton, built up of lamins, actin, and other proteins101;102. The nucleus behaves
like a viscoelastic solid103, and is considerably stiffer than the cytoskeleton102;104. Nev-
ertheless, it is still a deformable structure, and nuclear shape and deformability have
been shown to play a role in various cell processes, including the regulation of gene
expression, and have been associated with various diseases (e.g., laminopathies)104–106.
The deformation of the nucleus is enabled through intimate connections between the
nuclear envelope and the cytoskeleton in the form of the LINC (linkers of nucleus and
cytoskeleton) complex107. On the outer side of the nuclear envelope, nesprin proteins
bind to the various components of the cytoskeleton: nesprins 1/2 bind to actin, ne-
sprin 3 binds to intermediate filaments, and nesprin 4 to microtubules. At their other
ends, nesprins bind to SUN proteins, which pass through the nuclear envelope and
bind to nuclear lamins (proteins that form a reinforcing layer on the inner side of the
nuclear membrane). These lamins are, in turn, connected to the chromatin cargo inside
the nucleus106;108. Hence, there is a mechanical connection between the cytoskeleton
and the nucleus, enabling force transmission of intracellularly and extracellularly gener-
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ated forces106. This force transmission results in dynamic deformations of the nucleus,
which have been linked to different mechanotransduction mechanisms. For example,
nuclear deformation could result in conformational changes of proteins at the nuclear
lamina, affecting their interaction with enzymes109. Additionally, nuclear deformation
could rearrange the spatial distribution of chromatin (into loose and compact regions),
affecting gene expression105;108–110. For these reasons, the cell nucleus could actually
be considered a “sensor” that plays an important role in mechanotransduction13;108.

Concave substrate
H<0, K>0
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DNA
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Figure 2.6: Curvature-induced compression of the nucleus onflat, concave spherical and convex
spherical substrates. The schematic drawing is adapted from Ref.72. Bottom insets show the
shape of the nucleus on concave and flat substrates, obtained with permission from Ref.55.

The nuclei of certain cells (e.g., fibroblasts) adhering to flat surfaces are naturally
flattened due to the presence of a perinuclear actin cap, which is a dome-like arrange-
ment of apical stress fibers that lie on top of the nucleus and that exert a compressive
force on the nucleus due to actomyosin contraction111 (Figure 2.6, top row). Alter-
ations in the shape of the nucleus are, therefore, expected to arise in the cells resid-
ing on curved substrates as compared to those cultured on planar substrates, due to
the curvature-induced cytoskeletal rearrangement and the cell morphology that we de-
scribed previously. Indeed, the nuclei of mesenchymal stromal cells seeded on planar
(𝐾 = 0, 𝐻 = 0), convex spherical (𝐾 > 0, 𝐻 > 0), or concave spherical (𝐾 > 0,
𝐻 < 0) substrates exhibit distinctly different shapes: a flattened morphology on flat
and convex spherical substrates and a more spherical morphology on concave spher-
ical substrates72. For a cell on a planar substrate, the perinuclear actin cap generates
a relatively small compressive force, flattening the nucleus. On a convex spherical cap
(𝐾 > 0, 𝐻 > 0), however, this vertical force component increases due to the increased
vertical arrangement of the stress fibers, leading to amore flattened shape. On a concave
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spherical pit (𝐾 > 0, 𝐻 < 0), on the other hand, the nuclear compression is relieved
because the cell is lifted off the surface, leading to a more spherical shape of the nucleus
(Figure 2.6)55;72.

One of the primary components governing nuclear deformability is lamin A. This
is a type V intermediate filament that is a key constituent of the nuclear lamina, a rein-
forcingmeshwork at the nuclear envelope106;112. Increased laminA intensity levels have
been measured in cells on convex spherical substrates, as opposed to concave spherical
and flat substrates, suggesting a nuclear stress-protection response induced by curva-
ture72. On the other hand, active lamin A silencing using small interfering RNAs has
been shown to significantly reduce the curvature-sensing ability of cells55. In addi-
tion to nuclear deformation due to curvature-induced forces, the nucleus has also been
found to dynamically change its intracellular position in response to curvature, essen-
tially positioning itself in the locations of low deformation (i.e., valleys instead of hills)
and potentially playing an important role in guiding cell migration55;71.

Curvature-induced deformation of the nucleus has also been linked to gene
expression and differentiation. On substrates with a zero Gaussian curvature (i.e.,
cylindrically-shaped hydroxyapatite substrates), no curvature-induced changes in the
differentiation and mineralization rates of pre-osteoblast cells have been observed
(using RUNX2, ALP, DMP1 and Osteopontin markers)67. However, curvature-
dependent differentiation behavior has been observed on substrates with non-zero
(positive) Gaussian curvatures72. Higher osteocalcin levels, a marker for osteogenic
differentiation, were observed inMSCs seeded on hemispherical caps as opposed to flat
and hemispherical pits (both in expansion and osteogenic medium)72. Remarkably,
these higher osteocalcin levels were associated with lower F-actin levels and vice
versa, while previous results on planar substrates indicated that higher cytoskeletal
forces enhance osteogenic commitment113. This difference could indicate that surface
curvature plays an equally important role in governing nuclear deformation, next to
the magnitude of cytoskeletal tension. Nuclear deformation might also explain the
lack of increased differentiation activity on cylinders as opposed to hemispherical
caps: on the cylindrical substrates (𝐾 = 0), the stress fibers orient in the longitudinal
direction and, therefore, might not compress the nucleus as much as on hemispherical
caps (𝐾 > 0), and, thus, may not trigger the osteogenic pathways. The transcriptome
of MSCs cultured on double-sinusoid substrates (varying 𝐾 and 𝐻) has also been
compared to that of the cells cultured on planar substrates (𝐾 = 𝐻 = 0), showing
several downregulated genes in cells on the sinusoid substrates, including factors
involved in differentiation and cytoskeletal remodeling55.

In conclusion, it should be clear that individual cells could sense and respond to
various types of substrate curvatures (see Table 2.1 for an overview of studies on cell-
scale curvature guidance). While generating and sensing curvature at membrane scale
involves dedicated biochemical pathways and proteins at the membrane10;49;50;54, the
interaction with curvature at larger scales requires a more holistic, mechanical expla-
nation52 In general, the mechanisms driving spatiotemporal organization of individ-
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ual cells on curved substrates seem to be governed by the interplay between the cell’s
contractile apparatus and the relatively stiff, yet deformable nucleus19;55;72. By means
of protrusions at their periphery30, cells dynamically explore the 3D curved substrate
and establish discrete focal adhesion sites, enabling them to anchor to the substrate, re-
model their cytoskeleton, and build up cellular tension. This cytoskeletal contraction,
in conjunction with the specific geometry that the cell is constrained to (e.g., convex or
concave spherical pits), results in different net forces on the nucleus as opposed to cells
adhering to isotropic flat substrates. As a first consequence, these anisotropic force dis-
tributions could result in intracellular nuclear sliding, potentially drivingwhole-cellmi-
gration in a particular direction55. Additionally, the specific substrate that cells adhere
to could result in varying degrees of nuclear compression, affecting chromatin distribu-
tion and potentially triggering other nuclear pathways64;72. The preferred orientation
and migration trajectory that the cells then commit to, is typically discussed from an
energy minimization perspective. Although it is still unclear to what extent different
cell components contribute to the energy balance, it has been argued several times that
stress fiber bending plays a major role60;95. Indeed, cells with pronounced stress fibers
seem to favor orientations that minimize bending, such as a longitudinal alignment on
convex cylinders or a “spanning” configuration over local concavities (e.g., on concave
pits, concave cylinders or saddles)63;66. While the full set of the involved mechanisms
remains elusive, it should be clear that cell-scale curvature guidance is not purely a bio-
chemical process that is restricted to specific regions inside the cell, but instead requires
a whole-cell approach involving the interplay between the cell as a dynamicmechanical
system and the constraining extracellular geometry.

2.4 Collective cell and tissue response to substrate curva-

ture
While single-cell experiments offer useful insights into themechanisms behind cur-

vature sensing and response, cells are generally not solitary agents in vivo, but are, in-
stead, linked together in a multicellular network11. This could be a direct link through
intercellular connections such as tight junctions, gap junctions, desmosomes, and ad-
herens junctions11, or an indirect connection via cell-ECM adhesion91;114. These cell-
cell and cell-ECM interactions establish a mechanical linkage that enables force trans-
mission between different cells. As mentioned before, cell-ECM force transmission in-
volves transmembrane integrins that bind to extracellular matrix ligands and link back
to the cell cytoskeleton115. In the case of cell-cell interactions, a similar force trans-
mission mechanism exists, this time mediated by transmembrane cadherins91. The
extracellular domains of the cadherins of different cells form adhesive bonds that link
the cells together. At the cytoplasmic domain of the cadherins, different proteins are re-
cruited, such as 𝛼-catenin, 𝛽-catenin, or vinculin, that enable direct or indirect binding
to actin91;116. As such, a mechanical connection between the cytoskeleton of different
cells is constructed. Through these cell-cell and cell-ECM connections, a multicellular
force-feedback network is established that increases the range within which cells could
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sense and respond to their environment, enabling them to act cooperatively19. For ex-
ample, collective cell contraction on patterned adhesive islands or confinements could
result in stress gradients in the multicellular constructs that drive spatial cell prolifera-
tion patterns37 and the spatial distribution of biochemical signals23. Hence, the collec-
tive force-generation of multicellular systems coupled with constraining extracellular
geometries could initiate heterogeneous cell patterning and guide the structural orga-
nization of the extracellular matrix19. In the current section, we approach this coupling
between collective cell action and extracellular geometry from the perspective of sub-
strate curvature, first by discussing the response of single-layer cell sheets and later by
considering the shaping of more convoluted ECM-rich tissues.

2.4.1 Curvature-driven organization and dynamics of cell sheets
Upon reaching confluence, cells link up to form a cohesive cell sheet, or monolayer,

that covers the substrate they are situated on. At this moment, cells can operate collec-
tively, for example, to generate forces across the entire sheet114. While various cell types
could formmonolayers,most studies ofmonolayermechanics and structure are focused
on epithelial cell sheets, which have a high physiological relevance, since they line the
surfaces of many 3D curved structures in vivo, such as organs, cysts, and vessels117;118.
In addition to inducing, for example, spatial proliferation patterns, the collective orga-
nization can enable cells in monolayers to sense and respond to weaker curvature fields
than individual cells. Indeed, confluent monolayers of fibroblasts and vascular smooth
muscle cells residing on cylindrical substrates (𝐾 = 0, 𝐻 > 0) align along the cylinder
axismore strongly than individual cells on cylinders with low curvature (Figure 2.7a)60.
As a potential explanation, it was suggested that these monolayers have a larger “effec-
tive length scale” due to the cell-cell connections that link stress fibers together, thereby
creating a stress fiber network that has a higher bending energy penalty than in individ-
ual cells60. Cylindrical geometries also play an important role in the organization and
dynamics of epithelial and endothelial sheets (e.g., during tubular morphogenesis)119.
Indeed, cells in such monolayers plated on cylindrical substrates align and elongate in
response to curvature, although the orientation and curvature sensitivity depends on
the cell type. Longitudinal alignment is observed for umbilical vein endothelial cells
cultured on convex cylinders (𝐻 > 0) and renal epithelial cells in concave cylinders
(𝐻 < 0), while renal epithelial cells align perpendicularly to the cylinder axis on con-
vex cylinders (Figure 2.7b)83;120–122. The curvature sensitivity seems to be reduced in
cell sheets with stronger cell-cell junctions and/or higher cell stiffness, which has been
linked to an organ-dependent requirement to minimize paracellular transport (e.g., in
the blood-brain barrier)120;121. On double-sinusoid substrates with varying, non-zero
Gaussian curvatures, an expanding epithelial monolayer showed curvature-dependent
organization at the leading edges of the front, where cells are positioned in the con-
cave areas, but not in the central part55. As a potential explanation, it was suggested
that the cells at the edges of the expanding colony have a higher freedom to reposition
themselves in response to curvature, while the cells in the center part do not have such
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freedom due to cell-cell interactions which provide constraints on the position of the
cell within the epithelium55.
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Figure 2.7: The response of cell sheets to substrate curvature. a) A confluent layer of fibroblasts
senses substrate curvature better than individual cells, obtained with permission from Ref.60.
b) Top: human umbilical vein endothelial cells (HUVEC) show increasing alignment in the
longitudinal direction on cylindrical substrates, obtained with permission from Ref.120. Bot-
tom: human kidney (HK-2) epithelial cells showing different alignments on concave and con-
vex hemicylindrical substrates, obtained with permission from121.

When organized in monolayers, cells also exhibit a collective migration behavior
that plays a crucial role during morphogenesis, wound healing, and cancer progres-
sion, and has been found to depend on substrate curvature76;123;124. Epithelial cell
sheets on the outside of cylindrical wires (𝐻 > 0) migrate collectively in the longi-
tudinal direction, and the migration speed increases with curvature83. On the inside of
hollow cylindrical substrates (𝐻 < 0), however, the migration speed of an advancing
epithelium decreases with increasing curvature, potentially due to cell jamming (Fig-
ure 2.8)118;122. Moreover, cells can detach from the front edge of the monolayer on
cylindrical substrates at high curvatures, and switch to an individual migration mode,
a phenomenon that is reminiscent of epithelial-to-mesenchymal transition83;125. De-
spite ample evidence showing that curved substrates guide cell sheet organization and
migration, this does not mean that the sheet maintains this geometry for extended pe-
riods of time126. Instead, cell sheets can detach from concave cylindrical substrates
(𝐻 < 0), a phenomenon that is more profound for increased curvatures and increased
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cell contractility and can be explained by the existence of a net normal stress pointing
away from the surface (Figure 2.9)126;127.
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Figure 2.8: Top: the collective migration of an epithelium on the outside of a cylindrical wire,
obtained with permission from Ref.83. Bottom: the collective migration of an epithelium inside
cylindrical channels, with decreasing speeds for increasing curvatures, obtained with permis-
sion from Ref.122.

Cell sheet detachment is not limited to cylindrical geometries, but can also occur on
substrates with non-zeroGaussian curvatures. For example, epithelial cell sheets grown
in bent cylindrical tubes, effectively representing a portion of a torus with 𝐾 < 0 at the
inside and 𝐾 > 0 at the outside of the bend, consistently detach from the outer side
of the bend as a consequence of cell sheet contraction (Figure 2.10a)127. Moreover,
cell sheet contraction can cause initially planar substrates to buckle into spherical-like
microlenses (𝐾 > 0), hence giving rise to spontaneous curvature formation128.
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Figure 2.9: A schematic drawing of cell sheet detachment in response to substrate curvature,
reproduced with permission from Elsevier126.
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Figure 2.10: a) An epithelium cultured inside a bent cylindrical tube, detaching from the outer
side (positiveGaussian curvature). Experimental images and inset on the right were reproduced
with permission from Ref.127. b) The scutoid cell shapes emerging in a cylindrical epithelial
packing, obtained with permission from Ref.129.

Substrate curvature not only influences the organization, migration, and detach-
ment of entire cell sheets, but can also affect individual cells within the sheet. More
specifically, recent evidence has shown that some cells in a curved epithelium must
adopt a previously unknown mathematical shape, termed a scutoid, in order to geo-
metrically enable the packing of cells in such a curved morphology (Figure 2.10b)129.
Similar to a prism and a frustum, a scutoid is a polyhedron connecting two parallel
polygonal faces. In contrast to the prism and frustum, however, a scutoid connects dif-
ferent polygons at the top and bottom (e.g., a hexagon on top and a pentagon on the
bottom, Figure 2.10b). Previously, it was assumed that epithelial cells adopt a prism or
frustum shape in a closely-packed epithelial sheet130;131. Mathematical models, how-
ever, revealed that certain cells in a curved epithelium have different neighboring cells
at the apical and basal sides, necessitating scutoid shapes in the epithelial packing rather
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than only prisms and frusta129.

2.4.2 Curvature-dependent, fluidic shaping of ECM-rich tissues
Cell sheets could, thus, exhibit complex shape formation and adaptation in response

to geometrical cues in their environment. Moreover, spatial force patterns or mechani-
cal instabilities arising fromdifferential growth further contribute to shape formation in
cell sheets, as was already mentioned in Subsection 2.2.2 in connection to morphogen-
esis and pathology24;31;32;37. Such complex shape formation is, however, not restricted
to cell sheets but could also be observed in 3D bulk tissue constructs in which extracel-
lular matrix is gradually deposited as 3D tissue grows. This matrix reinforces the cell
collective and enhances the load-bearing capacity of the developing tissue132. Despite
the fact that a dense cell-ECM network is formed, these tissue constructs still exhibit
geometry-dependent, fluid-like shape formation133. The effects of geometry in general
and curvature in particular on the shape and kinetics of tissue growth has been stud-
ied primarily using osteoid-like tissues as model systems133–135. This is likely driven
by the clinical demand for geometrically optimized porous biomaterials that facilitate
bone tissue regeneration. Typically, curvature-guided tissue growth has been studied
in vitro and has involved non-mineralized (osteoid-like) tissue, although in vivo curva-
ture guidance of mineralized tissue has been also recently reported136. In the current
section, the general observations regarding curvature-guided tissue growth will first be
outlined, after which the physical basis for this behavior will be discussed by comparing
it to surface tension-driven shape formation in inanimate materials.

Following the seminal work of Rumpler et al.134, several in vitro studies involv-
ing pre-osteoblasts or mesenchymal stromal cells seeded inside straight channels with
pre-defined pore shapes have consistently revealed that the curvature of the pores af-
fects the shape and kinetics of tissue growth (Figure 2.11a)134;135;137–142. More specif-
ically, after an initial stage that is dependent on cell-material interactions, pore cur-
vature becomes the dominant factor for tissue growth139. In channels with circular
pores, non-mineralized tissue has been found to grow uniformly inwards, with larger
tissue thickness for higher curvatures (i.e., narrower pores)134;137;138, and similar results
have been obtained for mineralized tissue under static and perfused conditions140. In
non-circular channels (e.g., with triangular or square cross sections), preferential tissue
growth starts in the pore corners (i.e., the regions of high curvature), while no tissue
is formed on the flat sides initially134;135;139;142. As tissue is progressively deposited in
the corners, effectively rounding the pore, the local geometry of the flat sides is altered
and tissue starts to grow on those locations too. With time, this leads to a circular tissue
front that grows uniformly inwards. In channels with convex polygonal pores, the tissue
growth rate in the corners increases with corner curvature, meaning that it is higher in
the corners of triangular than in square or hexagonal pores134. Nevertheless, the aver-
age growth rate of convex pores with the same perimeter is independent of their shape,
which has been attributed to the fact that, in convex polygons, the average curvature
and, thus, average growth rate is inversely proportional to the perimeter134;135. How-
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ever, in channels with concave polygonal cross sections such as cross shapes, the initial
overall growth rate can be significantly higher than in square (convex) shapes, due to
the higher number of “growth-inducing” corners in the cross (8 concave corners) as
compared to the square (4 concave corners) shape135. This implies that the pore geom-
etry of artificial tissue scaffolds should be optimized not only for mass transport and
mechanical properties, but also for the desired tissue growth rate135.
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Figure 2.11: Curvature-driven tissue growth. a) Bone-like tissue growth front evolving towards
a circular geometry in pore channels with various cross-sectional shapes. The experimental im-
ages on top and on the right are obtained with permission fromRef.134 and Ref.135, respectively.
b) The differences in the bone-like tissue growth on concave cylindrical versus convex cylindri-
cal regions. The experimental images on top and on the right are obtainedwith permission from
Ref.143 and Ref.138, respectively.

These straight pore channels, whether with convex or non-convex cross-sectional
shapes, all classify as “generalized cylinders” (i.e., developable geometries,𝐾 = 0) with
parallel ruling lines that are curved in one direction but remain flat in the other. Other
examples are hemi-cylindrical, open channels, or wavy substrates that only curve in
one direction. A general and important observation regarding such geometries is that
the tissue is predominantly formed on concave regions (𝐻 < 0), with virtually no (ini-
tial) tissue deposition on the convex regions (𝐻 > 0, Figure 2.11b). In hemicylindrical
channels, for example, tissue progressively grows in the concave part of the substrate,
effectively “flattening” the cylindrical cavity, and the tissue front is pinned at the convex
edges135. Moreover, the tissue grows at a significantly lower rate than in full cylindrical
channels of the same radius, which is attributed to the presence of the convex bound-
aries on which no tissue is formed until the local geometry becomes concave due to
the advancing tissue front135. On wavy substrates, exhibiting alternating patterns of
convex and concave regions (i.e., positive and negative mean curvatures), tissue is also
almost exclusively generated inside the concave regions138;143. Similar results are seen
inside prismatic channels with non-convex pores, such as a cross shape, where tissue
starts growing from the concave corners and only forms on the convex corners once
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they become immersed in the advancing tissue front135.
In most curvature-guided tissue growth studies, channel-like (i.e., intrinsically flat,

𝐾 = 0) substrates have been employed, and tissue growth has been typically quantified
from a 2D perspective by using the projected tissue area perpendicular to the channel
length134;135;138;139;141. However, the projected tissue area as seen from the top (or bot-
tom) of the channel would only be an accurate measure of the total tissue formation,
if the tissue growth is uniform along the depth of the channel, which might not be the
case due to the non-uniform initial cell density or the disturbing presence of the con-
vex boundaries138. Indeed, it has been suggested that the tissue growing in a cylindrical
channel should exhibit curvature in both principal directions (i.e., intrinsic curvature)
and adopt a catenoid-like saddle shape (𝐾 < 0)135, although the 3D reconstructions of
in vitro grown mineralized tissue under static and perfused conditions could not con-
firm this hypothesis140. Nevertheless, it seems plausible that tissue could develop into
more complex architectures than developable geometries (𝐾 = 0) and instead adopt
intrinsically curved shapes (𝐾 ≠ 0). It would, thus, be relevant to also study tissue
growth on such intrinsically curved (sphere-like or saddle-like) geometries, yet surpris-
ingly little research has been conducted in this direction. A recent study involving hu-
man corneal stromal cells seeded on shallow dome-like substrates (𝐾 > 0) shows that
substrate curvature enables the formation of highly aligned extracellular matrix in the
radial direction, giving rise to tissue equivalents that resemble many of the characteris-
tics of natural corneal tissue84. In another recent study, osteoid-like tissue was grown
from pre-osteoblasts on saddle-shapes with controlled curvature133. More specifically,
the tissuewas formed on rotationally symmetric capillary bridges of constantmean cur-
vature and non-constant negative Gaussian curvature. The saddle-shaped tissue front
is pinned by the convex edges of the substrates and progressively extends outwards, ef-
fectively flattening the initial geometry. Accordingly, the final tissue thickness is higher
on substrates with narrow neck regions (i.e., higher concave principal curvature and
higher Gaussian curvature)133. These intriguing initial results call for more detailed
investigations into tissue growth on intrinsically curved geometries, both spherical and
hyperbolic, as these bear significant physiological relevance.

It should, thus, be clear that the shape of newly formed, ECM-rich tissue depends on
the geometry, more specifically curvature, of the underlying substrates. But why does
tissue adopt these particular shapes? A consistent observation that could elucidate this
matter is that the tissue shapes are reminiscent of the shapes that viscous fluids would
adopt, as dictated by the laws of physics19. In other words, the emergent shape of bio-
logical materials is somewhat similar to observationsmade in physics-driven inanimate
materials, such as wetting droplets, soap bubbles, or other systems involving liquid in-
terfaces. For example, the pattern formation of cone cells in the developing Drosophila
retina exhibits a striking similarity to soap bubble clustering (Figure 2.12a)144. The un-
derlying physical mechanism driving shape formation of these inanimate materials is
the minimization of surface or interfacial tension, resulting in a tendency to minimize
the surface area20. Due to the apparent similarity between the liquid and biological
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shape formations, on long enough timescales, tissues are said to behave like viscous liq-
uids with a certain surface tension145–147. As such, the emergent organization of tissue
on curved substrates is often attributed to surface tensionminimization, although other
factors are at play as well19;148. The relation between the shape and surface tension is
governed by the Young-Laplace equation149, which states that the pressure difference
(Δ𝑝) sustained across a fluid interface is proportional to the surface tension (𝜎) and the
mean curvature (𝐻):

Δ𝑝 = 2𝜎𝐻 (2.4)

Indeed, theYoung-Laplace equation, or a slightlymodified version thereof, has been
employed to describe the shape of cells and tissues pinned at discrete sites on a flat
substrate150;152, but also that of the osteoid-like tissue grown on intrinsically curved
substrates133. While tension in a liquid results from various intermolecular cohesive
interactions (e.g., van der Waals forces), the origin of tissue tension has been explained
using different theories, such as the “differential adhesion hypothesis”, but seems to in-
volve both intercellular adhesion and cortical contractility145;146. Indications of inter-
facial tension in the in vitro curvature-driven growth of connective tissue are provided
in the form of strong actin fibers that are highly aligned with the tissue-medium in-
terface134;135;137–139. Moreover, the actin density is higher close to the tissue-medium
interface, despite uniform cell density throughout the tissue bulk (Figure 2.12b)135;138.
It has been hypothesized that the collective alignment of actin at the tissue front could
result in a net normal force pointing away from the surface, thereby driving further
advancement of the tissue front137. Additionally, the high tension that exists at the
growth front can induce cell transitions, such as a reversible transition between fibrob-
lasts and myofibroblasts that is essential in wound healing151. In addition to cell-scale
actin orientation, the collagen fibers in the synthesized extracellular matrix follow the
same alignment, indicating also tissue-level organization135. In fact, the tensile forces
generated by cytoskeletal contractions are gradually transferred to the collagen fibers as
tissue progresses, resulting in a permanently stressed matrix that can partly take over
some of the cell-generated tension142. On saddle-shaped substrates (𝐾 < 0), actin
fibers have been shown to exhibit chirality and align roughly in the direction of local
zero curvature133. This could potentially indicate an energetically favorable orienta-
tional order in line with the recent hypotheses that tissues can behave like active ne-
matic liquid crystals, with cells being the nematic agents, although more evidence is
required to confirm this hypothesis133;153.

Most curvature-driven tissue growth studies have been performed in vitro, yet some
in vivo results also indicate that curvature plays a role in the organization and kinetics
of tissue formation. In strut-based scaffolds used for the treatment of large bone de-
fects in vivo, fibrous tissue formation has been found to be guided by the scaffold ge-
ometry with fibers aligning and spanning between cylindrical struts154. Furthermore,
newly formed blood vessels were found to be primarily situated in the concave regions
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Figure 2.12: a) Surface tension determines confined cell and tissue shapes. Top left: A buf-
falo rat liver cell on a micropatterned adhesive substrate, obtained with permission from Else-
vier.150. Top right: similarity between clustering soap bubbles and cone cells in the developing
Drosophila retina, obtainedwith permission fromSpringer-Nature144. Bottom: Tension-driven
shape adaption of a collagen gel tissue model pinned at discrete locations, obtained with per-
mission from Elsevier150. b) Actin alignment and increased concentration at the tissue front.
Experimental images obtained with permission from Ref.135 (top left), Ref.142 (top right) and
Ref.151 (bottom).
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(𝐻 < 0) of a bone implant in the initial stages after implantation, potentially indicat-
ing curvature-guided angiogenesis during bone regeneration155. Using a scaffold with
horizontal struts in a 0/90∘ pattern, it was recently shown that scaffold curvature drives
soft tissue formation in vivo, and a novel matrix mineralization process was observed
(Figure 2.13)136. More specifically, tissue growth was initiated at the scaffold regions of
highmean curvature, and could be predicted effectively using a curvature-driven tissue
growth model (Figure 2.15 c)136.

Transverse section Longitudinal section Mineralized cones (micro-CT)

Figure 2.13: Top: additively manufactured scaffold implanted in a critical-sized defect in an
ovine animalmodel. Bottom: Soft tissue growth towards cylindrical pores (left andmiddle), and
mineralized cones as obtained with microcomputed tomography (right). Images are obtained
with permission from Elsevier136.

In conclusion, it should be clear that the interplay between mechanics and geom-
etry extends beyond the level of individual cells, and also plays an important role in
shaping more complex, multicellular tissue constructs. In the case of single-layer cell
sheets, such as epithelial monolayers, the balance between substrate curvature, cell-cell
adhesion, and collective sheet contraction could affect collective migration83;122, sheet
detachment126;127, or even the shape of individual cells129. Additionally, these thin cell
sheets could buckle, wrinkle, or fold from a flat state into complex, curved shapes in
response to externally applied loads (potentially balanced by internal pre-stress156).
In the case of ECM-rich tissues, such as osteoid-like tissues, an apparent liquid-like
behavior is observed as the tissue grows in a 3D (curved) environment. In general,
such tissues grow preferentially on concave areas (e.g., in the corner regions of straight-
sided pores) causing a gradual smoothing in the extracellular geometry that is sensed
by new cells134;138. These growing tissues exhibit cells with aligned actin fibers (primar-
ily at the tissue front)157. Similar alignments are also observed in the ECM fibers that
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are deposited142. The liquid-like shape-formation observed in these ECM-rich tissues
has, consequently, been linked to the concept of surface tension133. Mechanical prin-
ciples, therefore, seem to govern much of the shape formation at the tissue level in a
manner similar to the spatiotemporal organization of single cells on curved substrates.
While force-transmission and long-range cytoskeletal remodeling through cell-cell or
cell-ECM interactions undoubtedly plays a key role in this emergent organization, more
insights are required to uncover how cell-level organization translates to tissue-level or-
ganization.

2.5 Computational models for curvature-guidance
In addition to in vivo and in vitro experiments, the role of substrate curvature on

the cell and tissue response could be elucidated further using in silico models. Com-
putational approaches are particularly relevant for the design and optimization of arti-
ficial tissue scaffolds, and their importance is expected to increase significantly in the
future158. Many phenomenological and mechanistic theoretical models capable of pre-
dicting experimentally observed behavior have been developed on various scales. Here,
we aim to highlight those models that have been specifically directed at modelling the
behavior of cells and tissues on curved geometries, and we refer to other reviews for a
broader perspective on the in silico models of cells and tissues19;159;160.

2.5.1 Cell-scale models
Mathematical models of the cell, either discrete or continuum, have been developed

to describe and predict a variety of cell-scale processes, including cell contractility161,
focal adhesion formation162, or migration163. Given the relatively recent interest in
cell-scale curvature guidance, however, theoretical models that specifically address the
effects of substrate curvature on single-cell response are not yet widespread. In one of
the earliest models (briefly mentioned in Subsection 2.3.2, Figure 2.14a), the cell body
and stress fibers are respectively modelled as elastic plates and rods, and the stress fiber
orientation is predicted by minimizing the total elastic energy of the system. Essen-
tially, the orientation is determined by a competition between the bending energy of
the stress fibers and the energy arising from cell contractility, the balance of which can
be captured using a dimensionless parameter95. Consequently, themodel is able to pre-
dict that fibroblasts, with a high stress fiber bending modulus, should align along the
cylinder axis, while epithelial cells, with thin stress fibers, should align perpendicularly,
in accordance with experimental results62.

Another study implemented a phenomenological constitutive model based on a
theoretical description of actomyosin contractility homogenized to the macroscale cell
level in commercial finite element software to investigate the cytoskeletal stress distri-
butions in the cells adhering to curved substrates166. According to this model, the sub-
strate curvature can inhibit actomyosin contractility in two independent ways: through
stress fiber bending, causing the contractile apparatus to perform sub-optimally, and
through a pre-stress that arises when a flat cell should conform to a curved substrate.
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Figure 2.14: Cell and tissue-scale computational models. a) A schematic overview of the
through-thickness strain variation of a cell adhering to a convex cylindrical substrate, show-
ing the combined effects of active contractility and cell bending. Adapted from Ref.95. b) A
schematic illustration of a cell (orange) adhering to developable (top) and non-developable
(bottom) substrates. The conformation of an initially flat cell to a non-developable substrate
requires cell stretching or shrinking. c) Three consecutive evolutions of the tissue front as pre-
dicted by the curvature-driven growth model of Rumpler et al. Obtained with permission from
Ref.134. d) 3D tissue growth predictions of a level-set curvature-driven growth model, with ex-
perimental images from in vitro grown bone tissue on day 7 (left) and day 14 (right), obtained
with permission from Springer-Nature164. e)The geometrical chordmodel138, representing tis-
sue front evolution as an assembly of tensile elements. f) The predictions of a curvature-driven
growth model (using a scanning mask) on different types of geometries, obtained with permis-
sion from Springer-Nature165.

This last aspect is particularly interesting, as it allows delineating between intrinsically
curved substrates (i.e., spheres or saddles) and intrinsically flat substrates such as cylin-
ders (Figure 2.14b). On cylinders, the pre-stress is not present since an isometric trans-
formation (i.e., a transformation that does not require stretching) between a flat cell and
the cylindrical substrate is possible. On spheres and saddles, however, the cell should
locally stretch or shrink in order to conform to the substrate, a consequence of Gauss’
“remarkable theorem”21, giving rise to a pre-stress in the cell. The model, thus, dictates
that contractility in cells on cylinders (or other developable substrates) is only impeded
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by the bending of stress fibers, while cell contractility on intrinsically curved substrates
is affected by both the bending of stress fibers and a cellular pre-stress.

In a more recent numerical model, a discrete approach was employed where the
cell is modelled as a tensegrity system (i.e., a network-like structure containing isolated
compression elements stabilized by tension elements)167, using non-smooth contact
dynamics168. Several intracellular components that are important in cell mechanics
were explicitly implemented in the model, such as the cell membrane, focal adhesions,
and the different types of cytoskeletal filaments. The non-smooth contact dynamics
method treats the intracellular components as collections of rigid elements that interact
with each other through contact, cable, or spring interactions168;169. The ensemble of all
these components and their interactions then constitutes a model that, after calibration
and verification using experimental data, enables the estimation of the forces and strains
acting on all considered intracellular components in response to curved, perfectly rigid
substrates. For example, the model predicts a more stable and rounder nucleus on con-
cave (𝐾 > 0, 𝐻 < 0) than on convex (𝐾 > 0, 𝐻 > 0) hemispherical substrates, in
accordance with some single-cell experimental results55;72;168. Furthermore, the dis-
crete nature of the model enables the investigation of the relative importance of certain
cellular components (e.g., microtubules) on the overall mechanics, reminiscent of drug
targeting that has been used experimentally to inhibit certain cell components168.

Another recent discrete approach models cells on convex and concave cylindrical
substrates as a collective of a deformable cell membrane, a solid spherical nucleus, and a
string-like cytoskeletal structure170. By modelling temporary integrin-ligand bonds to
account for the cell-substrate adhesion, and by calculating the protrusion forces created
at the adhesion sites, the model aims to simulate the migration of the cells residing on
curved substrates. The purely mechanics-based model indicates that the curvature of
the substrate provides a geometrical constraint on the protrusion force direction, mean-
ing that it promotes protrusion in the longitudinal direction and consequent migration
in that direction170.

Despite capturing various experimental observations, these continuumanddiscrete
models have, thus far, primarily provided qualitative insights on cell response to curva-
ture. To a large extent, this is the consequence of the major assumptions that are neces-
sary in themodel development stage, either because the biophysicalmechanisms are not
yet fully understood, or to keep the model tractable. For example, most models assume
that cells fully conform to the curved substrates, while experimental evidence seems
to indicate that cells might lift off from some substrates72. Additionally, most models
employ a purely mechanics-based approach, neglecting various biochemical processes,
and typically consider a quasi-static situation, despite the dynamic behavior observed in
the experiments168. Nevertheless, in silico attempts at understanding curvature-guided
cell response are valuable for elucidating the importance of intracellular components,
and their value will only increase when more of the underlying physical principles are
understood and implemented.
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2.5.2 Tissue-scale models
While single-cell models could eventually lead to a deeper understanding of the

cell-scale mechanisms behind curvature-sensing, most theoretical efforts on this mat-
ter have been directed at the tissue level, often by means of phenomenological tissue
growth models that consider a continuum or interfacial evolution perspective19. In
most cases, these models are specifically used to predict bone tissue growth, although
the components of the tissue (e.g., collagen fibrils) are generally not explicitly modelled.

The simplest (and first) curvature-driven tissue growth model considers a 2D
case, simulating tissue growing progressively inwards in pores with pre-defined
cross-sectional shapes (Figure 2.14c)134. In this type of phenomenological models,
tissue is deposited only in concave regions (𝜅 ⩽ 0), at a rate (𝑑𝑠/𝑑𝑡) proportional to
the curvature (𝜆 is a growth rate constant):

𝜅 ⩽ 0 ∶ 𝑑𝑠/𝑑𝑡 = −𝜆𝜅 (2.5)
𝜅 > 0 ∶ 𝑑𝑠/𝑑𝑡 = 0 (2.6)

Despite its simplicity, this 2D growth law is able to replicate experimentally ob-
served tissue growth (in terms of the projected tissue area) in various pore types re-
markably well, showing the typical corner smoothing and the development of a circular
growth front134;137. To a first approximation, the local curvature at discrete points along
the pore can be estimated from the radius of the circumcircle that passes through each
point and its two immediate neighbors134. In a more general version of the model, the
local curvature is estimated using the Frette’s algorithm171, by sliding a circular mask
across the scaffold-medium interface on binarized images and calculating the curvature
as a function of the ratio of the pixels present on both sides of the interface138;171. This
enables the simulation of tissue growth on the digital images of as-manufactured pore
geometries, and facilitates consequent comparison with the corresponding experimen-
tal results135;138. The radius of the circular mask, defined in terms of the number of
pixels, should be chosen appropriately (e.g., in the order of the cell size), as it directly
affects the curvature estimation. Furthermore, this growth law has no intrinsic time de-
pendency. A time scaling is, therefore, necessary in order to match the experimentally
observed tissue growth rates with the simulations135;138. Considering the evolution of
the (projected) tissue-medium interface, this 2D curvature-driven growth law is in fact
equivalent to the mathematical concept of curve-shortening flow, during which points
on a smooth, closed curvemove inwards perpendicularly, at a speed proportional to the
curvature, thereby shortening the curve and decreasing the enclosed area172. Eventu-
ally, this causes convex and non-convex shapes to smoothen into a circle that uniformly
shrinks towards a single point, reminiscent of the tissue front evolution observed ex-
perimentally134;135;138;139.

The same type of growth law can be extended to 3D, by employing a spherical,
voxelized scanning mask for curvature estimation rather than a circular mask (Fig-
ure 2.14f)173. In this case, the tissue growth rate is taken to be proportional to themean
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curvature, H, of the substrate and tissue is only deposited in concavities, with H<0 (or
H>0 depending on the normal definition). Similar to the 2D case, the 3D implemen-
tation requires some fine-tuning of the mask diameter and time scale parameter, to
achieve a realistic growth behavior that matches the experimental results. Additionally,
in order to accurately model growth in the third dimension (e.g., in a 3D pore channel),
the volume scanned by the mask should progressively increase downwards, effectively
simulating themigration of cells down the pore channel173. Instead of using a scanning
mask for curvature estimation, a similar growth law could be implemented in a model
that is based on the level set method164. This is a numerical approach to track the
interface evolution between two domains, Ω𝑎 and Ω𝑏, that has applications in diverse
fields174;175. The level set function,Φ, is defined to be zero on the interface betweenboth
domains, and non-zero inside the domains. By numerically solving an advection equa-
tion of the level set function, with an advection velocity that is proportional to themean
curvature, the evolution of tissue growth can realistically be simulated, albeit some time
scaling is required to match the growth rate to the experiments. An important advan-
tage of the level set method is its intrinsic curvature evaluation, eliminating the need for
a scanning mask and the associated fine-tuning164. 3D growth models like these can
be readily applied for the in silico investigations of tissue growth on various types of ar-
tificial scaffolds, thereby facilitating the optimization of scaffold geometries in terms of
the predicted tissue growth behavior (Figure 2.14d)164;165. Essentially, the tissue evolu-
tion predicted by these 3D growth models is intimately connected to the mathematical
concept of mean curvature flow, which is a more general, higher-dimensional form of
the curve shortening flow that could describe the 2D growth models176. The fact that
mean curvature-driven growth models can capture experimental observations so well
once more supports the idea that (apparent) surface tension plays a role in tissue front
evolution, because the evolution of systems governed by surface tension, such as soap
films, has beendescribed usingmean curvature flow. Moreover, such soap-film-like sys-
tems evolve towards energy-minimizing configurations in the form ofminimal surfaces
(i.e., surfaces of zero mean curvature)20;173. Indeed, the natural structure of trabecular
bone has been found to exhibit a mean surface curvature close to zero42;43, which is
why minimal surfaces have seen a surge of interest for the design of bone-substituting
biomaterials177. While more research is needed to confirm that tissue, indeed, evolves
towards a surface with 𝐻 = 0 (recent results suggest it might evolve towards a con-
stant, non-zero mean curvature configuration178), it is clear that surface tension plays
an important role, and that models describing the interface evolution based on some
applications of the mean curvature flow can yield realistic predictions.

In addition to the phenomenological models describing the interface evolution,
attempts have been made at developing more mechanistic theories to describe tissue
growth. For example, a thermodynamically admissible growth law for volumetric tis-
sue growth can be constructed in terms of an eigenstrain that arises as new tissue is
added to the bulk179. This continuum model, thus, predicts tissue growth as a func-
tion of the stress state that would be felt by the cells in the tissue. While still requiring
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some phenomenological input, themodel can replicate the experimentally observed tis-
sue deposition in circular pores, and predicts higher circumferential stress close to the
tissue-medium interface, in line with the observations of strong actin signals at the in-
terface134;179. By extending the growth law to incorporate the surface stress in addition
to the eigenstress, the model is capable of replicating the inhibition of tissue growth on
convex as opposed to concave cylindrical substrates143. Alternatively, experimentally
observed smoothing of the substrate and tissue growth slowdown could be simulated
by modelling the changes in cell density and spreading due to curvature (volumetric
crowding), and also accounting for cell diffusion and depletion180;181.

Another mechanistic explanation builds upon a remarkably simple geometrical
analysis in 2D, yet captures experimental results surprisingly well138. By considering
the tissue as a set of stretched cells represented by straight lines with a fixed length that
span a curved substrate, the evolution of the tissue front can be visualized in a layer-
by-layer fashion (Figure 2.14e). This geometrical interpretation, while not explicitly
modelling the formation of new tissue, is supported by the frequent observations of
aligned actin filaments in pore channels and cells spanning concave spherical (𝐾 > 0,
𝐻 < 0) substrates72;134;138.

One aspect that is often not explicitly considered in these tissue growth models is
the change in fluid flow properties that occurs as tissue progresses and fills the scaffold
structure, potentially lowering the permeability and inhibiting the transport of oxygen
and nutrients. Some models, however, consider the flow-induced shear stress in addi-
tion to the effects of substrate curvature182;183. This could be useful to quantitatively
match the tissue growth predictions to in vitro experiments performed in a perfusion
bioreactor182. Moreover, such models could assist in determining how to optimize
scaffolds for tissue regeneration that balance curvature cues with a sufficient level of
permeability183. In conclusion, it should be clear that relatively simple tissue growth
laws, often based on some phenomenological applications of the curvature flow, per-
form remarkably well in predicting the shape and kinetics of tissue growth observed
in vitro, and even in vivo136. It is, therefore, expected that such models will play ever
more prominent roles in the scaffold design, especially when more of the underlying
curvature guidance mechanisms are elucidated.

2.6 Discussion
We have reviewed the experimental evidence demonstrating that both individual

cells andmulticellular tissue constructs respond to the curvature of the underlying sub-
strate, and have highlighted the dedicated theoretical models that aim to simulate this
phenomenon. By emphasizing the notions of mean and Gaussian curvature, which are
well-defined concepts from differential geometry, we hope to provide a more formal
framework to describe cell- and tissue-level curvature guidance, with the ultimate aim
of better understanding geometry-driven tissue regeneration. While many of the un-
derlyingmechanisms are still not understood, it is clear that mesoscale substrate curva-
ture should be considered as an important cue for directing the organization and kinet-
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ics of cells and tissues. The experimental and theoretical results that we have reviewed
provide some general insights into curvature guidance at the cell and tissue levels, the
most important of which are summarized below.

First, cells with pronounced stress fibers (e.g., fibroblasts) seem to avoid curvature
whenever possible. On cylindrical substrates, such cells align in the longitudinal direc-
tion (i.e., the direction of zero curvature). On the concave side of spherical substrates,
where curvature is omnipresent, cells have the option to span the substrate to avoid be-
ing curved. Even on saddle shapes, which are convex in one direction and concave in
the other, cells could span the concave part to avoid curvature as much as possible. As
such, one might use the term curvature-avoidance rather than curvature guidance64.

Second, both individually operating cells and multicellular ECM-rich tissue seem
to favor concavities (𝐻 < 0) over convexities (𝐻 > 0). This observation holds for
cylindrical-like (𝐾 = 0) as well as spherical-like (𝐾 > 0) substrates. Individual cells
seem to favor migration towards concavities and avoid convex spherical caps, unless
they are shallow. Osteoid-like tissue grows faster in concavities with higher curvature,
and hardly shows any growth on convex regions, until the moment when the local cur-
vature becomes concave due to tissue progression.

Third, tensile forces form the foundation of curvature guidance at both the single-
cell and tissue-level scales. At the cell level, actomyosin contractility in conjunctionwith
substrate geometry gives rise to a net normal force that either relieves or compresses the
nucleus, thereby enabling individual cells to sense and respond to mesoscale curvature.
The collective organization of cells in osteoid-like tissue results in a surface tension,
causing the developing tissue to exhibit a viscous fluid-like behavior that evolves to-
wards seemingly energy-minimizing configurations.

Finally, surfaces with negative Gaussian curvature (i.e., saddle shapes) are largely
unexplored in the current cell-response and tissue-growth studies, despite bearing high
physiological relevance. Most research has been performed using either developable or
spherical geometries, and the focus has been on either line curvature (i.e., the curvature
of pore cross sections), or on themean curvature. The geometries that cells encounter in
vivo are generally more complex, exhibiting wide variations of bothmean andGaussian
curvatures, rendering purely spherical and intrinsically flat shapes rather the exception
than the rule. For example, saddle shapes will emerge wherever branching and bending
of tubular structures occurs, such as in blood vessels or the respiratory system. Addi-
tionally, every outwards-bulging spherical pouch, cyst, or vessel-like structure attached
to a relatively flat tissue layer will exhibit negative Gaussian curvature at the neck region
(the transition between the flat substrate and the spherical bulge). Moreover, complex
network topologies, such as those found in trabecular bone, are known to be hyperbolic
(saddle-shaped) on average. As such, it is essential to include substrates with negative
Gaussian curvature within the spectrum of future curvature guidance studies.

Despite such general observations, it is important to emphasize that different cell
types could be expected to behave differently to substrate curvature. For example, ep-
ithelial cells and fibroblasts align differently on cylindrical substrates, attributed to a
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change in the elastic energy balance62;95. Moreover, the curvature magnitudes that can
be sensed by cells depend on the cell size. For example, MSCs might respond to cer-
tain curvature magnitudes while macrophages do not, possibly because of the smaller
sizes of the latter55. Nonetheless, it is safe to state that substrate curvatures with the
appropriate magnitude present an important cue to various types of adherent cells, and
that the response of those cells can be understood from a mechanics-based perspec-
tive. Regarding tissue growth, most research has focused on osteoid-like tissue, with
the ultimate aim of understanding scaffold geometry-guided tissue regeneration. De-
spite consistent experimental observations and promising predictions with theoretical
models, a more mechanistic understanding of tissue evolution in response to curvature
would be desirable. In this respect, it would be of interest to better link the insights
made at the level of individual cells to the tissue scale, to understand how the response
of single cells eventually gives rise to emergent tissue organization.

2.6.1 The implications for porous scaffold design
Within the field of tissue engineering, porous scaffolds are increasingly being con-

sidered for the active guidance and stimulation of the tissue regeneration process159.
The rapid advances in additive manufacturing have resulted in an unprecedented free-
dom and control in the design of 3D porous scaffolds184. As such, the curvature of
these scaffolds could be optimized to meet the various criteria that are relevant for tis-
sue engineering applications including the mechanical, mass transfer, and biological
properties. For example, scaffold curvatures could be optimized to provide a high ini-
tial tissue growth rate, yet maintain a desirable level of permeability135;165, an endeavor
that significantly benefits from efficient in silico models that consider both criteria182.
The majority of the research into geometrical scaffold design and the effects of scaffold
geometry on cell and tissue response has been directed at bone scaffolds, used in the
treatment of segmental bone defects185. This is partly because bone itself is charac-
terized by a highly complex, porous geometry, making it only natural that geometrical
cues are considered in the design of synthetic bone substitutes159. Moreover, the de-
velopments in additively manufactured bone scaffolds build upon several decades of
research into orthopedic implants, making this type of tissue scaffolds one of the most
widely studied. As such, we will focus on bone scaffolds in this section, but we em-
phasize that the same principle of involving curvature in the design process could be
applied to the other types of tissue scaffolds as well.

Although a myriad of 3D scaffold designs could be generated, such designs can
roughly be classified in two major categories: 1. strut-based, network-like scaffolds and
2. sheet-based, foam-like scaffolds, both of which could be periodic or irregular186.
The former has been widely considered for bone tissue applications, and could, for ex-
ample, be derived from space-filling tessellations of polyhedra or well-known crystal-
lographic arrangements (Figure 2.15a). Sheet-based scaffolds exhibit more complex,
smooth morphologies that could, for example, be designed using numerically simu-
lated spinodal decomposition (Figure 2.15b)187;188. From a curvature perspective, the



2.6 Discussion 55

K > 0
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Diamond lattice Truncated octahedron 
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a

Cubic lattice Gyroid sheet 
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Gyroid network 
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Stochastic network 
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a
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Figure 2.15: 3D porous scaffolds for bone tissue regeneration. a) Some examples of strut-based
scaffolds: the diamond lattice (top left), the truncated octahedron lattice (top right), and the
cubic lattice (bottom left). Lattice structures with cylindrical struts exhibit non-zero Gaussian
curvatures at the locations of the strut connections. b) Some examples of sheet-based scaffold
designs: a Neovius sheet-scaffold (top left), a stochastic network-scaffold obtained with Gaus-
sian random fields (top right), a Gyroid sheet-scaffold (bottom left), and a Gyroid network-
scaffold (bottom right). The Neovius and Gyroid scaffolds are examples of scaffolds based on
TPMS. c) Curvature-driven tissue growth predictions on the 0/90∘ scaffold used in vivo by Paris
et al.136. Tissue starts growing from the strut intersections. Obtained with permission from
Elsevier.

sheet-based morphologies offer a richer design space, whereby large variations in both
mean and Gaussian curvatures throughout the scaffold are possible. The strut-based
scaffolds, however, offer a much smaller and more discrete curvature spectrum. For
example, typical scaffolds with cylindrical struts exhibit zero Gaussian curvature and
constant (positive) mean curvature on the strut surface, and only show concave re-
gions with higher mean curvatures and non-zero Gaussian curvatures at the strut in-
tersections (Figure 2.15a). Given the experimental evidence showing very limited tissue
growth on convex regions, it could be argued that cylindrical-strut based scaffolds are
not very efficient from a curvature-guided tissue growth perspective. Indeed, in vivo
and in silico results have confirmed that tissue growth initiates from the strut intersec-



56 2 SUBSTRATE CURVATURE

tions in a simple strut-based scaffold (Figure 2.15c)136. It, therefore, seems desirable to
tune the mean and Gaussian curvatures of a scaffold in such a way to favor fast tissue
regeneration. However, there are geometrical restrictions to the possible combinations
of themean andGaussian curvatures, making it impossible to tune them independently
or to fully decouple them from the global scaffold topology. For example, constant posi-
tive Gaussian curvature can only be achieved on the surface of a sphere, while a surface
with constant negative Gaussian curvature can even not be realized in 3D Euclidean
space according to Hilbert’s theorem21. Moreover, curvature is scale-dependent, which
means that a change in the curvature must be accompanied by a change in size. How-
ever, it is primarily the connection between surface curvature and global topology that
places constraints on the ability to tune curvature distributions throughout a scaffold.
As mentioned in Subsection 2.2.1, the Gauss-Bonnet theorem dictates that the area-
integrated Gaussian curvature of a surface is proportional to the genus (number of
“handles”) of that surface. More specifically, surfaces with 𝑔 > 1 will be, in an inte-
gral sense, saddle-shaped or hyperbolic. The intricate network- or foam-like topologies
of strut- and sheet-based scaffolds have 𝑔 ≫ 1, which means that they must contain re-
gions with Κ < 0 to satisfy the Gauss-Bonnet theorem. Even the strut-based scaffolds,
in whichmost of the area hasΚ = 0 (on the strut surfaces), must contain saddle-shaped
regions to balance the integral Gaussian curvature. Indeed, saddle-shaped regions are
found at the intersections. The inherent hyperbolic nature of 3D porous scaffolds calls
for a deeper investigation into the effects of negative Gaussian curvature on cells and
tissues, yet very few studies have employed saddle-shaped substrates in single cell and
tissue growth studies so far. Nonetheless, a particular class of saddle-shaped sheet-like
morphologies, namely triply periodic minimal surfaces (TPMS), has recently started to
receive widespread attention, in part due to the curvature arguments. TPMS are peri-
odic, bicontinuousmorphologies that locallyminimize area and have𝐻 = 0 and𝐾 ≤ 0
everywhere (Figure 2.15b). It has been hypothesized that TPMS-based scaffolds could
present “biomimetic” curvature cues, due to the similar mean curvature profile that
has been observed in trabecular bone177;189;190. However, it remains unclear whether
regular TPMS or their variations could, indeed, constitute optimal “curvature-guiding”
scaffolds. In this regard, it could be questioned whether designing scaffolds based on
the structure of healthy bone (i.e., the homeostatic “end-state”), is an effective strategy
towards fast regeneration of new tissue191.

2.6.2 Opportunities for 4D printing
While 3Dprinting enables the fabrication of awealth of complex porous geometries,

emerging 4D printing technologies have recently started to receive considerable interest
too. 4D printing adds time as another dimension to conventional 3D printing, resulting
in structures that can change shape over time, typically by employing stimuli-responsive
materials192–194. Since inception, 4D printing (or shape-shifting in general) has been
considered as a novel platform for biomedical applications195–197, opening new avenues
towards encapsulation87;198, biomedical devices199;200, shape-changing scaffolds201;202,
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or 2D-to-3D fabrication of cellular solids203;204. In the light of the curvature guidance
principles discussed here, shape-shifting could enable temporal control over the geo-
metrical environment of cells and tissues, in order to guide their evolution. For exam-
ple, stimuli-responsive materials can be used to develop shape-changing substrates that
allow for dynamic spatio-temporal control over the single-cell environment205. This
might, for example, be useful to endow stem cells with a history of curvature cues that
could affect their fate, as the lineage commitment of stem cells has been shown to be
influenced by their past physical environments206;207. Furthermore, precisely pattern-
ing mesenchymal stromal cells in a collagenous ECM gel enables spontaneous in vitro
tissue shape-shifting, reminiscent of the complex shape formation observed during in
vivo development208. While 4D printing for tissue engineering is still in its infancy, it is
expected that the ability to change the local geometry (i.e., curvature) of the cellular en-
vironment with time could offer novel pathways to enhance the guiding and stimulating
functions of tissue scaffolds.

2.6.3 Outlook
We already mentioned that a limited number of different substrate geometries has

been employed in many single cell studies, often involving cylindrical or spherical
shapes. This could, in part, be explained by the challenges associated with the
microfabrication of cell-scale substrates. For example, most early studies resorted to
cylindrical wires57;61–63 to present the cells with a curved environment. However,
rapid advances in microfabrication techniques, including micromachining55;209, soft
lithography210;211, and two-photon polymerization212;213 are enabling the robust
fabrication of curved cellular environments with unprecedented design freedom214.
Consequently, these technologies are expected to facilitate more in-depth studies of
cell response to the various types of substrate curvatures. For example, they could
allow for the investigation of cell response to developable surfaces other than cylinders
(e.g., cones or tangent developables), which also have zero Gaussian and non-zero
mean curvature. Given the observed behavior on cylinders, it is expected that cells
align in the zero-curvature direction on all types of developable surfaces. In addition
to those specific types of substrates, curvature guidance studies could in general benefit
from a broader spectrum of curved substrates, such as symmetric and non-symmetric
saddles, ellipsoidal shapes, and other curvature landscapes with variations in mean
and Gaussian curvatures. The same rationale at a larger scale applies to the tissue level,
where additively manufactured scaffolds with precise curvature fields would be useful
tools for investigating the curvature-guided tissue growth. In this regard, sheet-based
scaffolds with controllable curvature profiles (e.g., structures based on triply periodic
constant mean curvature surfaces215), hold the most promise.

2.7 Conclusion
In conclusion, we reviewed the recent evidence that demonstrates the role of

mesoscale substrate curvature on cell and tissue responses. By invoking the formal
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curvature descriptions provided by differential geometry (i.e., mean and Gaussian
surface curvatures), we hope to equip the reader with a more univocal framework
to describe cell and tissue-level curvature guidance. We highlighted that much of
the emergent organization and dynamics in response to substrate curvature could be
explained from a mechanics perspective, involving actomyosin contractility on the cell
level and surface tension on the tissue level. Moreover, experimental observations of
tissue growth on 3D scaffolds can be replicated surprisingly well using phenomeno-
logical growth models that are reminiscent of the mathematical concept of curvature
flow. While the underlying mechanisms are not yet fully uncovered and experimental
evidence involving a broader curvature spectrum is necessary, the experimental and
computational insights that we have reviewed show that substrate curvature should,
indeed, be considered as an important cue in regulating cell response and guiding tissue
growth. These curvature guidance principles could have far-reaching implications not
only in understanding morphogenesis, defect healing, and bone remodeling, but also
in the design of tissue engineering scaffolds and regenerative medicine therapies.

2.8 Supporting information
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3
COLLECTIVE BONE CELL

ORGANIZATION IN COMPLEX
CURVATURE FIELDS

Individual cells and multicellular systems have been shown to respond to cell-scale
curvatures in their environments, guidingmigration, orientation, and tissue formation.
However, it remains unclear how cells collectively explore and pattern complex land-
scapes with curvature gradients across the Euclidean and non-Euclidean spectra, partly
owing to fabrication limitations and the lack of formal geometric considerations. Here,
we show that micro-engineered substrates with controlled curvature variations induce
the collective spatiotemporal organization of preosteoblasts. By leveraging mathemati-
cal surface design and a high-resolution free-form fabrication process, we exposed cells
to a broad yet controlled, heterogeneous spectrum of curvature fields. We quantified
curvature-induced spatial patterning at different time points and found that cells gen-
erally prefer regions with at least one negative principal curvature. We also show that
multicellular cooperation enables cells to venture into unfavourably-curved territories,
bridging large portions of the substrates, and collectively aligning their stress fibres. We
demonstrate that this behaviour is partly regulated by cellular contractility and extracel-
lular matrix development, underscoring the mechanical nature of curvature guidance.
Our findings offer unifying perspectives on cell-geometry interactions that could be
harnessed in the design of micro-engineered biomaterials, for example, for tissue engi-
neering applications.

S. J. P. Callens, D. Fan, I. J. van Hengel, M. Minneboo, L. E. Fratila-Apachitei, A. A.
Zadpoor, Emergent collective organization of bone cells in complex curvature fields,

bioRxiv, 2020. (in revision)
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3.1 Introduction
The dynamic, bidirectional interactions between cells and their intricate environ-

ment orchestrate tissue morphogenesis, homeostasis, and repair, and are implicated in
numerous diseases1–3. The complexity of the extracellular environment is not only due
to its diverse and heterogeneous composition but is also caused by its hierarchical spa-
tial structure that imposes geometrical constraints on the force-generating cells4;5. Cells
have long been known to sense such geometrical cues at subcellular scales6;7, yet recent
evidence shows that geometrical features at much larger scales also affect cell migra-
tion, differentiation, and fate, as well as tissue shape and growth kinetics8. Unravelling
this interplay between cells and the shape of their surroundings is key to advance the
design of artificial scaffolds and biomaterials, where geometry can be harnessed as a
micro-engineered cell cue9–11.

From a mathematical viewpoint, the local geometry of the extracellular environ-
ment can be fundamentally characterized using the concept of surface curvature12.
In recent years, numerous studies have begun to address the role of cell-scale curva-
ture on the dynamics and organisation of cells and tissues. Indeed, curvature guidance
has been observed in the directional migration and preferential orientation of a vari-
ety of individual cells and multicellular monolayers13–17. Moreover, various cell types
have expressed an overall preference for local concavities as opposed to convexities18;19.
Biophysical models have suggested key roles for cytoskeletal contractility and nuclear
deformation in this large-scale curvature sensation, generally implying that cells with
pronounced stress fibres avoid bending and search for relaxed configurations20–23. De-
spite the availability of such pioneering findings, it remains elusive how cells behave in
more complex curvature landscapes. Early studies typically resorted to substrates with
limited architectural complexity, involving cylindrical wires13;24;25 or patterned hemi-
spherical substrates26;27, precluding many physiologically-relevant geometries, includ-
ing saddle shapes or sharp curvature transitions. Moreover, the mathematical descrip-
tions of the surface curvature have not received much attention, hampering the de-
velopment of a unified, unambiguous theory of cell-scale curvature guidance. Indeed,
many studies have considered only a single class of curved substrates24;25, or have re-
lied exclusively on the concepts of convexity and concavity instead of the fundamental
definitions of curvature as described by differential geometry19;26.

Here, we adopt a geometry-centred perspective and demonstrate collective spa-
tiotemporal cell organization in precise environments with varying curvature distribu-
tions. To this end, we designed several substrates, derived frommathematically-defined
surface families, covering a wide range of cell-scale types of curvature variation. Using
high-resolution multiphoton lithography (i.e., a 3D printing technique with submicron
resolution) and replicamoulding, we fabricated chips onwhichwe culturedmurine pre-
osteoblasts for several days. Our focus on bone-like cells was motivated by the ongoing
quest for geometrically-optimized biomaterials that enhance bone tissue regeneration.
While previous studies have either focused on individual cell behaviour at short time
scales14;19 or on tissue-level performance in larger-scale environments28–30, we studied
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curvature guidance at the intermediate time points where cells collectively pattern their
environment and establish a template for bone-like tissue formation. By mapping 3D
confocal microscopy data to the underlying curvature distributions, we explored the
rules for emergent collective cell patterning. Specifically, we found that the curved-to-
planar transitions, often ignored in earlier studies, are highly attractive to cell collectives
and that cell sheets spontaneously detach from certain curved regions, thereby altering
the extracellular geometry sensed by new cells. Moreover, we studied curvature-guided
stress fibre orientation and investigated the important role of contractility in collective
curvature guidance. Our results provide unifying perspectives on curvature-driven col-
lective cell organization, paving the way towards the geometric optimization of micro-
engineered environments.

3.2 Materials andmethods
3.2.1 Design of curved substrates

Curved substrates were designed in MATLAB (MATLAB 2018b, Mathworks, Nat-
ick,MA,USA) and SolidWorks (Dassault Systèmes, Vélizy-Villacoublay, France). In the
case of axisymmetric substrates, the generatrix curves were generated in MATLAB us-
ing the parametrizations provided in Subsection 3.5.1. The curves were then imported
into SolidWorks and 𝜋-revolutions around the central axis were generated, resulting in
convex half-surfaces of revolution. Next, end-caps and a rectangular bottom layer (with
20 𝜇m thickness) were added to convert the surfaces to printable solids. Additionally, a
sinusoidal cylinder substrate was directly designed in SolidWorks, by sweeping a hemi-
circular cross-section along a sinusoidal guiding curve. The corresponding substrate
designs were exported in the STL format, to prepare them for the printing process.

3.2.2 Fabrication and functionalization of PDMS substrates
Mould masters were fabricated using a two-photon lithography 3D printer (Nano-

scribe GT2, Nanoscribe GmbH, Karlsruhe, Germany). A silicon substrate was cleaned
with isopropanol (IPA, Merck KGaA, Darmstadt, Germany) and was treated with oxy-
gen plasma (Femto, Diener electronic GmbH + Co. KG, Ebhausen, Germany) to im-
prove its adhesion. A droplet of IP-S acrylate-based resin (NanoscribeGmbH)was drop
cast onto the substrate. Four sets of six convex master substrates were 3D printed on
the silicon substrate using a 25X objective (𝑁𝐴 = 0.8), 0.5 𝜇mhatching, 0.5 𝜇m slicing,
50 mW nominal laser power, and 50 mm/s scanning speed. To save time, an internal
support scaffold was written instead of a solid block. The structures were developed in
propylene glycol methyl ether acetate (PGMEA, Merck KGaA, Darmstadt, Germany)
for 25 minutes followed by 5 minutes of treatment with isopropyl alcohol (IPA) and
blow drying using a filtered air gun.

To perform the moulding, the master was first placed in a vacuum desiccator be-
side a glass petri dish containing a droplet of trichloro(1H,1H,2H,2H-perfluorooctyl)-
silane (Merck KGaA, Darmstadt, Germany), which subsequently coated the surface of
the master with a hydrophobic layer allowing easy future peeling of the polydimethyl-
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siloxane (PDMS) copy. PDMS (Sylgard 184, Dow Inc., Midland, MI, U.S.A.) mixed
with the curing agent at a weight ratio of 10:1 was mixed thoroughly, drop-cast on the
master, desiccated in vacuum for 30minutes to remove any air bubbles, and cured in an
oven at a temperature of 40 ∘𝐶 for 16 hours. The resulting copy was cut out by scalpel
and gently peeled off the master. Typically, 7-10 PDMS copies were made with a single
master without loss of fidelity. This single-step moulding process resulted in specimens
with concave curved substrates (imprints in the PDMS). To obtain the convex counter-
parts (protrusions), a double moulding step was performed. To this end, a PDMS copy
originating from the single-moulding operation was thermally aged in an oven at 100
∘𝐶 for 48 hours31. This PDMS substrate was consequently used as a new mould for the
second moulding stage, which was performed in the same way as before. After curing,
the second PDMS could easily be peeled off the PDMS mould, without loss of fidelity.
The quality of the single-step and two-step PDMS moulding processes was verified us-
ing a scanning electron microscope (SEM, JSM-IT100LA, JEOL, Tokyo, Japan) with a
beam energy of 10 kV and a working distance of 12 mm. Prior to SEM imaging, the
PDMS substrates were gold sputtered (layer thickness of 5 ± 2 nm) to enhance con-
ductivity. Additionally, the quality of the replica moulding procedures was confirmed
through laser confocal scanning (Keyence VK-X 3D scanner, Keyence, Osaka, Japan)
using a 20x magnification lens.

In preparation for cell seeding, circular specimens of 8 mm diameter were punched
from the PDMS copies. Next, the specimens were sterilized inside an oven at 110 ∘𝐶

for 1 hour. To reduce the inherent hydrophobicity of PDMS and facilitate substrate
wetting, the specimens were subsequently treated with oxygen plasma (Femto, Diener
electronic GmbH + Co. KG, Ebhausen, Germany) for 3 minutes. Then, the PDMS
specimens were transferred to a 48-well plate, washed twice with 10× PBS, submerged
in a solution of 50 𝜇g/ml bovine fibronectin (Sigma-Aldrich, St. Louis, MO, USA), and
incubated at 37 ∘𝐶 and 5% 𝐶𝑂2 for 30 minutes to functionalize the PDMS surface and
promote cell adhesion. After the removal of the fibronectin solution, the specimens
were thoroughly washed with 10 × PBS.

3.2.3 Cell seeding and culture
Prior to cell seeding, murine preosteoblasts (MC3T3-E1, Sigma-Aldrich, St. Louis,

MO, USA) were cultured for 7 days in minimum essential medium (𝛼-MEM, Sigma-
Aldrich) with the addition of 10% fetal bovine serum and 1% penicillin-streptomycin
(both fromThermoFischer Scientific,Waltham,MA,USA).Themediumwas refreshed
every 2 to 3 days. In all the experiments, approximately 5 ×103 cells were seeded on
the fibronectin-coated PDMS specimens in 250 μl culture medium, which were then
cultured for up to 8 days at 37 ∘𝐶 and 5% 𝐶𝑂2 with the medium being refreshed every 2
to 3 days. To induce osteogenic differentiation, the culture medium was supplemented
with 4mM𝛽-glycerophosphate and 50𝜇g/ml ascorbic acid (both fromSigma-Aldrich),
starting from day 3. In the experiments where differentiation was inhibited, the cells
were cultured in the standard culture medium throughout the entire duration of the
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experiments (i.e., without the addition of ascorbic acid or 𝛽-glycerophosphate). In the
experiments with enhanced cell contractility, 1 ng/ml of TGF-β3 (Sigma-Aldrich) was
added to the culture medium on day 3 and this concentration was maintained through-
out the remainder of the experiments. To inhibit cell contractility, the culture medium
was supplemented with 10 𝜇M of blebbistatin (Sigma-Aldrich), which was also main-
tained throughout the remainder of the experiments.

3.2.4 Immunostaining
Immunostaining was performed at different time points (days 3, 5, and 8). The

specimens were washed twice in 10 × PBS and fixated in 4% formaldehyde/PBS for
15 minutes at room temperature. Next, the specimens were washed with 1 × PBS and
the cells were permeabilized in 0.5% Triton/PBS at 4 ∘𝐶 for 5 minutes, followed by in-
cubation in 1% BSA/PBS at 37 ∘𝐶 for 5 minutes. To stain for F-actin, the specimens
were incubated in 1% BSA/PBS with rhodamine phalloidin (1 ∶ 1000, Thermo Fischer
Scientific). Afterwards, the specimens were washed 3 times for 5 minutes with 0.5%
Tween/PBS at room temperature, followed by washing for 5 minutes with 1 × PBS at
room temperature. The specimens were subsequently mounted in a glass-bottom dish
using a droplet of ProLong Gold antifade reagent with 4’,6-diamidino-2-phenylindole
(DAPI, Thermo Fischer Scientific) to stain the chromatin cargo in the nuclei. The spec-
imens that were also stained for RUNX2 followed a similar protocol, involving a first in-
cubation step with anti-RUNX2 primary antibody (Abcam, Cambridge, UK) followed
by Tween/PBS washing and a second incubation step with Alexa Fluor 488 conjugated
secondary antibody (Thermo Fischer Scientific).

3.2.5 Confocal imaging
Fluorescence confocal laser scanning microscopy (CLSM) was performed using a

Nikon Eclipse Ti inverted confocal microscope (Nikon, Tokyo, Japan) with a Nikon
Plan Apochromat 𝜆 10x objective (0.45 NA). The images were acquired using 2 or 3
laser lines with excitation wavelengths of 405 nm (DAPI), 488 nm (Alexa Fluor 488),
and 561 nm (Rhodamine-phalloidin) with the detection windows set accordingly. Z-
stacks were obtained at an xy-resolution of 0.60 × 0.60𝑚𝑢m and a z-spacing of 1 𝜇m
(for specific cases) to 5 𝜇m (nominal cases). The acquisition in the different channels
was performed sequentially to minimize inter-channel cross-talk.

3.2.6 Preparation of stack projections and curvature maps
Maximum intensity projections were obtained from the image stacks using Fiji32.

A custom image registration script in MATLAB was used to select a rectangular re-
gion of interest (ROI), defined by the bottom layer of the curved substrates, and crop
the image to the ROI. The resulting image was subsequently rotated to align the rect-
angular ROI in the vertical direction. To assess the relationship between the confocal
image data and the curvature of the underlying substrate, curvature maps were created
inMATLABusing the parametrizations provided in Subsection 3.5.1. The transition re-
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gion between the curved substrates and the flat surroundings was assigned a radius of
curvature of 15 𝜇m to account for the local concavity that this narrow region presents.
The curvature maps were defined as pixelated images, matching the resolution of the
corresponding confocal images, enabling a pixel-by-pixel comparison of the confocal
data and the curvature. The principal curvatures were non-dimensionalised by multi-
plying with the radius of the spherical substrate (leading to 𝜅1 = 𝜅2 = 1 for the convex
spherical substrates).

3.2.7 Actin frequencymaps
To create actin frequency maps, several images belonging to the same experimental

group were split into periodic units and superimposed in MATLAB. First, the intensity
was normalized with respect to the mean intensity of the image. All the images within
the same group were then summed. Finally, the images were split into periodic units
and summed again to create the final frequency map.

3.2.8 Intensity quantification and distancemaps
Theactinmaximum intensity projectionswere normalizedwith respect to themean

intensity and were converted to grayscale. Using customMATLAB scripts, every image
was rasterized (downsampled) into a set of “superpixels”, where the intensity of each
superpixel is the average of all the pixels it is composed of. Through this rasterized
approach, the intensity variations are considered for local neighbourhoods (better cor-
responding to the scale of the cells), rather than at the individual pixel level. The size of
the superpixels is mentioned in figure captions. Distance maps were created by bina-
rizing the curvature maps of the minimum principal curvature (𝜅2). These binarized
curvature maps were used to compute the Euclidean distance transform for which ev-
ery pixel was assigned a value depending on its distance from the nearest point with a
negative minimum principal curvature. To assign a higher weight to the regions with
𝜅2 > 0 than regions with 𝜅2 = 0 (corresponding to the observed relative preference
of the cells for the latter as opposed to the former regions), the final distance map was
defined as the average of two distance maps: a map representing the distance to points
with 𝜅2 ≤ 0 and a map with the distance to points with 𝜅2 < 0.

3.2.9 Quantification of cell sheet detachment on concave spheres and
cylinders

To quantify the amount of cell sheet displacement and anchor density, the actin
z-stacks were first cropped to a square ROI and then resliced from the top with 5 𝜇m
spacing in Fiji. Using custom scripts inMATLAB, themiddle image of the resliced stack
was selected, the detached cell sheet was traced, and the maximum displacement of the
sheet with respect to the endpoints of the sheet was quantified. The anchor density
was quantified by masking and binarizing the region below the detached sheet in the
resliced stacks. Consequently, the density of the actin voxels in the binarized image
stack was determined. 3D reconstructions of the confocal stacks were generated using
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the open-source Fiji plugin 3Dscript33.

3.2.10 Quantification of stress fibre orientation
To determine the dominant stress fibre orientation in an ROI, a custom script based

on the Fast Fourier Transform (FFT) was implemented, similar to a previously reported
method34. Details of the implementation are provided in Subsection 3.5.2 and Fig-
ure 3.16. Briefly, the approach involved computing the power spectrum of the FFT
applied to a grayscale ROI and detecting the orientation of the dominant band of the
elevated power values in the spectrum. This orientationwas then converted to the dom-
inant orientation in the grayscale image. The orientation analysis was applied to every
sub-image in the rasterized images. For all the structures, the maps of both principal
directions were created (similar to the curvature maps described before). The DA be-
tween the SF and the first principal direction (pd, corresponding to 𝜅2) was defined
as:

𝐷𝐴 = 1 −
∠ (𝑠𝑓, 𝑝𝑑)

90
(3.1)

where ∠(𝑠𝑓, 𝑝𝑑) ∈ (0, 90) indicates the angular difference between the SF and the
principal direction.

3.2.11 Statistical analysis
All statistical analyses were performed using GraphPad Prism 8 (GraphPad Soft-

ware, CA, USA). For all the relevant figures, the type of the data presented, the choice
of the statistical tests, and the significance levels are all indicated in the corresponding
figure captions.

3.3 Results
3.3.1 Development of cell substrates with controlled curvatures

Wefirst set out to design substrates that would expose cells to a broad, yet controlled
spectrum of curvatures. A complete description of surface curvature requires two in-
dependent curvature measures. The most common choices are either the two princi-
pal curvatures (i.e., the maximum and minimum curvatures, 𝜅1 and 𝜅2, respectively),
or the pair of the mean (𝐻 = 1/2(𝜅1 + 𝜅2)) and Gaussian (𝐾 = 𝜅1𝜅2) curvatures
(Figure 3.1a). We explored different surface families based on their mean and Gaus-
sian curvature profiles, and focused on axisymmetric surfaces, as these could readily
be converted to printable substrates. The first geometry that we selected was the un-
duloid, which is a simply-periodic surface family with constant, non-zero mean curva-
ture. An unduloid interpolates between a cylinder and a string of connected spheres,
depending on its specific parametrization (Supplementary Movie 135)36. This inter-
polative nature enabled us to select a cylinder, a set of spheres, and an intermediate
unduloid all of which with the same (constant) mean, yet different Gaussian curvatures
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Figure 3.1: Design and microfabrication of curved cell substrates. a) Local surface geometry
defined in terms of the principal curvatures, 𝜅1 and 𝜅2, and the Gaussian curvature, K. b) The
surface profiles (top view) used to design curved cell substrates. The first five surfaces are sur-
faces of revolution (the dotted line is the rotation axis), while the last surface is obtained by
sweeping a circle along a sinusoidal path (dotted line). c) SEM image of a PDMS sample with
imprinted (concave) substrates. Scale bar represents 200 𝜇m. d) Projected curvature maps for
the six types of substrates, displaying repetitive unit cells. The top and bottom rows represent the
normalized mean and Gaussian curvatures, respectively. From left to right: cylinder, catenoids,
pseudospheres, spheres, unduloid, and sinusoidal cylinder. The curvatures are visualized for the
convex substrate variants. For the concave substrates, the mean curvatures are equal in magni-
tude but opposite in sign. The Gaussian curvatures remain the same.

(Figure 3.1b,Figure 3.1d). Next, we selected two saddle surfaces (i.e.,𝐾 < 0): the pseu-
dosphere, having constant negative Gaussian curvature (as opposed to a sphere with
constant positive Gaussian curvature), and the catenoid, having constant zero mean
curvature (i.e., a minimal surface). Since these surfaces are not simply-periodic by na-
ture, we designed strings of repeating pseudospheres and catenoids, in accordance with
the other surfaces (Figure 3.1b). Finally, we included a sinusoidally-deformed cylinder.
In contrast to a normal cylinder (𝐾 = 𝜅2 = 0), this deformed variant is enriched with
alternating regions of positive and negative Gaussian curvatures (Figure 3.1d).
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We sized the surfaces to appropriate cell-scale dimensions, based on previous stud-
ies14;19, and used them as templates for half-revolution master moulds that were 3D
printed using two-photon polymerization (2PP). Single- and two-step replica mould-
ing with poly(dimethylsiloxane) (PDMS) provided us with precisely curved cell culture
environments, consisting of both concave imprints (𝐻 < 0) and convex protrusions
(𝐻 > 0) of the same surfaces (Figure 3.1c and Figure 3.2). By using both the concave
and convex variants, we could significantly expand our total curvature spectrum, as
these substrates feature the same Gaussian curvatures, yet opposite mean curvatures.

2PP-printed mould Thermally-aged PDMS mould

PDMS moulding

curing & demoulding

punching

Figure 3.2: Fabrication of the PDMS substrates with curved imprints (concave, left column) or
protrusions (convex, right column). Left: A master-mould containing four sets of curved sub-
strates (protruding halves of the surfaces of revolution) was fabricated using 2PP. Next, PDMS
counter-moulding was performed and circular specimens were stamped and prepared for cell
culture. Right: A PDMS mould with imprinted substrates was thermally aged and used as a
master-mould for moulding specimens with protruded (convex) substrates. The illustration is
not shown to scale.

3.3.2 Murine preosteoblasts prefer regions with negative minimum
principal curvature

To investigate curvature-guided spatiotemporal cell patterning, we culturedmurine
preosteoblasts (MC3T3-E1) on the curved substrates for several days. This cell line has
been used before in the context of curvature-driven tissue growth30;37. After 5 days, we
observed confluent layers on the planar regions and curvature-dependent patterning
on the non-planar regions (Figure 3.3a). After 8 days, this trend continued and large
cell collectives were found to differentially cover the substrates. The frequency maps of
the spatial actin distribution, created by superimposing confocal image projections, re-
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Figure 3.3: Collective spatiotemporal cell patterning on curved substrates. a) Normalized actin
intensity, measured along the centreline, varies as a function of the principal curvatures 𝜅1 and
𝜅2. The intensity profiles are obtained frommultiple specimens (𝑛 > 3) for the convex unduloid
(left) and convex pseudosphere (right) substrates (see also Figure 3.17). b) Normalized actin
intensity versus the sign of 𝜅2 for convex substrates on day 8. 100 random data points for each
category were sampled from all the available data (superpixels of 80 × 80 pixels). The data
are shown as violin plots with median and interquartile range. Welch’s ANOVA with Games-
Howell’s multiple comparisons test: ∗∗ 𝑝 < 0.01, ∗∗∗∗ 𝑝 < 0.0001. c) Heatmap of themedian
normalized actin intensity vs. the two normalized principal substrate curvatures ̃𝜅1 and ̃𝜅2 for
all substrates on day 8. The data points are obtained by rasterizing the projected confocal images
in elements of 20 by 20 pixels.

vealed strong differences in the patterning on the concave (𝐻 < 0) and convex (𝐻 > 0)
variants of the substrates (Figure 3.4, Figure 3.18 and Figure 3.19). Uniform cell cover-
age was observed in the concave substrates, while the convex variants exhibited distinct
regions with high and low actin intensities. On these convex substrates, we found more
coverage on the hyperbolic regions (saddle-shaped, 𝐾 < 0) than on the elliptical re-
gions (sphere-like, 𝐾 > 0), as exemplified on the unduloid substrate with a constant
mean and varying Gaussian curvatures (Figure 3.3a andFigure 3.4). On the convex
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catenoids and pseudospheres (𝐾 < 0), we observed full cell coverage along the entire
substrate, except for the sharp (locally elliptic) transition regions between the saddles.
Moreover, we consistently found high cell densities at the transition regions between
the convex structures and their planar surroundings, while the reverse was observed
at the concave-to-planar transitions. Taken together, these observations demonstrate
the collective preference of the cells to pattern regions where the minimum principal
curvature is negative (i.e., 𝜅2 < 0), which includes all regions with at least one concave
direction (Figure 3.3b). This translates to regions with either 𝐾 < 0 (saddle shapes),
or 𝐾 ≥ 0 combined with 𝐻 < 0 (e.g., concave spheres). Indeed, the convex-to-planar
transitions, that feature strong cell attraction, are also characterized by 𝜅2 < 0. This
general preference for 𝜅2 < 0 was confirmed when considering the mean actin inten-
sity across the full curvature spectrum presented to the cells, showing higher intensities
for regions with a negative minimum principal curvature (Figure 3.3c). Nevertheless,
the frequency maps and the intensity plots also show that cells do not entirely avoid
unfavourably-curved regions. For example, substantial regions of the spherical sub-
strates were covered with cells, despite the constant positive 𝜅2, suggesting a collective
ability to conquer such less favourable curvatures.

3.3.3 Distance to 𝜅2 < 0 characterizes spatial cell patterning
We hypothesized that the presence of cells on the convex regions with 𝜅2 ≥ 0,

which was more apparent on day 8 than on day 5, was caused by a collective crowding
effect, whereby cells expand from preferentially curved regions into less favourable ter-
ritory. To investigate this, we created distance maps, quantifying the shortest distance
to a region with 𝜅2 < 0 for every point on the substrate.

low highIntensity (a.u.)

Figure 3.4: Frequency maps displaying spatial actin patterning on day 8. The data is obtained
by stacking periodic units from multiple images (𝑛 > 15) for both the convex (left column)
and concave (right column) variants of the six substrates (see also Figure 3.18 and Figure 3.19).
The scale bars represent 100 𝜇m.

For the convex cylinder, unduloid, and spherical substrates, which all contain sub-
stantial regions with 𝜅2 ≥ 0, we observed that the distance maps closely resemble the
spatial distribution of cells (Figure 3.4, Figure 3.5). This observation was quantified
by plotting the normalized intensity versus the distance value (termed 𝛿𝜅2<0), clearly
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demonstrating a reduction in intensity for increasing distance (Figure 3.5). The effect
is particularly clear on day 5, where the intensity rapidly drops off to zero in all three
cases. On day 8, the rate of intensity reduction is lower, as cells have collectively ven-
tured onto all regions of the substrate, albeit at a lower density for higher 𝛿𝜅2<0. We,
therefore, found that, at long enough time scales, the cells can collectively conquer cur-
vatures that are not initially attractive. In this regard, it is not the instantaneous curva-
ture that governs cell patterning, but rather the presence of a region with 𝜅2 < 0 in the
vicinity.
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Figure 3.5: Normalized actin intensity reduces with increasing distance to the closest region
with 𝜅2 < 0 (𝛿𝜅2<0). The data are shown for three convex substrates (𝑛 > 3) and two time
points (day 5 and day 8). The solid line represents the median value, while the shaded areas
correspond to the interquartile range. The r-values represent the Spearman’s correlation coeffi-
cients. Mann-Whitney U tests: ∗∗ 𝑝 < 0.01, ∗ ∗ ∗∗ 𝑝 < 0.0001. The bottom row depicts the
Euclidean distance maps for the three considered (convex) substrates.

3.3.4 Cells collectively detach from large regions with 𝜅2 < 0
Closer inspection of the image stacks on the concave substrates revealed that cells

do not uniformly fill the concavities, but form suspended cell sheets that span the en-
tire curved region while remaining anchored to the substrate through cell bridges (Fig-
ure 3.6 and Supplementary Movie 235). As demonstrated on a spherical substrate (Fig-
ure 3.6b), the establishment of a detached sheet begins with the individual exploration
and spreading of cells in the spherical well. After 5 days, the cell density is high enough
for the cells to link up and exert tensile forces to each other, enabling them to lift off the
substrate and form bridges. After 8 days, the bridging cells have coalesced into sheets
that span the entire concavity, while cell bridges underneath the sheet form anchors
to the substrate. These phenomena were not exclusive to the spherical substrates but
were observed in all concave substrates after 8 days, across the entire substrate length
(Figure 3.6c). Curvature-induced cell bridging has also been observed in individual
mesenchymal stromal cells (MSCs)8;38, and cell sheet detachment has been reported
in smooth muscle cells39 and cardiomyocytes40 seeded in microgrooves, though along
shorter lengths than we have observed.

When evaluating cell sheet detachment across specimens, we observed a variation
in the vertical sheet displacement (Δℎ in Figure 3.7). To discern whether this was re-
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Figure 3.6: Curvature-induced cell bridging and cell sheet detachment. a) Cell sheet bridging
over a concave spherical substrate (𝐾 > 0, 𝐻 < 0). The 3D reconstruction in the top left
panel displays the full coverage of the spherical well, while the cut-away views demonstrate the
anchoring cell bridges that connect the sheet to the substrate (see also Supplementary Movie
235). b) Maximum intensity projections and cross-sectional views on spherical wells at days
3, 5, and 8, showing the temporal evolution of bridge formation and sheet detachment. On
day 3 (left panel), the cells spread and individually explore the spherical substrate. On day 5
(middle panel), the cells start to link up and form bridges, thereby detaching their body from
the substrate. On day 8 (right panel), the cells form detached sheets that completely cover the
concave well and are anchored to the substrate through clear cell bridges. c)Maximum intensity
projections and cross-sectional views, showing the formation of cell sheets on the other concave
substrates. From left to right: cylinder, pseudospheres, catenoids, unduloid, and sinusoidal
cylinder.

lated to the presence of anchors, we calculated Δℎ and the anchor density below the
sheet for standard experiments on spheres and cylinders, as well as for the experiments
with up- or downregulated contractility (see Subsection 3.3.6). As expected, we ob-
served a positive correlation between Δℎ and the anchor density (Spearman’s 𝑟 = 0.77
for the cylinders and Spearman’s 𝑟 = 0.72 for the spheres). We also looked for evidence
of cell sheet detachment on the convexly curved substrates. We observed cell sheet de-
tachment at the convex-to-planar transition (𝜅2 < 0) on all convex structures, though
most notably on the sinusoidal cylinder (Figure 3.8). Interestingly, we found that sheet
detachment is much more pronounced at the concave side of a substrate bend, exhibit-
ing a detached sheet that departs from the top of the substrate and is suspended over
a distance that is 4 times longer than at the convex side of the bend (Figure 3.8 and
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Supplementary Movie 535). At the concave side, the cells collectively sense the concav-
ity of the transition region (𝜅2 < 0) as well as the overall concavity of the substrate
(𝜅1 < 0). The combination of these curvatures (𝐾 > 0, 𝐻 < 0) appears to stimulate
the formation of a substantial detached cell sheet, suspended over a large region of the
planar surroundings.
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Figure 3.7: Quantification of cell sheet displacement (Δℎ) in relation to the anchor density for
concave cylindrical substrates (left graph) and concave spherical substrates (right graph). The
r-value indicates the Spearman’s correlation coefficient; ∗ ∗ ∗∗ 𝑝 < 0.0001. The data from the
cells treated with TGF-𝛽 and blebbistatin are also included in these graphs.

3.3.5 Curvature induces collective stress fibre orientation
We next asked how curvature affects the collective orientation of stress fibres (SF)

on our substrates. While curvature-induced orientation has been observed in indi-
vidual cells13;41, cells in monolayers and in developing tissues have shown to cooper-
atively sense weaker curvature fields15;30. From a differential geometric perspective, it
is interesting to compare the orientation of SF to the principal directions of the curved
substrates, which are the directions along which 𝜅1 and 𝜅2 occur (Figure 3.9b and Fig-
ure 3.20). The cells with pronounced SF have been previously found to align along the
direction of minimum principal curvature (𝑃𝜅2), which is often attributed to the ten-
dency tominimize the bending energy of SF13;20. We calculated the degree of alignment
(DA, see Materials and Methods) between the SF and 𝑃𝜅2 on the convex substrates. The
spherical substrates were excluded, since the principal directions are not defined for
spheres (𝜅1 = 𝜅2). The strongest DA was observed on the cylinders, showing the col-
lective orientation of SF along the zero-curvature direction (𝜅2 = 0) (Figure 3.10a).
While the cells were also found to align well with 𝑃𝜅2 on the unduloid, this was not
found to be the case for the pseudospheres and catenoids. On those saddle-shaped sub-
strates, the DA distributions indicate a lower overall alignment with 𝑃𝜅2 , yet the peaks
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Figure 3.8: Cell sheet detachment also occurs at local concavities on predominantly convex
substrates, as demonstrated for the convex sinusoidal cylinder. The top right panel displays a
maximum intensity projection and cross-sectional views, while the bottom panels display 3D
reconstructions (full view on the left, cut-away view on the right). All scale bars represent 50
𝜇m.

at𝐷𝐴 = 0 suggest some alignment with 𝑃𝜅1 (𝑃𝜅1 and 𝑃𝜅2 are orthogonal). Interestingly,
the cells on the sinusoidal-cylinder were found to collectively align, yet with some de-
viation from the principal direction 𝑃𝜅2 (𝐷𝐴 ≈ 0.7). We attribute this deviation to a
bypassing effect, whereby SF follow the sinusoidal orientation of the substrate to some
extent, but exhibit a collective resistance to change their orientation in response to the
alternating curvatures.

On the concave substrates, where the cells coalesced in detached sheets, we also
observed the collective alignment of SF. In the channel-like substrates (i.e., cylinder,
unduloid, catenoids, and pseudospheres), we found a strong longitudinal preference,
typically exemplified by the presence of a central SF bundle (Figure 3.9c, Figure 3.10b).
This longitudinal preference was attributed to a confinement effect42, where cell crowd-
ing in the detached sheet induces collective alignment after 8 days. Indeed, we did not
observe longitudinal alignment in the concavities after 5 days, when cells were forming
randomly-oriented local bridges (Figure 3.21b). Considering the concave sinusoidal
cylinder, we observed SF bundles that trace a lower-amplitude sinusoidal path than the
original substrate (Figure 3.9d). This path is reminiscent of the shape that a tensioned
string confined to a sinusoidal channel would adopt, implying a role for actomyosin
contractility in the collective orientation of SF.

Finally, we investigated the SF orientation in the regions where the superimposed
layers of cells were observed, such as on the saddle-shaped region of the convex un-
duloid or at the saddle-shaped transition between convex spheres. Interestingly, we
found distinct SF subpopulations with orthogonal orientations on both substrates (Fig-
ure 3.11). In the lower focal planes, horizontally-oriented SF were observed, while
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Stress
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a b
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Figure 3.9: Collective stress fibre orientation on curved substrates. a) Local dominant stress
fibre orientations at day 8 on the convex pseudospheres (left) and convex cylinder (right), com-
puted for superpixels containing 80 × 80 pixels. b) Illustrations of the principal directions on
some portions of the convex unduloid (top) and convex sinusoidal cylinder (bottom). The left
and right set of lines represent the principal directions corresponding to the minimum (𝜅2) and
maximum (𝜅1) principal curvatures, respectively. c) Orientation of SF at day 8 on the concave
pseudospheres (left) and concave cylinder (right), computed for superpixels of 80 × 80 pixels.
d) Orientation of SF at day 8 on the concave sinusoidal cylinder. The right panel schematically
illustrates the presence of the central SF bundles that display a lower-amplitude wave, effectively
smoothing the geometry of the original sinusoidal substrate.

the top focal planes displayed vertically-oriented SF. In a different study, orthogonally-
oriented SF have been observedwithin individual cells on saddle shapes18. It was postu-
lated that SF above the nucleus preferentially align in the concave direction tominimize
bending, while SF below the nucleus align in the convex direction to support cell mi-
gration. Based on these observations, we hypothesize that lower SFs align in the convex
direction when cells migrate onto the substrate from both sides and form mechanical
connections. Once these regions have been conquered, new cells can align in the con-
cave direction to minimize bending.
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Figure 3.10: a) Probability density distributions (PD) of the degree of alignment (DA) of the
SF with respect to the first principal direction (corresponding to 𝜅2) on the convex substrates.
When 𝐷𝐴 = 1, the stress fibres are perfectly aligned with the first principal direction. Data
are obtained from all the specimens at day 8 (𝑛 > 3), using superpixels of 80 × 80 pixels. The
red lines represent the Epanechnikov kernel density estimates. The inset figure on the bottom
right displays the local orientation of SF on the convex sinusoidal cylinder at day 8, displaying
collective deviation from the first principal direction. b) PDdistributions of the local orientation
of SF (with respect to the horizontal axis) on the convex and concave pseudospheres (top left
and top right, respectively), and on the convex and concave cylinders (bottom left and bottom
right, respectively). The data were obtained from all the specimens at day 8, using superpixels
of 80 × 80 pixels. The red lines represent the Epanechnikov kernel density estimates.
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Figure 3.11: SF subpopulations on the convex spheres (top row) and convex unduloids (bottom
row), displaying orthogonal orientations. The top layer of SF (left) orients along the longitu-
dinal direction (90∘), while the bottom layer (right) adopts a horizontal orientation (0∘). The
graphs on the right display the computed orientations of SF. The data were obtained from three
specimens in each case, at multiple locations along the periodic substrates. Paired two-tailed
t-tests: ∗ ∗ ∗∗ 𝑝 < 0.0001. Scale bars represent 50 𝜇m.

3.3.6 Contractility and differentiation perturbation affect curvature
guidance

We explored the role of contractility on the collective organization in our complex,
curved landscapes. We enhanced cell contractility with transforming growth factor-𝛽
(TGF-𝛽) and downregulated contractility using myosin-II-inhibiting blebbistatin. In
general, the cells with perturbed contractility patterned the curved substrates similarly
to the unperturbed cases, yet exhibited more- or less-pronounced SF in response to
TGF-𝛽 andblebbistatin, respectively (Figure 3.12a andFigure 3.22). However, we found
that the cells treated with blebbistatin did not cover the unfavourably curved regions
(𝜅2 > 0) as well as unperturbed cells (Figure 3.13a).

Cell contractility is the driving force behind the formation of individual ormulticel-
lular bridges. Indeed, we found that perturbing contractility affects the morphology of
the detached cell sheets and anchoring bridges on the concave substrates (Figure 3.12b
and Supplementary Movies 3-435). Enhancing contractility results in lower sheet dis-
placement and fewer bridges as compared to the cases where contractility is inhibited
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Bleb.Control TGF-β - AA/GBa

b

Figure 3.12: Effect of contractility perturbation and differentiation inhibition on the curvature-
induced organization. a) Representative maximum intensity projections (actin) on the con-
vex unduloids (top) and catenoids (bottom), displaying the effects of contractility inhibition
(Bleb.), contractility enhancement (TGF-𝛽), and differentiation inhibition (-AA/GB). b) Effect
of contractility perturbation and differentiation inhibition on cell sheet detachment over con-
cave hemispheres at day 8.

(Figure 3.13b), implying that higher cell contractility translates to a higher overall ten-
sion in the suspended sheets. When considering specific focal planes within the cell
sheets of the different cases, we also observed different SF morphologies and orienta-
tions. As compared to the unperturbed case, the cells treated with blebbistatin aremore
dendritic-like and form many small anchoring bridges that adopt circular configura-
tions, while TGF-𝛽 induces strong SF with a more pronounced longitudinal alignment
(Figure 3.14). The effects of collectively enhanced contractility were also apparent on
the convex substrates, where strong cell sheets were observed that bridge the underly-
ing curved structures. On the spherical substrates, for example, the cells cultured under
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Figure 3.13: a) Intensity reduction as a function of 𝛿𝜅2<0. The top chart demonstrates the effects
of contractility perturbation. The Kruskal-Wallis test: ∗ ∗ ∗∗ 𝑝 < 0.0001. The bottom chart
demonstrates the effects of differentiation inhibition. The Mann-Whitney test: ∗∗ 𝑝 < 0.014,
∗∗∗∗ 𝑝 < 0.0001. The solid lines represent the median values while the shaded areas represent
the interquartile range. b) Quantification of cell sheet displacement (Δh) due to contractility
perturbation or differentiation inhibition.

normal conditions form modest bridges in between the spheres, while contractility-
enhanced cells form much stronger cell sheets that remain almost planar and seem to
avoid the underlying curvature (Figure 3.15a). These results are in line with previous
studies at the cell and tissue scales19;30, and underpin the important role of individual
cell contractility as a driving force for the collective organization in varying curvature
fields.

We also stained cells for runt-related transcription factor 2 (RUNX2), a marker for
osteoblast differentiation. We observed that RUNX2 was clearly expressed in the cells
in the control group, but also in specimens with up- or downregulated contractility.
When considering RUNX2 expression on the spherical and saddle-shaped regions of
the convex unduloid (constant mean curvature), we consistently observed significantly
higher RUNX2 intensities on the saddle-shaped (𝜅2 < 0) regions as opposed to the
spherical (𝜅2 > 0) regions (Figure 3.23). This points towards a role for curvature in the
regulation of cell differentiation, which has been reported by others in MSCs19;38.
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ogy and orientation of SF. The top row displays representative slices through the confocal z-
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Figure 3.15: a) Contractility enhancement affects bridge formation on the convex spherical sub-
strates. A stronger cell sheet is observed in the specimens treatedwith TGF-𝛽. b)Differentiation
inhibition causes cell sheet detachment on the convex sinusoidal cylinders in some specimens.
The cells collectively pull away from the concave bend of the substrate. All scale bars represent
50 𝜇m.

The osteogenic culture medium that was used during our experiments contained
ascorbic acid (AA) and 𝛽-glycerophosphate (GB), which support the development of
mineralized extracellular matrix (ECM) and promote osteoblast differentiation43. AA
induces the secretion of type I collagen (Col1) in the ECM, while GB works syner-
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gistically with AA and acts as a phosphate source for mineralization43–45. To study
how collective curvature-guidance is affected by the inhibition of ECM development,
we performed experiments with a culture medium deprived of AA and GB34. While
the cells cultured in this medium generally exhibited similar curvature-induced or-
ganization, we observed significantly lower degrees of cell coverage on unfavourably-
curved regions (𝜅2 > 0) (Figure 3.12a,Figure 3.13a). On the concave structures, we
found that AA/GB deprivation resulted in weaker cell sheets, displaying similar SF
morphologies and Δh as compared to the cells treated with blebbistatin (Figure 3.12b,
Figure 3.13b, Figure 3.14). Interestingly, we observed that the cells cultured in non-
osteogenic medium in some cases collectively pulled away from the concave bends of
the convex sinusoidal cylinders, a phenomenon that was never observed in the cells cul-
tured in osteogenic medium (Figure 3.15). These results indicate that the development
of ECM, induced by osteogenicmedium, provides a reinforcing scaffold that enables the
cells to collectively conquer unfavourable curvatures within our complex landscapes.

3.4 Discussion
We have demonstrated the collective organization of preosteoblasts in cell-scale,

varying-curvature landscapes. By designing mathematically-defined surface families
with controlled curvature variations and by leveraging high-resolution free-form fab-
rication, we micro-engineered substrates that cover a wide range of Euclidean, hyper-
bolic, and elliptical geometries. This broad curvature spectrum enabled us to systemat-
ically study collective curvature-guidance and unify recent findings within a geometry-
centred framework. We found that cells preferentially pattern regions with at least one
concave direction (i.e., regions where the minimum principal curvature is negative,
𝜅2 < 0), while curved regions with 𝜅2 ≥ 0 are generally avoided. Previous studies have
also reported preferences for local concavities, which has been attributed to a more re-
laxed stress configuration in the concavities19;29;38. However, those observations were
typically made from a 2D perspective or without addressing the formal mathematical
framework of surface curvature. Specifically, curvature guidance has often been stud-
ied by considering cell behaviour on convex or concave substrates, typically spheres
or cylinders, without addressing the specific mean or Gaussian curvatures. Moreover,
hyperbolic substrates, containing both concave and convex directions, have received lit-
tle attention until recently14;30, despite their high physiological relevance8. Our results
show that one concave direction in a specific region is sufficient for cells to preferentially
cover that region. This includes not only all hyperbolic geometries (𝐾 < 0) but also el-
liptical (𝐾 > 0) and Euclidean (𝐾 = 0) regions where the mean curvature is negative,
such as the convex-to-planar transitions that have been typically ignored in previous
studies. In this regard, there is no single mean or Gaussian curvature that could be
pinpointed as ideal for cell patterning, but rather a spectrum of shapes where 𝜅2 < 0.
Despite a general preference for 𝜅2 < 0, we found that cells can eventually conquer
unfavourably-curved regions through cooperative action, provided that the distance to
favourably-curved regions is not too large. However, this ability to venture onto curved
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regions with 𝜅2 ≥ 0 reduces when cell contractility or ECM production is impaired.
Our widespread observations of cell bridging and cell sheet detachment, including

observations with blebbistatin and TGF-𝛽, further illustrate the crucial role of cell con-
tractility and the ability of the cells to collectively override the geometrical cues imposed
by the substrate. However, an important parameter governing these phenomena is the
cell adhesion to the substrate. Our substrates were functionalized by fibronectin (FN)
adsorption, facilitating integrin-mediated adhesion. However, different results might
be obtained when the FN is covalently bonded to the substrate30. In such cases, cell
sheet detachment may be reduced or avoided39.

Our results on the curvature-induced collective orientation of SF are in line with
the biophysical arguments that SF-dominated cells align in directions that minimize
SF bending13;20. Indeed, we find that cells on convex cylinders or unduloids align
well with the direction of minimum principal curvature. On the convex hyperbolic
substrates (where 𝐻 > 0), however, we found that cells show less uniform alignment,
and that a substantial portion of SF align along a locally convex direction. Moreover,
we observed orthogonally-oriented SF subpopulations on some local saddles and
confinement-induced longitudinal orientation of SF in detached cell sheets. In general,
we concluded that substrate curvature, indeed, affects SF orientation, but that cell
interactions, mediated by contractility and ECM production, result in a collective
resistance to local variations in the underlying curvature.

Taken together, our results underpin the importance of local, cell-scale geometri-
cal cues on the emergent organization of bone-like cells. In particular, these findings
emphasize the role of multicellular cooperation, enabling cells to collectively conquer
unfavourably-curved regions or alter their local environment through collective de-
tachment. However, cells are typically exposed to several other biophysical cues in vivo,
such as stiffness gradients46 or nanotopographies6. In this regard, it would be interest-
ing to explore the collective cell organization in a tailoredmulti-cue environment to un-
ravel the dominant cues and potential crosstalk14. Our results could ultimately inspire
the design of tissue engineering scaffolds10. Based on our findings, one could argue that
scaffolds with substantial regionswith 𝜅2 < 0 are preferred. In scaffolds based on cylin-
drical strut networks, which have often been proposed47–50, such regions occur at the
intersections of struts. Indeed, tissue formation has been found to initiate from those
locations in vivo51. Alternatively, one could consider hyperbolic sheet-based scaffolds,
such as those based on triply periodic minimal surfaces (TPMS), which have 𝜅2 ≤ 0

at every point. However, developing geometrically-optimized scaffold designs requires
further investigation into the intricacies of cell-geometry interaction, likely involving
computational studies that take geometry explicitly into consideration52. Nevertheless,
fuelled by rapid advances in high-resolution free-form fabrication, we anticipate excit-
ing avenues for geometric control of cells and tissues, relying on surface curvature as
the language of shape.
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3.5 Supporting information
3.5.1 Surface parametrization and curvature

The curvatures of the substrates can be calculated analytically using the expressions
provided below. For completeness, we first provide the relationship between the prin-
cipal curvatures (𝜅1 and 𝜅2) and the mean (𝐻) and Gaussian (𝐾) curvature:

𝐻 =
1

2
(𝜅1 + 𝜅2) (3.2)

𝐾 = 𝜅1𝜅2 (3.3)

The inverse relationships are given as:

𝜅1 = 𝐻 +√𝐻
2 − 𝐾 (3.4)

𝜅2 = 𝐻 −√𝐻
2 − 𝐾 (3.5)

Cylinder
The constant principal curvatures of the cylindrical substrate are given by:

𝜅1 =
1

𝑟cylinder
(3.6)

𝜅2 = 0 (3.7)

where 𝑟cylinder is the radius of the cylinder. In our case, 𝑟cylinder = 90𝜇m.

Unduloid
The unduloid surface is parametrized as53:

𝑥(𝑢, 𝑣) = (𝑥(𝑢), 𝑧(𝑢)𝑐𝑜𝑠(𝑣), 𝑧(𝑢)𝑠𝑖𝑛(𝑣)) (3.8)

with 𝑢 ∈ ℝ and 0 ≤ 𝑣 ≤ 2𝜋. In this parametrization, 𝑥(𝑢) and 𝑧(𝑢) are given by:

𝑥(𝑢) = 𝑟1𝐹(
𝑢

𝑟1 + 𝑟2
−
𝜋

4
,
𝑟22 − 𝑟

2
1

𝑟22
) + 𝑟2𝐸(

𝑢

𝑟1 + 𝑟2
−
𝜋

4
,
𝑟22 − 𝑟

2
1

𝑟22
) (3.9)

𝑧(𝑢) = √
𝑟22 − 𝑟

2
1

2
𝑠𝑖𝑛 (

2𝑢

𝑟1 + 𝑟2
) +

𝑟22 + 𝑟
2
1

2
(3.10)

where 𝑟1 and 𝑟2 are the smallest and largest radii of the unduloid, respectively. In our
experiments, 𝑟1 = 45𝜇m and 𝑟2 = 135𝜇m. In these expressions, 𝐹 and 𝐸 respectively
represent the incomplete elliptic integrals of the first and second kind, provided by:
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𝐹(Φ, 𝑘) = ∫
Φ

0

𝑑𝜃

√(1 − 𝑘2𝑠𝑖𝑛2(𝜃)
(3.11)

𝐸(Φ, 𝑘) = ∫
Φ

0

√(1 − 𝑘2𝑠𝑖𝑛2(𝜃)𝑑𝜃 (3.12)

The unduloid is characterized by a constant mean curvature, which is defined as:

𝐻 =
1

𝑟1 + 𝑟2
(3.13)

The Gaussian curvature of the unduloid varies as a function of 𝑧(𝑢):

𝐾 =

1 − (
𝑟1𝑟2

𝑧(𝑢)2
)
2

(𝑟1 + 𝑟2)
2

(3.14)

Spheres
The principal curvatures on the surface of the spheres are constant and equal:

𝜅1 = 𝜅2 =
1

𝑟sphere
(3.15)

where 𝑟sphere is the radius of a single sphere. For our experiments, 𝑟 = 180𝜇m.

Catenoids
The catenoids in the catenoid-substrate are parametrized by:

𝑥(𝑢, 𝑣) = (𝑥(𝑢, 𝑣), 𝑦(𝑢, 𝑣), 𝑧(𝑣)) (3.16)

where 𝑢 ∈ [0, 2𝜋), 𝑣 ∈ ℝ, and:

𝑥(𝑢, 𝑣) = 𝑟 ⋅ 𝑐𝑜𝑠ℎ (
𝑣

𝑟
) 𝑐𝑜𝑠(𝑢) (3.17)

𝑦(𝑢, 𝑣) = 𝑟 ⋅ 𝑐𝑜𝑠ℎ (
𝑣

𝑟
) 𝑠𝑖𝑛(𝑢) (3.18)

𝑧(𝑣) = 𝑣 (3.19)

In these expressions, 𝑟 is a non-zero, real parameter describing the catenoid neck
radius. In our case, 𝑟 = 45𝜇m and −79.32𝜇𝑚 < 𝑣 < 79.32𝜇𝑚. The principal
curvatures of the catenoid are given by:
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𝑘1 =
1

𝑟
𝑠𝑒𝑐ℎ2(𝑣) (3.20)

𝜅2 = −
1

𝑟
𝑠𝑒𝑐ℎ2(𝑣) (3.21)

which, indeed, leads to the defining characteristic of the catenoid as a minimal
surface (i.e., 𝐻 = 0).

Pseudospheres
The pseudospheres (or tractricoids) in the corresponding substrate are parametrized
by:

𝑥(𝑢, 𝑣) = (𝑥(𝑢, 𝑣), 𝑦(𝑢, 𝑣), 𝑧(𝑢)) (3.22)

where 𝑢 ∈ (−∞,∞), 𝑣 ∈ [0, 2𝜋), and:

𝑥(𝑢, 𝑣) = 𝑟 ⋅ 𝑠𝑒𝑐ℎ(𝑢)𝑐𝑜𝑠(𝑣) (3.23)
𝑦(𝑢, 𝑣) = 𝑟 ⋅ 𝑠𝑒𝑐ℎ(𝑢)𝑠𝑖𝑛(𝑣) (3.24)
𝑧(𝑢) = 𝑟 ⋅ (𝑢 − 𝑡𝑎𝑛ℎ(𝑢)) (3.25)

Here, 𝑟 defines the mean pseudosphere radius. For our substrates, a sec-
tion of the infinitely extending pseudosphere was defined by 𝑟 = 180𝜇m and
𝑢 ∈ [0.795, 2.0635]. The principal curvatures of the pseudosphere are defined as:

𝜅1 =
𝑠𝑒𝑐ℎ(𝑢)

𝑟 ⋅ 𝑡𝑎𝑛ℎ(𝑢)
(3.26)

𝜅2 = −
𝑡𝑎𝑛ℎ(𝑢)

𝑟 ⋅ 𝑠𝑒𝑐ℎ(𝑢)
(3.27)

Multiplying these expressions for the principal curvatures, indeed, results in the
constant Gaussian curvature of 𝐾 = −

1

𝑟2
, which is the defining characteristic of the

pseudosphere.

Sinusoidal cylinder
The sinusoidal cylinder is defined by creating a sinusoidal wave and “extruding” a cylin-
der along the sinusoidal path. The footprint of the sinusoidal hemi-cylinder is defined
by the parallel waves to a standard sine wave. A sine wave can be parametrized as:

𝑥(𝑡) = 𝑡 (3.28)
𝑦(𝑡) = 𝑎𝑠𝑖𝑛(𝜔𝑡) (3.29)
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where 𝑡 ∈ ℝ, and 𝑎 and𝜔 are the constants that define the amplitude and frequency
of the wave. In our case, 𝑡 ∈ [0, 2600], 𝑎 = 200, and 𝜔 = 𝜋/650. A parallel sine
wave, at a signed distance 𝑙 (𝑙 ∈ [−90, 90]) from the original wave, is parametrized by:

𝑥(𝑡, 𝑙) = 𝑡 +
𝑙𝑎𝜔𝑐𝑜𝑠(𝜔𝑡)

√1 + 𝑎2𝜔2𝑐𝑜𝑠2(𝜔𝑡)
(3.30)

𝑦(𝑡, 𝑙) = 𝑎𝑠𝑖𝑛(𝜔𝑡) −
𝑙

√(1 + 𝑎2𝜔2𝑐𝑜𝑠2(𝜔𝑡)
(3.31)

One of the principal curvatures of the sinusoidal cylinder is equal to the reciprocal
of the cylinder radius (in our case 𝑟cylinder = 90):

𝜅1 =
1

𝑟cylinder
(3.32)

The other principal curvature is the reciprocal of the radius of curvature of the par-
allel sine wave at a particular point. For example, for the points on the centreline of the
sinusoidal cylinder, the principal curvature 𝑘2 is equal to the reciprocal of the radius of
curvature of the original sine wave (with 𝑙 = 0). The radius of curvature for a (parallel)
curve (𝑥(𝑡, 𝑙), 𝑦(𝑡, 𝑙)) is given by:

𝑅(𝑡, 𝑙) =

((
𝑑𝑥

𝑑𝑡
)
2

+ (
𝑑𝑦

𝑑𝑡
)
2

)

3

2

𝑑𝑥

𝑑𝑡

𝑑2𝑦

𝑑𝑡2
−

𝑑𝑦

𝑑𝑡

𝑑2𝑥

𝑑𝑡2

(3.33)

For the specific case of our experiments, the components of this expression are given
as:

𝑑𝑥

𝑑𝑡
= 1 + 𝑑 ⋅ ⎛

⎝
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−
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(3.34)

𝑑𝑦
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25 (16𝜋2𝑐𝑜𝑠2(
𝜋𝑡
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2
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𝑑2𝑥
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Using these components, the radius of curvature 𝑅(𝑡, 𝑙) can be determined, which
is then used to calculate the second principal curvature on the surface of the sinusoidal
cylinder:

𝜅2 =
1

𝑅(𝑡, 𝑙)
(3.38)

3.5.2 FFT-based calculation of principal image orientation
The principal orientations in the stack projections were determined using an image

processing approach based on the discrete Fourier transform (DFT). First, the image,
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or image section in case of a domain-wise analysis, was multiplied by a cosine-shaped
windowing function (Figure 3.16a-b) to avoid artefacts in the power spectrum of the
DFT that would otherwise appear due to the image boundaries (the DFT assumes peri-
odicity at the image boundaries, which is not the case in general). Next, the fast Fourier
transform (FFT) was applied and the power spectrum P was calculated as:

𝑃 = 𝑙𝑜𝑔(∣ 𝑌 ∣ +1) (3.39)
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Figure 3.16: FFT-based approach to quantify image orientation. a) Original image section with
principal orientation highlighted by the red arrow. b) Image after windowing operation. c)
Power spectrum obtained after FFT on the image shown in b). d) ∑𝑃𝑐(𝛼) vs. 𝛼 curve with
peaks highlighted by red markers. The green marker corresponds to the peak with maximum
prominence. The corresponding angle𝛼determines the principal orientation in the power spec-
trum.

where 𝑌 is the complex result of the FFT, shifted such that the low frequencies are
situated in the centre of the spectrum (Figure 3.16c). The oriented components in the
original image appear as oriented lines or ellipses in the power spectrum (albeit ro-
tated by 𝜋/2). The power spectrum was rotated in the range [0, 𝜋] and the sum of the
power in the central columns was calculated for every instance of the rotated spectrum
(∑𝑃𝑐(𝛼)). This operation resulted in a∑𝑃𝑐(𝛼) vs. 𝛼 curve, inwhich several peaks could
be detected (Figure 3.16d). The principal orientation in the power spectrum was found
at the peak with the maximum prominence. To determine the strength of the orienta-
tion, themaximumprominence of the curvewas divided by the sumof the prominences



100 3 CELLS IN COMPLEX CURVATURE FIELDS

of all the peaks in the ∑𝑃𝑐(𝛼) vs. 𝛼 curve. To visualize the orientation distribution in
the domain-wise analyses, the vectors were scaled by the orientation strength andmean
intensity for that domain.

3.5.3 Additional figures
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Figure 3.17: Spatial cell patterning on curved substrates. Normalized actin intensity at the
midline of the convex spherical (left) and convex catenoidal (right) substrates. The normalized
principal curvatures are indicated in the centre row plots.
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Figure 3.18: Normalized actin frequency maps for the convex (left) and concave (right) sub-
strates on day 5. The scale bars represent 100 𝜇m.
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Figure 3.19: a) Actin intensity profiles at different locations obtained from the frequency map
of the pseudospherical substrates at day 8 for the concave (top) and convex (bottom) variants.
b) Similar representation as in a) but for the concave (top) and convex (bottom) unduloid sub-
strates.
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Figure 3.20: Principal directions for curved substrates. The two principal directions 𝑃𝜅2 and
𝑃𝜅1 corresponding to the minimum (𝜅2) and maximum (𝜅1) principal curvatures, respectively.
From left to right: catenoids, cylinder, and pseudospheres.
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a

b D5 D8D5 D8

Figure 3.21: Cell sheet bridging on the convex and concave substrates. a) The convex-to-planar
transition is a local concavity, which is collectively bridged by the cells. Images depict the maxi-
mum intensity projections and orthogonal views of the actin channel for the representative cases
on day 8. From left to right: cylinder, catenoids, spheres, pseudospheres, and unduloid. b) Cell
bridging on the concave cylindrical substrates. On day 5, the bridges are randomly oriented.
On day 8, a longitudinal, collective SF alignment is observed.
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Figure 3.22: Frequencymaps and intensity versus curvature. Frequencymaps depicting the nor-
malized actin signal for all the six convex substrates on day 8. Comparison between the control
cells, cells treated with blebbistatin, cells treated with TGF-𝛽, and cells deprived of ascorbic acid
(AA) and𝛽-glycerophosphate (GB).The bottom row shows the heatmaps of the intensity vs. the
two principal curvatures.
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Figure 3.23: RUNX2 andDAPI intensity analysis on the convex unduloid. a) Representative im-
ages of RUNX2 and DAPI staining on a convex unduloid. Scale bar represents 100 𝜇m. b) Cur-
vaturemap of theminimumprincipal curvature (𝜅2) of the convex unduloid. Squares (110×110
pixels) indicate the regions of interest (ROI) used in the subsequent analysis. c) Workflow to
quantify DAPI and RUNX2 intensity. The ROI of the DAPI channel was binarized and used as
a mask. Then, the mean intensity of the masked RUNX2 and DAPI images was calculated. d)
RUNX2 (top row) and DAPI (bottom row) intensity versus the sign of the minimum principal
curvature (𝜅2). Themean intensity of ROI was normalized with respect to themean intensity of
all ROIs within the same image. The plots indicate higher relative RUNX2 intensities for 𝜅2 < 0
as opposed to 𝜅2 > 0, yet no significant difference in DAPI intensity between both cases. Un-
paired two-tailed t-test, ∗ ∗ ∗∗: 𝑝 < 0.0001, ns: not significant.
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4
THE LOCAL AND GLOBAL

GEOMETRY OF TRABECULAR
BONE

Theorganization and shape of themicrostructural elements of trabecular bone gov-
ern its physical properties, are implicated in bone disease, and serve as blueprints for
biomaterial design. To devise fundamental structure-property relationships and design
bone-mimicking biomaterials, it is essential to characterize trabecular bone structure
from the perspective of geometry, the mathematical study of shape. Using microcom-
puted tomography images from 70 donors at five different sites, we analyze the local and
global geometry of human trabecular bone in detail, respectively by quantifying surface
curvatures and Minkowski functionals. We find that curvature density maps provide
distinct and sensitive shape fingerprints for bone from different sites. Contrary to a
common assumption, these curvature maps also show that bone morphology does not
approximate aminimal surface but exhibits a muchmore intricate curvature landscape.
At the global (or integral) perspective, our Minkowski analysis illustrates that trabecu-
lar bone exhibits other types of anisotropy/ellipticity beyond interfacial orientation, and
that anisotropy varies substantially within the trabecular structure. Moreover, we show
that the Minkowski functionals unify several traditional morphometric indices. Our
geometric approach to trabecular morphometry provides a fundamental language of
shape that could be useful for bone failure prediction, understanding geometry-driven
tissue growth, and the design of geometrically complex tissue scaffolds.

S. J. P. Callens, D. C. B. Tourolle, R. Müller, A. A. Zadpoor, The local and global
geometry of trabecular bone, bioRxiv, 2020. (in revision)
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4.1 Introduction
Many natural and man-made materials are characterized by a complex and often

hierarchical spatial architecture. A well-known biological example of such a spatially
structuredmaterial is trabecular bone, exhibiting a characteristic sponge-likemorphol-
ogy1. The quantitative morphological characterization of trabecular bone and other
structuredmaterials is essential in the study of these systems, for two primary reasons2.
First, the morphology or architecture of many materials is often the outcome of a bio-
logical or physical process. The study of such morphologies, therefore, provides insight
into the mechanisms governing their formation. In trabecular bone, for example, the
organization of the microstructure is driven by external loading, and changes in the
morphology can be indicative of bone diseases, such as osteoporosis3–5. Second, the
morphology of spatially complex materials can strongly affect their physical proper-
ties, making morphological characterization indispensable for establishing structure-
property relationships. For example, this intimate structure-property connection is
what enables foams and metamaterials to attain their unique properties6. Moreover,
material morphology can also directly elicit biological responses in biomaterials, af-
fecting aspects such as cell migration, cell fate and spatial tissue organization7–10.

In the context of trabecular bone, the importance of the microarchitecture has long
been recognized, and many morphometric indices have been proposed11. However,
such indices typically only quantify a particular morphological aspect, such as density,
thickness, or interfacial anisotropy, and often lack a fundamental geometric founda-
tion or interpretation12. For example, the well-known structure model index (SMI),
which classifies trabecular bone by its rod-like or plate-like nature13;14, is known to be
conceptually flawed by its inability to capture all types of naturally-occurring shapes
within the trabecular structure13;14. Moreover, calculating the same metric using dif-
ferent software tools often provides significantly different results, owing to substantial
variations in the algorithm implementations15;16. Hence, there is a need for a unifying,
robust approach to quantitatively characterize the shape of complex materials, includ-
ing trabecular bone. Such a well-defined, mathematical framework is established in
the realms of differential and integral geometry, providing fundamental descriptors of
local and global shape. Local shape can be accurately captured using the concept of
surface curvature. For any small neighborhood on a surface, the mean and Gaussian
curvatures, defined in terms of the principal curvatures, capture the most fundamental
shape information. The magnitudes and signs of these measures characterize the local
convexity/concavity or the sphere-like vs. saddle-like character of the surface. Global
shape, on the other hand, can be characterized by the so-called Minkowski functionals
(MF). MF are versatile shape indices with strong roots in integral geometry, capable
of robustly quantifying different aspects of spatial structure2;17;18. These shape indices,
which can be of scalar or tensorial nature, are fundamental in the sense that they form a
basis for any other additive functional that describes the shape of a 3D body (Hadwiger-
Alesker theorems)19–21.

These mathematically defined shape metrics have been used to quantify the struc-
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ture of complex, inanimate materials, such as blends undergoing spinodal decompo-
sition22 or granular packings17, but have not yet been used to characterize trabecular
bone. Here, we applied these local and global shape measures to hundreds of micro-
computed tomography (𝜇CT) scans obtained from bone biopsies of 70 donors at five
anatomical sites5. At the local level, we computed the mean, Gaussian and net curva-
tures of the trabecular bone interfaces. We observed that the spatial curvature distri-
butions are sensitive to differences in bone microarchitecture from different sites. At
the global level, we computed the scalar and tensorial MF, and compared them with
traditional morphometric indices. We focused on the more potent tensorial MF that
can sensitively quantify the various types of intrinsic anisotropy, which is highly rele-
vant in the study of trabecular bone23;24. By using these fundamental shape descriptors,
and reconciling them with previous metrics, we provide a novel geometric perspective
on trabecular morphometry, that is also compatible with virtually every other type of
complex microstructure, including tissue engineering scaffolds and architected bioma-
terials. As such, our approach does not only offer new insights into trabecularmorphol-
ogy, but also provides a more unified “language of shape” that is useful in the design of
bone-mimicking biomaterials25.

4.2 Materials &methods
4.2.1 Trabecular bone data set

All analyses were performed using previously-published, high-resolution 𝜇CT data
from the EuropeanUnionBIOMED IConcertedAction ”Assessment of BoneQuality in
Osteoporosis”. The details of the database composition and data acquisition protocols
can be found elsewhere5;26. Briefly, the data set comprised trabecular bone biopsies
harvested from 70 donors (38 male, 32 female, age between 23 and 92 years) at five
anatomical sites: the femoral head (FH), the iliac crest (IC), the calcaneus (CA), the
second lumbar vertebra (L2), and the fourth lumbar vertebra (L4). The specimens were
scanned using a high-resolution 𝜇CT system (𝜇CT 20, Scanco Medical AG, Switzer-
land) with a spatial resolution of 28 𝜇m and cubic voxels with 14 𝜇m length (for the CA
samples, cubic voxels with an edge length of 28 𝜇m were used). A 4𝑚𝑚3 cubic volume
of interest (VOI) was selected from the resulting scanned data, and 3D binary images
of the mineralized bone phase were obtained after Gaussian filtering and thresholding.
These binary images served as the basis for all consecutive analyses.

4.2.2 Surface reconstruction
The binary volume data was processed using custom Python codes and Python-

based mesh processing libraries27;28. First, a triangle mesh of the trabecular bone sur-
face was reconstructed from the volume data using a marching cubes algorithm with a
spacing equal to the voxel size (Figure 4.1a)29. No padding was applied to the volume
data prior to the marching cubes algorithm, ensuring that only the trabecular interface
wasmeshed and resulting in amesh that was a 2-manifold with boundary (Figure 4.1c).
Next, degenerate (zero-area) faces and small disconnected components were removed
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from the mesh. To account for the roughness inherent in marching cubes meshes, the
triangle meshes were smoothed using implicit fairing. This is an efficient smoothing
approach that is based on the implicit integration of a diffusion process, and guarantees
volume preservation during smoothing30. The algorithm solves the linear system:

(𝐼 − 𝜆𝑑𝑡𝐿)𝑀𝑛+1 = 𝑀𝑛 (4.1)

where𝑀𝑛 represents the set of mesh vertices at iteration n, L represents the Lapla-
cian, and 𝜆𝑑𝑡 is a user-defined smoothing constant. The trabecular bone meshes were
all smoothed using a single iteration and 𝜆𝑑𝑡 = 5, enabling the smoothing of the
marching cubes artefacts while maintaining small curved features on the trabecular
bone surfaces.

a b c

Figure 4.1: Trabecular bone surface reconstruction. a) Triangle mesh obtained by applying the
marching cubes algorithm to padded binary image data, for a small section of an FH trabecular
sample. b) Triangle mesh after smoothing using implicit fairing. c) Smoothed triangle mesh
without padding, representing the trabecular interface that is considered in this study.

4.2.3 Curvature estimation algorithm
Theprincipal curvatures of the trabecular bone surface were estimated at every ver-

tex of the discrete triangle mesh using an efficient multiscale fitting algorithm27;31. The
applied algorithmwas an adaption of theOsculating Jetsmethod32, and fitted a second-
order polynomial to a local neighborhood around every vertex for the curvature esti-
mation. The local neighborhood was defined as a ball with a user-defined radius, which
was centered at the vertex of interest. For the FH, IC, L2, andL4 trabecular bonemeshes,
the radius was defined as:

𝑟 = 10⟨𝑒⟩ (4.2)

where ⟨𝑒⟩ represents the average mesh edge length for a particular bone specimen
(⟨𝑒⟩ ≈ 20𝜇𝑚). In the case of the CA meshes, which were scanned with a larger voxel
size, the radius was set to 𝑟 = 5⟨𝑒⟩, corresponding to a similarly-sized neighborhood
as compared to the other bone specimens. The sensitivity of the curvature estimation
algorithm to the neighborhood size (𝑟) and smoothing parameter (𝜆𝑑𝑡) was assessed by
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calculating the interface shape distributions (ISD) for a representative sample at differ-
ent combinations of 𝑟 and 𝜆𝑑𝑡, and by visualizing color-coded curvature distributions
on the triangle meshes (Figure 4.2 and Figure 4.3).
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Figure 4.2: Effect of local neighborhood on curvature estimation. Visualization of mean (left),
Gaussian (middle) and net (right) curvature on a small section of an FH trabecular bone sample,
showing the effect of different local neighborhoods (defined as a factor multiplied with average
edge length). Top row: 𝑟 = 5⟨𝑒⟩, middle row: 𝑟 = 10⟨𝑒⟩, bottom row: 𝑟 = 15⟨𝑒⟩. In this
study 𝑟 = 10⟨𝑒⟩ for the curvature computations (except for the CA samples, where 𝑟 = 5⟨𝑒⟩
due to the larger edge length).

4.2.4 Curvature probability density distributions
All reported curvatures were non-dimensionalized using a characteristic length pa-

rameter33:

𝑆𝑣 =
𝑆

𝑉
(4.3)

where 𝑆 is the total mesh area and V=43𝑚𝑚3 is the volume of the cubic specimen.
Face curvature values were calculated by averaging the curvatures of the three vertices
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Figure 4.3: Sensitivity of the ISD to curvature neighborhood and mesh smoothness. Principal
curvature ISD for a representative IC sample at different values of curvature neighborhood (𝑟 =
5⟨𝑒⟩, 10⟨𝑒⟩, 15⟨𝑒⟩) and smoothing parameter (𝜆𝑑𝑡 = 1, 5, 10).

associated with every face. In constructing the probability density distributions of cur-
vature, the face curvatures were weighted by their face area. In case of the interface
shape distributions (ISD), this implied that the ratio of the face areas with a certain
combination of curvature to the total mesh area was considered. For example, in case
of the ISD of the principal curvature, this means34:

𝑃𝐼𝑆𝐷(𝜅1, 𝜅2) =
𝐴(𝜅1, 𝜅2)

𝐴𝑇𝑜𝑡𝑎𝑙
(4.4)

4.2.5 Radial distribution function of curvature
The radial distribution functions (RDF) of the mean and Gaussian curvatures were

computed, by considering the curvature values in the range of the 0.5 percentile and
the 99.5 percentile. These curvature values were binned in 100 bins of equal width and
were weighted by their face areas. Since the RDF considers the curvatures of face pairs
separated by a given distance, a characteristic distance was defined in function of the
previously described characteristic length scale 𝑆𝑣:
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𝑟 = �̃�𝑆−1𝑣 (4.5)

where �̃� is a user-defined length parameter. In order to find face pairs, a spherical
shell of nominal radius 𝑟 and thickness Δ𝑟was centered around the barycenter of every
sample face of interest, where:

Δ𝑟 =
1

10
𝑆−1𝑣 (4.6)

All faces with barycenters inside the spherical shell were considered as paired faces
to the sampled face. For every bin, 1000 unique random faces were selected and the cur-
vatures of the corresponding paired faces were computed and stored in area-weighted
histogramswith 100 bins of equal width. If the bin contained less than 1000 faces, which
could occur at the extreme values of the curvature range, all available faces were used
as sample points in the RDF. By sampling every bin, and combining the corresponding
area-weighted curvature histograms of the paired faces, the RDF was constructed as a
100 × 100matrix with probability values.

4.2.6 Minkowski structure metrics
The Minkowski functionals (scalars𝑊𝑣, tensors𝑊

𝑟,𝑠
𝑣 ) and the rotational invariants

of the irreducible Minkowski tensors (IMT) (𝑞𝑠 and𝑤𝑠) were computed on the trabec-
ular trianglemeshes using a C++ code (https://github.com/morphometry/karambola)
that iterates over all faces, edges, or vertices to compute the relevant Minkowski met-
rics, in accordance with Table 2 of reference20. In order to prepare the trabecular bone
meshes for the Minkowski metric computation, the non-manifold edges and vertices
that could result after the marching cubes reconstruction had to be removed. The non-
manifold edges were removed by constructing the face adjacency matrix of the mesh
and removing those faces with edges shared by more than two faces. Non-manifold
vertices that remained after the deletion of non-manifold edges were removed using
Meshlab35. Of the six relevant Minkowski tensors, only the tensors𝑊0,2

1 and𝑊0,2
2 are

translation-invariant tensors, which means that:

𝑊
𝑟,𝑠
𝑣 (𝐵 ⊎ 𝑡) = 𝑊

𝑟,𝑠
𝑣 (𝐵) (4.7)

where 𝐵 ⊎ 𝑡 signifies the translation of body 𝐵 along vector 𝑡20. The other
Minkowski tensors are translation-covariant, and do not satisfy this relationship. For
those translation-covariant tensors, a consistent definition of the mesh origin is re-
quired to enable a fair comparison between the different meshes. For all the trabecular
bone meshes, the origin was defined to be in the center of the cubic bounding box.

In order to deal with the open trabecular bone meshes, a domain-wise analysis of
the Minkowski metrics was performed. To this end, the faces at the boundaries of the

https://github.com/morphometry/karambola
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mesh were assigned a different label than the faces inside the trabecular surface, and
the Minkowski metrics were computed for each labeled domain separately. In this way,
the faces not on the boundary are effectively considered to be part of a “closed” surface,
and all the relevantMinkowski metrics could be calculated, which is not the case for the
“open” boundary faces20. Representing amesh as a doubly-connected edge list (DCEL),
the boundary faces are those faces with at least one half-edge that appears only once in
list (i.e., it is not shared with another face). A visual representation of the boundary face
labeling is provided in Figure 4.4a.

4.2.7 Spatial decomposition
A domain-wise Minkowski analysis was performed on spatially decomposed

meshes. The mesh was subdivided into a 3 × 3 × 3 cubic grid, and all faces were
assigned a label based on the location in the grid, resulting in a total of 28 different
labels (27 labels for the grid domains and one label for the boundary, see Figure 4.4b).
The relative difference between the local and global DA was defined as:

�̃�
𝑟,𝑠
𝑣 =

∣𝜆
𝑟,𝑠
𝑣 ∣𝑚𝑖𝑛

∣𝜆
𝑟,𝑠
𝑣 ∣𝑚𝑎𝑥

−
∣𝜆
𝑟,𝑠
𝑣 ∣𝑚𝑖𝑛

∣𝜆
𝑟,𝑠
𝑣 ∣𝑚𝑎𝑥

∣𝜆
𝑟,𝑠
𝑣 ∣𝑚𝑖𝑛

∣𝜆
𝑟,𝑠
𝑣 ∣𝑚𝑎𝑥

(4.8)

Here, ∣𝜆
𝑟,𝑠
𝑣 ∣𝑚𝑖𝑛

𝜆
𝑟,𝑠
𝑣 ∣𝑚𝑎𝑥

defines the ratio of the minimal to the maximal eigenvalue of the
tensor𝑊𝑟,𝑠

𝑣 , while ⟨⋅⟩ refers to the average value.
For the calculation of the quadratic and cubic invariants of the irreducible

Minkowski tensors (IMT), the rank s was in the range of [0, 8].

a b

Figure 4.4: Mesh labeling for Minkowski analysis. a) boundary detection in a small example
mesh. Red faces are detected as being on the boundary, and are labeled differently than thewhite
faces within the surface. b) Spatial subdivision of a trabecular sample (FH) into 27 equal-size
subdomains. Each domain is given a different label for the Minkowski analysis.
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4.2.8 Ellipsoid representation of tensors
The rank-2 Minkowski and MIL tensors were visualized by ellipsoid surfaces, with

radii and directions that were defined by the eigenvalues and eigenvectors of the tensors,
respectively36;37. The surface of an arbitrarily oriented ellipsoid, centered at the origin
is obtained by solving the following expression for x:

x𝑇Mx = 1 (4.9)

where M is a positive-definite matrix. The eigenvalues 𝜆𝑠 of M are related to the
semi-axes 𝑐𝑠 of the ellipsoid by:

𝜆𝑠 =
1

𝑐2𝑠
(4.10)

The corresponding eigenvectors then represent the principal orientations of the el-
lipsoid. By exploiting this relationship, the eigenvalues and eigenvectors of the rank-2
tensors used in this work could be represented as ellipsoid surfaces. In visualizing the
ellipsoids of the spatially decomposed samples, the ellipsoids were uniformly scaled to
the same volume, which is given by:

𝑉 =
4

3
𝜋𝑐1𝑐2𝑐3 (4.11)

4.2.9 Standard bonemorphometric analyses
Mean intercept length (MIL) analysis was performed by applying the algorithms

implemented in BoneJ (version BoneJ2), which is an ImageJ plug-in, to the binary im-
age stacks of the trabecular specimens38. While the earlier implementations of the MIL
could suffer from significant deviations in the predicted anisotropy due to sampling
bias37;39, the current implementation draws test lines through the entire image stack,
offering a more uniform sampling. A convergence analysis was performed to assess the
influence of the number of the parallel test lines and the number of different test line
directions. For the final analyses, 2000 directions and 10000 lines per direction were
used. Moreover, the MIL results for every sample were taken as the average of three
runs of the MIL algorithm. The Euler characteristic (
𝑐ℎ𝑖) was also estimated using BoneJ, on the same binary image data as was used for the
MIL analysis. Since the estimation of the Euler characteristic assumes a single con-
nected component, the images were purified (using the Purify command in BoneJ)
prior to the connectivity computation. The other reported morphometric indices (i.e.,
BS and 𝜕𝑆/𝜕𝑟) were obtained from the Scanco micro-CT scanner software (Scanco
Medical AG, Switzerland).
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4.2.10 Statistical analysis
The Kruskal-Wallis H test was used to detect significant differences between the

means of the different groups of data. Post hoc comparisons of the means were per-
formed using the two-sided Mann-Whitney U tests. The two-sample Kolmogorov-
Smirnov test was used to assess the differences between the probability distributions
of the 𝑞𝑠 and 𝑤𝑠 metrics, and the age-related curvature probability distributions. The
obtained results were considered to be statistically significant when 𝑝 < 0.01. All sta-
tistical analyses were performed using the python library Scipy.

4.3 Results
4.3.1 Surface curvature of the trabecular bone interface

We started our geometric analysis at the most local scale, by estimating the mean
(𝐻), Gaussian (𝐾), and net (𝐷) curvatures of the trabecular bone interfaces from their
triangulated mesh representations. The mean curvature describes how much a surface
is locally convex or concave. The Gaussian curvature quantifies the type of the surface:
𝐾 < 0 signifies a saddle-shaped region (hyperbolic), 𝐾 = 0 implies an intrinsically flat
region (such as a plane, cylinder or cone), and𝐾 > 0 describes a sphere-shaped region
(Figure 4.5). Thenet curvature is less commonanddescribes howmuch a surface locally
deviates from a planar region (Figure 4.5).

Figure 4.6 depicts the mesh representations of three representative trabecular bone
specimens from the femoral head (FH), iliac crest (IC), and second lumbar vertebra
(L2), color-coded by their curvature (representative visualizations of the calcaneus (CA)
and fourth lumbar vertebra (L4) are provided in Figure 4.15). The FH samples typically
exhibited an apparently uniform dispersion of regions with positive and negative val-
ues of the mean curvature. Comparing this to the L2 specimen, we observed that the
latter showed much more regions of highly negative mean curvature. This is the con-
sequence of the many rod-like elements that are typically present in specimens from
the lumber spine, as opposed to the primarily plate-like architecture in FH specimens5.
The Gaussian curvature distributions clearly showed that the geometry of trabecular
bone is, on average, hyperbolic in nature (K<0). This has been reported before for a
few bone biopsies40. This prevalence of negative Gaussian curvature is consistent with
the high topological complexity (i.e., high genus) of trabecular bone, according to the
Gauss-Bonnet theorem41. The net curvature captures regions where the trabecular sur-
face is strongly bent, without distinguishing between the saddle- or sphere-like nature
of these bends. In FH specimens, such regions corresponded primarily to arc-like tran-
sitions between plate-like elements, while high net curvature in IC or L2 specimens was
concentrated in the cylindrically-shaped rod-like elements.

4.3.2 Curvature distributions
Due to the inherently local nature of surface curvature, the average values of curva-

ture are not of much descriptive use. In fact, the averagemean and Gaussian curvatures
are already captured in the structure model index (𝑆𝑀𝐼 ∼ ⟨𝐻⟩) and Euler-Poincaré
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Figure 4.5: Surface curvature and Minkowski tensors. a-b) The minimum (𝜅1) and maximum
(𝜅2) principal curvatures and associated principal directions on a torus model. c-e) The def-
initions of the mean (𝐻), Gaussian (𝐾), and net (𝐷) curvatures as functions of the principal
curvatures. The top row visualizes the curvatures of the torus, while the bottom row depicts
some small sections of a trabecular bone interface. f) A visualization of the components used in
the computation of theMinkowski tensors of a coarse torusmodel, showing the position vectors
(𝑟) and normal vectors (𝑛), as well as the expressions for the tensors considered in this study.

characteristic (𝜒 ∼ ⟨𝐻⟩), respectively40. Instead, it is important to consider the dis-
tribution of curvature throughout the trabecular specimens. Therefore, we computed
the 1D and 2D probability distributions of the different curvature measures, obtained
from more than 60 subjects at every anatomical location. The 1D probability densities
of the mean curvature (Figure 4.7) confirmed the above-mentioned observation that
plate-like specimens (i.e., FH) exhibit a more uniform distribution of the normalized
mean curvature, with a peak close to 𝐻/𝑆𝑣 ≈ 0, than rod-like specimens (i.e., L2 and
L4). The latter displayed a flattened and more negatively skewed distribution, centered
around 𝐻/𝑆𝑣 ≈ −0.5. The mean curvature density also reflected the intermediate na-
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ture of the iliac crest (IC) and calcaneus (CA) specimens, containing both plate-like and
rod-like elements. As expected, the Gaussian curvature density functions were nega-
tively skewed, with a sharp peak around 𝐾/𝑆2𝑣 ≈ 0. To assess the potential impact
of age on curvature, we compared the curvature distributions of the specimens har-
vested from donors younger than 60 and those older than 80 for each anatomical site
(Figure 4.16). In the case of the mean curvature, significant differences in the probabil-
ity distributions of both age groups were only observed for the L4 samples (two-sample
Kolmogorov-Smirnov, 𝑝 < 0.01). Indeed, the curve belonging to the donors older than
80wasmore flattened and exhibited a lower peak value than the curve corresponding to
donors younger than 60. These differences could be attributed to the progressive thin-
ning and disappearance of thin rod-like elements, which is known to bemore prevalent
in the lumbar spine42. The Gaussian and net curvature profiles, however, did not show
significant differences between age groups.

Since a full description of surface curvature is typically built on two variables, such
as the pair of principal curvatures, we quantified the interface shape distributions (ISD)
for different curvature measures. These types of 2D probability density maps have been
used to characterize the morphological evolution of spinodal decomposition systems
during coarsening34;43. The ISD of the principal curvatures is subdivided into different
regions (Figure 4.8), providing an intuitive overview of the types of geometries that are
encountered in the trabecular bone specimens. Saddle shapes appear in regions II and



4.3 Results 123

III, spherical shapes are situated in regions I and IV, and cylindrical shapes are found
on the boundaries between the saddle-shaped and spherical regions (horizontal and
vertical lines). For example, the principal curvature ISD of the FH specimens showed
that most of the interface corresponds to saddle-shaped regions, and that sphere-like
indentations (region I), and not protrusions (region IV), were the primary source of
positive Gaussian curvature.
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Figure 4.7: 1D and 2D curvature distributions. Probability density distribution of the nor-
malized mean (left), Gaussian (middle) and net (right) curvature per bone type. Each curve
contains data from several samples (𝑛𝐶𝐴 = 66, 𝑛𝐹𝐻 = 62, 𝑛𝐼𝐶 = 68, 𝑛𝐿2 = 65, 𝑛𝐿4 = 68).

The ISD of the principal curvatures captured the progressive transition from pri-
marily plate-like to primarily rod-like bone specimens (Figure 4.8). While the plate-like
FH specimens exhibited a relatively concentrated, circular distribution of curvatures,
the rod-like specimens of L2 and L4 were characterized by a much broader distribu-
tion with a horizontal orientation. This horizontal preference is due to the presence of
rod-like elements in those specimens. These rod-like elements were not perfect cylin-
ders, however, but were slightly saddle-shaped. The IC samples exhibited a principal
curvature distribution that was similar to that of the FH, indicating primarily plate-
like elements. For the CA samples, a horizontal orientation of the distribution was
apparent, indicating a higher proportion of rod-like elements in the structures. The
morphological differences between bone types were also observed in the joint proba-
bility distributions of the normalized net (𝐷/𝑆𝑣) and mean curvature (𝐻/𝑆𝑣), and the
transition from plate-like to rod-like specimens was clearly visible (Figure 4.8). More-
over, these distributions again showed that the mean curvature of trabecular bone is, in
general, not uniformly centered around zero. For our FH specimens, the peak of the
mean curvature was situated slightly above H=0, indicating shapes that were more con-
cave than they were convex. This peak transitioned towards negative values for rod-like
specimens, due to the convex nature of the rods. The ISD of themean andGaussian cur-
vatures also captured this distinction between the different bone types, again showing
a broader distribution for more rod-like specimens.

4.3.3 Radial distribution function
The ISD characterizes the local shape of trabecular bone by providing insight into

the range and frequencies of the different types of curvature. However, it does not pro-
vide information about the way these curvatures are distributed in space and how the
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curvatures at different locations in the structure are related. Knowledge of this spa-
tial correlation is relevant, since two structures could (theoretically) exhibit the same
ISD, while having their curvatures distributed differently throughout space22. There-
fore, we quantified the spatial correlation of the mean and Gaussian curvatures, us-
ing a curvature-based radial distribution function (RDF). Traditionally, the RDF has
been employed in the analysis of granular systems, where it quantifies the likelihood of
finding particles at a certain distance from a reference particle, relative to what would
be expected based on the overall density of the system44. Depending on the type of
the particle system and the associated interactions, the (excess) probability of finding
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neighboring particles will vary as a function of distance. The RDF has also gained pop-
ularity to quantify the spatial correlation in non-particulate systems2. When defined
on the basis of the mean curvature, the RDF has been used to complement the ISD
in characterizing the coarsening dynamics of spinodal decomposition systems22;33. In
this sense, the RDF provides a slightly more global interpretation of curvature than the
ISD. Here, we used a similar approach to compute the RDF of the mean and Gaussian
curvature for the trabecular bone specimens from the different anatomical sites. In case
of the mean curvature, we define the RDF as:

𝐺(𝐻2 ∣ 𝑟, 𝐻1) =
𝐴𝐻2,𝑆(𝑟)/𝐴𝑆(𝑟)

𝐴𝐻2,𝑇/𝐴𝑇
(4.12)

Here, 𝐴𝐻2,𝑆(𝑟) is the total area of faces with a mean curvature of𝐻2 within a spher-
ical shell of radius r, centered around a reference point with a mean curvature of 𝐻1.
𝐴𝑆(𝑟) represents the total area of all faces inside the spherical shell, 𝐴𝐻2,𝑇 is the total
area of faces with the mean curvature 𝐻2 in the entire specimen, and 𝐴𝑇 is the total
face area of the entire specimen. Hence, 𝐺(𝐻2 ∣ 𝑟, 𝐻1) describes the area-density of the
faces with 𝐻2 at a distance r from a face with 𝐻1, relative to the overall area-density of
the faces with 𝐻2. As such, the RDF captures how much more (𝐺 > 1) or less (𝐺 < 1)
likely it is to find pairs of faces with a certain combination of mean curvature at a given
distance from each other as compared to a random distribution throughout the speci-
men33.

We plotted theRDFof the normalizedmean (Figure 4.9) andGaussian (Figure 4.10)
curvature at several characteristic distances. Taking the mean curvature RDF as the
running example, the plots should be symmetric about the line 𝐻1/𝑆𝑣 = 𝐻2/𝑆𝑣, since
𝐺(𝐻2 ∣ 𝑟, 𝐻1)=𝐺(𝐻1 ∣ 𝑟, 𝐻2)22. Considering the RDF plots for �̃� = 0.06 (left column
in Figure 4.9), several observations could be made. For example, distinct positive cor-
relations (𝐺 > 1) and anti-correlations (𝐺 < 1) were observed in all specimens. The
positive correlations increased for themore extreme values of curvature, indicating that
those strongly curved regions are highly concentrated in the structure. In other words,
points with high mean curvature values are likely to have neighbors with high mean
curvature as well. On the other hand, it is less likely to encounter neighbors with cur-
vatures on the opposite sides of the spectrum (anti-correlation). For the FH, IC, and
CA samples, a relatively stronger positive correlation was observed along the entire line
𝐻1 = 𝐻2 than for the L2 and L4 samples. Additionally, stronger anti-correlations were
observed in the FH, IC andCA specimens. It is also noteworthy that the range of curva-
tures is substantially larger for the rod-like samples (L2 and L4) than for the plate-like
samples (FH), indicating that the positive correlations in the rod-like samples occur
at more extreme locations (relatively speaking) than for the plate-like samples. At the
larger values of r � the correlations and anti-correlations gradually dissipated, and the
RDF became more uniform and approached G=1. The most extreme values of curva-
ture maintained some positive correlation at �̃� = 0.14, for all specimens. However,
the correlation dissipation occurred faster in the L2 and L4 specimens, showing a more
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uniform distribution of G around unity than the FH, IC, and CA samples. The RDF of
the Gaussian curvature (Figure 4.10) exhibited a similar effect, although the positively
correlated region had a more triangular shape. Moreover, at small and intermediate
distances, high positive correlations were observed for the entire range of the positive
Gaussian curvatures, indicating that locally spherical features are highly concentrated
in trabecular bone.

4.3.4 Scalar Minkowski functionals
The ISD presents the most local measure of trabecular shape, by characterizing the

curvatures at individual points along the interface. Two-point correlation functions,
such as the RDF presented above, provide a slightly more global picture by considering
pairs of points throughout the structure. Nevertheless, it is useful to complement these
approaches with truly global, or integral, metrics that describe the shape as a whole.
From an integral geometric viewpoint, the most fundamental indices to characterize
the global shape are the Minkowski functionals. Their fundamental nature for shape
description is described inHadwiger’s theorem (generalized to tensors byAlesker), stat-
ing that any other motion-covariant, conditionally continuous, additive functional on
a body is a linear combination of the Minkowski functionals19–21. In addition to their
fundamental nature, Minkowski shape indices are also highly versatile, meaning that
they can be applied to a broad spectrum of complex structures, and are robust against
noise2;20.

The simplest types of Minkowski functionals are of a scalar nature and are further
referred to as the Minkowski scalars (see Subsection 4.5.1 for the mathematical formu-
lations and background). For a 3D body B (Figure 4.5), four scalar MF can be defined,
which are proportional to the volume (𝑊0(𝐵)), the total area of the bounding surface
(𝑊1(𝐵)), the area-integrated mean curvature (𝑊2(𝐵)), and the area-integrated Gaus-
sian curvature (𝑊3(𝐵)). The latter is proportional to the Euler-Poincaré index, a topo-
logical invariant describing connectivity. The Minkowski scalars have been applied in
the analysis of various spatial architectures, including voxelized representations of tra-
becular bone45. Here, we computed the Minkowski scalars 𝑊1, 𝑊2, and 𝑊3 on the
smoothed triangle meshes of the trabecular bone interface, and compared them to tra-
ditional bone morphometric indices that characterize the global trabecular shape (Fig-
ure 4.11)5;12. The scalar𝑊0 was omitted, since it is not defined for open surfaces. The
scalar𝑊1 and the bone surface area (BS) were relatively well correlated (Figure 4.11a).
The strongest correlation was observed for the L4 specimens (𝜌 = 0.91), while the
weakest correlation was attained in the CA specimens (𝜌 = 0.66). The deviations be-
tween the computed𝑊1 and BS could potentially be attributed to different underlying
meshes (BS was directly calculated on a marching cubes mesh5). The scalar𝑊2, which
captures the area-integrated mean curvature, is plotted against the morphometric pa-
rameter𝜕𝑆/𝜕𝑟, showing strong correlations for all bone types (𝜌 > 0.87, Figure 4.11b).
Theparameter𝜕𝑆/𝜕𝑟 represents a surface area derivative, and is estimated as the change
in surface area (𝑑𝑆) when the surface is dilated by a small amount, divided by the length
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of that dilation (𝑑𝑟). The area of such a dilated parallel surface (𝑆𝑟) is related to the area
of the original surface (𝑆0) and its curvature by40:
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Figure 4.11: Scalar and tensorial Minkowski functionals applied to trabecular bone. Results for
the three Minkowski scalars, plotted versus their equivalent standard morphometric index: a)
𝑊1 versus bone surface (BS), b)𝑊2 versus surface area derivative (𝜕𝑆/𝜕𝑟), c)𝑊3 versus Euler-
Poincaré characteristic (𝜒).

𝑆𝑟 = 𝑆0(1 + ⟨𝐻⟩𝑟 + ⟨𝐾⟩𝑟
2) (4.13)

where 𝑟 is the signed distance from the original surface, ⟨𝐻⟩ is the average mean
curvature, and ⟨𝐾⟩ is the average Gaussian curvature. The dilation-based parameter
𝜕𝑆/𝜕𝑟 appears in two well-known bone morphometric indices: the SMI and the 3D
trabecular bone pattern factor (TBPf)13;46;47:

𝑆𝑀𝐼 = 6
𝐵𝑉 ⋅

𝜕𝑆

𝜕𝑟

𝐵𝑆2
(4.14)

𝑇𝐵𝑃𝑓 =

𝜕𝑆

𝜕𝑟

𝐵𝑆
(4.15)

In that sense, both SMI and TBPf are proportional to the average mean curvature
(⟨𝐻⟩) of the surface (for small dilations (𝑟2 ≈ 0), the second-order Gaussian curvature
contribution can be neglected), essentially meaning that the ⟨𝐻⟩ is a global morphome-
tric index40;42. Overall, the correlation between𝑊3 and the Euler-Poincaré index (𝜒) is
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lower (0.42 < 𝜌 < 0.76) than the correlations between the previousMinkowski scalars
and their corresponding morphometric indices (Figure 4.11c). This could again be at-
tributed to the different calculation approaches: 𝑊3 is based on the integral Gaussian
curvature of the triangle meshes, while 𝜒 is computed on 3D binary images. Finally, an
important observation is that𝑊3 captures the differences between the specimens from
different anatomical sites, while these are not reflected in the 𝜒 values (Figure 4.11c).
This implies that𝑊3 could potentially be more sensitive to subtle changes in connectiv-
ity than 𝜒, e.g. in case of disease.

4.3.5 Tensorial Minkowski functionals
A relatively novel extension of theMinkowski scalars for global shape quantification

is provided by the so-called Minkowski tensors (MT). Due to their tensorial nature,
these MT capture the orientation-dependent aspects of morphology, a feature that is
highly relevant for the study of heterogeneous materials such as trabecular bone23;24.
While the MT have been employed to characterize granular packings, galaxies, or
foams17;48;49 , we are the first to apply these tensors to the study of trabecular bone.
As a natural consequence of their mathematical foundation, many different MT can
be defined, each characterizing a different aspect of morphology. In principle, the MT
can be defined for any arbitrary rank, but we primarily focused on rank-two tensors,
due to their intuitive physical interpretation2. Higher rank MT are briefly considered
in Subsection 4.3.6. For a 3D body, six relevant rank-two MT are defined (Figure 4.5
and Subsection 4.5.1). As an example, the tensor𝑊2,0

0 (B) is a measure of the spatial
distribution of mass for a solid body B, in some sense analogous to the moment of
inertia tensor. The tensor𝑊2,0

1 (𝐵), on the other hand, measures the mass distribution
when the entire mass of B is homogeneously distributed on the surface (i.e., a “hollow”
body). Here, we considered the aforementioned (translation-covariant) tensor 𝑊2,0

1

as well as two other (translation-invariant) Minkowski tensors, namely 𝑊0,2
1 and

𝑊
0,2
2 . The tensor𝑊0,2

1 describes the distribution of the surface normal vectors, while
𝑊

0,2
2 describes the distribution of the mean curvature (surface normals weighted by

curvature).
Every MT can be used to quantify anisotropy with respect to that particular tensor.

We define the degree of anisotropy (DA) for a tensor𝑊𝑟,𝑠
𝑣 as:

𝐷𝐴
𝑟,𝑠
𝑣 = 1 −

∣ 𝜆
𝑟,𝑠
𝑣 ∣𝑚𝑖𝑛

∣ 𝜆
𝑟,𝑠
𝑣 ∣𝑚𝑎𝑥

(4.16)

Here, ∣ 𝜆𝑟,𝑠𝑣 ∣𝑚𝑖𝑛 and ∣ 𝜆𝑟,𝑠𝑣 ∣𝑚𝑎𝑥 are the absolute values of the minimum and max-
imum eigenvalues of the tensor𝑊𝑟,𝑠

𝑣 . As such, we were able to quantify the different
types of anisotropy of the trabecular bone samples, including the anisotropy of the in-
terface orientation (𝐷𝐴0,21 ) or the anisotropy of the mean curvature (𝐷𝐴0,22 ). For tra-
becular bone, a classical and popular approach to quantify anisotropy has been based
on the mean intercept length (MIL) method12;37;50. However, the MIL is limited to in-
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terfacial anisotropy (by definition) and is known to suffer from some conceptual short-
comings, such as noise sensitivity, sampling bias, and poor data fitting in specific cases,
that could invalidate the anisotropy results51. Instead, Minkowski tensors are robust
alternatives, showing higher sensitivity to anisotropy in 2D boolean model systems36.
To assess the potential of Minkowski tensors as alternatives to the MIL tensor for bone
anisotropy quantification, we computed the DA of both approaches on 259 trabecular
bone specimens. The relevant Minkowski tensor for this comparison is𝑊0,2

1 , as it de-
scribes the interfacial orientation. We found that, with themost recent algorithm for the
calculation of𝐷𝐴𝑀𝐼𝐿 (in BoneJ38), all the data for𝐷𝐴𝑀𝐼𝐿 and𝐷𝐴0,21 were strongly cor-
related (Spearman’s 𝜌 = 0.957, Pearson’s 𝜌 = 0.963) and centered around the identity
line (Figure 4.12). Both methods also predicted similar principal directions with most
angle differences below 10∘ (Figure 4.12b). In contrast to theoretical predictions on
2D model systems, our analysis indicates that both approaches yield similar results on
high-resolution trabecular bone scans36. Despite these similar results, it must be em-
phasized that 𝐷𝐴𝑀𝐼𝐿 is highly dependent on the specific MIL implementation, which
has been shown to be a potential source of significant variation in classical MIL algo-
rithms15;39;52. Moreover, theMT approach is inherently less sensitive to noise andmore
computationally efficient than theMIL approach, since it does not rely on counting lines
and intersections36, and also offers the ability to quantify the other types of anisotropy.

Comparing the 𝐷𝐴0,21 distributions (Figure 4.13a), we observed that all bone types
exhibit a distinct level of interfacial anisotropy, with significant differences between the
means of the different bone types (Table 4.1). Higher mean values were obtained in
the CA (⟨𝐷𝐴0,21 ⟩ = 0.59) and FH (⟨𝐷𝐴0,21 ⟩ = 0.58) specimens, as opposed to the IC
(⟨𝐷𝐴0,21 ⟩ = 0.49), the L2 (⟨𝐷𝐴0,21 ⟩ = 0.45), and L4 (⟨𝐷𝐴0,21 ⟩ = 0.48) samples. More-
over, a wider spread in the anisotropy values was observed in the L2 and L4 specimens.
In all cases, the degree of anisotropy with respect to the tensor 𝑊2,0

1 , which charac-
terizes the mass distribution of the “hollow” trabecular bone, was much lower (Fig-
ure 4.13b). Significant differences between the different bone types were detected, and
higher mean values were attained for the IC (⟨𝐷𝐴2,01 ⟩ = 0.20), the L2 (⟨𝐷𝐴2,01 ⟩ = 0.20)
and the L4 (⟨𝐷𝐴2,01 ⟩ = 0.21) samples as opposed to the CA (⟨𝐷𝐴2,01 ⟩ = 0.13) and the
FH (⟨𝐷𝐴2,01 ⟩ = 0.09) samples. Finally,𝐷𝐴0,22 quantifies the anisotropy of the curvature-
weighted surface normals (Figure 4.13c), again displaying significant differences in the
means between the bone types. The CA (⟨𝐷𝐴0,21 ⟩ = 0.25), L2 (⟨𝐷𝐴0,21 ⟩ = 0.21),
and L4 (⟨𝐷𝐴0,21 ⟩ = 0.18) specimens exhibited narrower distributions than the FH
(⟨𝐷𝐴0,21 ⟩ = 0.61) and IC (⟨𝐷𝐴0,21 ⟩ = 0.33) specimens. Interestingly, there were statis-
tically significant differences between the mean 𝐷𝐴0,22 values calculated for the speci-
mens harvested frommale and female donors in the case of the CA (𝑛1 = 25, 𝑛2 = 27,
Mann-Withney 𝑈 = 179, 𝑝 = 0.004) and L2 (𝑛1 = 25, 𝑛2 = 30, Mann-Whitney
𝑈 = 179, 𝑝 = 0.001) bone types.

In reporting DA, only the extremal tensor eigenvalues were considered. To extend
our characterization of theMinkowski tensors, we also plotted the ratio of themedian to
themaximumeigenvalue against the ratio of theminimum to themaximumeigenvalue.
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Figure 4.12: Comparisons between the MIL and𝑊0,2
1 tensors. a) Degree of anisotropy (DA)

with respect to the tensor𝑊0,2
1 versusDA with respect to the MIL tensor, for samples from each

anatomical group. b) Probability density distribution of the angle difference between the prin-
cipal directions obtained from the MIL and𝑊0,2

1 tensors. c) Ellipticity of the𝑊0,2
1 tensor, with

every marker indicating a different trabecular sample (also shown in Figure 4.13). d) Ellipticity
of the MIL tensor, showing good agreement with the plot in c).

Since rank-2 tensors can be represented by the surface of an ellipsoid (Subsection 4.2.7),
these plots provide insight into the “ellipticity” of the bone specimens with respect to a
particular tensor (Figure 4.13d). Data for which 𝜆𝑚𝑒𝑑𝑖𝑎𝑛/𝜆𝑚𝑎𝑥 = 1 are represented
by prolate spheroids, while data on 𝜆𝑚𝑖𝑛/𝜆𝑚𝑎𝑥 = 𝜆𝑚𝑒𝑑𝑖𝑎𝑛/𝜆𝑚𝑎𝑥 are represented by
oblate spheroids. When 𝜆𝑚𝑖𝑛/𝜆𝑚𝑎𝑥 = 𝜆𝑚𝑒𝑑𝑖𝑎𝑛/𝜆𝑚𝑎𝑥 = 1, a perfect sphere is ob-
tained and the data is considered fully isotropic with respect to that particular tensor.
For the tensor𝑊0,2

1 , the data was clustered between the oblate and prolate shapes on
the ellipsoid spectrum (Figure 4.13e). Moreover, the ellipticity of the𝑊0,2

1 data was in
good agreement with the ellipticity of the MIL data (Figure 4.12d). In the case of the
𝑊

2,0
1 tensor, most of the specimens were highly concentrated in the nearly isotropic re-
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Figure 4.13: Thedistribution plots for the degree of anisotropy (DA)with respect to the different
Minkowski tensors, plotted per anatomical site and split between the specimens from male (M)
and female (F) donors: a) DA for tensor𝑊0,2

1 , b) DA for tensor𝑊2,0
1 , and c)DA for tensor𝑊0,2

2 .
∗𝑝 < 0.01. d-g) Ellipticity with respect to the different Minkowski tensors, shown as the ratio
of the median to the maximum eigenvalue versus the ratio of the minimum to the maximum
eigenvalue: d) an illustration of the various degrees of ellipticity, e) ellipticity with respect to
𝑊

0,2
1 , f) ellipticity with respect to𝑊2,0

1 , and g) ellipticity with respect to𝑊0,2
2 .

gion, with some data points (IC, L2, and L4) exhibiting higher ellipticity (Figure 4.13f).
For the𝑊0,2

2 tensor, the data for the CA, L2 and L4 specimens was again concentrated
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in the nearly isotropic region, but the data for the FH and IC specimens were scat-
tered over the entire ellipsoid spectrum. For example, the FH specimens covered both
highly oblate and prolate ellipticity, with various degrees of anisotropy (Figure 4.13g).
Taken together, these plots underscore that interfacial orientation is only one of several
sources of bone anisotropy and ellipticity, and that other sources can be quantified by
considering a different Minkowski tensor (e.g. 𝑊2,0

1 or𝑊0,2
2 ).

4.3.6 Anisotropy in spatially decomposed bone
The Minkowski functionals provide a global (integral) interpretation of trabecular

shape, by assigning either a scalar or a tensor to the entire region of interest. However,
the shape and size of this region could be chosen arbitrarily within the cubic speci-
men volume. Hence, it is possible to apply the Minkowski analysis to several smaller
substructures, in order to create a Minkowski map that quantifies the intra-specimen
variations of the integral shape indices2. In that sense, such a spatially decomposed
analysis of the Minkowski functionals occupies an intermediate position between the
highly localized analysis of curvature distributions and thewhole-specimen shape char-
acterization presented in Subsection 4.3.3 and Subsection 4.3.4.
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Figure 4.14: Minkowski tensor analysis on spatially decomposed samples. a) A visualization
of a full FH trabecular bone specimen. b) Ellipticity with respect to the normal density tensor
(𝑊0,2

1 ) of the sample in a) in 27 subdomains. The ellipsoids are oriented in their principal
direction. c) Ellipticity with respect to the curvature density tensor (𝑊0,2

2 ) of the sample in
a) at 27 subdomains. d) An overlay of the ellipticities of b) and c). e) The relative differences
in the local and global anisotropy for𝑊0,2

1 and𝑊0,2
2 , plotted for each anatomical site. f) The

differences in the local and global principal orientations for 𝑊0,2
1 and 𝑊0,2

2 , plotted for each
anatomical site.

To quantify the intra-specimen anisotropy changes, we decomposed 100 trabecu-
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lar specimens into a set of smaller components. In order to maintain representative
trabecular substructures, we used a 3 × 3 × 3 cubic grid for this spatial subdivision
(Figure 4.4b). We computed the two translation-invariant Minkowski tensors 𝑊0,2

1

and𝑊0,2
2 on the resulting 2700 substructures, enabling a local characterization of the

ellipticity with respect to those tensors. We found that, in general, the ellipticity varies
throughout the specimens and is different for both tensors (Figure 4.14a-d). To quan-
tify the spatial variation, we calculated the relative difference between the anisotropy of
a substructure and that of the entire specimens ( �̃�𝑟,𝑠𝑣 , Subsection 4.2.8), as well as the
angle difference between the local and global principal orientations ( �̃�𝑟,𝑠𝑣 ). For both
tensors, the local DA varied substantially with respect to the whole-sample value and
led to different distributions for both tensors (Figure 4.14e). Distinct angle differences
in the local and global principal directions were also observed for both tensors, and
wider variations were detected in the L2 and L4 specimens (Figure 4.14f).

Finally, we asked whether higher-rankMinkowski tensors (beyond rank two) could
provide additional insight into the structural and anisotropy differences between the
different bone types. To this end, we calculated the quadratic (𝑞𝑠) and cubic (𝑤𝑠) rota-
tional invariants of the so-called irreducible Minkowski tensors (Subsection 4.5.1) for
the spatially decomposed specimens. This analysis was motivated by the recent results
in particulate matter, where these scalar invariants have been used as efficient structure
metrics to detect local crystalline states in disordered packings of convex shapes53;54.
Due to their higher-rank nature, however, the physical significance of these structure
metrics is less easily understood than for the rank-2 Minkowski tensors. Plotting the
probability distributions of 𝑞𝑠 and 𝑤𝑠 for the FH and L4 specimens (540 data points
each, Figure 4.17 and Figure 4.18), we observed globally smooth distributions for𝑞𝑠 and
𝑤𝑠 that are qualitatively similar to those obtained for hyperuniform amorphous cellular
solids54. Sharp peaks in the distribution would indicate the presence of a locally crys-
talline region with a certain structural symmetry. Significant differences between the
structure metric distributions of the FH and L4 specimens were detected (two-sample
Kolmogorov-Smirnov, 𝑝 < 0.01), except for 𝑞5, indicating that these higher-order
structure metrics are sensitive to the structural differences between the plate-like and
rod-like specimens.

4.4 Discussion
The aim of this study was to provide a more fundamental geometric viewpoint

on the quantification of trabecular bone shape. Such a geometry-centered approach
not only offers a more mathematical foundation to the long-standing field of trabec-
ular bone morphometry, but also provides a framework to study other spatially com-
plex materials, including bone-mimicking architected scaffolds and biomaterials (e.g.
metabiomaterials55). At the local perspective, this geometric characterization could be
accomplished by quantifying the surface curvature of the trabecular interface. In fact,
curvature is the defining characteristic when it comes to distinguishing between local
structural features, such as rods (𝐾 = 0, 𝐻 < 0), plates (𝐾 = 0, 𝐻 = 0), and saddle-
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shaped arcs (𝐾 < 0), or to identify primarily convex (𝐻 < 0) or concave (𝐻 > 0)
regions. We quantified the complex curved landscapes of trabecular bone using the
ISD, finding that these density maps serve as effective shape fingerprints for trabecu-
lar bone from different anatomical sites. Indeed, the ISD captured the morphological
differences between plate-like (FH) and rod-like (L2 and L4) specimens, but were also
sensitive to intermediate morphologies along the plate-rod spectrum (IC and CA). In-
terestingly, the ISD also revealed that trabecular bone is not approximating a minimal
surface, opposing a claim often made in the literature to support the use of minimal
surface-based scaffolds. Minimal surfaces, for which 𝐻 = 0 everywhere, arise in sys-
tems where surface energy is minimized (e.g., soap films). It is often assumed that a
similar phenomenon takes place in the formation and remodeling of trabecular bone,
leading to an overall minimal surface morphology. However, we find that the princi-
pal curvature ISD of trabecular bone is distinctly different from the minimal surface
ISD, where all data points lie on the boundary between regions II and III (𝜅1 = −𝜅2,
Figure 4.8).

We also performed a global shape analysis of the trabecular bone interface. To
this end, we employed the scalar and tensorial Minkowski functionals, since these are
fundamental, highly versatile, and robust indices for integral shape quantification. We
found that the Minkowski scalars, which were computed directly on the triangulated
bone meshes, correlated with traditional bone morphometric indices, such as BS,
𝜕𝑆/𝜕𝑟, or 𝜒. Moreover, we found that 𝑊3 was more sensitive to differences in bone
microarchitecture than the corresponding traditional metric 𝜒. Our work was the
first to apply the Minkowski tensors to the quantification of trabecular bone shape.
This analysis revealed different degrees of anisotropy and ellipticity, depending on
the morphological aspect that is being considered. Moreover, anisotropy differences
between bone specimens harvested from different anatomical sites could be detected.
An important aspect of this Minkowski functional approach is that it unifies several
traditional morphometric indices within the same geometrical theory. For example,
interfacial and volume anisotropy are traditionally characterized using different
methods (e.g., the MIL and SVD methods), while both can be described within the
Minkowski tensor framework by using a different tensor. We also applied higher-
rank Minkowski metrics to the shape quantification of spatially-decomposed bone
specimens, showing that they are also sensitive to morphological differences in bone
from different anatomical sites. However, we note that these higher-rank metrics are
usually applied to disordered assemblies of discrete convex bodies, such as the Voronoi
diagram of a granular packing53;54. Such materials are naturally well-suited for this
type of domain-wise analysis, since the basic definition of these structure metrics is
centered around decomposing the normal density of convex bodies into spherical
harmonics. As such, analyses using these metrics might be more compatible with
convex particle systems than with non-convex, smooth trabecular bone structures.
In this regard, it would be interesting to apply this analysis to specimens that are
decomposed into (almost) convex units, for example by volumetric decomposition
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into rods and plates46, or by approximate convex decomposition56. Additionally,
the use of clustering algorithms (e.g. k-means or DBSCAN) could shed light on the
classification sensitivity of such higher-order metrics.

The key characteristic of our metrics is their fundamental geometric nature, which
offers a unifying view and geometrical foundation for traditional bone morphometric
indices. This geometric perspective could advance the understanding of morphological
changes in aging and disease, such as the elusive plate-to-rod transition in osteoporo-
sis57. Our approaches could also provide a framework for shape description within the
context of bone healing, for example, to characterize the structure of the developing
callus in vivo58;59. Since these metrics are not bound by scale, they could also readily be
applied to high-resolution images of much smaller structures within bone, such as the
lacuno-canalicular network60. Moreover, our insights into trabecular bone curvature
are relevant for recent investigations into the role of substrate curvature as amechanobi-
ological cue at the cell and tissue levels7;61, which could be leveraged in tissue engineer-
ing applications. Additionally, our geometric framework could also offer a quantitative
basis for assessing the extent to which various bone tissue scaffold morphologies are
actually mimicking the trabecular bone architecture.

In summary, we have provided a geometric approach to trabecular bonemorphom-
etry, quantifying both the local and global shape of trabecular bone, and unifying sev-
eral traditional morphometric indices within the mathematical language of geome-
try. Our analyses were centered around surface curvature and Minkowski function-
als, which proved to be sensitive fingerprints to site-specific differences in bone mor-
phology. These approaches could facilitate the geometrical characterization of a broad
spectrum of spatially-complex materials beyond bone, ultimately advancing the devel-
opment of accurate structure-property relationships for such materials.

4.5 Supporting information
4.5.1 Formulations of Minkowski functionals

The concepts of scalar and tensorial Minkowski functionals (MF) have strong roots
in integral and convex geometry. Here, we provide a brief overview of their mathe-
matical formulations and notations. Comprehensive accounts of the underlying math-
ematics and computational implementations can be found elsewhere2;20;62;63. The four
Minkowski scalars (𝑊𝑣) in 3D are defined for a body𝐵with sufficiently smooth bound-
ing surface 𝜕𝐵 as:

𝑊0(𝐵) = ∫
𝐵

𝑑𝑉 (4.17)

𝑊1(𝐵) =
1

3
∫
𝜕𝐵

𝑑𝐴 (4.18)

𝑊2(𝐵) =
1

3
∫
𝜕𝐵

𝐻𝑑𝐴 (4.19)
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𝑊3(𝐵) =
1

3
∫
𝜕𝐵

𝐾𝑑𝐴 (4.20)

Where𝐻 is the mean curvature,𝐾 is the Gaussian curvature, 𝑑𝑉 is the infinitesimal
volume element and 𝑑𝐴 is the infinitesimal area element. The label v corresponds to
the type of integral used in the calculation: 𝑣 = 0 corresponds to a volume integral,
𝑣 = 1 to a surface integral, 𝑣 = 2 to a mean curvature-weighted surface integral, and
𝑣 = 3 to a Gaussian curvature-weighted integral.

In 3D, the six rank-2 Minkowski tensors of interest (𝑊𝑟,𝑠
𝑣 ) are obtained by volume

and surface integrals of tensor products of position vectors (r) and surface normal vec-
tors (n):

𝑊
2,0
0 (𝐵) = ∫

𝐵

r⊗ r𝑑𝑉 (4.21)

𝑊
2,0
1 (𝐵) = 1/3∫

𝜕𝐵

r⊗ r𝑑𝐴 (4.22)

𝑊
2,0
2 (𝐵) = 1/3∫

𝜕𝐵

𝐻(r)r⊗ r𝑑𝐴 (4.23)

𝑊
2,0
3 (𝐵) = 1/3∫

𝜕𝐵

𝐾(r)r⊗ r𝑑𝐴 (4.24)

𝑊
0,2
1 (𝐵) = 1/3∫

𝜕𝐵

n⊗ n𝑑𝐴 (4.25)

𝑊
0,2
2 (𝐵) = 1/3∫

𝜕𝐵

𝐻(r)n⊗ n𝑑𝐴 (4.26)

Here, the additional labels r and s respectively represent the powers of the position
and normal vectors in the integrals. The symbol⊗ represents the tensor product, de-
fined as (𝑎 ⊗ 𝑏)𝑖𝑗 = 𝑎𝑖𝑏𝑗. The tensor 𝑊0,2

3 is not defined here, as it would reduce
to the unit tensor multiplied with the Euler-Poincarë characteristic64. The four first
tensors𝑊2,0

𝑣 for 𝑣 = 0, 1, 2, 3 are translation-covariant, meaning that they are depen-
dent upon the choice of origin. The tensors 𝑊0,2

1 and 𝑊0,2
2 , on the other hand, are

translation-invariant.
The starting point in the definition of MF are smooth convex bodies, i.e. convex

bodies with a continuous normal field on the bounding surface. However, the trabecu-
lar bone structures that we investigate are non-convex and are represented by a discrete
trianglemesh, which presents singularities in the curvatures and the normal definitions
at the edges and vertices of the triangles. Two defining properties of the MF are em-
ployed to address these challenges. First, the construction of a parallel body 𝐵𝜀 by an
infinitesimally small dilation (𝜀 → 0) enables the continuous definition of surface nor-
mals, since discrete vertices and edges are mapped to smooth spherical and cylindrical
segments in the dilated body. While useful for convex bodies, this approach does not
hold for concave bodies. However, the additivity property of theMFprovides an elegant
solution. For two convex bodies 𝐵1 and 𝐵2, the additivity property states that:
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𝑊
𝑟,𝑠
𝑣 (𝐵1 ∪ 𝐵2) = 𝑊

𝑟,𝑠
𝑣 (𝐵1) +𝑊

𝑟,𝑠
𝑣 (𝐵2) −𝑊

𝑟,𝑠
𝑣 (𝐵1 ∩ 𝐵2) (4.27)

That is, the MF of the union of two convex bodies is equal to the sum of the MF of
the separate bodies, minus the MF of the intersection of those bodies. While, (𝐵1∪𝐵2)
is, in general, not convex, (𝐵1∩𝐵2) is convex. Thus, a non-convex body can be decom-
posed into convex bodies, enabling a continuous definition of theMF20. It is because of
these continuity and additivity properties that the MF are robust and versatile indices
for the characterization of complex spatial structure. There is also a mathematical ar-
gument that supports the fundamental nature of the MF, that is, their completeness to
describe complex spatial structure. Alesker’s theorem states that any motion-covariant,
conditionally continuous, and additive tensorial functional of a 2D or 3D body can be
expressed as a linear combination of the MF19;20. Thus, Minkowski functionals form a
fundamental basis for structure characterization using other additive functionals.

While we have focused on rank-2 Minkowski tensors, higher-rank generaliza-
tions can be defined as well. Specifically, one can consider the so-called irreducible
Minkowski tensors (IMT), which generalize the 𝑊0,𝑠

1 tensors to higher rank s.
These tensors decompose the surface normal density of the body 𝐵 into spherical
harmonics53:

Ψ𝑠,𝑚 = √
4𝜋

2𝑠 + 1

∑
𝑏 𝐴𝑏𝑌

𝑚
𝑠 (n𝑏)

∑
𝑏 𝐴𝑏

(4.28)

Where Ψ𝑠,𝑚 are the tensor components, 𝐴𝑏 is the area of face 𝑏 with outward nor-
mal 𝑛𝑏, and 𝑌𝑚𝑠 represent the spherical harmonics. Based on these higher-rank IMTs,
quadratic (𝑞𝑠) and cubic (𝑤𝑠) structuremetrics that are invariant under rotation, scaling
and translation can be defined as:

𝑞𝑠 =

𝑠

∑

𝑚=−𝑠

∣ Ψ𝑠,𝑚 ∣
2 (4.29)

𝑤𝑠 =

𝑠

∑

𝑚1=−𝑠

𝑠

∑

𝑚2=−𝑠

𝑠

∑

𝑚3=−𝑠

(
𝑠 𝑠 𝑠

𝑚1 𝑚2 𝑚3
)Ψ𝑠,𝑚1

Ψ𝑠,𝑚2
Ψ𝑠,𝑚3

(4.30)

Where the array in parentheses represents Wigner’s 3𝑗 symbols. These structure
metrics are related to the classical bond-orientational order parameters, and have,
for example, been applied to detect local crystalline states in disordered particle
systems17;53;54;65.
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4.5.2 Additional figures
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Figure 4.15: Visualizations of normalized curvature of the trabecular interface. Left: mean
curvature, middle: Gaussian curvature, right: net curvature. Top row: representative sample
from the calcaneus (CA), bottom row: representative sample from the fourth lumbar vertebra
(L4).
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Figure 4.16: Age-dependent effects on curvature probability distributions. Probability density
distribution of non-normalized mean (left), Gaussian (middle) and net (right) curvature, split
between bone type and age group (younger than 60 years and older than 80 years). Data was not
normalized to exclude the effect of changing BS/BV with age. Each curve contains data from
several samples (age < 60 years: 𝑛𝐶𝐴 = 14, 𝑛𝐹𝐻 = 15, 𝑛𝐼𝐶 = 13, 𝑛𝐿2 = 16, 𝑛𝐿4 = 16. Age
> 80 years: 𝑛𝐶𝐴 = 18, 𝑛𝐹𝐻 = 17, 𝑛𝐼𝐶 = 17, 𝑛𝐿2 = 18, 𝑛𝐿4 = 19).
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Figure 4.17: Quadratic invariants of the irreducible Minkowski tensors. Probability density
distributions of the quadratic invariants of the IMT (𝑞𝑠), for rank 𝑠 ∈ [2, 8]. Only the curves
of the FH and L4 samples are shown, which were created using kernel density estimates on 540
data points each (20 trabecular samples, each split into 27 subdomains).
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Table 4.1: Statistics for the DA. P-values for the two-sided Mann-Whitney-U tests between all
sample groups for the three Minkowski tensors that were being considered. Differences in the
means were considered statistically significant for 𝑝 < 0.01.

Type CA FH IC L2 L4
𝐷𝐴

0,2
1 CA

FH 0.5716
IC 7.59E-09 2.70E-07
L2 3.42E-12 4.04E-10 0.039
L4 3.60E-10 5.57E-08 0.745 0.088

𝐷𝐴
2,0
1 CA

FH 3.65E-04
IC 2.86E-07 2.85E-13
L2 1.65E-04 4.39E-10 0.573
L4 8.45E-07 3.13E-12 0.636 0.323

𝐷𝐴
0,2
2 CA

FH 8.16E-10
IC 0.708 2.00E-06
L2 0.006 5.67E-12 0.032
L4 2.56E-05 4.50E-13 0.001 0.137
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5
TUNINGMETAMATERIALS USING

HYPERBOLIC TILINGS

Rapid advances in additive manufacturing over the past decade have kindled
widespread interest in the rational design of metamaterials with unique properties.
However, many applications require multi-physics metamaterials, where multiple
properties are simultaneously optimized. This is challenging, since different proper-
ties, such as mechanical and mass transport properties, typically impose competing
requirements on the nano-/micro-/meso-architecture of metamaterials. Here, we
propose a parametric metamaterial design strategy that enables independent tuning
of the effective permeability and elastic properties. We apply hyperbolic tiling theory
to devise simple templates based on which triply periodic minimal surfaces (TPMS)
are partitioned into hard and soft regions. Through computational analyses, we
demonstrate how the decoration of hard, soft, and void phases within the TPMS
substantially enhances their permeability-elasticity property space and offers high
tunability in the elastic properties and anisotropy, at constant permeability. We also
show that this permeability-elasticity balance is well captured using simple scaling
laws. We then proceed to demonstrate the proposed concept through multi-material
additive manufacturing of representative specimens. Our approach, which is gen-
eralizable to other designs, offers a route towards multi-physics metamaterials that
need to simultaneously carry a load and enable mass transport, such as architected
tissue-substituting metabiomaterials.

S. J. P. Callens, C. Arns, A. Kuliesh, A. A. Zadpoor, Decoupling minimal surface
metamaterial properties through multi-material hyperbolic tilings, Advanced

Functional Materials, 2021. (accepted)
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5.1 Introduction
The fundamental paradigm of metamaterials is that their macroscale properties

are largely driven by their nano-, micro- or mesoscale architecture. This intimate
structure-property connection has been leveraged to develop metamaterials with
unique, unusual, and extreme acoustic1, photonic2, or mechanical properties3.
Historically, most types of metamaterial architectures have been based on periodic
arrangements of struts, often inspired by crystallographic lattices4–7. In search for
highermass-specificmechanical properties, periodic plate-lattices have been proposed,
capable of storing strain energy more efficiently8;9. More recently, smooth shell-based
lattices have also attracted great interest, since these architectures are devoid of the
stress concentrations that are inherent at the intersections of strut- or plate-lattices, and
since their intrinsically curved morphology endows them with high specific stiffness
and attractive energy absorption behavior10–13. Among the shell-based metamaterials,
those derived from triply periodic minimal surfaces (TPMS) have most widely been
studied14–18. These are bicontinuous, infinitely-extending, saddle-shaped surfaces that
locally minimize area and have the defining characteristic of zero mean curvature
(𝐻 = 0) at every point along the surface19. The widespread interest in TPMS-based
structures has partly been fueled by their intriguing mathematical foundation and
their widespread observations in spontaneously-assembled natural systems20;21, but is
also due to their attractive and extremal physical properties22.

Irrespective of the architecture type, the central challenge in metamaterial design is
to optimize the material geometry to attain the desired macroscale physical properties.
In the case of multi-physics metamaterials, however, several properties are targeted si-
multaneously. It turns out that optimizing the geometry for one property often leads
to a decrease in the performance with respect to the others. This is exemplified in ar-
chitected tissue scaffolds, or “metabiomaterials”23, where the material geometry has
conflicting effects on the mechanical and mass transport functionality24–27: increas-
ing the mechanical properties, by increasing the relative density of the metamaterial28,
generally results in a decreased fluid permeability. A notable example where the decou-
pling of these properties is somewhat possible is a pentamode metamaterial, consisting
of spindle-shaped struts that meet at relatively weak nodes29. The mechanical prop-
erties of these materials mainly depend on the node geometry and not on the overall
relative density, offering the ability to partially tune the permeability independently of
the mechanical properties30. However, this ability is limited, because the upper bound
on permeability is constrained by the desired mechanical properties, and because pen-
tamode metamaterials inherently rely on highly-specific strut-based architectures.

An attractive andmore potent, strategy to unlock a largermetamaterial design space
is to spatially distribute multiple materials with widely different properties, instead of
architecting only a single material. This approach has only recently become possible,
owing to advances in multi-material additive manufacturing, and has enabled the de-
sign of mechanical metamaterials with exotic deformationmodes and tunable Poisson’s
ratios31–34. Here, we leverage the multi-material strategy to develop periodic meta-
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materials with independently tunable properties. Specifically, we propose a strategy
to parametrically design biphasic, TPMS-based architectures that interpolate between
strut- and shell-lattices. Our design strategy builds upon the inherent hyperbolic sym-
metries of TPMS, offering a robust approach to tailor unit cell geometry and the spatial
distribution of the different materials. This enables us to decouple the mechanical and
mass transport properties to an extent that is not possible in uniphasic metamateri-
als. Using computational homogenization, we determine the effective elastic properties
and anisotropy of a wide range of structures as a function of the unit cell geometry and
material choice. Moreover, we quantify the intrinsic permeability of the metamateri-
als using computational fluid dynamics (CFD). Our results confirm that our parametric
design strategy and the combination of two differentmaterials significantly expands the
achievable space of multi-physics properties and greatly enhances the ability to inde-
pendently tune the permeability and elastic properties. Additionally, we demonstrate
the proposed concept by additivelymanufacturing andmechanically testingmetamate-
rials that combine hard and soft polymers. While we focus here on two types of TPMS,
this concept is directly extendable to other types of TPMS and could also be generalized
to other types of shell-lattices, even those of a stochastic nature. Ultimately, this ap-
proach of spatially decorating shell-based metamaterials with multiple materials could
be useful in many applications where mechanical and mass transport properties are
both important, such as load-bearing heat exchangers, noise-abating permeable airfoils,
or architected tissue scaffolds.

5.2 Materials &Methods
5.2.1 Parametric design of TPMS

3D mesh representations of the labelled P and G surfaces were computed using the
Enneper-Weierstrass parametrization, which maps the points in an integration domain
in the complex plane to the curved fundamental patch in 𝔼3 that is used to build the
TPMS. Specifically, the Cartesian coordinates of the points on the fundamental patch
are obtained by:

{

𝑥

𝑦

𝑧

} = 𝑅𝑒 [𝑒𝑖𝜃∫
𝜔

𝜔0

{

1 − �̃�2

𝑖(1 + �̃�2)

2�̃�

}𝑅(�̃�)𝑑�̃�] + 𝑝0 (5.1)

Here, 𝑅(�̃�) is the Weierstrass function, 𝜃 is the Bonnet angle, 𝑝0 is an arbitrary
translation to define the origin (here, 𝑝0 = [0, 0, 0]), 𝜔0 is a fixed point in the integra-
tion domain (here, 𝜔0 = 0), and 𝜔 is any other point in the integration domain. For
the PDG surface family, the Weierstrass function is defined as:

𝑅(�̃�) = [�̃�8 − 14�̃�4 + 1]
−1

2 (5.2)
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For the P surface, 𝜃 = 𝜋/2. For the G surface, 𝜃 = 𝑎𝑟𝑐𝑐𝑜𝑡 (
𝐸𝑘

3

4

𝐸𝑘
1

4

), where 𝐸𝑘(𝑘)

is the complete elliptic integral of the first kind with parameter 𝑘. Thus, any point 𝜔
in the complex domain is mapped to a point in the 3D fundamental patch through this
parametrization. The points𝜔 were uniformly sampled from the complex domain, de-
pending on the patch type and the desired density. Next, the Delaunay triangulation of
the set of discrete points𝜔 was computed to obtain a triangular (2D) mesh of the com-
plex domain. The faces of the 2D mesh were labelled as hard, soft, or void phase. The
Enneper-Weierstrass equations were then used to map the points 𝜔 to their Cartesian
coordinates in 𝔼3.The mesh topology and face labelling that was computed on the 2D
complex domain was applied to the 3D set of points to obtain a meshed representation
of the fundamental patch. Finally, the patch was patterned in 3D according to the P and
G symmetry operations to obtain the translational unit cells35;36.

All computations and consequent mesh processing steps were performed in MAT-
LAB (MATLAB 2018b, Mathworks, Natick, MA, USA) using custom code, as well as by
using several of the functions of the GIBBON toolbox37.

5.2.2 Conversion to solid structures
The zero-thickness meshes were converted to solid, 3D-printable structures by a

surface thickening approach. To this end, all vertices were offset in the positive and
negative normal directions by a distance 𝑑/2, where 𝑑 is a user-defined fraction of the
unit cell bounding box length 𝐿 (i.e., 𝑑 = 𝑡

20
𝐿). This offsetting operation resulted in

two parallel meshes, one at each side of the original minimal surface mesh. Triangular
bounding faces were added at the edges of the two parallel meshes to create a watertight
mesh that represents the solid structure. This thickening approachwas applied for every
labeled region of the mesh separately, resulting in a solid triangle mesh for both the
hard and soft phases. The surface area and relative densities were then computed on
the basis of these triangle meshes, and the meshes were exported in the STL format for
3D printing and visualization in Keyshot (Keyshot 5, Luxion, Tustin, CA, USA). The
voxelized representations of the unit cells were created from the triangle meshes using
the function patch2Im in the GIBBON toolbox37.

5.2.3 Morphology
The Gaussian curvature (𝐾) of the TPMS mesh vertices was computed from the

complex domain as38:

𝐾(𝜔) = −4 (1+ ∣ 𝜔 ∣2)
−4
∣ 𝑅(𝜔) ∣−2 (5.3)

The area element (𝑑𝑆) or surface metric for a point 𝜔 = 𝑢 + 𝑖𝑣 is defined as39:

𝑑𝑆 = 𝑑𝑢𝑑𝑣 (1+ ∣ 𝜔 ∣2)
2
∣ 𝑅(𝜔) ∣2 (5.4)
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A shell factor 𝜉, capturing the local shell-like nature of the structures, was computed
on the voxelized mesh representations (100×100×100 voxels) of the entire unit cell.
First, the soft phase of the unit cells was thresholded, resulting in a binary 100×100×
100 array with label 1 for all the voxels in the soft phase, and label 0 for all other voxels.
Then, the Euclidean distance map (EDM) was computed on this 3D array, specifying
the distance from every voxel to the nearest voxel in the soft phase. The hard phase
was then used as a mask to extract the distance of every voxel in the hard phase to the
nearest voxel in the soft phase. The distance value was then divided by the local shell
thickness to compute the shell factor at every point p in the hard phase (the factor 2 is
to obtain the diameter of the largest circular shell that fits inside the hard phase at every
point):

𝜉(𝑝) = 2 ⋅
𝐸𝐷𝑀(𝑝)

𝑡(𝑝)
(5.5)

5.2.4 Permeability simulations
The effective fluid permeability for the different uniphasic designs was computed

using a lattice-Boltzmann (LB) scheme that has previously been used for determining
permeabilities of standard TPMS microstructures26. Briefly, the LB method models
the temporal evolution of a particle velocity distribution function at discrete lattice po-
sitions under collision and streaming steps, and subject to a small pressure gradient40.
Here, the LB simulations were performed with standard D3Q19 elements (i.e., 3D ele-
ments with 19 possible momentum components)41 and a lattice discretization of 2563

voxels was used. The intrinsic permeability was extracted using the Darcy’s law, and
were normalized to the cross-sectional area of the unit cell𝐿2.

5.2.5 Effective elastic properties
The effective elastic mechanical properties of the different unit cell designs were

computed using a computational homogenization scheme based on the finite element
method (FEM) in MATLAB42. Briefly, the effective (homogenized) elasticity tensor 𝐶∗

(6 × 6, using Voigt notation) was extracted from six independent, linear elastic FEM
simulations on voxelized representations of the unit cells with periodic boundary con-
ditions. In the simulations, the Poisson’s ratio was set to 0.3, and the stiffness of the
hard phase was set to 2 GPa. Following a convergence study on the basis of the effective
elastic modulus (considered converged when the variation was below 1%), a discretiza-
tion of the unit cells into 1283 voxels was found to be sufficient to compute the effec-
tive elastic properties. The linear force-displacement equations in the FEM simulations
were solved using the preconditioned conjugate gradient (pcg) scheme in MATLAB,
with a tolerance set to 10−8. Due to the cubic symmetry of the metamaterial designs,
𝐶∗ contains only three independent components (i.e., 𝐶11, 𝐶12 and 𝐶44). From those
components, the effective uniaxial Young’s modulus (𝐸∗11 in ⟨100⟩ direction), effective
bulk modulus (𝐾∗), effective shear modulus (𝐺∗, e.g. applied on the (100) plane in the
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[010] direction), and the effective Poisson’s ratio (𝜈∗, for loading in the ⟨100⟩ direction)
could be determined17 as:

𝐸∗11 =
1

𝑆∗11
(5.6)

𝐾∗ =
𝐶11 + 2𝐶12

3
(5.7)

𝐺∗ = 𝐶44 (5.8)

𝜈∗ =
𝐶12

𝐶11 + 𝐶12
(5.9)

Here, 𝑆∗11 is the (1, 1) component of the homogenized compliance tensor 𝑆∗. The
Zener anisotropy index for cubic crystals (𝛼𝑍) was determined as17:

𝛼𝑍 =
2𝐶44

𝐶11 − 𝐶12
(5.10)

To plot the elastic modulus surfaces, the effective Young’s modulus in different di-
rections was calculated by transforming the effective stiffness tensor using the appro-
priate rotation matrix for every direction42.

The Hashin-Shtrikman (HS) upper bounds for the effective bulk (𝐾𝐻𝑆𝑈) and shear
(𝐺𝐻𝑆𝑈) moduli of a nearly isotropic material were computed as9:

𝐾𝐻𝑆𝑈 =
4𝐺𝑆𝐾𝑠𝜌

4𝐺𝑠 + 3𝐾𝑠(1 − 𝜌)
(5.11)

𝐺𝐻𝑆𝑈 =
(9𝐾𝑆 + 8𝐺𝑆)𝜌𝐺𝑠

20𝐺𝑆 + 15𝐾𝑠 − 6(𝐾𝑠 + 2𝐺𝑆)𝜌
(5.12)

The corresponding HS bound for the Young’s modulus (assuming isotropic linear
elasticity) was then determined as a function of 𝐾𝐻𝑆𝑈 and 𝐺𝐻𝑆𝑈 is given by:

𝐸𝐻𝑆𝑈 =
9𝐾𝐻𝑆𝑈𝐺𝐻𝑆𝑈

3𝐾𝐻𝑆𝑈 + 𝐺𝐻𝑆𝑈
(5.13)

5.2.6 Multi-material additive manufacturing
Four different designs were additivelymanufactured through amaterial jetting pro-

cess, using a combination of hard and soft photocurable polymer resins. The length of
the unit cell bounding box was set to 𝐿 = 20 mm, the shell thickness was 𝑡 = 2 mm,
and the lattices consisted of 27 unit cells in a 3 × 3 × 3 arrangement. The fabrication
was performed using a Connex3 Objet 350 printer (Stratasys, Minnesota, USA). Both
the hard and soft phases were made with commercial polymer resins designed for this
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printing system: the hard phase was printed using the VeroMagenta polymer (Strata-
sys, 𝐸 = 2 − 3 GPa according to the manufacturer), while the soft phase was printed
using the translucent, rubber-like Agilus30 polymer (Stratasys, Shore A hardness: 30-
35 according to the manufacturer, which corresponds to 𝐸 ≈ 1.2 − 1.4 MPa using
Gent’s relation43). This combination of materials has previously been used to print 2D
metamaterials with 𝐸ℎ/𝐸𝑠 ≈ 103 33. The lattices were printed with soluble support ma-
terial (SUP706, Stratasys), which was carefully removed after printing using chemical
washing (according to the manufacturer’s protocol), water rinsing, and compressed air
blowing.

5.2.7 Mechanical compression tests
The specimens were mechanically tested in a displacement-controlled uniaxial

compression test, using a Lloyd universal test bench (LR5K, Ametek STC, Bognor
Regis, UK), equipped with a 5kN load cell. The test was performed under ambient
temperatures (22 ∘𝐶) at a strain rate of 10−3𝑠−1. A preload of 5 N was used and the test
was halted at 2% macroscopic strain. Every specimen was tested five times, allowing
ample time between consecutive tests for the material to recover its original shape.
Throughout the low-strain testing, the specimens maintained their integrity and the
force-displacement curves did not show signs of failure. The effective Young’s modulus
was obtained from the linear-elastic gradient of the linear portion of the stress-strain
curve.

5.3 Results
5.3.1 Triply periodic networks from hyperbolic tilings

The foundation of our design approach is the intimate connection between TPMS
and the hyperbolic geometry: the geometry of saddle shapes (with negative Gaussian
curvature). Every TPMS can be constructed from a single, fundamental patch that is
symmetrically patterned throughout 3D space. This repeating pattern corresponds to
a triangular tiling on the hyperbolic plane ℍ2. Essentially, this implies that a portion
of 2D hyperbolic space (ℍ2) can be projected onto a TPMS (with minor distortions)
in 3D Euclidean space (𝔼3), in a manner similar to how a portion of the 2D Euclidean
plane (𝔼2) can be embedded in 𝔼3 by wrapping it on a cylinder44. Here, we focus on
two well-known TPMS of cubic symmetry, namely the P (primitive) and G (gyroid)
surfaces. Both of these surfaces belong to the same TPMS family – they are related
through the so-called Bonnet transformation – and they can both be derived from the
same hyperbolic tiling. This hyperbolic tiling is called the ∗246 tiling (using orbifold
notation), and consists of a repeating triangular patch with angles 𝜋/2, 𝑝𝑖/4, and 𝜋/6
(Figure 5.1a).

The remarkable connection between the hyperbolic plane and theTPMS enables the
creation of a vast set of convoluted 3D networks, six of which are used as a template in
this study. By decoratingℍ2 with a periodic line pattern, i.e. a tiling that is a subgroup
of the ∗246 tiling, and by wrapping that line pattern onto the P or G minimal surface, a
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Figure 5.1: Hyperbolic tilings projected onto TPMS. a) The ∗246 hyperbolic tiling shown in the
Poincaré disk model, with the fundamental triangular patch highlighted in red (top). The same
hyperbolic tiling projected onto 27 translational unit cells of the P (middle) and G (bottom)
surfaces. b)The “26” tiling in the Poincaré diskmodel (top) that results in two distinct networks
on the P (middle) and G (bottom) surfaces. The orbifold naming of the tiling is indicated with
red digits (∗3333) and the RCSR naming45 of the 3D net topology is indicated with three letters
(pcu and bcs). We show both the network by its embedding in the TPMS (left) as well as its
canonical form (right)46, which are topologically equivalent. The genus of the network (per
unit cell) is indicated by g. c-d) Analogous to b), but now for the “24” and “46” hyperbolic
tilings.

periodic three-dimensional network, or surface reticulation, is obtained44;46–48. Here,
we consider three different hyperbolic tilings that give rise to six periodic networks,
though many other tilings are available to generate different networks46 (Figure 5.1b-
d). The three hyperbolic tilings are obtained by drawing lines along one of the three
edges of the fundamental patch. For example, the “26” tiling (Figure 5.1b) is obtained
by connecting the edges between the𝜋/2 and𝜋/6 angles of all triangular patches. All of
the six surface reticulations that we design are topologically equivalent to 3D networks
that are known in reticular chemistry45. For example, the 𝑃24 and 𝐺46 surface reticula-
tions correspond to the crystal network structures of the minerals sodalite and garnet,
respectively. Notably, the same hyperbolic tilingwrapped onto the P orG surface results
in substantially different networks froma topological perspective. For example, the “26”
tiling (Figure 5.1b) on the P surface generates a network with a primitive cubic topol-
ogy of genus 3 (per unit cell), while the same tiling on the 𝐺 surface generates a much
more complex network with genus 17, even though the P and G surfaces themselves
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are both of genus 3. It is interesting to note that the 𝑃46 network consists entirely out of
(Euclidean) straight lines, which is not the case for the other networks (Figure 5.1d). In
fact, only a specific subset of TPMS, the so-called spanning minimal surfaces49, have
embedded straight lines, a property that is not shared by the G surface.

5.3.2 Parametric design of biphasic strut-shell metamaterials
The realization of 3D networks embedded in the P and G surfaces is the starting

point of our strategy to parametrically design biphasic metamaterials. Essentially, our
approach consists of “widening” these embedded networks to a desired degree, in or-
der to form skeleton-like decorations on the TPMS that are templates to rationally dis-
tribute hard and soft phases (Figure 5.2 and Figure 5.3). To construct the decorated
translational unit cells of the P and G surfaces, we used the formal Enneper-Weierstrass
parametrization35;36. This parametrization maps an integration domain in the com-
plex plane ℂ2 to the fundamental patch in 𝔼3, which is then symmetrically patterned
to form the translational unit cell (Subsection 5.2.1). The simplicity of the integration
domain enabled us to easily label portions of it with either a hard or a soft phase. This
labeling is transferred to the unit cell through the Enneper-Weierstrass mapping. We
based the labeling of the integration domain on the previously described hyperbolic
tilings: the domain is subdivided into different regions through lines that are paral-
lel to one of the three domain edges (Figure 5.2a). This subdivision is parametrized
by two offset parameters 𝜙ℎ ∈ [0, 1] and 𝜙𝑠 ∈ [0, 1], which respectively control the
amount of hard and soft phases and are defined such that 𝜙ℎ + 𝜙𝑠 ≤ 1. The default
scenario is to set 𝜙𝑠 = 1 − 𝜙ℎ and vary the offset parameter of the hard phase. When
𝜙ℎ = 0 or 𝜙ℎ = 1, the unit cell entirely consists of a soft or a hard phase, respectively.
Any intermediate value of 𝜙ℎ results in a biphasic partitioning of the unit cell, whereby
the hard phase interpolates between predominantly strut-like or shell-like architectures
(Figure 5.2a). It is also possible to decrease the offset parameter of the soft phase such
that 𝜙ℎ + 𝜙𝑠 < 1. In this case, not all points in the integration domain are utilized in
the Enneper-Weierstrass mapping, and an incomplete fundamental patch is obtained.
This results in a unit cell with additional openings as opposed to the traditional P or G
morphology (Figure 5.2b).

We converted the zero-thickness surfaces into solid metamaterial unit cells by bidi-
rectionally thickening the surface in the normal direction by a fraction of the bounding
box length (Figure 5.2b). Using the three hyperbolic tilings shown in Figure 5.1, six dis-
tinct biphasic metamaterial morphologies could be generated with tunable amounts of
hard and softmaterials (by varying𝜙𝑠 and𝜙ℎ). We termed the designswith𝜙𝑠+𝜙ℎ = 1
“full” structures, and the designs with 𝜙𝑠 +𝜙ℎ < 1 “skeleton” structures (Figure 5.2b).
The full biphasic designs with 𝜙𝑠 = 1 − 𝜙ℎ shown in Figure 5.3 all have the same
overall morphology, i.e. that of the standard P or G surface, yet exhibit widely differ-
ent material decorations. It is important to observe that the hard phase always forms a
triply connected structure, while the soft phase consists of isolated inclusions. For suf-
ficiently small values of 𝜙ℎ, the hard phase essentially forms a strut-like skeleton that
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reinforces the predominantly soft-phased unit cell. For the larger values of 𝜙ℎ, the area
of the soft inclusions diminishes and the hard-phased skeleton approaches the shell-like
morphology of the original unit cell.
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Figure 5.2: Parametric design approach for biphasic TPMS. a) Top row: the integration domain
in the complex plane ℂ2 that is parametrically partitioned into hard and soft regions for the
“46”, “24”, and “26” designs. Middle row: the integration domain is mapped to 𝔼3 through
the Enneper-Weierstrass parametrization, resulting in saddle-shaped fundamental patch with
a biphasic partition. Bottom row: The translational unit cell of the P surface obtained through
symmetry operations on the fundamental patches of the middle row. b) The different types of
uni- and biphasic unit cell designs derived from the G surface.

5.3.3 Morphology &mass transport properties
The defining characteristic of TPMS is their specific curvature profile: they are de-

fined as surfaces with zero mean curvature (𝐻 = 0) and negative or vanishing Gaus-
sian curvature (𝐾 ≤ 0). Hence, TPMS are saddle-shaped everywhere, except at some
isolated points where the surface is locally flat (𝐾 = 0). The specific curvature char-
acteristic is part of the reason why TPMS have attracted interest as templates for tis-
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Figure 5.3: Metamaterial unit cells for the three P and G designs, respectively. In all cases,
𝜙𝑠 = 1 and 𝜙ℎ is varied between 0.2 and 0.8.
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sue engineering scaffolds, since surface curvature is known to control the organization
and dynamics of tissues and cells50–52. We quantified the curvature distributions of
the P and G unit cells, as well as that of their skeletonized variants that are obtained
at 𝜙ℎ = 0.2 and 𝜙𝑠 = 0 (Figure 5.4a). We found that the “46” and “26” skeletonized
designs of the P and G surfaces are, on average, less intrinsically curved than the “24”
designs. Indeed, the 𝑃46, 𝑃26, 𝐺46, and 𝐺26 designs all maintain the locally flat regions
in the skeletonized representations. These flat regions are connected through weakly
or strongly curved ribbons in the “26” and “46” designs, respectively. In the 𝑃24 and
𝐺24 designs, however, the flat regions are absent and the skeletonized representation
consists entirely out of highly curved ribbons (Figure 5.4a).

As mentioned before, the surfaces are converted to sheet-solids by offsetting the
surface in both normal directions by a desired amount. This thickening operation,
combined with variations in 𝜙𝑠 and 𝜙ℎ, enabled us to achieve a wide range of meta-
material volume fractions 𝜌. Here, 𝜌 = 𝑉𝑠𝑜𝑙𝑖𝑑/𝐿

3, where 𝑉𝑠𝑜𝑙𝑖𝑑 is the volume of the
solid material and 𝐿 is the length of the cubic bounding box. We quantified the scaling
of 𝜌ℎ, i.e. the volume fraction of the hard phase, with respect to the offset parameter
𝜙ℎ, finding that the “26” and “46” designs follow the same nonlinear scaling law in both
the P (Figure 5.4b) and G (Figure 5.4e) surfaces. In the “24” designs, an almost linear
relation between 𝜙ℎ and 𝜌ℎ is observed, with lower values of 𝜌ℎ than in the “26” and
“46” designs for 𝜙ℎ < 1. Indeed, the soft phases in the 𝑃24 and 𝐺24 designs are always
larger for a given value of 𝜙ℎ (provided 𝜙ℎ < 1) than in the other designs of the same
family (Figure 5.3). Since these plots were made at constant shell thickness (t), these
relations also approximate the scaling of the surface area with 𝜙ℎ (𝑆𝑠𝑜𝑙𝑖𝑑 ≈ 𝑉𝑠𝑜𝑙𝑖𝑑/𝑡).
Hence, for a fixed value of 𝜙ℎ, these plots indicate that the total surface area is lower in
the “24” designs. This is because the “24” skeleton designs do not contain the locally
flat mesh regions (Figure 5.4a), which are the largest contributors to the overall unit cell
area. Specifically, if the Enneper-Weierstrass map is applied to a uniformly meshed in-
tegration domain with equal-area triangles, then the corresponding fundamental patch
triangles in the regions with small Gaussian curvature will have larger area than the tri-
angles in regions with strongly negative Gaussian curvature (Figure 5.2a). Indeed, the
area element of the P and G minimal surfaces at a local point is inversely related to the
Gaussian curvature at that point (Subsection 5.2.3).

In order to study the local shell-like or strut-like nature of the hard phase, which
forms the reinforcing backbone of the entire unit cell, we introduced the shell factor 𝜉.
We defined 𝜉 for any point in the hard phase as the shortest distance to the soft phase,
divided by the shell thickness of the unit cell (Subsection 5.2.3). As such, 𝜉 is a measure
of the largest circular shell that locally fits inside the hard phase at every point, with
larger 𝜉 representing a locally more shell-like morphology. We quantified 𝜉𝑚𝑎𝑥 for the
P (Figure 5.4c-d) and G (Figure 5.4f-g) designs as a function of the offset factor 𝜙ℎ.
All the three P designs exhibited a different scaling of 𝜉𝑚𝑎𝑥 with 𝜙ℎ, while the 𝐺26 and
𝐺46 showed the same scaling behavior. Moreover, the 𝑃24 and 𝐺24 designs achieved
the lowest values for 𝜉𝑚𝑎𝑥, indicating a more strut-like morphology across the range
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Figure 5.4: Morphology of TPMS-basedmetamaterials. a)TheGaussian curvature distribution
of the P andG surfaces, as well as their different skeletonized representations. b)The hard-phase
volume fraction (𝜌ℎ) versus the offset parameter (𝜙ℎ) for the different P surface designs with a
shell thickness of 𝑡 = 𝐿/10. c) The maximum shell factor (𝜉𝑚𝑎𝑥) versus the offset parameter
(𝜙ℎ) for the different P surface designs with a shell thickness of 𝑡 = 𝐿/10. d) The visualization
of the shell factor 𝜉 for the 𝑃26 design with 𝜙ℎ = 0.4 and 𝑡 = 𝐿/10. e-f) Analogous to the plots
shown in b-c) but for the G surface designs. g) The visualization of 𝜉 for the 𝐺26 design with
𝜙ℎ = 0.8 and 𝑡 = 𝐿/10.
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of 𝜙ℎ. This is the consequence of the selective removal of flat regions in these designs
(Figure 5.4a).
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Figure 5.5: a) The normalized effective permeability (𝑘∗/𝐿2) versus volume fraction (ρ) for full
and skeleton P and G designs. b) 𝑘∗/𝐿2 versus the geometric factor (1 − 𝜌)3/(𝑆/𝐿3)2 for all
the designs in a). c) A magnified view of the data for the 𝑃46 designs in b).

We were interested in the fluid permeability of the different metamaterial designs,
as this is an important property in various applications. In metabiomaterials, for ex-
ample, permeability affects the supply of oxygen and nutrients to cells, the ingrowth of
regenerated tissue, and the potential biodegradation behavior of the scaffolds53. There-
fore, we estimated the effective intrinsic permeability using a lattice-Boltzmann simu-
lation scheme (Subsection 5.2.4). The permeability is entirely determined by the unit
cell geometry, and is independent of the shape and size of the partitioned domains.
For example, all P designs in Figure 5.3a would exhibit the same permeability as their
overall geometry is that of the standard P surface. Therefore, the only parameters affect-
ing permeability are the design type, the shell thickness, and the total offset parameter
𝜙 = 𝜙ℎ+𝜙𝑠. As expected, the normalized effective permeability 𝑘∗/𝐿2 decreases with
the volume fraction 𝜌 (Figure 5.5a), following a similar trend for all designs. More-
over, the permeabilities of the designs based on the G surface are consistently lower
than those of the P surface designs. This has previously been observed for full P and G
designs, and was attributed to the lower specific surface area of the P surface54. While
permeability clearly scales inversely (and nonlinearly) with the volume fraction, it is not
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the only geometric parameter of relevance. We find that the permeability values scale
almost linearly with (1 − 𝜌)3/(𝑆/𝐿3)2 , where 𝑆 is the surface area of the unit cell and
L is the bounding box length (Figure 5.5b-c). This factor also appears in the so-called
Kozeny equation for predicting the permeability of porous materials, and indicates that
the specific surface area (𝑆/𝐿3) also plays a role in dictating the metamaterial perme-
ability53;54.

5.3.4 Elastic mechanical properties
The other set of key properties of interest in this study are the elastic mechanical

properties, which depend not only on the unit cell geometry (i.e., 𝜌, 𝜙, and 𝑡) but also
on the bulk properties of both materials. We computed the effective elastic proper-
ties of our designs using a computational homogenization scheme (Subsection 5.2.5).
Through this finite element-based approach, we calculated the effective stiffness ten-
sor 𝐶∗ for every design, from which properties, such as the effective elastic modulus
(𝐸∗), bulk modulus (𝐾∗), shear modulus (𝐺∗) and Poisson’s ratio (𝜈) could be obtained
(Subsection 5.2.5).

The effective elastic modulus 𝐸∗11, i.e. the stiffness under uniaxial loading in the
⟨100⟩ direction, of the uniphasic skeleton and full structures scaled according to a
power law of 𝜌 (Figure 5.6a), as expected from the well-known Gibson-Ashby rela-
tionships55. The weakest structures corresponded to the strut-like 𝑃24 and 𝐺24 designs
with an offset parameter of 𝜙 = 0.2 and a shell thickness of 𝑡 = 𝐿/20. All of our
strut-like designs (i.e., those with low 𝜙), correspond to bending-dominated architec-
tures according to the Maxwell-Calladine criterion, indicating sub-optimal stiffness56.
The stiffest structures, corresponding to G-based shell-like architectures (𝜙 ≥ 0.8),
achieved specific stiffness values close to the Hashin-Shtrikman upper bound (HSU)
for nearly isotropic structures, which was also the case for the bulk and shear moduli
(Figure 5.6b-c)9. It is, however, important to realize that the priority in (and the novelty
of) this study is achieving high tunability in mechanical and mass transport properties,
rather than presenting new geometries that achieve extreme (specific) properties. Fi-
nally, we also observed positive effective Poisson’s ratios for all designs (Figure 5.6d).

The central concept of our design approach is the ability to parametrically partition
the unit cells into two distinct domains. As such, we are able to tune the mechani-
cal properties using a combination of geometry and material distribution. To study
the effects of material choice, we plotted the effective stiffness against the ratio of the
Young’s moduli of the hard and soft materials (𝐸ℎ/𝐸𝑠) for all six design types, with
𝜙ℎ ∈ [0.2, 0.8] and 𝜙𝑠 = 1 − 𝜙ℎ (Figure 5.7). When 𝐸ℎ/𝐸𝑠 = 1, the behavior of
the standard uniphasic P or G unit cell is obtained. For increasing values of 𝐸ℎ/𝐸𝑠, the
stiffness reduces for all six design types. As expected, this stiffness reduction is much
stronger for the lower values of 𝜙ℎ, where the proportion of the hard phase is low. For
example, the stiffness of the 𝑃26 design with 𝜙ℎ = 0.8 and 𝐸ℎ/𝐸𝑠 = 103 is 15% lower
than at 𝐸ℎ/𝐸𝑠 = 1, while it is 92% lower when 𝜙ℎ = 0.2 (Figure 5.7). Moreover, in
all designs, the stiffness reduction curves flatten out when 𝐸ℎ/𝐸𝑠 ≈ 100. Beyond this
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point, the soft phase hardly contributes to the overall stiffness, and the load is primarily
carried by the hard phase, which forms a reinforcing skeleton for the overall unit cell.
Additionally, the stiffness reduction behavior varies among the different designs. For
the same values of 𝜙ℎ, the 𝑃24 and 𝑃46 designs exhibit the highest and lowest reduc-
tion behavior, respectively. This could be attributed to the overall geometry of the hard
phase in both cases: the 𝑃24 skeleton consists entirely out of highly-curved, slender
struts, while the 𝑃46 skeleton contains a higher number of struts, which are approxi-
mately straight and, hence, more efficiently carry load (Figure 5.4a).
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Figure 5.6: Effective elastic properties. a) The normalized effective elastic modulus for unipha-
sic full and skeleton designs (𝜙𝑠 = 0). b-d) The effective bulk modulus, shear modulus, and
Poisson’s ratio for the uniphasic full and skeleton designs, respectively. The black dashed line
indicates the Hashin-Shtrikman upper bound for nearly isotropic structures.

The elastic properties of metamaterial architectures are, in general, anisotropic,
though isotropic variants have been proposed8. We quantified the elastic anisotropy
of the different designs as function of 𝐸ℎ/𝐸𝑠 using the Zener anisotropy index 𝛼𝑍 (Sub-
section 5.2.5). When 𝛼𝑍 = 1, the structure is elastically isotropic, meaning that the
effective stiffness is equal in all directions. We found that 𝛼𝑍 varies with 𝐸ℎ/𝐸𝑠 and
shell thickness t for all the designs, although the extent to which it varies depends on
the design type (Figure 5.8, Figure 5.9 and Figure 5.15). For example, the standard,
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for the six biphasic design types with 𝑡 = 𝐿/20 and 𝜙𝑠 = 1 − 𝜙ℎ.

uniphasic unit cell of the P designs (obtained at𝐸ℎ/𝐸𝑠 = 1) is anisotropic, with𝛼𝑍 > 1.
However, the anisotropy index changes with 𝐸ℎ/𝐸𝑠 for biphasic designs, as exemplified
in the 𝑃26 design (Figure 5.9). For 𝜙ℎ = 0.8, 𝛼𝑍 remains almost constant throughout
the range of material ratios. In this case, the effective elastic surface, representing the
effective stiffness in all directions (Figure 5.9), indicates a higher stiffness in the ⟨111⟩
direction as opposed to the ⟨100⟩ direction. However, for𝜙ℎ = 0.2, 𝛼𝑍 rapidly reduces
with increasing 𝐸ℎ/𝐸𝑠, achieving an isotropic design when 𝐸ℎ/𝐸𝑠 ≈ 102. The G de-
signs, on the other hand, start of as quasi-isotropic structures for 𝐸ℎ/𝐸𝑠 = 1. For the
𝐺26 design specifically, an increase in 𝛼𝑍 was observed as 𝐸ℎ/𝐸𝑠 increased, in particu-
lar when 𝜙ℎ = 0.2 (Figure 5.9b). To summarize the elastic property space, we plotted
the normalized effective modulus versus the Zener anisotropy index (Figure 5.8b). We
found that most anisotropic designs have 𝛼𝑍 > 1, although some designs (e.g., for 𝐺46
and 𝑃26) exhibited 𝛼𝑍 < 1. The largest spread in anisotropies were found in the 𝐺26
and 𝑃24 designs, the latter reaching a maximum of 𝛼𝑍 ≈ 10. Moreover, we observed a
relatively large number of designs in the quasi-isotropic range (𝛼𝑍 ≈ 1), which cover
approximately two orders of magnitude in the effective stiffness. Overall, these results
confirm that our metamaterial design strategy not only enables the effective tuning of
the uniaxial stiffness, but also of the elastic anisotropy.

5.3.5 Balancing elasticity and permeability
Our parametric design approach substantially enhanced the ability to inde-

pendently tailor the mass transport and mechanical properties of TPMS-based
metamaterials. This is visualized in the elasticity-permeability property space, where
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the effective elastic modulus normalized by the hard-phase elastic modulus (𝐸∗/𝐸ℎ)
is plotted against the intrinsic (area-normalized) effective permeability (𝑘∗/𝐿2) for
all uni- and biphasic designs (Figure 5.10a). In the case of the “full” unit cells (i.e.,
the unit cells with the standard P or G morphology, 𝜙𝑠 = 1 − 𝜙ℎ), the biphasic
partitioning unlocks a wide range of attainable stiffness values for a constant value of
permeability (the data points in the yellow bands in Figure 5.10a). Indeed, for those
designs, the permeability is only determined by the overall unit cell type (P or G) and
shell thickness (t), while the stiffness is also driven by the material distributions. The
maximum stiffness for the full designs is, not surprisingly, obtained for 𝜙ℎ = 1 (i.e.,
unit cells that consist entirely out of the hard phase).

While biphasic partitioning enables continuous stiffness tuning in standard TPMS
unit cells, their intrinsic permeability range is still limited and is only a function of the
shell thickness (𝑡). However, the range of intrinsic permeability values is extended by
the skeleton TPMS structures (𝜙ℎ +𝜙𝑠 < 1), which have more holes in their surfaces,
thereby altering the fluid flow through the unit cell. Indeed, all data points outside
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of the yellow bands in Figure 5.10a correspond to uni- or biphasic skeleton designs.
Similar to the case of full designs, using two different materials in the skeleton designs
enables the tuning of the elastic properties independently from permeability. Alter-
natively, one could fix the effective normalized stiffness and tune the permeability by
choosing a different design at the same level of stiffness. We note that we have visualized
the elasticity-permeability design space using discrete values of t, 𝜙ℎ, 𝜙𝑠 and 𝐸ℎ/𝐸𝑠 in
Figure 5.10, and that intermediate data points could be obtained at intermediate values
of the design parameters.

Our design approach enables this level of mechanical and mass transport tunability
by leveraging the fact that permeability solely depends on geometry, while the elastic
properties depend on geometry and material choice. To further demonstrate this, we
plotted𝜌ℎ+𝐸𝑠/𝐸ℎ⋅𝜌𝑠 against (1−𝜌)3/(𝑆/𝐿3)2 (Figure 5.10b), which captures the same
trend as in the elasticity-permeability map. The former quantity captures the combined
effect of the geometry and the material properties on the effective stiffness: the stiffness
is primarily controlled by the volume fraction of the hard phase, while the soft phase
has a weighted contribution, depending on its stiffness relative to the hard phase. The
second quantity ((1−𝜌)3/(𝑆/𝐿3)2) is the purely geometry-dependent metric that was
introduced before (Figure 5.5b-c) and that correlates with the permeability. Taken to-
gether, these results summarize our enhanced ability to tune elasticity and permeability
independently, by combining spatial distribution of multiple materials with geometric
control over the unit cell architecture.
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Figure 5.10: Effective stiffness versus effective permeability. a) The normalized effective elastic
modulus versus the normalized effective permeability for uni- and biphasic designs. The yellow
bands indicate the “full” designs (i.e., 𝜙𝑠 + 𝜙ℎ = 1). The unit cell structures belonging to four
data points are visualized in the inset figures. b) Simple scaling laws that capture the behavior
from a). The elastic properties are determined by the geometry and materials choice, captured
by 𝜌ℎ + 𝐸𝑠/𝐸ℎ ⋅ 𝜌𝑠 while the permeability depends on the geometry alone, as described by
(1 − 𝜌)3/(𝑆/𝐿3)2.

5.3.6 Multi-material additive manufacturing
We physically realized metamaterial lattices based on the P surface, using multi-

material additive manufacturing (Subsection 5.2.6). The lattices consisted of 27 unit
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cells, in a 3× 3× 3 arrangement (Figure 5.11a). We printed two uniphasic full designs
in a hard (top left in Figure 5.11a) and soft (bottom right in Figure 5.11a) polymer, as
well as a uniphasic 𝑃46 skeleton design (𝜙ℎ = 0.2, 𝜙𝑠 = 0, top right in Figure 5.11a),
and a biphasic 𝑃46 design (𝜙ℎ = 0.2, 𝜙𝑠 = 0.8, bottom left in Figure 5.11a). All
structures were successfully printed, and showed no signs of defects. In the case of the
biphasic design, the soft phase was well integrated with the hard-phased skeleton.
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Figure 5.11: Additively manufactured structures and mechanical testing. a) Lattices consisting
of 27 unit cells fabricated using multi-material polymer printing. The pink material is a stiff
polymer (VeroMagenta), while the white transparent material is soft (Agilus30) and easily de-
formable. b) A 3D-printed structure in the displacement-controlled compression test setup. c)
Normalized compression testing results for the four printed specimens, showing the uniaxial
effective modulus. Each test was repeated five times. The markers show the individual test re-
sults, while the bar graph represents the mean and standard deviations. The red dashed line
corresponds to the predicted stiffness for the uni- and biphasic skeletons. d) The structure that
consists entirely out of the soft phase is highly deformable and has a negligible stiffness as com-
pared to the other designs. All scale bars represent 20 mm.

We mechanically tested the specimens by imposing a small macroscale compres-
sive strain (Figure 5.11b and Subsection 5.2.7), in order to examine the effective elastic
modulus. Compared to the fully hard structure, the stiffness of the skeletonized struc-
tures (uni- and biphasic) was 70-80% lower, while the stiffness of the fully soft structures
was three orders of magnitude lower (Figure 5.11c-d). We observed that the stiffness
reduction in the biphasic design corresponded well with the computationally predicted
stiffness reduction (dotted line in Figure 5.11c). However, the stiffness of the uniphasic
skeleton was higher than that of the corresponding biphasic design, while their pre-
dicted stiffness values are equal. While this difference warrants further investigation,
we believe that is the consequence of differences in hard-phase thickness due the pres-
ence or lack of the soft phase. For example, the transition region of the hard and soft
phase in the biphasic design might locally have different material properties than in
the uniphasic skeleton design, due to the localized mixing of the polymer droplets in
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the material jetting process. Nevertheless, these lattices demonstrate that the bipha-
sic TPMS-based metamaterials can be successfully manufactured using commercially
available printing processes.

5.4 Discussion
We have presented an approach to parametrically design multifunctional metama-

terials in which the mechanical and mass transport properties can be decoupled to a
large extent. The ability to independently tailor such properties is relevant in many
applications, yet is challenging to achieve in uniphasic metamaterials due to the com-
peting dependence of both properties on the metamaterial geometry27. Our design
approach relies on partitioning the P and G TPMS unit cells into hard, soft, or void do-
mains, according to templates that are based on hyperbolic tilings, effectively resulting
in hybrid strut-shell-based metamaterials. The permeability of the structures is purely
geometry-driven and can be tailored by changing the shell thickness or through the
controlled introduction of additional openings in unit cells. The elastic properties, on
the other hand, also depend on the choice of thematerials and their spatial distribution.
We showed that these biphasic decorations enabled us to achieve a wide range of effec-
tive stiffness values at fixed permeability, but also offered a route to tailor the elastic
anisotropy (maintaining cubic symmetry). While we have focused on elastic proper-
ties here, it is likely that the combination of hard and soft phases would also affect the
other mechanical properties of TPMS-based architectures, such as the energy absorp-
tion at high strains, crack growth (the soft inclusions might act as crack inhibitors), or
fatigue response. In any case, our results confirm that the ability to control the material
architecture of multiple materials instead of a single one can significantly expand the
overall property space of the resulting32;33 and enabling the multi-objective design of
multi-physics metamaterials.

Our approaches could be generalized and extended in various ways. First, it would
be possible to vary the unit cell type throughout the metamaterial lattice, for exam-
ple, to spatially vary the permeability without affecting the local elastic properties. This
could be achieved by fixing the geometry of the hard phase in all the unit cells, but
varying the amount of the soft phase (Figure 5.12a). Alternatively, the overall unit cell
geometry could be preserved, hence fixing permeability, but the elasticity could be spa-
tially tuned by varying the amount of the load-carrying hard phase (Figure 5.12b). Our
approach could also be extended to enable other types of shell-based biphasic meta-
materials. For example, the same hyperbolic tilings that we have used here could be
projected onto the D (diamond) minimal surface, which belongs to the same family as
the P and G surfaces (Figure 5.13). We did not include the D designs in this study, as
these unit cells contain non-manifold regions where different patches meet along sin-
gle edges, rendering them unattractive from a mechanical viewpoint. Moreover, many
other biphasic P and G designs could be created, beyond the ones we have presented
here. For example, the tilings that we have used could be combined together to form
hybrid structures (Figure 5.14). Alternatively, many other tilings exist that could be
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a

b

Isometric view Top view hard
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Figure 5.12: Decoupled gradients in permeability and elasticity. a) A 5×5×5 lattice based on
the P surface. The outermost unit cells are full biphasic 𝑃46 designs, while the innermost unit
cells are uniphasic skeletons of the 𝑃46 design. At sufficiently high values of 𝐸ℎ/𝐸𝑠, all the unit
cells have the same elastic properties (determined by the hard phase), but the permeability of
the innermost unit cells is substantially higher than that of the outermost unit cells (due to the
absence of the soft phase in the innermost unit cells). b) Analogous to a), but this time with
varying elasticity and constant permeability throughout the unit cells. The innermost unit cells
are stiffer (fully hard phase, or biphasic full designs) than the outermost unit cells (fully soft
phase). Due to the constant overall unit cell morphology, the fluid permeability of all unit cells
is the same.

D26 D24 D46

Figure 5.13: Full biphasic designs of the D minimal surface. The same design approach as for
the P and G surfaces was used to decorate the D surface unit cells. For those cases, 𝜙ℎ = 0.2
and 𝜙𝑠 = 0.8.

projected onto these cubic TPMS to make different admissible biphasic designs46;47. In
addition to the PDG surface family of minimal surfaces, our design approach could
be extended to other TPMS families, provided their Enneper-Weierstrass parametriza-
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tion is known. The Weierstrass function has already been determined for several other
TPMS families, but can also be uncovered for newer types of TPMS on the basis of the
local flat points, which could be determined numerically57;58. Finally, the central con-
cept of decorating a lattice with two (or more) different materials could also be applied
to stochastic microstructures. Recently, such stochastic shell-based architectures have
emerged as attractivemetamaterial geometries, due to their high tunability, large design
space, and robustness against deteriorating symmetry-breaking defects13;59. However,
applying themulti-materialmethodology to such stochastic geometries would require a
different strategy to rationally distribute the different phases, for example, by paramet-
rically applying a skeletonization algorithm to obtain the medial graph (or an inflated
version) of the shell-based structure60, and assigning different material properties to
this region than to the remainder of the geometry.

G24 G26 G46

G24+G26 G24+G46 G26+G46

G24+G26+G46

Figure 5.14: Hybrid G surface uniphasic skeletons. By taking the union of two or three of
the uniphasic skeleton designs presented in the main text (top row), additional designs can be
generated. For those visualizations, 𝜙𝑠 = 0 and 𝜙ℎ = 0.2.

It is important to note that the mechanical and mass transport properties of meta-
materials scale differently with the unit cell size, which has consequences for any de-
sign strategy where both types of properties are simultaneously tailored. A uniform
scaling of the unit cell length by a factor l does not affect the elastic properties of the
lattice. The permeability, on the other hand, scales with 𝑙2, which is why we have re-
ported area-normalized (intrinsic) permeability here (𝑘∗/𝐿2). This implies that one
could tune both properties somewhat independently, merely by scaling the structure26.
However, in many applications of multifunctional metamaterials, the unit cell size is
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not a parameter that could freely be altered, at least not without affecting other rele-
vant properties or violating the requirements of the applied manufacturing processes.
In metabiomaterials, for example, the pore size should remain within experimentally-
determined bounds to promote tissue regeneration61. Moreover, scaling of the unit
cell size would also affect properties, such as overall cell attachment or biodegrada-
tion behavior, which are dependent on the specific surface area and scale with 𝑙−1 26.
Furthermore, the resolution of the additive manufacturing process or the desired num-
ber of unit cells to obtain sufficiently homogenized behavior could impose additional
constraints on unit cell scaling. Our design approach, which does not rely on unit cell
scaling, could therefore offermore freedom for the independent tuning of elasticity and
permeability at different scales.

From a broader perspective, this study also underscores the relevance of reticular
(or structural) chemistry as a source of inspiration formetamaterial design. In addition
to the hyperbolic networks described here, there are vast databases of complex topolo-
gies that could be used as metamaterial templates45. For example, the wealth of zeolitic
networks and metal-organic frameworks (MOFs) could inspire complex designs that
go beyond the traditional lattice choices (e.g. cubic or diamond lattices), resulting in
so-called “meta-MOFs”62. Moreover, metamaterial properties could be enhanced even
further by incorporating the same hardening mechanisms that are found at the atomic
scale in crystalline materials63.

Taken together, we demonstrated a new strategy for the multi-objective design of
multi-physics metamaterials and a route to decouple properties that are conflicting in
uniphasicmetamaterials. By leveraging the hyperbolic symmetries of TPMS, our design
approach maintains a surprising tractability, yet produces complex 3D, biphasic archi-
tectures. Together with advances in multi-material additive manufacturing, this design
approach could unlock exciting routes towardsmulti-physicsmetamaterials in a variety
of applications. In this regard, we believe that decoupling elasticity and permeability is
only one example of the potential for enhanced tunability in biphasic metamaterials.
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Figure 5.15: The Zener anisotropy index (𝛼𝑍) versus ratio of the Young’s moduli of the bulk
materials (𝐸ℎ/𝐸𝑠) for the 𝑃46, 𝐺46, 𝑃24, and 𝐺24 designs with a thickness of 𝑡 = 𝐿/20.
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6
CURVATURE IN ORIGAMI AND

KIRIGAMI

Transforming flat sheets into three-dimensional structures has emerged as an ex-
citing manufacturing paradigm on a broad range of length scales. Among other ad-
vantages, this technique permits the use of functionality-inducing planar processes on
flat starting materials, which after shape-shifting, result in a unique combination of
macro-scale geometry and surface topography. Fabricating arbitrarily complex three-
dimensional geometries requires the ability to change the intrinsic curvature of ini-
tially flat structures, while simultaneously limiting material distortion to not disturb
the surface features. The centuries-old art forms of origami and kirigami could offer
elegant solutions, involving only folding and cutting to transform flat papers into com-
plex geometries. Although such techniques are limited by an inherent developability
constraint, the rational design of the crease and cut patterns enables the shape-shifting
of (nearly) inextensible sheets into geometries with apparent intrinsic curvature. Here,
we review recent origami and kirigami techniques that can be used for this purpose,
discuss their underlying mechanisms and create physical models to demonstrate and
compare their feasibility. Moreover, we highlight practical aspects that are relevant in
the development of advanced materials with these techniques. Finally, we provide an
outlook on future applications that could benefit from origami and kirigami to create
intrinsically curved surfaces.

S. J. P. Callens, A. A. Zadpoor, From flat sheets to curved geometries: origami and
kirigami approaches, Materials Today, 21, 241-264, 2018.
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6.1 Introduction
The many developments in additive manufacturing (AM) over the last decades

have significantly increased the attractiveness of this manufacturing technique to
fabricate arbitrarily complex three-dimensional (3D) geometries at the nano-, micro-
and macro-scales. Examples include bone-substituting biomaterials1, penta-mode
mechanical metamaterials2;3, triply periodic minimal surfaces4, and energy-absorbing
cellular architectures5. Despite many advantages of AM, one major limitation is the
incompatibility with planar surface patterning and imprinting processes, which are
crucial for imbuing surfaces with specific functionalities such as hydro-or oleopho-
bicity6, integration of electronic circuits7, or control over cell interaction in the case
of biomaterials8. The ability to combine arbitrarily complex surface features with
arbitrarily complex geometries could enable development of advanced materials with
an unprecedented set of functionalities.

A potential solution to this deadlock is provided by another manufacturing
paradigm, which has been of growing interest to the scientific community during
recent years: the shape-shifting of thin, planar sheets (which we consider 2D) into
3D structures9–12. The planar sheets could first be decorated using planar patterning
processes, after which they are transformed into complex 3D geometries. Additional
advantages are the fast and inexpensive production methods of the 2D sheets and
their efficient packing for storage and transportation11;13. Moreover, the 2D-to-3D
paradigm is particularly interesting for the development of micro- or nanoscale 3D
constructs (e.g. micro- and nanoelectromechanical devices14), since conventional
macroscale techniques cannot easily be scaled down to allow fabrication of such small
structures15;16. As such, the out-of-plane transformation of 2D sheets opens up new
opportunities for the development of complex 3D structures with functionalized
surfaces, especially at small length scales.

An important parameter governing the complexity of 3D structures is the surface
curvature and the variation thereof throughout the structure. In order to create arbitrar-
ily complex 3D structures from2D sheets, the curvature of the initially flat sheets should
be altered in a controllable manner. The simplest curved shapes could be obtained
through bending or rolling of flat sheets. However, more complex target shapes are
characterized by “double curvature” and exhibit spherical (dome-shaped) or hyperbolic
(saddle-shaped) geometries, which cannot be realized with inextensional deformations
of a flat sheet (this is readily understood when attempting to wrap a sphere or saddle
with paper). Instead, the flat sheet would need to be subjected to in-plane distortions in
order to achieve double-curved parts. At the macro-scale, for example, flat sheet-metal
is plastically stretched to create double-curved shells (e.g. using (multi-point) stretch-
forming17), and fiber-reinforced composite laminates are subjected to in-plane shear-
ing deformations18. At smaller scales, researchers have recently used stimuli-responsive
materials that exhibit in-plane distortions in the form of differential shrinkage13;19 or
swelling20;21 to achieve complex curved shapes from initially flat sheets, which is closely
related to non-uniform growth processes in initially planar shapes observed in nature,
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resulting in wavy patterns at the edges of plant leaves22;23 and enabling the blooming of
the lily flower24.

a

b c

d

e

f

g

h

Figure 6.1: Various examples of scientific and engineering applications of origami and kirigami.
a) An artist impression of an origami-based deployable solar array for space satellites (adapted
from reference25). b) A cardboard prototype of a reconfigurable origami-based metamaterial
(top), which has two degrees of freedom (middle and bottom). Adapted by permission from
Macmillan Publishers Ltd: Nature26, copyright 2017. c) A deployable paper structure based on
origami zipper tubes. Reproduced from reference27. d) Paper versions of cellular metamate-
rials combining aspects from origami and kirigami. Reproduced from Fig. 3G and Fig. 3H
of reference28. e) A stretchable electrode based on a fractal kirigami cut-pattern, capable of
wrapping around a spherical object while lighting an LED. Reproduced from reference 29. f)
A centimeter-scale, crawling robot that is self-folded from shape-memory composites. Repro-
duced with permission from AAAS from reference30. g) A biomedical application of origami:
a self-folding microscale container that could be used for controlled drug delivery. Reproduced
from reference31 with permission from Elsevier. h) Another biomedical application: a self-
deployable origami stent graft based on the waterbomb pattern, developed by 𝐾. Kuribayashi
et al.32 (Reproduced with permission from reference33).

Subjecting 2D sheets to in-plane distortions is therefore a feasible strategy to
achieve complex curvature in 3D. Significant downsides are that the strategy is pri-
marily applicable to soft elastic materials (such as gel sheets) and requires complicated
programming of the shape-shifting or complex external stimuli to achieve the target
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shapes. Moreover, the in-plane distortions are likely to disturb any of the surface
features that were imprinted on the 2D sheets, hence partially eliminating one of the
major advantages that the 2D-to-3D shape-shifting offers. Fortunately, an alternative
strategy that is more compatible with rigid materials and delicate surface features exists
at the intersection of art and science: the use of origami (traditional Japanese paper
folding) and kirigami (extended version of origami, also allowing cuts) to create, or at
least approximate, complex curved shapes. Simply by imposing specific fold patterns,
extended with cuts in the case of kirigami, initially flat sheets could be transformed
into 2D or 3D geometries. Owing to their predictability, controllability, and scalability,
origami and kirigami techniques have gained traction among scientists and engi-
neers to develop deployable structures25;34;35, reconfigurable metamaterials26–28;36;37,
self-folding robots9;30, biomedical devices31–33;38, and stretchable electronics29;39;40.
Figure 6.1 presents some examples of the potential applications of origami and
kirigami across a range of length scales. By folding or cutting along the right patterns,
origami and kirigami could transform planar sheets to approximate complex curved
geometries, without the need for in-plane distortions.

Here, the different origami and kirigami approaches to approximate surfaces with
“double” (or “intrinsic”) curvature are discussed. We begin by providing a closer look at
differential geometry and its links to origami, providing a more formal definition of the
concepts “surface curvature” and “flat sheets”. The several origami techniques proposed
to approximate curved surfaces are discussed in the following section, followed by a
section on recent advances in kirigami. We conclude by comparing the different tech-
niques in terms of their suitability to approximate curved surfaces and discussing the
practical aspects as well as providing an outlook on future directions and applications.

6.2 Geometry of surfaces and origami
6.2.1 Creating intrinsic surface curvature

In Chapter 2 of this thesis, we discussed the fundamentals of surface curvature and
introduced the concepts of prinicpal, mean and Gaussian curvatures. We highlighted
that the mean curvature is an extrinsic measure, requiring information about the em-
bedding of the surface in 3D space. The Gaussian curvature, on the other hand, is an
intrinsic measure, which means that it does not require information about the embed-
ding. In other words, the mean curvature of the surface could only be determined by
an observer outside of the surface that has knowledge of its surroundings, while the
Gaussian curvature of the surface could be also determined by a 2D resident living on
the surface that has no perception of the surrounding 3D space. The concept of in-
trinsic curvature was introduced in Gauss’ landmark paper on the Theorema Egregium
(“remarkable theorem”), considered by some to be the most important theorem within
differential geometry41.

The distinction between these two types of curvature is important, as some sur-
faces might be extrinsically curved, yet remain intrinsically flat. For example, rolling a
flat sheet into a cylindrical shape endows the surface with a non-zero mean curvature.
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Figure 6.2: Intrinsic and extrinsic surface curvature. a) Transforming a planar surface (color bar
indicates the Gaussian curvature). Top row: three types of developable surfaces, which could
be flattened onto the plane through bending. From left to right: a cylindrical surface, a conical
surface, the tangent developable surface to a space curve (a helix in this case). Bottom row: three
types of intrinsically curved surfaces. From left to right: a sphere with Κ > 0, a saddle with
Κ < 0, a vase surface with varying Κ. b) Interpretation of the relationship between the metric
and the Gaussian curvature (color bar indicates Gaussian curvature). Creating the bell-shaped
surface from an initially flat plane requires distortion of the grid on the plane, corresponding to
a change in surface metric.

However, the Gaussian curvature of the surface remains zero, since one of the principal
curvatures is zero (Figure 6.2a). Therefore, while the extrinsic curvature of the flat plane
could be changed by bending it, its intrinsic curvature remains zero everywhere. Such
a surface, having zero Gaussian curvature everywhere, is called a developable surface.
In addition to the plane, three fundamental types of developable surfaces exist in 3D:
the generalized cone, the generalized cylinder, and the tangent developable to a space
curve (Figure 6.2a)41–43. The key feature of developable surfaces is that they could be
constructed by bending a planar surface, without requiring extensional deformations.
The observation that the Gaussian curvature of a flat plane does not change when bend-
ing the plane also holds more generally and forms the essence of Gauss’ remarkable
theorem: the Gaussian curvature is bending-invariant41;44. Consequently, a flat plane
cannot be transformed into a spherical or saddle-shaped surface by bending deforma-
tions alone, since these surfaces have non-zero intrinsic curvature (Figure 6.2b).

Wehave stated that theGaussian curvature is an intrinsic property of the surface, yet
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the classical definition that we have been using throughout this work relies on extrin-
sic concepts, namely the principal curvatures. This is, in fact, the “remarkable” aspect
in the Theorema Egregium of Gauss41;44. Gauss showed that the Gaussian curvature
could also be defined on the basis of angle and distance measurements within the sur-
face itself (i.e. intrinsically). A first indication of this intrinsic description is obtained
when considering a triangle drawn on the various surfaces, as shown in Figure 6.2a. A
triangle on the surface of the plane or any other developable surface (𝐾 = 0) will always
have the sum of its internal angles, 𝛼𝑖, equal to 𝜋. However, on the surface of a sphere
(Κ > 0), the sum of the angles is larger than 𝜋, while on the surface of a saddle (Κ < 0),
the sum of the angles is smaller than 𝜋44;45. This angle measurement clearly relates to
the intrinsic geometry of the surfaces, as a 2D resident of the surface that has no knowl-
edge of the space in which the surface is situated could determine whether the surface
has positive, negative, or zero Gaussian curvature, simply by measuring the angles of a
triangle45. However, the resident would not be able to distinguish, for example, a flat
plane from a cylinder surface since they both have the same (zero) intrinsic curvature.

A more formal intrinsic description of the Gaussian curvature requires the intro-
duction of another important concept within differential geometry: the metric tensor,
or simply metric. The metric of a surface describes the distances between the neigh-
boring points on a surface which could be given as follows (in Einstein summation
convention)46:

𝑑𝑠2 = 𝑔𝑖𝑗𝑑𝑥
𝑖𝑑𝑥𝑗 (6.1)

Where 𝑑𝑠 represents the distance between points and𝑔𝑖𝑗 represent themetric com-
ponents. In the case of a flat plane, the metric tensor (which is called a “Euclidean
metric” in this case) is simply represented in Cartesian coordinates as:

𝑔 = (
1 0

0 1
) (6.2)

In which case 𝑑𝑠2 reduces to the standard expression:

𝑑𝑠2 = 𝑑𝑥2 + 𝑑𝑦2 (6.3)

Physically, the metric could be interpreted as a grid on the surface47;48. On a flat
plane, this would be a regular grid consisting of equally spaced, perpendicular lines.
When the flat plane is subjected to pure bending (see Figure 6.2a), the grid is not dis-
torted and all distances and angles are preserved. For this reason, bending is called an
isometric deformation, i.e. it leaves the metric unaffected. However, if the plane is de-
formed into, for example, a bell-shaped surface with regions of positive and negative
Gaussian curvatures (Figure 6.2b), the grid becomes distorted, i.e. the metric changes
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and becomes “non-Euclidean”. This simple interpretation of the metric as a grid on the
surface, though not mathematically rigorous, does provide the important insight that
we are aiming for: changing the Gaussian curvature requires a change in the surface
metric (this leads to the inherent challenge that map-makers face: any map of the Earth
will show some level of distortion49). Moreover, this change in metric (and thus in
Gaussian curvature) cannot be achieved through bending alone but requires stretch-
ing or shrinking of the surface. Gauss showed that the Gaussian curvature could be
defined entirely in terms of the components of the metric tensor and its derivatives,
thereby proving the intrinsic character of this curvature measure44. As a simple exam-
ple, consider a non-Euclidean metric defined in Cartesian coordinates of the form:

𝑔 = (
1 0

0 𝛾(𝑥)
) (6.4)

The function 𝛾(𝑥) describes the distances between points in 𝑦-direction as a func-
tion of 𝑥-position (𝑑𝑠2 = 𝑑𝑥2 + 𝛾(𝑥)𝑑𝑦2). In this case, the Gaussian curvature is
indeed defined entirely in terms of the metric as44;46;47:

𝐾 = −
1

√𝛾

𝜕2√𝛾

𝜕𝑥2
(6.5)

Following the above definition, the Euclidean, “flat” metric introduced earlier
would indeed result in Κ = 0, or zero intrinsic curvature. The direct relation between
the surface metric and Gaussian curvature has been harnessed by several researchers
to controllably transform flat sheets into intrinsically curved geometries19–21;50;51.
As explained by Klein et al., this could be achieved by prescribing a non-Euclidean
target metric in the flat sheets, which essentially means that a non-uniform expansion
or contraction distribution is programmed into the sheets19. Upon activation by an
external stimulus, differential swelling/shrinking occurs, which is accommodated by
deforming into a curved, 3D geometry in accordance with the newly imposed metric.
Hence, these “metric-driven”20 approaches represent a successful application of Gauss’
results to the shape-shifting of advanced materials. However, an important remark is
that these approaches deal with real sheet materials of a small but finite thickness, while
our discussion thus far has only considered mathematical surfaces of zero thickness.
The presence of this thickness forces researchers to consider the elastic energy of the
curved sheets, consisting of a stretching component (𝐸𝑠) and a bending component
(𝐸𝑏), both of which depend on the sheet thickness19;50;52:

𝐸 = 𝐸𝑠 + 𝐸𝑏 (6.6)

When a non-Euclidean target metric is prescribed in the flat sheet with finite thick-
ness, the sheetwill adopt a shape thatminimizes its elastic energy𝐸. This leads to a com-
petition between both components of the energy: the bending energy 𝐸𝑏 is zero when
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the sheet remains flat while the stretching energy 𝐸𝑠 is zero when the sheet achieves
the curved, 3D geometry with the prescribed target metric19;46;50. The final shape cor-
responds to a balance between both contributions, which is determined by the sheet
thickness 𝑡. Since the stretching energy scales with 𝑡 and the bending energy scales
with 𝑡3, therewill be a certain thickness thatmarks a transition between bending energy
domination and stretching energy domination46;53. Consequently, the thinner a sheet
becomes, the more energetically favorable it becomes to bend than to stretch46;48;50.
In other words, the bending energy decreases more rapidly with decreasing thickness
than the stretching energy does, meaning that when given the choice between bending
or stretching to accommodate local shrinking/swelling, it will “cost” much more en-
ergy for the thin sheets to stretch than to bend (which is why very thin sheets are often
considered inextensible membranes52). The sheets will thus bend in 3D to adopt the
target metric (if a suitable embedding of the target metric exists), although the exact
target metric will not be achieved for finite thickness since there will always be some
energetic cost to bending a sheet19;50.

In summary, the concept of surface curvature could be discussed from an extrinsic
and an intrinsic perspective, using themean andGaussian curvature respectively. Some
surfaces might be curved from an extrinsic view, yet intrinsically remain flat (a devel-
opable surface). When the aim is to achieve extrinsic curvature from a flat surface, this
could be easily achieved by an inextensional bending deformation of the surface, which
leaves the Gaussian curvature unaffected. However, achieving intrinsic curvature from
a flat surface is more complicated, as it requires the distances between points on the sur-
face to change. This cannot be achieved through bending alone, but requires in-plane
stretching or shrinking of the surface. The geometrical aspects of origami introduced
in the following section are better understood within the context of the ideas presented
here.

6.2.2 Geometrical aspects of origami
Origami has inspired artists for hundreds of years to transform ordinary sheets of

paper into intricate yet beautiful 2D or 3D geometries. Recently, engineers and scien-
tists have also become attracted to origami and have studied the paper folding art from
a more mathematical perspective, giving rise to the field of computational origami54.
Origami offers many interesting mathematical challenges, such as the folding of an ar-
bitrary polyhedron from a flat piece of paper55 or the question of flat foldability, i.e.
whether a crease pattern results in a folded state having all points lying in a plane56.
Another aspect that has received broad attention and that is of greater relevance to the
folding of 3D engineering structures is the question of rigid-foldability. An origami de-
sign is rigid-foldable, if the transition from the flat to the folded state occurs smoothly
through bending at the creases only, thus, without bending or stretching of the faces
in between the creases. In other words, a rigid origami design could be folded from
rigid panels connected with hinges, which is desirable for deployable origami struc-
tures made from rigid materials, such as solar panels, medical stents or robots57;58.
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Classical origami starts with a flat sheet of paper, which could be considered a de-
velopable surface and by definition has zero Gaussian curvature. Folding this flat sheet
along predefined crease lines essentially means bending the sheet at a very high radius
of curvature. Since bending does not change the metric of the sheet, the Gaussian cur-
vature will remain zero at (nearly) all points on the folded sheet. In other words, no
matter how a sheet is folded, it remains intrinsically flat. It must, however, be noted
that some degree of stretching is involved in the folding of paper. More specifically,
Witten52 has explained that sharp folds must involve some stretching, as they would
otherwise result in an infinitely high bending energy. Nevertheless, this stretching is
only confined to the small fold lines and it is typically neglected, i.e. a non-stretchable
sheet with idealized sharp folds is assumed59.

When discussing origami and polyhedral surfaces, it is useful to introduce yet an-
other definition of the Gaussian curvature, known as Gauss’ spherical representation.
Gauss introduced this description in his original paper on the Theorema Egregium.
This concept has been used, for example, by Miura60 and Huffman61 in the analysis of
origami. Gauss’ spherical representation could be obtained by first considering a closed,
oriented contour Γ around a point𝑃 on an arbitrary surface (Figure 6.3a). The unit nor-
mals on Γ are collected and translated to the center of a unit sphere (the Gauss sphere),
effectively tracing out a new oriented contour Γ′ on the surface of the sphere, resulting
in the “Gauss map” of the original contour. Both contours enclose a certain area on
their respective surfaces: Γ encloses 𝐹 and Γ′ encloses 𝐺. The Gaussian curvature Κ is
then defined as41;62:

𝐾 = lim
Γ→𝑃

𝐺

𝐹
(6.7)

While calculating the Gaussian curvature on an arbitrary surface might not be triv-
ial using the above definition, Gauss’ spherical representation does provide an addi-
tional interpretation of the intrinsic curvature. For example, the Gauss map of a closed
contour on a developable surface encloses zero area on the Gauss sphere (𝐺 = 0),
indeed corresponding to zero Gaussian curvature following the above definition (Fig-
ure 6.3). On the other hand, the closed contours on spherical or saddle surfaces map
into closed contours with non-zero enclosed areas on the Gauss sphere, indicating the
non-zero Gaussian curvature of these surfaces. Note that 𝐺 < 0 when the orientation
of Γ′ is opposite to that of Γ, resulting in a negative Gaussian curvature (Figure 6.3a)62.

Applying Gauss’ spherical representation to the simplest type of origami, a single
straight crease crossing a flat sheet of paper, once again proves that folding has no in-
trinsic effect on the surface. The normals on each face map into a single point on Gauss’
sphere, while the normals on the crease between the faces are not uniquely defined and
map into an arc connecting both points, resulting in 𝐺 = 0 and, thus, no Gaussian
curvature (Figure 6.3b)63. Miura60 used Gauss’ spherical representation to analyse dif-
ferent configurations of fold lines joining at a common vertex and showed that some
combinations cannot be folded rigidly60. For example, a vertex of valency three (three
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Figure 6.3: Gauss’ spherical representation of theGaussian curvature. a)Definition of theGauss
map using a closed, oriented contour on a point on an intrinsically curved surface. The unit
normals on Γ are translated to the center of a unit sphere and trace out a new contour Γ′. b)
Folding along a simple straight crease does not change the Gaussian curvature (c) The Gauss
map applied to a unit cell of the rigid-foldable Miura-ori pattern. In the partially folded config-
urations (middle and right pane), the normals trace out a bowtie contour on the Gauss sphere,
with one-half of the bowtie classifying as “positive” area (clockwise tracing) and the other half as
“negative” area (counter-clockwise trace), resulting in zero net area. (d). TheGaussmap applied
to the three-valent vertex of a tetrahedron. The transformation of the flat state (left pane) to the
folded state (middle and right pane) induces a change in the Gaussian curvature (non-zero area
on the unit sphere), showing that a three-valent vertex cannot be achieved in rigid origami.

creases joining at the vertex) is never rigid-foldable: the three faces surrounding the ver-
tex have normals in different directions, tracing out a spherical triangle on the Gauss
sphere with non-zero area (Figure 6.3d). This would imply that Κ ≠ 0, which is not
possible when rigidly folding a flat surface. Similarly, Miura showed that a four-valent
vertex with all mountain (“upwards”) or valley (“downwards”) folds cannot be folded
rigidly, while a four-valent vertex with three mountain folds and one valley fold (and
vice versa) could be rigidly folded62. It must be, however, emphasized that a three-
valent vertex or a four-valent vertex with all mountain folds could be folded, when the
rigid folding requirement is relaxed, i.e. when the faces are allowed to bend.

Based on the above insights, it might be argued that origami is not a suitable ap-
proach to create intrinsic curvature from flat sheets as origami deals with isometric
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deformations. However, applying the right fold and cut patterns could alter the global
or “apparent” Gaussian curvature, without the need for in-plane stretching or shrinking
of the flat sheet. In essence, origami and kirigami techniques allow to approximate in-
trinsically curved surfaces through developable deformations of many small faces con-
nected through fold lines. The specific origami and kirigami techniques that have been
used by other researchers for this purpose are described in the next sections of this
chapter.

6.3 Origami approaches
In this section, we will review different origami approaches that have been used

to approximate intrinsically curved surfaces. The four different approaches discussed
here, namely origami tessellations, tucking molecules, curved-crease origami, and pe-
riodic pleating, all start from a flat, uncut sheet that is folded along predefined creases.

6.3.1 Origami tessellations
Origami tessellations, characterized by a periodic crease pattern or ”tiling” of a flat

sheet, have inspired artists formany decades64, but have also found their way into scien-
tific and engineering applications such as compliant shell mechanisms65 and mechan-
ical metamaterials37;66. Moreover, the rational design of the tessellation pattern allows
for changing the apparent curvature of flat sheets without requiring local stretching of
the faces.
Miura-ori
The most widely studied origami tessellation is the herringbone pattern known as
Miura-ori, originally introduced as an efficient packing of solar sails34 but also ob-
served in spontaneous wrinkling of thin, stiff films on thick, soft substrates subjected to
biaxial compression67. AMiura-ori unit cell consists of a four-valent vertex connecting
four parallelograms using three mountain folds and one valley fold (Figure 6.4). An
important property of this origami design is that it is rigid-foldable, as indicated
by Gauss’ spherical representation60;62 (Figure 6.3c). Schenk and Guest studied the
geometry and kinematics of Miura-ori and showed that purely rigid Miura-ori has only
a single degree of freedom, i.e. in-plane folding and unfolding36. Based on the analysis
of a single unit cell, they concluded that a Miura-ori sheet is an auxetic material,
characterized by a negative in-plane Poisson’s ratio. In a later study, however, Lv et al.
showed that some specific configurations could exhibit a positive in-plane Poisson’s
ratio as well68. While rigid-foldability of Miura-ori allows only in-plane deformations,
experiments with simple paper models reveal that the folded sheets could also deform
out-of-plane (Figure 6.4d-e). Indeed, Schenk and Guest identified saddle and twist
deformation modes and showed that these are only possible in non-rigid Miura-ori,
where the individual faces are allowed to bend36. This leads to an interesting property
of Miura-ori (and origami tessellations in general): through developable deformations
at unit cell level, the global Gaussian curvature of the sheet could be changed, making
this origami tessellation an interesting candidate for compliant shell mechanisms65;69.
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Figure 6.4: Miura-ori tessellation. a) A crease pattern of a Miura-ori tessellation. Solid lines
are mountain folds and dashed lines are valley folds. b) two different unit cells for a Miura-ori
tessellation, consisting of four parallelograms connected through three mountain folds and one
valley fold. c) A paper model of the Miura-ori tessellation in a partially folded state (left) and
collapsed state (right), showing the flat-foldability of this origami pattern (Scale bar is 2 cm). d)
Saddle-shaped and e) twisted out-of-plane deformations of the (non-rigid) Miura-ori sheet.

Several researchers have sought for generalizations or variations of the Miura-ori
pattern that approximate a curved surface when folded, without requiring out-of-plane
deformations. Tachi investigated quadrilateral mesh origami consisting of quadrilat-
eral faces joined at four-valent vertices and established rules for rigid-foldability. Start-
ing from a regular Miura-ori pattern, he explored variations that could fit a freeform
surface (e.g. a dome-shape), while remaining rigidly foldable70. Gattas et al. parame-
terized the Miura-ori to be able to systematically compare different pattern variations.
They investigated five rigidly foldable “first-level derivatives” obtained by changing a
single characteristic such as the crease orientation71. Depending on the derivative, ge-
ometries with an overall single- or double-curvature could be achieved, although the
latter seemed to be limited to a non-developable crease pattern71. Sareh andGuest con-
sidered Miura-ori as one of the seventeen plane crystallographic or “wallpaper” groups
(a pmg group) and provided a framework to obtain flat foldable symmetric general-
izations of the Miura-ori, some of which could result in globally curved geometries
when folded72. More recently, Wang et al. proposed a design method to obtain Miura-
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ori generalizations that approximate cylindrical surfaces upon folding73. While their
method takes into account rigid folding and the thickness of the faces, which is use-
ful for practical applications, it is restricted to cylindrical geometries and hence single
curvature73. Perhaps the most complete and successful approach to approximate arbi-
trarily curved surfaces with Miura-ori generalizations is the one recently proposed by
Dudte et al. (Figure 6.5)74. Dudte et al. employed constrained optimization algorithms
to solve the inverse problem of fitting an intrinsically curved surface with a generalized
Miura-ori tessellation. They showed that the surfaces of generalized cylinders could
be approximated using flat foldable and rigid-foldable tessellations, which could not be
guaranteed for intrinsically curved surfaces. In the latter case, snapping transitionswere
required during the action of folding or unfolding, although the final configuration was
strain-free74. The researchers also showed that a higher number of unit cells results in
a more accurate fitting of the surface, but at the cost of a higher folding effort74.

Figure 6.5: GeneralizedMiura-ori tessellations fitting curved surfaces. The top rowdepicts sim-
ulations, while the bottom row shows physical models. Adapted by permission fromMacmillan
Publishers Ltd: Nature Materials74 copyright 2016.

Other periodic tessellations
In addition to Miura-ori, several other tessellations are well known among origami
artists and scientists. Examples are the tessellations obtained when tiling the plane
with a six-or eight-crease waterbomb base, the former of which has been used to cre-
ate an origami stent32;75. Other famous origami tessellations were developed by Ron
Resch76;77 and have inspired scientists to create origami-based mechanical metama-
terials68 or freeform surface approximations78. Origami tessellations that are rigid-
foldable are of particular interest for engineering applications. Evans et al. used the
method of fold angle multipliers to analyse the existing flat foldable tessellations and
identify those that were rigid-foldable58. Furthermore, the researchers presented rigid-
foldable origami “gadgets”, localmodifications to a crease pattern, to developnew rigidly
foldable tessellations58. Tachi studied the rigid foldability of “triangulated” origami tes-
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sellations, in which the quadrangular faces are divided into triangles (essentially cap-
turing the bending of faces of non-triangulated origami)79. Through numerical sim-
ulations (by means of a truss model), it was observed that most periodic triangulated
origami tessellations exhibit two (rigid) degrees of freedom, a folding/unfolding mo-
tion and a twisting motion, with Miura-ori being an exception as it only shows the
folding/unfolding motion79.

Applying a periodic tessellation such as Resch’s triangular pattern to a flat sheet es-
sentially means texturing the sheet with small-scale structures that give rise to unusual
properties on a global scale69. Due to the strong interaction between the local kine-
matics and global shape, these tessellated sheets have earned the name “meta-surfaces”,
in analogy with 3D metamaterials65;69. An interesting property of the textured sheets
is that folds may partially open or close locally, effectively simulating local stretching
or shrinking. As a consequence, the sheets could undergo large deformations and
change their global Gaussian curvature, without stretching of the actual sheet mate-
rial65;69 (Figure 6.6). However, the opportunities to approximate curved surfaces using
this approach are limited, despite the ease with which small paper models could be ma-
nipulated. That is because approximating saddle shapes might involve some facet and
crease bending that make it difficult, if not impossible, to achieve anticlastic geometries
(negative Gaussian curvature) through rigid folding78. Moreover, for large tessellated
sheets (with many unit cells), even synclastic geometries (positive Gaussian curvature)
might not be rigid-foldable. Tachi showed that smooth rigid folding of (triangulated)
periodic tessellations in dome shapes is obstructed once the tessellated sheet becomes
too large, making only cylindrical surfaces feasible79. A similar conclusion was reached
byNassar et al.80. Indeed, the tessellation shown in Figure 6.6c naturally adopts a cylin-
drical shape in the partially folded configuration.

Although several standard origami tessellated sheets could conform to curved
surfaces, the achievable geometries are limited. In order to obtain more complex
3D shapes, Tachi developed the Freeform Origami method to generalize existing
tessellations, essentially building further on his work on quadrilateral mesh origami81.
He provided mathematical descriptions of the conditions that apply to the traditional
tessellations such as developability and flat-foldability, and numerically calculated
perturbations of these tessellations while preserving those conditions. The algorithm
was implemented in a software package that allows the user to actively disturb an
existing folded origami tessellation and observe the corresponding changes to the
crease pattern in real-time81. However, the software is not capable of solving the
inverse problem of finding the crease pattern that belongs to a given 3D surface. Other
researchers have also used mathematical methods to calculate new tessellations that
could fold into 3D geometries. Zhou et al. proposed the “vertex method” to inversely
calculate a developable crease pattern based on the Cartesian coordinates of a given
3D geometry82. While their method is versatile enough to develop the crease pattern
for a structure that fits between two (single-) curved surfaces, a major limitation is that
it is not applicable to intrinsically curved surfaces82. More recently, Song et al. built
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Figure 6.6: Origami tessellations. a-b) Triangular Ron Resch and square waterbomb tessella-
tions, respectively. Top: crease pattern (solid lines are mountain folds, dashed lines are valley
folds), middle: partially folded state, bottom: fully folded state (Scale bar is 2 cm). c) Natural
resting state of the partially folded square waterbomb tessellation (for a large enough sheet),
adopting a cylindrical shape (Scale bar is 2 cm). d) Various configurations with global intrin-
sic curvature of the same square waterbomb tessellated sheet, obtained through locally opening
and closing the unit cells.

further on this work and developed a mathematical framework to create trapezoidal
crease patterns that rigidly fold into axisymmetric double-curved geometries83. More
specifically, their method calculates the crease pattern that fits both an inner and outer
target surface with the same symmetry axis. While intrinsic curvatures could in this
way be achieved, the proposed method is limited to very specific ring-like geometries,
possessing rotational symmetry and having relatively small curvatures83.

6.3.2 Tuckingmolecules
Other approaches to approximate intrinsically curved surfaces could be obtained

from the field of computational origami design, in which one searches for the crease
pattern that belongs to a given shape, typically a 3D polyhedron. The first well-known
computational tool facilitating origami design was proposed by Lang and is based on
tree-like representations of the desired shapes (“stick-figures”)84. However, themethod
is restricted to calculating origami bases that need to be shaped afterwards into the de-
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sired geometry. To enable the construction of crease patterns for arbitrary 3D poly-
hedrons, Tachi developed his well-known “origamizing” approach based on tucking
molecules56;85. The starting point is a polyhedral representation of an arbitrary sur-
face, which is made topologically equivalent to a disk (such that it is not a closed poly-
hedron but has a cut that allows it to open). The basic idea of the approach is to map
all the surface polygons of the polyhedron onto a plane and to fill the gaps in between
with tucking molecules, which are flat foldable segments, creating a 2D crease pattern
in doing so85. The resulting crease pattern is not considered an origami tessellation in
the context of this review, as it is highly non-periodic and comprises polygons of dif-
ferent shapes and sizes. The tucking molecules connect adjacent surface polygons and
are tucked away behind the visible surface upon folding (Figure 6.7a). Tachi defined
edge-tucking and vertex-tucking molecules, respectively bringing edges or vertices to-
gether in the folded configuration. In order to fit the desired 3D shape with the surface
polygons, crimp folds are also employed to locally adjust the tucking angle85. The entire
procedurewas implemented in a software package forwhich the input is a polygonmesh
and the output is a 2D crease pattern, allowing the creation of complex origami struc-
tures that were never folded before, such as the origami Stanford bunny (Figure 6.7c)56.
Tachi attributed the increased practicality of this approach compared to earlier origami
design methods to three reasons: multi-layer folds rarely occur, the crimp folds of-
fer structural stiffness by keeping vertices closed, and the method has a relatively high
efficiency, defined by the ratio of polyhedral surface area to required paper area56. De-
spite its versatility and generality, the origamizing method has the drawback that some
3D polyhedrons cannot be mapped into a 2D pattern, a problem that was recently ad-
dressed by Demaine and Tachi86, or that the proposed pattern is inefficient. Moreover,
the flat folding requirement of the tucking molecules significantly reduces the appli-
cability of this method to the folding of stiff, thicker materials78 and the presence of
crimp folds obstructs smooth folding56, making this method intractable for industrial
applications.

Tachi also proposed a more practically applicable method to approximate curved
surfaces, combining aspects from his earlier work on freeform origami81 and the
origamizing approach85. The basic idea is that generalizations of Resch’s tessellations
are calculated that fit a given polyhedral surface78. Contrary to the origamizing
approach, the surface polygons do not have to be mapped onto the plane but a first
approximation of the tessellation is directly obtained from the 3D structure, after which
it is numerically optimized to become developable and to avoid collisions of faces. As
such, the implementation of this method is related to the earlier work on Freeform
Origami81, but it is still considered in this section since (simple) tucking molecules are
used. Tachi defined a “star tuck” and variations thereof as building blocks to tessellate
the given 3D surface78. The fundamental difference between conventional tucks and
the star tucks is that the latter could also exist in a semi-folded state and do not have to
be folded flat (Figure 6.7b). The surface polygons could be arranged to locally fit the
desired shape through partial opening of the star tucks, while this required crimp folds
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Figure 6.7: Origami involving tucking molecules. a) The definition of a tucking molecule used
in the “Origamizer” approach. I) A section of a polyhedral surface, II) the flattened polyhedral
surface, showing the surface polygons connected through edge- and vertex-tucking molecules.
III) The folded configuration, showing the excess material being tucked away behind the outer
surface. Reproduced with permission from IEEE from reference56. b) Comparison between
tucking molecules in the “Origamizer” approach and the generalized Ron Resch tessellation
approach. Reproduced from reference78. c) Origami Stanford bunny, folded from a single-
sheet crease pattern created using the “Origamizer” software. Reproduced from Figure 1 from
reference86. d) Comparison between the surface approximations of the “Origamizer” approach
(top) and the generalized Ron Resch pattern approach (bottom) to an intrinsically curved bell-
shaped surface. Note the partially opened tucking molecules in the latter approach. Figures
and crease patterns were obtained using “Origamizer”56 and “Freeform Origami”70 (red lines
are mountain folds, blue lines are valley folds).

in the origamizing approach. The algorithm was implemented in a software package,
allowing users to interactively design generalized Resch tessellations corresponding
to a given surface (Figure 6.7d). However, for highly complex surfaces, which would
require significant stretching and shrinking to become developable, crease patterns
cannot always be generated. Moreover, smooth rigid folding of the tessellations is not
guaranteed for all cases. Nonetheless, the proposed method has significant potential
for the practical folding of advanced materials into intrinsically curved surfaces.
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6.3.3 Curved-crease origami
When discussing curvature and origami, it is natural to also consider curved-

crease origami. While this variant of traditional origami has interested artists for
several decades, the mathematics of curved-crease folding is underexplored and
practical applications of origami have been primarily limited to straight creases87.
Straight-crease and curved-crease origami are fundamentally different, since both
faces adjacent to a curved crease always have to bend in order to accommodate the
folding motion88;89. In other words, curved-crease origami is never rigid-foldable.
As a consequence, curved-crease origami cannot be reduced to a matter of tracking
vertex coordinates as in the case of rigid origami and the bending stiffness of the folded
sheet becomes an important parameter87. Moreover, the bending induced in the faces
necessitates simultaneous folding along multiple creases, complicating automated
folding processes90.

One of the first and most influential analyses of curved creases was performed
by Huffman, using Gauss’ spherical representation to examine the local folding be-
haviour61. Indeed, the Gauss map of a closed contour crossing a straight crease maps
into a zero-area arc while the map of a contour encompassing a curved crease has non-
zero area due to the facet bending, which is indicative of its non-rigid-foldability. The
geometry of curved-crease folding has been further explored byDuncan andDuncan88

and Fuchs and Tabachnikov91. They presented several theorems relating the properties
of the curved crease to those of the adjacent faces, which are outside the scope of this
review. The most important take-away is that folding along a curved crease satisfies
the developability of the sheet, meaning that a curved-folded origami consists of de-
velopable patches of either a generalized cylinder, a generalized cone, or a tangent de-
velopable to a space-curve88;92;93. Hence, folding along curved creases cannot alter the
intrinsic curvature of the sheet, as no in-plane distortion of the faces occurs. However,
curved-crease origami does provide means to alter the global intrinsic curvature of flat
sheets, in a manner similar to straight-crease folding. More specifically, we identify two
approaches to approximate non-zeroGaussian curvature: the use of curved-crease cou-
plets and folding along concentric curved creases. In the current sub-section, only the
first approach is discussed, as the latter fits within the broader concept of concentric
pleating that is treated in the next sub-section.

Curved-crease couplets, a term introduced by Leong95, are pairs of curved and
straight creases that have been employed by origami artists to create 3D origami with
apparent positive and negative intrinsic curvature. Typically, axisymmetric structures
are created from relatively simple crease patterns (Figure 6.8). A design method and
software tool to generate crease patterns based on “rotational sweep” was proposed by
Mitani94 and a very similar tool was created by Lang84. The basic idea is that a flat sheet
is “wrapped” around the desired cylindrical or conical geometry and that the excessma-
terial is folded into flaps, sections of material that are only connected at one edge96, on
the outside surface. This is different from Tachi’s origamizing approach56 in which ex-
cess material is tucked away inside the geometry, resulting in more complicated crease
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Figure 6.8: Curved-crease origami. a) Simple examples of curved-crease origami (Scale bar is 2
cm). b) An origami sphere (positive Gaussian curvature) and an origami hyperboloid (negative
Gaussian curvature) created with the method described by Mitani94 (Scale bar is 2 cm). c-d)
Top views of the origami hyperboloid and sphere (left panes) and the associated crease patterns
(right panes, solid lines are mountain folds and dashed lines are valley folds). e) Comparison
between the standard origami sphere obtainedwithMitani’smethod94 and the “smooth” variant
(Scale bar is 2 cm). f) Closer view of a wrinkle in the smooth origami sphere, indicative of the
frustration between curved and straight creases (left) and the associated crease pattern without
horizontal creases (right) (Scale bar is 1 cm).

patterns94. A flap in Mitani’s method consists of a kind of curved-crease couplet, con-
taining a straight mountain crease and a piecewise linear valley crease, approximating
a curved line. The latter crease represents half of the vertical cross section of the de-
sired shape and, when revolved around the vertical axis, traces out this shape94;95. To
create the crease pattern, the curved-crease couplets are simply repeated N times and
arranged on a rectangular sheet (for cylindrical geometries) or on an N-gon (for con-
ical geometries), with higher values of N resulting in higher rotational symmetry. Us-
ing this method, double curved shapes could be approximated, as shown in Figure 6.8.
More recently, Mitani also proposed a variant of this method in which the flaps are re-
placed by “triangular prism protrusions”97. Again, the excessmaterial that results when
wrapping the desired geometry is placed on the outside surface, this time in a slightly
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different manner involving four creases instead of two.
Although recent efforts have been made to understand curved-crease origami

from a more mathematical perspective98, it remains a field that is primarily reserved
for artists. As such, only limited work has been done that explores the capabilities
of curved-crease folding to approximate intrinsically curved surfaces. Nonetheless,
it is expected that the use of curved-creases has a significant potential in practical
origami, not only to achieve complex geometries but also for kinetic architectures93

and shape-programmable structures99.

6.3.4 Concentric pleating
As a final category of folding strategies to approximate intrinsically curved surfaces,

we consider origami based on concentric pleating, i.e. alternately folding concentric
shapes into mountains and valleys. Geometries with apparent negative Gaussian cur-
vature spontaneously result after folding the remarkably simple crease patterns (Fig-
ure 6.9). The original crease patterns for this origami consisted of equally spaced con-
centric squares or circles, although variants with ellipses or parabolas have also been
folded87. One might classify the concentric pleating as a type of origami tessellation,
however, we consider it separately due to its remarkable properties.

The classical model with the concentric squares is called the pleated hyperbolic
paraboloid or simply hypar, after the negatively curved surface it seems to approxi-
mate. As explained by Demaine et al., the 3D shape naturally arises due to the paper’s
physics that balances the tendency of the uncreased paper to remain flat and that of the
creased paper to remain folded100. Seffen explained the geometry by considering the
pleating as a “corrugation strain” towards the center without causing an axial contrac-
tion of the hinge lines, thereby forcing the model to deform out-of-plane65. Thus, the
pleating introduces a distortion of the flat sheet that is relieved by settling on an energy-
minimizing 3D configuration. This principle of anisotropic strain (shrinking) has been
recently used by van Manen et al. to program the transformation of flat shape memory
polymer sheets into an approximation of a hypar, using thermal activation101.

Although papermodels of the pleated hypar are ubiquitous and well-known among
origamists, mathematicians have questioned whether the standard crease pattern of
concentric squares could actually result in the pleated hypar. More specifically: does
a proper folding (folding angles between 0 and 𝜋) along exactly these creases exist?
Demaine et al. proved the surprising fact that it does not, hence the folding along the
standard crease pattern cannot result in the hyparwithout some stretching or additional
creasing of the paper100;102. The problem lies in the twisting of the interior trapezoidal
faces of the hypar. While a standard piece of paper could be effortlessly twisted and
curled in space, Demaine et al. proved that this twisting should not occur for the in-
terior faces of the hypar. Using aspects of differential geometry, such as the properties
of torsal ruled surfaces, the researchers proved two theorems: straight creases must re-
main straight after folding and a section of the paper bounded by straight creases must
remain planar and cannot bend or twist100. Demaine et al. conjecture that the actual
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Figure 6.9: Concentric pleating origami. a) Origami hyperbolic paraboloid (“hypar”), obtained
by pleating concentric squares. Top left: top view,middle left: side view, bottom left: Closer view
of the twisted faces in the standard hypar model, right: side view showing the global saddle-
shaped geometry of the hypar (Scale bar is 2 cm). b) Circular variant of the hypar, obtained by
pleating concentric circles (with center hole). Left: side view of an annulus with three creases
(Scale bar is 2 cm), top right: top view of an annulus with three creases, bottom right: side view
of an annulus with eight creases (Scale bar is 1 cm). c) Different crease patterns. Left: standard
crease pattern for the square hypar, middle: triangulated crease pattern for the square hypar,
white lines represent the additional creases that enable proper folding of the hypar (adapted
from reference100), right: crease pattern for the circular hypar (solid lines are mountain folds,
dashed lines are valley folds).

folding of the hypar from the standard crease pattern is enabled through additional
creases in the paper, potentially many small ones. Alternatively, some stretching at the
material level might occur102. In any case, it is clear that the folding of the standard
crease pattern into the pleated hypar is highly non-rigid, as could also be intuitively un-
derstood when drawing a closed curve in one of the square rings: the curve crosses four
folds with the samemountain or valley assignment, which cannot fold rigidly according
to Gauss’ spherical representation62.

The theorems of Demaine et al.100 have implications for straight crease origami that
exhibits non-rigid behaviour, such as the Miura-ori discussed above. It was explained
that a (partially) folded Miura-ori could deform out-of-plane through facet bending,
which should not be possible according to the above theorems. However, facet bending
may be enabled by an additional spontaneous crease in the quadrangular facets, making
the facet piecewise planar and satisfying the theorems in doing so. This “triangulation”
of the facets has been employed by researchers to capture facet bending inmathematical
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origamimodels66;69;74;103;104. Moreover, Demaine et al.100 proved that a triangulation of
the standard hypar crease pattern also renders the pattern rigid-foldable, making it pos-
sible to create hypars from more rigid materials such as sheet metal100. The insights on
the hypar crease pattern are also relevant for the curved-crease couplets that were intro-
duced in the previous section, consisting of alternating curved and straight creases. The
curved creases require the adjacent faces to bend, while the straight creases do not al-
low bending. Furthermore, the straight creases do not remain straight in the folded 3D
model. Following the theorems of Demaine et al.100, it thus seems that these curved-
crease couplets cannot be folded. This problem is alleviated in Mitani’s method94 by
including horizontal creases and representing the curved crease as a piecewise linear
crease (Figure 6.8c-d), thereby ensuring that the model remains piecewise planar. It
must also be noted that the theorems of Demaine et al.100 are applicable to interior faces
(not at the boundary) and fold angles between 0 and 𝜋, while the curved crease couplets
end at the paper boundaries and the straight creases seem to be folded at an angle of
𝜋. Indeed, Mitani states that the horizontal creases can be omitted when the straight
creases are folded close to π94, resulting in a smooth folded geometry (Figure 6.8e).
However, closer inspection of such models still reveals the occurrence of small, sponta-
neous kinks or wrinkles, indicative of the frustration between the straight and curved
crease (Figure 6.8f).

In addition to the pleated hypar, another classicalmodel is obtained by pleating con-
centric circles with a hole in the middle (Figure 6.9b). Similar to the hypar, this pleated
annulus deforms into a saddle, with the degree of curvature depending on the fold an-
gles. Mouthuy et al. attributed this specific deformation to the “overcurvature” of the
ring, which is a measure of how much the curvature of the ring exceeds that of a circle
with the same circumference105. Indeed, the pleating causes the curvature of the con-
centric creases to increase while their length is preserved, resulting in overcurvature.
While Demaine et al. proved that the standard hypar crease pattern cannot be folded
without additional creases or stretching, it remains unknown whether this is also the
case for the pleated annulus100. However, the researchers conjecture that the annulus
could be folded from exactly the given crease pattern and that additional creases nor
stretching are required. Dias et al. investigated the mechanics of the simplest type of
pleated annulus: a paper strip with a single circular crease106. The researchers provided
analytical expressions for the elastic energy of the annulus, to which both the faces and
the crease contribute. While the incompatibility between the pleating and the resis-
tance to in-plane stretching forces the model to buckle out-of-plane, the actual shape it
settles on is determined by the minimization of this elastic energy106. Later, Dias and
Santangelo extended the work to a pleated annulus with several concentric circles and
investigated potential singularities that might arise when attempting to fold the model
from the given crease pattern107. The researchers did not prove that the crease pat-
tern is exactly foldable, but their results indicated that singularities do not occur for a
sufficiently narrow crease spacing, supporting the conjecture of Demaine et al.100;107.

Concentric pleating is a captivating type of origami, as very simple crease patterns
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result in geometries with apparent intrinsic curvature. Although the mechanisms of
this technique are not yet fully understood, particularly for curved creases, concentric
pleating could offer an interesting pathway to achieve intrinsic curvature. Especially
when extreme values of overcurvature are induced or when different types of hypars
or annuli are combined, complex geometries may arise, examples of which are the “hy-
parhedra” proposed by Demaine et al.108.

6.4 Kirigami approaches
Kirigami is an artform that is closely related to origami but also involves cutting the

paper at precise locations. Kirigami has not been explored to the same extent as origami,
but has recently gained traction among scientists as a promising paradigm towards
stretchable electronics39;40;109;110 or advanced honeycomb structures111–113. In this sec-
tion, we review twodistinct kirigami approaches that could be employed to approximate
intrinsically curved surfaces, namely lattice kirigami and kirigami-engineered elasticity.

6.4.1 Lattice kirigami
Lattice kirigami is a relatively novel and promising cutting and folding technique

that was introduced by Castle et al.59. Its essence lies in removing some areas from
the sheet through cutting, after which the resulting gaps are closed through folding
along prescribed creases. Lattice kirigami has its roots in crystallography, particularly
in the defects arising in crystal lattices. Understanding the essentials of this technique
therefore requires some terms and concepts from crystallography.

The starting point is the honeycomb lattice, represented as a 2D tessellation of regu-
lar hexagons. An infinite flat plane (zero Gaussian curvature) could be tiled using only
hexagons, but this is not possible for intrinsically curved surfaces such as spheres or sad-
dles115. For example, a soccer ball cannot be tiled with hexagons entirely, but requires
twelve pentagons to conform to the spherical shape. The insertion of a pentagon or a
heptagon within a tiling of hexagons is known as a lattice disclination, which is a type
of topological defect that disrupts the orientational order of the lattice115;116. These
local lattice distortions cause the surfaces to deform out-of-plane to relieve in-plane
strains, reminiscent of the metric-driven principles discussed before. The disclinations
themselves form concentrated sources of Gaussian curvature: pentagons result in pos-
itive Gaussian curvature and heptagons in negative Gaussian curvature115. Figure 6.10
illustrates the effect of disclinations in a hexagonal weave when a single hexagon is re-
placed by a pentagon or a heptagon, a technique which has long been employed by
basket weavers to create complex shapes114. Another type of topological defect is a
dislocation, which disturbs the translational symmetry of the lattice and is formed by
a dipole of disclinations (with opposite topological charge)115;116. While disclinations
and dislocations are considered defects in a topological sense, they are often necessary
distortions of the crystal lattice in natural processes. For example, Sadoc et al. showed
that these defects are crucial elements in phyllotaxis, the efficient packing algorithm
that nature uses in self-organizing growth processes, such as the spiral distribution of



200 6 CURVATURE IN ORIGAMI AND KIRIGAMI

a b c

Figure 6.10: Lattice disclinations in a hexagonal lattice. a) Inserting a single pentagon in a
hexagonal weave induces positive Gaussian curvature (Scale bars are 2 cm). b) A hexagonal
weave without lattice disclinations remains flat. c) Inserting a single heptagon in the hexago-
nal weave induces negative Gaussian curvature (the physical models photographed were made
based on the work presented in reference114).

florets in flowers116;117. The work of Sadoc et al.116 was in fact a direct inspiration for
Castle et al. to develop lattice kirigami59.

The basic idea behind lattice kirigami is to strategically remove areas from a honey-
comb lattice, paste the newly formed edges together and fold along prescribed creases to
create disclinationdipoles, resulting in a stepped 3D surfacewith local concentrations of
Gaussian curvature. Figure 6.11a provides a simple example showing two disclination
dipoles at the ends of the cut59. Inspection of a single disclination dipole reveals that the
cutting and pasting transforms one hexagon into a pentagon (by removing a wedge of
𝜋/3) and combines two partial hexagons into a heptagon (i.e. adding a wedge of 𝜋/3),
see also Figure 6.11c. By systematically exploring cutting and pasting on the honey-
comb and its dual lattice, Castle et al. established the basic rules for lattice kirigami
that satisfy a no-stretching condition and preserve edge lengths on the lattices59. The
researchers identified the basic units of lattice kirigami: i.e. a 5-7 disclination pair and
a 2-4 disclination pair, with the values indicating the coordination number of the ver-
tices (Figure 6.11c-d). The gaps that are left after cutting are closed through “climb”
or “glide” moves, or a combination of both, in order to result in a 3D stepped surface
(Figure 6.11a-d). Additionally, the researchers investigated the “sixon” (Figure 6.11e),
which is obtained by removing an entire hexagon from the honeycomb and closing the



6.4 Kirigami approaches 201

gap using appropriate mountain and valley folds in the adjacent hexagons. Through
their basic rules, Castle et al.59 constructed the foundations for an elegant and new ap-
proach towards stepped approximations of freeform surfaces.

a b c d

e f
climb glide 5-7 2-4

Figure 6.11: Lattice kirigami. a) The basic principle of lattice kirigami: a wedge is removed
from a honeycomb lattice (top), the edges are brought together and the paper is folded along
prescribed fold lines (known as a “climb”move). b) Another basicmove, the “glide”, in which the
gaps are closed through folding and sliding along the slit connecting the two excised triangles.
c) A “5-7” disclination dipole, characterized by one vertex surrounded by five hexagon centers
and one vertex surrounded by seven hexagon centers (represented with the solid circles). d) A
“2-4” disclination dipole: one vertex has two neighbouring hexagon corners, the other vertex
has four neighbouring corners (solid squares). e) Excising an entire hexagon results in a “sixon”,
which could be folded into different configurations by popping the plateaus up or down. f)
Folding a pluripotent “sixon sheet”, i.e. a tessellation of sixons on a triangular lattice, enables
step-wise approximations of curved surfaces (e.g. left bottom pane). All scale bars are 2 cm.

Sussman et al. built upon these foundations and demonstrated that lattice kirigami
is well-suited to obtain stepped approximations of arbitrarily curved surfaces, using a
relatively simple inverse design algorithm118. Key to their approach is that the kirigami
motifs presented by Castle et al.59 could be folded into several configurations by “pop-
ping” the plateaus up or down (Figure 6.11e). By connecting many of these motifs to-
gether in admissible configurations and properly assigning the plateau heights, complex
stepped structures could be obtained. Sussman et al. first considered the use of stan-
dard 5-7 climb pairs, but this approach has the important limitation that every target
structure requires a new fold and cut pattern118. In order to obtain a truly pluripotent
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kirigami pattern that could fit several target shapes, the researchers used sixon motifs.
These sixons could be conveniently arranged on a triangular lattice with the centers
of the excised hexagons on the lattice points (Figure 6.11f). The hexagonal gaps are
then closed by folding the remaining hexagons in either one of their allowed configu-
rations (i.e. popping the plateaus upwards or downwards). As a consequence, a myriad
of stepped surfaces could be achieved from this basic kirigami tessellations, simply by
varying the mountain/valley assignment of the fold lines while making sure that adja-
cent plateaus only differ by one sidewall height (i.e. one step at a time), as shown in
Figure 6.11f for a saddle-like geometry118. The mountain/valley assignment for every
fold line could be easily determined from a “height map” of the target surface. Sussman
et al. showed that surfaces with arbitrary curvature could be approximated, provided
that the gradient with which the surface rises or falls is not too steep (depending on
the ratio of plateau width to plateau height). Their results showed that lattice kirigami
constitutes a very versatile approach to approximate intrinsically curved surfaces, and
has great potential for self-folding due to its simplicity as compared to conventional
origami techniques118.

The most recent progress into lattice kirigami has been made by Castle et al.119

who generalized their earlier work by relaxing some of the initially imposed rules and
restrictions. Natural generalizations included the removal of larger wedges from the
sheet and cutting and folding along different angles than in the original method. Ad-
ditionally, the researchers demonstrated lattice kirigami on other Bravais lattices and
arbitrarily complex lattices with a basis119. However, the most extensive generaliza-
tions came in the form of area-preserving kirigami, in which only slits are made and no
material is removed, and additive kirigami, in which new material is actually inserted
in the slits, reminiscent of natural growth of cells. Furthermore, Castle et al. showed
that complex cuts could be decomposed into the general basic kirigami operations they
presented119. The researchers envision that the generalized lattice kirigami framework
provides more opportunities to create arbitrary shapes from initially flat sheets than the
original method, due to the increased freedom in distributing local sources of Gaussian
curvature along the sheet. However, a drawback is that the generalizations are not yet
suitable with inverse design algorithms, which inhibits the use of such kirigami tech-
niques in practical applications119.

Lattice kirigami has not received the same attention as traditional origami by the
scientific community, the great steps undertaken by the abovementioned researchers
notwithstanding. However, it is clear that lattice kirigami offers an exciting and promis-
ing paradigm towards 3D structures. By strategically removing material or creating
incisions, this technique could alleviate some of the traditional origami issues such as
interlocking folds or the cumbersome tucking of excess material (which is non-existent
in kirigami), thereby offering higher design freedom and simplicity59;120.
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6.4.2 Kirigami-engineered elasticity
The second kirigami technique we consider here involves cutting the paper at

many locations without folding it afterwards. The basic idea is that specific cut patterns
imbue flat sheets with a high “apparent” elasticity, or stretchability, which does not arise
from stretching the actual material but rather from the geometric changes enabled by
the cuts, which is why we term this technique kirigami-engineered elasticity40. Owing
to the high stretchability and the scale-independent nature, this technique has recently
been proposed as an interesting avenue towards stretchable electronic devices39;40,
small-scale force sensors109, macro-scale sun-shading121, and solar-tracking photo-
voltaics110. However, the kirigami-engineered elasticity technique is also useful for
wrapping flat sheets on intrinsically curved surfaces, since the cuts allow the sheet to
locally stretch in-plane, thereby permitting the required metric distortions to conform
to the curved surfaces.

We distinguish two approaches towards kirigami-engineering elasticity in the avail-
able literature, one involving out-of-plane buckling of cut struts and one involving in-
plane rotation of polygonal units, as shown in Figure 6.12 for standard paper models.
The former approach involving the out-of-plane buckling was first used by Shyu et al. to
create highly stretchable nanocomposite sheets with predictable deformation mechan-
ics40. The researchers enriched the nanocomposite sheets with a cut pattern consisting
of straight slits in a rectangular arrangement such as the one shown in Figure 6.12a.
Upon tensile loading perpendicular to the slits, the struts formed by the cutting op-
eration buckle out-of-plane, allowing the overall sheet to reach an ultimate strain of
almost two orders of magnitude higher than that of the pristine material (from 4% to
370%)40. Around the same time, Blees et al. demonstrated that the same technique is
applicable to graphene, since this one-atom thick material behaves similarly to paper
in terms of the Föppl-von Kármán number, a measure for the ratio of in-plane stiffness
to out-of-plane bending stiffness109. Although Figure 6.12a shows the struts buckling
all in the same direction, this is not necessarily the case and struts might randomly
buckle upwards or downwards, resulting in unpredictable and non-uniform stretching
behaviour. In order to control and program the tilting of the struts in the desired di-
rection, Tang et al. recently introduced “kiri-kirigami” in which additional notches are
etched into the material between the cuts121. Those notches are geometrical imper-
fections in the context of buckling and serve as cues to guide the tilting in the desired
direction. By implementing the appropriate notch pattern, the tilting orientation of
the struts could be programmed beforehand, and could be varied throughout the same
kirigami sheet121. All of the abovementioned works used the kirigami technique solely
for imparting greater elasticity to flat sheets. However, the out-of-plane buckling that
this kirigami technique entails could also be used to efficiently create textured meta-
materials from flat sheets, as was recently demonstrated by Rafsanjani and Bertoldi122.
These researchers perforated thin sheets with a square tiling of orthogonal cuts with a
varying orientation with respect to the loading direction. Uniaxial tensile loading re-
sults in out-of-plane buckling of the square units, and this could be made permanent
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by increasing the load beyond the plastic limit of the hinges between the squares. The
results are textured “metasheets” which are flat-foldable and could show similar defor-
mation characteristics as miura-ori sheets, such as negative Gaussian curvature upon
non-planar bending122.

a

b

cut pattern

Figure 6.12: Kirigami-engineered elasticity. a) A parallel arrangement of slits (left) causes the
small struts in between to buckle out of the plane upon tensile loading (middle), thereby pro-
viding the sheet with higher elasticity (Scale bar is 2 cm). Right: a closer view showing the struts
buckling in the same direction (Scale bar is 1 cm). b) Fractal cut kirigami. Left: a three-level cut
pattern with motif alternation, according to reference 29. The small amount of material between
adjacent cuts serves as hinge between the rigid square units. Middle: the cut pattern applied to a
standard piece of paper (Scale bar is 2 cm). Right: the cut sheet of paper shows a high degree of
expandability and could conform to a spherical geometry through rotation of the square units.

The second method to achieve kirigami-engineered elasticity involves in-plane ro-
tation rather than out-of-plane buckling. In this approach, the imposed cut pattern
divides the sheet into (typically square or triangular) units connected through small
“hinges” (Figure 6.12b). Upon stretching the sheet, the units rotate (almost) freely
around the hinges, resulting in a deformation that is driven mostly by the rigid unit
rotation instead of stretching of the units themselves. Cho et al. used this principle
and developed a fractal kirigami technique in which the sheet is hierarchically subdi-
vided into ever smaller units that could rotate and contribute to the overall extension of
the sheet Figure 6.12b)29;123. While an increased level of hierarchy (i.e. more subdivi-
sions) could increase the expandability, there is a limit which is dictated by the allowable
rotations of the units. Cho et al. showed that the maximum expandability may be in-
creased by alternating the cut motif between levels, allowing larger rotation angles for
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the individual units29. The researchers demonstrated the fractal kirigami technique at
different length scales and achieved an areal expandability of up to 800%. Furthermore,
they showed that the kirigami sheets could conform to an object of non-zero Gaussian
curvature (a sphere in this case) through non-uniform stretching of the pattern29, as
also shown in Figure 6.12b. Further research into fractal kirigami was aimed at under-
standing the complex mechanics of the hinges, prone to stress concentrations, as well
as the influence of material properties124. Based on experiments and numerical sim-
ulations, Tang et al. proposed dogbone-shaped cuts and hinge widths that vary with
the hierarchy level in order to increase the strength and ultimate expandability of the
fractal cut patterns (even when applied to brittle materials)124. Despite the impressive
expandability that could be achieved with these standard cut patterns, a drawback im-
peding the adoption in real applications was the lack of compressibility. Therefore, Tang
and Yin recently proposed to extend the standard cut pattern, consisting of only slits
with actual cut-outs125. By introducing circular pores in the original square units, sheet
compressibility could be obtained through buckling of the pore walls, while stretcha-
bility was still guaranteed by the straight cuts125.

Comparing the two kirigami-engineered elasticity approaches discussed above, it
seems that the fractal cut method is currently more suitable to conform to intrinsically
curved surfaces, as it allows biaxial stretching and compression. A drawback of both ap-
proaches is that a full coverage of the target surface cannot be achieved, as the stretching
is enabled through significant “opening up” of the material. Nonetheless, both methods
are expected to receive considerable attention in future research, not only in the field
of stretchable electronics but also as a pathway towards mechanical metamaterials. For
example, the fractal kirigami patterns are very similar to earlier work on rotation-based
auxetic mechanical metamaterials126;127.

6.5 Discussion and conclusions
We reviewed current origami and kirigami techniques that could be used to approx-

imate or conform to intrinsically curved surfaces. Starting off with some concepts from
differential geometry, we highlighted the inherent difficulty of transforming flat sheets
into intrinsically curved surfaces. Moreover, we explained the geometry of origami,
which involves isometric deformations of developable surfaces and therefore retains
the intrinsic flatness of the starting material. While scientific research into origami and
kirigami is still in its infancy, we could nonetheless identify several promising tech-
niques for the transformation of flat sheets into curved geometries.

6.5.1 Approximations of intrinsically curved surfaces
The origami and kirigami techniques that we have reviewed could essentially ap-

proximate intrinsically curved surfaces in two different ways. One approach is to use
origami and kirigami to transform ordinary flat sheets into “metasheets” with signifi-
cantly altered properties, which are then deformed into the desired geometry. In a sec-
ond approach, the prescribed fold and cut patterns directly correspond to the final 3D
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shape and no additional deformation is required after folding. The kirigami-engineered
elasticity techniques29;40;109;121;124;125 are examples of the first approach, while the tech-
niques with tucking molecules56;78;85 and curved-crease couplets94;95;97 are examples
of the second. Some techniques could be classified in both categories. For exam-
ple, origami tessellations could be employed to texture sheets so that they may be de-
formed into an intrinsically curved geometry36;65;69;102, but (generalized) tessellations
have also been calculated to fit a target surface once folded70–74. The lattice kirigami
technique may be considered an example of the second approach, as the target shape is
programmed into the flat sheet using appropriate cuts and folds. However, a pluriopo-
tent version of lattice kirigami has been also proposed118, in which the same kirigami
pattern could be folded to fit multiple curved surfaces.

Due to the developability constraint, no origami or kirigami technique can exactly
fit a flat sheet onto an intrinsically curved smooth surface. Such surfaces could be ap-
proximated in a “global” sense, but locally the folded sheets remain intrinsically flat.
Some techniques, such as lattice kirigami59;118;119 or the origamizing technique56;85 do
imbue the sheets with Gaussian curvature, but this curvature remains concentrated in
single points surrounded by developable patches, i.e. “non-Euclidean vertices”10. Even
when a sheet of paper is crumpled, the majority of the paper remains developable and
non-zero Gaussian curvature only arises at specific points due to local stretching of the
paper52;128. However, owing to the different underlying mechanisms, some techniques
will result in a “smoother” approximation of the target surface than others. This is an
important factor to consider in applications where the surface topography plays a role,
e.g. in fluid flow over an object. Surfaces approximated using origami tessellations or
periodic pleating exhibit a textured surface topography. For the periodic pleating tech-
nique, this texture is in the form of sharp, parallel ridges. In the case of origami tessella-
tions, the texture is determined by the specific unit cell geometry, with the square water-
bomb or RonResch patterns resulting in a smoother surface than theMiura-ori pattern,
for example. The axisymmetric geometries created by the curved-crease couplets could
result in a relatively smooth surface due to the bent faces, although the frustration be-
tween the curved and straight creases might entail additional creases that disturb this
smoothness. The smoothest approximation of the target surface is likely obtained with
the origamizing technique, as the calculated crease pattern (almost) exactly folds into
a polygon mesh of this surface. Naturally, a finer mesh results in a smoother represen-
tation, yet also entails a more complex folding process. The lattice kirigami technique
results in a stepped surface approximation, consisting of many small units that simulate
the convex and concave curvatures of the sheet. Interestingly, both the origamizing and
lattice kirigami techniques bear strong similarities with computer graphics techniques
used to represent 3D objects, either using polygonization of the surface or by means of
a “voxel” (volume pixel) representation. Finally, the fractal kirigami technique allows
conforming initially flat sheets, made from relatively rigidmaterials, to surfaces of non-
zero Gaussian curvature through non-uniform opening of the cut pattern29. However,
it was also mentioned that this opening of the perforations inhibits a full coverage of
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the target surface, which might be a drawback in certain applications.

6.5.2 Practical considerations
There are several practical challenges that need to be overcome in order to acceler-

ate the adoption of origami and kirigami as a shape-shifting technique for development
of advanced materials. First and foremost is the challenge of the folding itself, which is
a labour intensive manual process in traditional origami. Although all the macroscale
paper models that we have presented in this review could be folded by hand, such man-
ual folding becomes increasingly complex at much smaller or much larger scales and
for more advanced materials14;129. As a consequence, self-folding (i.e. “hands-free”11)
techniques are required. A wide range of such techniques have been developed dur-
ing recent years, in particular aimed at smaller length scales9–11;13–15;15;16;101;130–137.
While these techniques, for example, differ in terms of materials used, speed, actua-
tion method, and suitable length scales, the underlying principle is typically the same:
the self-folding behavior is programmed into the flat starting materials, most often in
the form of “active hinges” which are triggered by an external stimulus to activate fold-
ing. Inmany cases, stimuli-responsive polymericmaterials have been employed for this
purpose. Examples are hydrogels that swell or de-swell upon a change in aqueous en-
vironment11;136;137, or shape memory polymers (SMP) that shrink when heated above
the glass transition temperature9;101;132–135. Especially the use of thermally-responsive
SMP for self-folding has attracted the interest of many researchers due to its simplicity
and versatility in terms of actuation method133, for example via uniform oven heat-
ing118;132, localized joule heating9 or localized heating by light or microwave absorp-
tion133;134. The shape memory effect is not exclusive to polymers but is also present
in certain metallic alloys (giving rise to shape memory alloys (SMA)), making these
materials also suitable for thermally activated self-folding origami130. In addition to
these more common techniques, many other actuation methods for self-folding have
been developed such as the folding of rigid panels driven by surface tension138–140

or cell traction forces141 to create nano- and microscale origami, and mechanically
driven origami/kirigami142;143 approaches in which folding is achieved through con-
trolled buckling at specified locations. The reader interested in more detailed informa-
tion on self-folding techniques and the associatedmaterials is referred to other excellent
reviews on these topics11;14;16;129;144;145.

Despite many recent developments, self-folding remains a challenging task, in part
because of the need for sequential folding and control over the direction of folding
and fold angles9;11;146. While many of these challenges have been addressed in recent
years9;15;133;146–149, self-folding origami demonstrations have often been restricted
to single folds or basic polyhedral shapes16;133–135;139, while demonstrations of more
complicated patterns such as origami tessellations, are not yet so common132;148. Given
these inherent complexities, it is not surprising that some of the reviewed origami and
kirigami techniques are better suited for self-folding than others. Compared to straight
creases, self-folding of curved crease origami is expected to be more challenging,
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despite some recent demonstrations149. The facet bending, which is inherent in
this type of non-rigid origami, would necessitate larger hinge actuation forces than
for purely rigid origami with straight creases. Moreover, the possibility of arriving
at a “locked” state during folding may further complicate the automated folding of
curved crease origami90. Comparing the tucking molecules origami technique and
the lattice kirigami technique, it has been argued that the latter is more applicable to
self-folding59;118;119. The tucking molecules approach requires excessive material to
be tucked away behind the outer surface, which is a cumbersome process involving
many small (crimp) folds and high folding angles. This is in sharp contrast with the
lattice kirigami technique, where no excessive material needs to be tucked away and
a simple, repetitive folding pattern is used118. Indeed, self-folding of basic lattice
kirigami units (millimeter and centimeter scale) has been recently demonstrated using
localized heating149 or controlled compressive buckling142;150, but more complex 3D
geometries have not yet been reported. Regarding the techniques that employ the
“metasheet” approach, such as the origami tessellations and the kirigami-engineered
elasticity, one could argue that these are less suited for self-folding as the sheets need
to be actively deformed into the desired shape. In order for these sheets to self-fold
into the target geometry, local control over the fold angles or gap opening would be
required. Preliminary results show that the standard kirigami cut pattern, consisting
of parallel straight cuts, could be actuated using thermally activated local shrinkage121,
but more investigations are needed for metasheets to automatically fit curved surfaces
through remotely actuated opening or closing of folds and cuts.

In addition to the self-folding process, another practical consideration is related to
locking the origami and kirigami structures in their curved folded geometries. This has,
for example, been achieved by annealing titanium-rich origami structures at high tem-
peratures151. Another approach is using sequential self-folding to include self-locking
mechanisms145;152. Alternatively, the locking mechanisms might be inherent to the
used origami or kirigami technique. For example, the origamizing technique with tuck-
ing molecules uses crimp folds to keep the tucks closed and maintain the desired shape
on the outside surface56. On the contrary, the standard lattice kirigami cannot benefit
from such excess material to lock the folds, although recent generalizations of lattice
kirigami enable this to a certain extent by retaining some material for use as “fastening
tabs”119.

In addition to aspects such as self-folding and locking, another prominent chal-
lenge is related to the medium to which origami and kirigami are applied. Origami
and kirigami are often considered to be scale-independent processes on zero-thickness
surfaces. The thin paper sheets that have traditionally been used in these art forms are
not too far from zero-thickness surfaces153. However, in engineering and scientific ap-
plications, the thickness of the flat starting materials cannot be ignored, especially not
for applications where the ratio of the sheet thickness to other sheet dimensions is sub-
stantial. A important consequence of finite sheet thickness is that appropriate hinge
design is required to enable obstruction-free folding and flat-foldability154. In recent
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years, several hinge design approaches to account for finitematerial thickness have been
proposed for rigid-foldable origami154–156. In addition to hindering flat-foldability, the
material thickness also affects the fold regions themselves, i.e. when the materials are
actually folded and the folds are not replaced by hinges. Origami design methods typi-
cally assume perfectly sharp folds applied to the (zero-thickness) sheets, meaning that
all folding is concentrated along a single line of infinitesimal width (such a sharp fold
is considered to be “𝐺0 continuous”)129;157. While such idealized sharp folds could be
approximated to some extent in a thin paper sheet, a fold in a finite thickness sheet will
never be perfectly sharp but will rather be defined by some bent region with a certain
radius of curvature, especially when thicker materials or materials that cannot with-
stand high bending strains are used129;157. Peraza et al., inspired by Tachi’s origamizing
approach, recently developed an origami design method based on “smooth” folds157,
which are bent surface regions of finite width. Such “smooth” folds form the connec-
tion between the rigid origami faces and are characterized by higher-order geometric
continuity than the sharp folds. Smooth folds are not only relevant for folding of thicker
materials but also for self-folding techniques based on “active hinges”157. Swelling or
shrinking at these hinge locations also results in finite regions of bending rather than
perfectly sharp folds158. This distinction between folds in idealized origami (zero thick-
ness sheet) and folds in origami on real materials (non-zero thickness sheet) essentially
revolves around the subtle difference between bending and folding11;153. Lauff et al.
described bending (i.e. smooth fold) as “distributed curvature” while folding is “local-
ized curvature”. However, Liu et al. correctly stated that an overlap between bending
and folding exists, as it is difficult to draw a clear boundary between localized and dis-
tributed curvature11. Note that in this context, the term “curvature” refers to single or
extrinsic curvature. Bending and folding both result in zero Gaussian (intrinsic) cur-
vature, see Figure 6.3b153.

In light of the techniques reviewed in this chapter, origamiwith finitematerial thick-
ness is expected to be particularly challenging in the tucking molecules approach, due
to many small folds (which are considered to be sharp folds in the origamizer software)
and the requirement for flat-folding to tuck away excess material. As mentioned be-
fore, improvements to the standard tucking molecules approach have been proposed to
make the technique more apt to real applications with finite thickness materials78;86;157.
The approach based on the curved-crease couplets is limited by the fact that very high
folding angles (close to 𝜋) are required, which could be difficult to realize with thicker
materials. The techniques based on origami tessellations, concentric pleating and lattice
kirigami are expected to be better suited for origami with finite thickness sheets, as they
are generally characterized by simple fold patterns and have already been (self-)folded
from materials other than paper118;148;149;154;158. Finally, the kirigami-engineered elas-
ticity techniques do not require folding, hence they do not suffer from challenges with
tight folds or flat-foldability. Nevertheless, the sheet thickness does influence the load
at which out-of-plane buckling of the struts occurs (see Figure 6.12a), thereby making
it also an important design parameter40;121.
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Besides the thickness, another aspect that is often neglected in “idealized” origami
is the mechanical properties of the material, which may also hinder practical applica-
tion of the origami and kirigami techniques158. For example, permanently folding a
finite thickness sheet entails a complex stress state involving plasticity and some de-
grees of stretching, aspects which are strongly linked to the mechanical properties of
the sheet52;100. Furthermore, non-rigid origami also involves facet bending87 which is
strongly tied to the bending stiffness of the sheets that are used. As for the kirigami-
engineered elasticity techniques, it has been already mentioned that these techniques
are characterized by high stress concentrations, both for the out-of-plane buckling and
in-plane rotation approaches29;40;121;124. Consequently, implementation of these tech-
niques to real materials will require certain levels of understanding regarding the local
material behavior under these high stress states124. Some techniques might therefore
be more suitable than others for a given application depending on the chosen material.

As is clear from the preceding discussion, scientific and engineering origami/kirigami
are not purely “scale-independent” processes that could be treated solely from a ge-
ometrical perspective. For example, self-folding techniques that are suitable for
micro-scale origami are not necessarily suitable for architectural-scale origami (e.g.
surface tension or cell traction forces). As a final remark, we note that traditional
paper seems to remain an excellent medium for origami and kirigami, considering
its balance of relative thickness, bending and tearing resistance, and the ability to
withstand relatively sharp creases. However, this does not necessarily mean that other
materials (on different scales) are less well suited, as these materials might behave very
similarly to paper when used for origami or kirigami109.

6.5.3 Outlook
Approximating intrinsically curved surfaces using origami and kirigami is relevant

for many applications that can benefit from the specific advantages offered by these
techniques: the ability to obtain complex geometries from (nearly) non-stretchable flat
sheets and the ability to apply this on virtually any length scale. As such, the folding-
and-cutting paradigm could enable the development of flexible electronics29;39,
shape-morphing materials118, nano- and microscale devices14;159, architectural
structures81;155, or any other complex geometry involving intrinsic curvature. The
applications of origami and kirigami are not limited to static designs, but could also
be of a more dynamic nature. In fact, certain fold patterns involving facet bending
or curved creases may form energetic barriers between different folding states, giving
rise to bi-stability and fast snapping motions that could be leveraged for switchable or
tunable devices99;160.

Interesting opportunities for origami and kirigami may be also found in the rapidly
expanding field of biomedical engineering38, with such examples as patterned micro-
containers for controlled drug delivery31, origami stent grafts32, or self-folding teth-
erless micro-grippers161. A particularly interesting bio-application is the folding of
3D tissue scaffolds from flat sheets enriched with cell-regulating surface topographies.
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Self-folding of patterned scaffolds with simple geometries has already been demon-
strated162, but more complex curved geometries would be needed in order to better
stimulate and guide tissue regeneration163. For example, it has been hypothesized that
promising bone-mimicking scaffolds could be based on triply periodic minimal sur-
faces (TPMS)164;165. These are area-minimizing 3D surfaces with zero mean curvature
(𝐻) everywhere, corresponding to negative (or zero) Gaussian curvature everywhere
(𝐻 = 1/2(𝜅1 + 𝜅2) = 0 and thus 𝜅1 = −𝜅2)41. These intrinsically curved mini-
mal surfaces are ubiquitous in biological systems166–169 and are nature’s best attempt at
dealing with the frustration of embedding constant negatively curved surfaces in Eu-
clidean 3-space (Hilbert’s theorem)170;171. Current TPMS scaffolds are created with
additive manufacturing4;165, meaning that the surface topographies needed to enhance
tissue regeneration cannot be included. However, the origami and kirigami techniques
we have reviewed here might enable just that: transforming patterned flat sheets into
intrinsically curved scaffolds through appropriate cutting and folding.

In conclusion, we have reviewed recent work on origami and kirigami to identify
the techniques that enable shape shifting of flat sheets into complex geometries. By in-
troducing aspects from differential geometry, in particular the Gaussian curvature, we
have illustrated the fundamental difference between flat sheets and intrinsically curved
surfaces, which can explain gift-wrapping of spheres to wavy edges in plant leaves.
While in-plane distortions could imbue the flat sheets with intrinsic curvature, we have
shown that origami and kirigami offer alternative approaches to approximate curved
surfaces with (almost) no stretching of the underlying material. Despite originating
from centuries-old art forms, the techniques we have reviewed here are promising for
many applications across a broad range of length scales. It could therefore be expected
that the relatively recent interest in “scientific” origami and kirigami will only keep on
growing in the near future.
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7
HYPERBOLIC ORIGAMI OF

MINIMAL SURFACES

Origami-inspired folding methods present novel pathways to fabricate three-
dimensional (3D) structures from 2D sheets. A key advantage of this approach is that
planar printing and patterning processes could be used prior to folding, affording
enhanced surface functionality to the folded structures. This is particularly useful
for 3D lattices, possessing very large internal surface areas. While folding polyhedral
strut-based lattices has already been demonstrated, more complex, curved sheet-
based lattices have not yet been folded due to inherent developability constraints
of conventional origami. Here, a novel folding strategy is presented to fold flat
sheets into topologically complex cellular materials based on triply periodic minimal
surfaces (TPMS), which are attractive geometries for many applications. The approach
differs from traditional origami by employing material stretching to accommodate
non-developability. Our method leverages the inherent hyperbolic symmetries of
TPMS to assemble complex 3D structures from a net of self-foldable patches. We also
demonstrate that attaching 3D-printed foldable frames to pre-strained elastomer sheets
enables self-folding and self-guided minimal surface shape adaption upon release of
the pre-strain. This approach effectively bridges the Euclidean nature of origami with
the hyperbolic nature of TPMS, offering novel avenues in the 2D-to-3D fabrication
paradigm and the design of architected materials with enhanced functionality.

S. J. P. Callens, N. Tümer, A. A. Zadpoor, Hyperbolic origami-inspired folding of triply
periodic minimal surface structures, Applied Materials Today, 15, 453-461, 2019

219



220 7 HYPERBOLIC ORIGAMI

7.1 Introduction
Stochastic sheet-based micro-architectures are ubiquitous in engineering and nat-

ural materials and appear in the form of foams, sponges, bone tissue, or at the interface
of phase-separated materials1. Their periodic counterparts, being more tractable to
study, have received widespread attention too, especially geometries based on triply pe-
riodic minimal surfaces (TPMS). Minimal surfaces are surfaces that locally minimize
area and are defined to have vanishing mean curvature everywhere (𝐻 = 0), which
gives rise to their saddle-shaped appearance (with Gaussian curvature 𝐾 ≤ 0). Triply
periodic minimal surfaces form a special class of minimal surfaces that are bicontinu-
ous and periodic in three directions, hence they extend infinitely and divide space into
two continuous, intertwined labyrinths1. While mathematicians were the first to study
TPMS following the seminal work of Schwarz2, the frequent observations of TPMS
morphologies in a wide range of natural systems3, ranging from self-assembled lipids4

to butterfly wing scales5, has sparked the interest of other scientists as well. Indeed, the
unique structure-property relationships offered by TPMS have contributed towards de-
velopment of highly efficient cellular solids. For example, TPMS-based structures have
been shown to combine high yield stress, low elasticmodulus, exceptionally high fatigue
resistance, and bone-mimicking transport properties, making them an ideal group of
bone substitutes6–8 Other examples include photonic metamaterials9, architected ma-
terials10;11, or porous membrane structures12. The functionality of lattice structures in
general, and TPMS-based solids in particular, could be vastly augmented with planar
surface-functionalization processes. For instance, precisely controlled surface nanopat-
terns could enhance the optical13, wetting14, osteogenic15, and antimicrobial16 proper-
ties of surfaces, while planar printing/imprinting techniques enable integration of em-
bedded electronics into materials17. The incorporation of surface-related functional-
ities is particularly attractive for TPMS structures, given their very large surface-to-
volume ratios. However, most 3D lattice structures, especially those based on TPMS,
can currently only be manufactured using 3D printing techniques, which are incom-
patible with the planar functionality-inducing processes. To circumvent this incom-
patibility between 3D printing and planar processes, an origami approach has recently
been proposed18, where periodic beam-based lattices were shown to be foldable from
a flat starting state, thereby enabling surface functionalization prior to folding. How-
ever, given the hyperbolic, i.e. non-developable, nature of TPMS, such conventional
origami techniques are inherently ill-equipped to tackle the problem of folding TPMS
morphologies from a flat state19. Therefore, we introduce a fundamentally different
approach that circumvents the developability constraint and enables the folding of hy-
perbolic minimal surface morphologies, by leveraging sheet stretching. Due to the re-
quirement of sheet stretching, one could describe this foldingmethod as “origomu”, sig-
nifying the folding of stretchable rubber-like sheets (“ori”means folding, “gomu”means
rubber), as opposed to origami, signifying the folding of non-stretchable paper-likema-
terials. While computational tools and differential growth-based fabrication methods
for the generation of non-developable geometries from flat surfaces have been devel-
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oped in recent years20–23, these approaches typically require complicated material pro-
gramming and the resulting shapes are often restricted to topological disks. The folding
method that we introduce in this chapter enables the folding of topologically complex
porous structureswithminimal surfacemorphologies, while requiring very limitedma-
terial programming. The rationale behind our approach consists of realizing curved
minimal surface patches from a flat state, by combining rigid foldable frames with pre-
strained elastomer sheets. Multiple of these foldable patches could then be connected
together in a net, while respecting the inherent hyperbolic symmetries of TPMS, and
used as building blocks to fold amyriad of 3D TPMS-based architectures, ranging from
single unit cells to larger assemblies consisting of multiple unit cells and 3D stackable
minimal surface layers.

7.2 Materials andmethods
7.2.1 Patch kinematics

Our approach relies on the use of straight-edged TPMS patches (with curved faces),
that can be smoothly folded/unfolded through the presence of hinges at certain patch
vertices. The folding kinematics of the straight-edged TPMS patches were implemented
inMATLAB (Mathworks, USA) by calculating the Cartesian coordinates of the vertices
as a function of the fold angle θ, from zero until the final folded configuration. The
vertex coordinates in the folded configurations were obtained from Fisher and Koch24.
By calculating the difference between the internal angle sum in the folded, ∑𝑖 𝛼

𝑠
𝑖 , and

flat, ∑𝑖 𝛼
𝑓
𝑖 , configurations, the required amount of angular change for unfolding was

obtained for every hinge vertex. For n hinged vertices, the angular change that needs
to be accommodated for every hinge by the folding/unfolding is therefore given as:

Δ𝛼𝑛 =
(∑𝑖 𝛼

𝑓
𝑖 − ∑𝑖 𝛼

𝑠
𝑖 )

𝑛
(7.1)

7.2.2 Minimal surface generation
The widely-used (open-source) Surface Evolver software25 was used to find the

minimal surface spanning a given boundary frame. The software numerically finds the
minimal surface by minimizing the surface energy using a gradient descent method.
Using Matlab, the input files for every desired fold angle were generated, containing the
vertex coordinates and the edge numbers of the boundary frame. The surface was then
evolved using two consecutive gradient descent and mesh refinement steps, supple-
mentedwith equiangulation and vertex averaging, until area convergence was achieved.
The resulting minimal surface morphologies were then exported as .obj files and were
rendered in KeyShot 5 (Luxion, USA).
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7.2.3 Folding kinematics tool
Our approach consists of connecting multiple foldable patches together, while re-

specting the hyperbolic symmetries of TPMS, to construct a 2D net that could fold
into larger TPMS assemblies. A MATLAB tool was developed to explore the folding of
user-defined 2D nets consisting of flat patches connected together using either vertex-
or edge-connections. By employing the symmetry properties that both types of con-
nections entail, the vertex coordinates of every patch in the net could be determined
for every fold angle from the initial patch, by using appropriate rotation matrices and
translation vectors. For example, copying the initial patch along one of its edges re-
quires rotating the coordinates by angle 𝜋 around that edge (Figure 7.1). Thus, for both
edge-connected patches in Figure 7.1, the coordinates of a vertex in the copied patch qi
are related to the coordinates of the corresponding vertex in the original patch pi by:

qi = R(𝜋) ⋅ pi + t (7.2)

where 𝑅(𝜃) is the rotation matrix for a rotation of angle 𝜃 about the unit vector
̂r = r

∥r∥
and is given as (32):

R(𝜃) = (7.3)

(

𝑐𝑜𝑠(𝜃) + �̂�2𝑥 (1 − 𝑐𝑜𝑠(𝜃)) �̂�𝑥�̂�𝑦(1 − 𝑐𝑜𝑠(𝜃)) − �̂�𝑧𝑠𝑖𝑛(𝜃) �̂�𝑥�̂�𝑧(1 − 𝑐𝑜𝑠(𝜃)) − �̂�𝑦𝑠𝑖𝑛(𝜃)

�̂�𝑥�̂�𝑦(1 − 𝑐𝑜𝑠(𝜃)) + �̂�𝑧𝑠𝑖𝑛(𝜃) 𝑐𝑜𝑠(𝜃) + �̂�2𝑦(1 − 𝑐𝑜𝑠(𝜃)) �̂�𝑦�̂�𝑧(1 − 𝑐𝑜𝑠(𝜃)) − �̂�𝑥𝑠𝑖𝑛(𝜃)

�̂�𝑥�̂�𝑧(1 − 𝑐𝑜𝑠(𝜃)) − �̂�𝑦𝑠𝑖𝑛(𝜃) �̂�𝑦�̂�𝑧(1 − 𝑐𝑜𝑠(𝜃)) + �̂�𝑥𝑠𝑖𝑛(𝜃) 𝑐𝑜𝑠(𝜃) + �̂�2𝑧 (1 − 𝑐𝑜𝑠(𝜃))

)
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Figure 7.1: A schematic illustration of the implementation of the folding kinematics for two
edge-connected P patches at 50% of their fold angle.

The vector t represents a translation to ensure that the original patch and its rotated
copy are connected at the desired vertex. For example, for an edge-connection about
the edge defined by points p1 and p2 (Figure 7.1), the translation vector is given by:

t = p2 − R(𝜋) ⋅ p2 (7.4)
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Weverified the absence of coinciding patches in the folded configurations by check-
ing for duplicate coordinates in the total coordinate matrix. The folding sequences for
multiple-unit assemblies were visually examined for patch collisions after the minimal
surfaces were added to the boundary frames in Surface Evolver. To avoid collisions,
sequential folding was implemented by using multiple fold angle variables 𝜃𝑖 that in-
crease at the same rate but are initiated at different time points. Figure 7.2 shows two
edge-connected 𝑃 unit cells that were folded according to different 𝜃, showing that one
unit is essentially a “time-shifted” copy of the other, i.e.

𝜃𝑎 = 𝜃𝑏 − 𝛿𝑡 (7.5)

where 𝛿𝑡 represents the time shift and can be positive or negative.
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Figure 7.2: Sequential folding illustrated for two edge-connected P units. The left subfigure
depicts the normalized fold angle versus time for both patches, while the right subfigure displays
the state of the patches at the instance indicated by the dashed line in the left figure.

7.2.4 Design of foldable frames
Foldable patch and unit cell frames were designed in SolidWorks 2016 (Dassault

Systèmes, France). The frame edges, which are supposed to behave rigidly, were given
a square 2 × 2 mm cross-section, while the hinges were designed as a 0.3 mm layer
connecting the rigid edges and facilitating the folding motion through local bending.
This hinge design enabled efficient folding yet simple fabrication. At the location of the
hinges, the frame edges were given a chamfer such that the folding of the frame would
be halted at the desired fold angle (Figure 7.3).

7.2.5 3D printing
The frames were 3D printed on an Ultimaker 2+ FDM printer (Ultimaker, The

Netherlands) using poly-lactic acid (PLA) filaments with a 0.25 mm diameter nozzle
and a layer thickness of 0.6 mm. In the case of the C(P) surface, a flat “star” patch (Sec-
tion 7.5) was printed, which was manually deformed into the bow-tie configuration
after printing to enable the in-plane sliding of the hinge vertices upon folding. Latex
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a b

Figure 7.3: An example of a 3D printed frame. a) A printed hexagonal frame for the D surface.
b) A close-up of a hinge, showing the thin hinge layer and the chamfer at the frame edges.

sheets (150 μm thick, TheraBand, USA) were bi-axially stretched (𝜖1 = 𝜖2 ≈ 0.5) and
fixed to a cutting board. The flat frames were adhesively bonded to the stretched la-
tex sheets using a cyanoacrylate adhesive (Bison, The Netherlands), which was cured at
room temperature. Next, the excess of the latex sheet was cut along the outside bound-
ary of the frame. The frame was then released from the cutting board and was allowed
to self-fold into the final configuration.

7.2.6 Micro-computed tomography and curvature estimation
Micro-computed tomography (𝜇CT) images of four 3D-printed self-folded patches

(one from each type of the minimal surfaces considered here) were acquired using a
PhoenixNanotom scanner (General Electric, USA). Tomographic reconstructionswere
made with a slice increment of 22.5 𝜇m, and a matrix of 2284×2284 pixels. The voxel
size of the volumetric data was 22.5×22.5×22.5 𝜇m. To enable subsequent processing
on a desktop computer with Intel(R) Xen(R) E5-2687W (2 cores) at 3.40 GHz and 64.0
GB RAM, the volumetric data was resized by a factor of 0.4 using the function “im-
resize3” available in Matlab (Mathworks, USA). Subsequently, each volumetric dataset
with a voxel size of 56× 56× 56 𝜇m was post-processed using Mimics (version 14.01,
Materialise, Belgium). Using this software, all patches were segmented and 3D models
were reconstructed based on the segmentation results. During the reconstruction, the
smoothing function available in Mimics was applied with a smoothing factor of 1.0. To
ensure proper definition of the contour of the patches, smoothing effects were visually
examined. Using the same software, 3D models were exported as STL files. The mean
curvature of each triangulated patch surface (.STL) was estimated using the “vtkCur-
vatures” class of The Visualisation Tookit (VTK) in Python26.
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7.3 Results
7.3.1 Hyperbolic geometry of TPMS

Triply periodic minimal surfaces belong to the realm of hyperbolic geometry and
arise from symmetry operations on fundamental patches. This idea of constructing a
TPMS structure as a 3D puzzle using a single, saddle-shaped puzzle piece that is re-
peated throughout the structure is central to our approach. As a demonstrative ex-
ample, the translational unit cell of the well-known Schwarz P surface (Figure 7.4a),
can be tiled by a fundamental asymmetric patch (Flächenstück) through two symme-
try operations: mirror reflections about the plane lines of curvature, and two-fold (𝜋)
rotations about the straight lines. The resulting triangular tiling, with angles 𝜋/2, 𝜋/4,
and 𝜋/6, is not compatible with the Euclidean plane 𝔼2, but is a tiling of the hyper-
bolic plane ℍ2 (it is the ∗246 tiling in orbifold notation27), as seen in the conformal
Poincaré disk model (Figure 7.4a). This illustrates the interesting feature that a portion
ofℍ2 can be embedded in 3DEuclidean space𝔼3 bywrapping it onto the periodicmin-
imal surface (albeit with some curvature distortion), analogous to embedding 𝔼2 in 𝔼3

by wrapping it onto a cylinder27;28. Within the context of this chapter, however, this
intrinsic connection between ℍ2 and 𝔼3 underpins the inherent complexity of trying
to unwrap TPMS to a flat state, i.e. 𝔼2. The same minimal surface could be tiled with
different patches (Figure 7.4b), all constructed from some symmetry operations on the
elementary asymmetric patch. Within the wealth of known, intersection-free TPMS
and their respective surface patches, our approach covers those surfaces that could be
tiled by straight-edged skew polygonal patches (homeomorphic to a disk). A neces-
sary (but not sufficient) condition therefore is the existence of embedded straight lines
in the TPMS, which are axes of two-fold rotation and form the “linear skeletal net” of
the surface29. TPMS with embedded straight lines were termed by Fisher and Koch
as “spanning minimal surfaces”24, and they are necessarily also minimal balance sur-
faces (i.e. the two labyrinths on both sides of the surface are congruent)30. Our folding
approach applies to those spanning minimal surfaces for which the generating patch
is a surface spanning a skew polygon. This excludes certain TPMS such as the H sur-
face, which does contain straight lines but cannot be tiled by skew polygonal patches24,
and the well-known Gyroid surface, which does not contain embedded straight lines at
all30 (Section 7.5). The presented approach does, however, cover a range of other widely
studied TPMS, four of which are included in this chapter as examples (see Figure 7.4c,
tiled by skew polygon patches): The 𝑃 surface, the 𝐷 surface (adjoint to 𝑃), the 𝐶𝐿𝑃
surface, and the 𝐶(𝑃) surface (complementary to 𝑃).

7.3.2 Foldable minimal surface patches
The key to our origami approach is the rational design of skew polygonal patches

that could be flattened. We achieve this by adding hinges at some of the vertices of the
boundary framewhile keeping the edge lengths constant, enabling a continuous folding
of the frame from a skew polygon to a (simple) flat polygon. For a skew n-gon (𝑛 ≥ 4),
this approach requires 2 ≤ 𝑘 ≤ 𝑛/2 hinges at the vertices, while the other vertices are
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Figure 7.4: Geometry of TPMS and patch folding. a) A translational 𝑃 unit cell decorated with
the hyperbolic *246 tiling of the fundamental asymmetrical patch. b) Alternative patches to tile
the 𝑃 surface, shown together with the conventional unit cell. c) The four TPMS considered
here. From left to right: 𝑃, 𝐷, 𝐶𝐿𝑃, and 𝐶(𝑃) surface. d) Folding kinematics for the straight-
edged skew polygonal patches of the 𝑃, 𝐷, 𝐶𝐿𝑃, and 𝐶(𝑃) surfaces, respectively.
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kept fixed. Since the internal angle sumof the skew polygons is smaller than that of sim-
ple flat polygons, i.e. ∑𝑖 𝛼𝑖 ≤ 𝜋(𝑛−2), the internal angles at the hinge verticesmust in-
crease during the unfolding motion (Figure 7.4d-g). Applying the Gauss-Bonnet theo-
rem to the skew polygonal boundary frame indicates that the folded framemust enclose
negative Gaussian curvature (see Section 7.5)31. Consequently, the folding/unfolding
of the polygonal boundary frame necessitates a change in the Gaussian curvature of the
surface spanning the frame that, according to Gauss’ Theorema Egregium, can only be
accommodated by an area distortion32. Indeed, flattening the saddle shaped patches
requires the surface spanning the frame to stretch (see Methods). In other words, the
metric of the surface has to transition between a Euclidean (flat) metric and a non-
Euclidean (saddle-shaped) metric. With conventional origami folding, this would not
be possible and the folded structures would remain intrinsically flat (except for some
discrete points of non-zero Gaussian curvature in some techniques33). In our folding
approach, the required area distortion during folding is achieved by attaching rigid,
foldable frames to a bi-axially pre-strained elastomer sheet. The pre-strain in the flat
sheet entails two key benefits: releasing the pre-strained sheet drives self-folding of the
attached frame from the flat state to the folded state, and the remaining pre-strain in
the sheet forces it to adopt a minimal surface shape, by the virtue of energy (or area)
minimization. This is analogous to the famous demonstrations of minimal surface for-
mation that are obtained when dipping 3D wireframes in a soap solution: the soap film
adopts a minimum-energy minimal surface shape. The same principle has been em-
ployed to create physical models of minimal surfaces (before the advent of 3D printing)
using stretched fabrics or polymer sheets34;35, and as ameans to actuate certain origami
tessellations36.

The four patches considered here and their folding kinematics are shown in Fig-
ure 7.4d-g. The skew hexagonal frames for the 𝑃 and 𝐷 surfaces (Figure 7.4d-e) are
equilateral and equiangular, and are the Petrie polygons of the regular octahedron and
the cube respectively. The𝑃-patch is flattened to an equilateral triangle, and the𝐷-patch
to an equilateral hexagon with angles of 𝜋/2 and 5𝜋/6. This simple folding/unfolding
kinematics entails a rotation of angle 𝜃 around three “creases” that connect the hinge
vertices (the dotted lines). In the case of the hexagonal patch of the 𝐶𝐿𝑃 surface (Fig-
ure 7.4f), only two hinges are required, and, thus, one “crease”. The patch can then be
flattened to a rectangle with sides 𝑙 and 2𝑙. Finally, the patch for the 𝐶(𝑃) surface is a
skew octagon with alternating angles of 𝜋/2 and 𝜋/3, which is flattened to a bow-tie
shape with angles 𝜋, 𝜋/3, and 4𝜋/3. Contrary to the three other patches where the
location of the hinge points remains fixed, the flattening of the 𝐶(𝑃) patch requires in-
plane sliding of the hinge points during the folding motion (See Section 7.2). The 𝐶(𝑃)
skew octagonal patch could be flattened into different shapes that do not require sliding
hinges, but these alternative shapes are unfit for building an “overlap-free” 2D net that
could be folded into 3D TPMS morphologies (see Section 7.5).
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7.3.3 Patch connections and unit cell folding
Now that a suitable folding/unfolding approach for the minimal surface patches,

i.e. the pieces of the 3D TPMS puzzle, has been obtained, the next key step is to con-
nect patches together to build larger portions of the minimal surfaces. As such, we de-
velop a foldable 2D “net” that results in a 3D portion of the TPMS once all patches have
been folded. We identify two possible attachment strategies, namely edge-connections
and vertex-connections. In the first type (Figure 7.5a), two patches are connected by
means of a𝜋-rotation around their common edge u, which is an inherent property of the
straight lines embedded in minimal surfaces and justifies our focus on straight-edged
skew polygonal patches. A consequence of this π-rotation is that the common edge re-
mains coplanar with two adjacent edges v1 and v2, i.e. u ⋅ (v1 × v2) = 0, during the
entire folding motion (Figure 7.5a). The connection between both patches is therefore
“rigid” and there is no need to actuate the folding of one patch relative to the other.
The vertex-connection type attaches two patches at a vertex that is not a hinge point
(Figure 7.5b). A vertex-connection is established as a 2𝜃 rotation about an axis n that

is normal to the edges u1 and v1 meeting at the vertex, where 𝜃 = 𝑐𝑜𝑠−1 (
u1⋅v1

∥u1∥∥v1∥
).

In fact, this type of connection is the result of two consecutive edge-connections, i.e. a
𝜋-rotation over v1 followed by a 𝜋-rotation over u2 (Figure 7.5b). Similar to the case
of edge-connections, the edges u1, v1, u2, and v2 are coplanar, meaning that the vertex-
connection is also rigid and can be physically realized without having to account for
the relative motions between both patches at the connecting vertex. Experimenting
with patch connections quickly reveals the most crucial challenge in our folding strat-
egy: avoiding overlaps in the 2D net. This challenge arises as a consequence of trying
to confine the hyperbolic tiling of TPMS patches to the Euclidean plane. For example,
the tiling with skew hexagons of the 𝐷 surface (Figure 7.5c), is a hyperbolic (6,4) tiling
where four hexagonsmeet at every vertex. Attempting to achieve this with the flattened
hexagonal patches leads to an overlapping 2D net, while the folded configuration is free
of overlaps (Figure 7.5c). This shows that it is not trivial to unwrap TPMSmorphologies
into 2D overlap-free nets. Our rational approach to overcome this challenge consists of
first creating foldable, overlap-free nets for the TPMS unit cells, and using those unit
cell nets as prototiles in the construction of overlap-free nets for larger structures. Thus,
instead of assembling largermorphologies patch by patch, we propose to first define the
net for a single translational unit cell and consequently connect those unit cell nets to-
gether to build larger structures. As shown in Figure 7.5d-g, the translational unit cells
for the 𝑃, 𝐷, 𝐶𝐿𝑃 and 𝐶(𝑃) surfaces respectively could all be folded from overlap-free
2D nets consisting entirely of vertex connections. In case of the 𝑃, 𝐷 and 𝐶𝐿𝑃 surfaces,
the unit cell consists of 4 patches while the 𝐶(𝑃) unit cell is constructed using 6 patches.
A consequence (and advantage during physical realization) of using vertex-connections
is that all patches fold in the same direction, which is not the case for edge-connections,
causing the unit cell net to close in on itself, analogous to the folding of a paper cube.
Except for the 𝐶𝐿𝑃 unit cell net, the vertex-connected unit cell nets presented in Fig-
ure 7.5 are not unique, i.e. different arrangements of vertex-connected patches could
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be generated that fold into the same translational unit cell. Examples of different nets
that fold into the same translational unit cell are shown in Figure 7.12 (see also Sec-
tion 7.5). In general, the net for a unit cell consisting of n patches would need at most
𝑛 − 1 vertex-connections connecting two patches together. However, a net with fewer
connections could be designed if more than two patches could be attached together at
the same vertex (e.g. in the case of the 𝑃 and 𝐶(𝑃) surfaces, see also Section 7.5). The
same rationale to design nets for larger TPMS structures applies, independent of the
choice of unit cell net. However, certain unit cell nets might be preferable in order to
construct larger assemblies, as explained in the next section.
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Figure 7.5: Connecting patches. a) The edge-connection of two 𝑃 patches. b) The vertex-
connection of two 𝐷 patches. A transparent patch indicates a patch that fits in between two
vertex-connected patches. c) When trying to conform the hyperbolic (6,4) tiling of the 𝐷 sur-
face to the flat plane, one frequently encounters overlaps in the 2D net. d-g) The folding of
TPMS unit cells consisting of vertex-connected patches.
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7.3.4 Multiple-unit cell assemblies
To establish folding of larger TPMS assemblies consisting of multiple unit cells,

we connect the 2D nets of several unit cells together. This requires the use of edge-
connections between the different unit cells, since further use of vertex connections
would lead to overlaps in 3D, a consequence of the “closing” of the unit cells. To avoid
overlaps in the 2D nets, however, not all edges are available for edge-connections. The
admissible edges for the four unit cell nets considered here are highlighted in Fig-
ure 7.6a. Only along these admissible edges, two unit cells can be connected without
causing overlaps in the 2D net. The admissible edges of a given unit cell net are those
edges that lie on the edges of the convex polygon that defines the convex hull of the
patch vertices (See Figure 7.12). Thus an edge whose end points are vertices of the
convex hull would be an admissible edge for edge-connections. All edges that are con-
tained entirely within the convex hull (and not on the boundary) are inadmissible for
edge-connections. A simple example of two connected P unit cells is provided in Fig-
ure 7.6b, illustrating the opposite folding directions of both unit cells. Furthermore,
Figure 7.6b shows how connecting two units along one edge, e.g. u1, may prohibit a
connection along another edge, e.g. v1, as this would otherwise lead to overlaps in 2D.
The number of admissible edges varies depending on the chosen unit cell net. For ex-
ample, some unit cell nets of the 𝐶(𝑃) surface allow for only a single edge-connection,
making them unsuitable to extend the 2D net beyond two unit cells (see Figure 7.12
and Section 7.5). The net that is depicted in Figure 7.5g and Figure 7.6a, on the other
hand, has six admissible edges (appearing in three pairs). Choosing the latter unit cell
net as a prototile would thus offer more freedom to construct a larger net, since it could
connect to three other unit cells.

To explore the folding of larger and more general TPMS morphologies, we con-
structed a computational tool that calculates the folding and the resulting 3D config-
uration of a user-defined input 2D net. Starting from a single unit cell, we extend the
2D net by adding more unit cells, without causing overlaps, and verify the resulting
folding motion and the final 3D morphology. The underlying folding kinematics of our
approach is surprisingly simple, since all folding information is captured in the kine-
matics of a single patch (assuming all patches fold simultaneously) and in the way the
patches are connected together through vertex- and edge-connections. A large variety
of 3D TPMS-based structures could be obtained without having to determine a sep-
arate folding strategy for each simply by varying the 2D arrangement of the patches
(see Section 7.5). While still tractable for smaller structures, the relationship between
a given 2D net and the resulting 3D structure becomes increasingly complex for larger
structures with many patch connections, involving intricate folding motions and po-
tentially overlapping patches in 3D that do not overlap in 2D, which are detected in the
tool by checking for duplicate sets of vertex coordinates. Using this explorative tool, a
multitude of 2D nets could be designed to fold a wide range of complexminimal surface
structures, some of which are shown in Figure 7.6 andmore can be found in Section 7.5
(e.g. minimal surface string-likemorphologies or stackable layers). In Figure 7.6c-f, the
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Figure 7.6: Folding multiple-unit assemblies. a) The unit cell edges that are available for edge-
connections (highlighted in red) without causing overlaps in the 2Dnet. b) Folding of two edge-
connected 𝑃 unit cells. c) Folding of a 10-unit-cell net of the 𝑃 surface without implementing
sequential folding (top row), giving rise to collisions, and with sequential folding (bottom row),
to avoid collisions. The yellow patch in the left pane starts folding with a delay relative to the
other patches (fully folded configuration at 𝑡 = 1). d) Folding of a 14-unit-cell net of the D
surface without requiring sequential folding. e) The sequential folding of a 7-unit-cell net of the
𝐶(𝑃) surface, with a folding delay applied to the central patch (yellow in the left pane). f) Se-
quential folding of a 10-unit-cell assembly of the 𝐶𝐿𝑃 surface, containing three separate folding
starting times to avoid collisions. See Section 7.5 for additional morphologies and Supplemen-
tary Movies 1 through 637

folding of multiple connected unit cells for the 𝑃, 𝐷, 𝐶(𝑃), and 𝐶𝐿𝑃 surfaces is illus-
trated (see Supplementary Movies 1-637). Due to the complex folding motions arising
for such large structures, collisions during folding could occur, as shown in the top row
of Figure 7.6c for the folding of ten P unit cells. We demonstrate that sequential fold-
ing, i.e. temporal control over the folding motion, could alleviate this problem. As a
simple example, a slight delay in the folding initiation of a centrally located unit cell in
the nets of the 𝑃 (Figure 7.6c) and 𝐶(𝑃) (Figure 7.6e) morphologies is sufficient to en-
able collision-free folding, by maintaining adequate separation between the outwards
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extending arms. For the 𝐶𝐿𝑃 example in Figure 7.6f, three different starting moments
are implemented to avoid collisions, a consequence of the high aspect ratio of the unit
cell net, while the assembly of 14 𝐷 unit cells (Figure 7.6d) did not require sequential
folding. The folding sequences shown in Figure 7.6c-f are examples that demonstrate
how small changes in the folding initiation of certain unit cells could prevent collisions.
However, many different folding sequences could be employed to achieve the same re-
sult, e.g. sequences involving variations in the folding speed and the starting time of the
unit cells, individual patches, or even individual hinges, thereby offering greater design
freedom to ensure collision-free folding. Sequential folding could be physically realized
in different ways, e.g. using localized external triggers38 or built-in design features39.

7.3.5 Self-folding experiments
We physically realized our self-folding minimal surface structures by attaching

stretched elastomer sheets to 3D printed foldable frames. Upon release, the strain
energy in the sheets causes the flat polygonal frame to self-fold into the desired
skew polygonal configuration, and the sheet spanning the frame adopts an energy-
minimizing saddle-shaped geometry, approximating theminimal surface (Figure 7.7a).
Being a combination of (semi-) rigid beams and flexible sheets, our structures represent
a special case of Kirchhoff-Plateau surfaces40, in which virtually all frame deformation
is concentrated at the hinges. The direction of folding of the frame is controlled by
the eccentric position of the sheet with respect to the hinge location: the pre-stretched
sheet is attached on one side of the frame, while the hinge layer (see Section 7.2 and
Figure 7.3) is situated on the other side, ensuring preferential folding in the direction
of the side to which the sheet is attached.

The level of pre-strain in the elastomer sheets should at least be high enough to ac-
commodate the relative amount of area shrinkage that occurs in the sheet during the
folding motion, which varies between approximately 10% and 30% depending on the
patch type (Figure 7.8b). Moreover, the strain energy stored in the pre-stretched sheets
should be high enough to drive the folding motion of the frame, i.e. to overcome the
bending resistance at the hinges and the gravitational forces acting on the frame, and
also to keep the frame in the folded configuration afterwards. During the experiments
presented here, the sheets were bi-axially strained by 50% in both directions (see Sec-
tion 7.2), which enabled the rapid self-folding of the frame and resulted in ample resid-
ual tension in the sheet to maintain the frame in its folded configuration. We assessed
the mean (𝐻) curvature profile of the sheet surface on the basis of micro-computed to-
mography scans of the self-folded patches, finding that 𝐻 is close to zero everywhere
(Figure 7.7b). This demonstrates that the self-folded patches adopt a shape close to
the ideal minimal surface, as minimal surfaces are mathematically defined as having
𝐻 = 0 everywhere. While deviations from the ideal minimal surface shape arise as
a consequence of, e.g., sheet wrinkling at the hinges, non-uniform sheet straining, and
competition between the bending and stretching energies of the finite thickness sheet41,
we demonstrate that a relatively simple combination of rigid and flexible components
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Figure 7.7: Self-folded physical models. a) 3D-printed foldable frames for the four patch types
in flat (top row) and folded (bottom row) configurations after the stretched latex sheets have
been attached (see Section 7.2). b) The mean curvature estimated using the 3D reconstructions
of the four patch types obtained frommicro-computed tomography data. c) 3D-printed foldable
TPMS unit cells in the flat (top row) and folded (bottom row) configurations. d)The self-folding
of the𝐶𝐿𝑃 unit cell through the pre-tension present in the latex sheet (See SupplementaryMovie
737). e) An assembly of four D unit cells in the flat (left) and folded (right) configurations. All
scale bars are 20 mm.

enables the folding of complex, hyperbolic shapes that are incompatible with traditional
origami methods. In addition to individual patches, we also 3D printed unit cell nets of
the four TPMS, which were self-folded to the final configuration after attaching and re-
leasing the pre-strained sheet material (Figure 7.7c). Since all patches within the same
unit cell fold in the same direction, a consequence of using vertex-connections, the
sheet is attached to the same side for all patches within the unit cell, which is convenient
during fabrication. To demonstrate the self-folding capability of this approach, a time
sequence of the self-folding of the 𝐶𝐿𝑃 unit cell is shown in Figure 7.7d (see also Sup-
plementary Movie 737). Upon release, the pre-stretched latex sheet rapidly causes the
frame to self-fold, and the built-in stopping mechanisms cause it to stop at the desired
configuration (See Section 7.2). Moreover, we show that attaching unit cell nets together
using edge-connections enables the self-folding of larger assemblies (Figure 7.7e). As
a demonstrative example, four connected unit cells for the 𝐷-surface are shown in Fig-
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ure 7.7e, but this approach is also applicable to larger morphologies as long as collisions
during folding are avoided.

7.4 Discussion
Whereas previous origami-based designs have been restricted to primarily devel-

opable geometries, such as polyhedral structures and classical origami tessellations, the
presented approach realizes the self-folding of previously unfoldable, non-developable,
TPMS structures through the rational design of foldable surface patches and their con-
nections. While we focused here on four TPMS types, other spanningminimal surfaces
could also be constructed, if a suitable flattening of the skew polygonal patch is found.
By elucidating the folding kinematics of the four types of generating patches, and by
connecting multiple patches using either vertex- or edge-connections, a large variety of
foldable 3D morphologies could be generated that are all a portion of the infinite min-
imal surface. Our focus has been on generating 2D nets by first constructing unit cells,
using vertex-connections, and connecting unit cells together using edge-connections.
However, many different foldable 2D nets could be generated, e.g. to fold periodic lay-
ers of TPMS unit cells that could be stacked to assemble arbitrarily large portions of the
TPMS (see Section 7.5). The relatively simple folding “rules” of our approach, capable of
describing complex folding motions, could potentially benefit from efficient optimiza-
tion algorithms to uncover foldable nets for specific TPMS morphologies. Due to the
complexity of the TPMS morphologies, a key challenge in the further development of
the presented origami approach is the ability to accurately control the folding motion,
i.e. not only the temporal aspect but also the final configuration, as well as finding ways
to lock the structure once folded. The presented approach offers new and exciting per-
spectives in the development ofmetamaterials, due to regained access to the flat starting
surface. We envision not only origami biosystem applications42, e.g. biomimetic tissue
engineering scaffolds with osteogenic and bactericidal surface nano-patterns, but also
bi-continuous membranes for fluid transfer with tailored wettability (e.g., self-cleaning
membranes) or TPMS-based structures with embedded electronic components. In this
work, we focused on sheet-based structures, but beam-based lattices derived from the
boundary frames could also be folded. Finally, our approach is not strictly bound by a
specific length scale, meaning that it could also inspire the self-folding of architectural-
scale tensile structures, nor is it limited to specific constituent materials, as long as a
sufficient area distortion of the sheet surfaces and the rigidity of the boundary frames
can be obtained.

7.5 Supporting information
7.5.1 C(P) bowtie patch kinematics

As mentioned in the main text, the bowtie patch for the 𝐶(𝑃) surface required the
in-plane sliding of the hinge vertices. This is illustrated in the Figure 7.8a, where 𝛿1 and
𝛿2 represent the amount of in-plane sliding of the two pairs of opposite hinge vertices
to accommodate the folding. These distances are given by:
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Figure 7.8: a) A schematic illustration showing the in-plane sliding of both pairs of the oppo-
site hinge vertices for the 𝐶(𝑃) bowtie patch. b) The normalized area of the minimal surface
spanning the frames versus the relative fold angle, as calculated with Surface Evolver.

7.5.2 Surface area change during folding
As described in the main text, the folding motion of the frame entails an area dis-

tortion of the surface spanning the frame. This is illustrated in Figure 7.8b, showing the
evolution of the normalized surface area 𝐴/𝐴0 during folding, obtained by finding the
minimal surface spanning the frames at every folding step using the Surface Evolver
software.

7.5.3 H and Gyroid minimal surfaces
The 𝐻minimal surface, discovered by Schwarz, is a spanning minimal surface (i.e.

it has embedded straight lines), but it does not have skewpolygonal patches, and is, thus,
excluded from our folding approach. It, however, has “catenoid-like” patches (following
the naming of Fischer and Koch24) that consist of a surface spanning two vertically-
spaced, concentric triangles (Figure 7.9a). The Gyroid minimal surface, first described
by Schoen34, is a minimal balance surface (congruent labyrinths) that does not contain
either embedded straight lines (axes of two-fold rotation), or the plane lines of curvature
(mirror planes). Due to the absence of straight lines, however, the Gyroid minimal
surface is not a suitable surface for the presented origami approach. Figure 7.9b shows
a translational unit cell of the Gyroid TPMS.

7.5.4 Gauss-Bonnet theorem applied to skew polygonal patches
The Gauss-Bonnet theorem is one of the most important theorems in differential

geometry, and relates the geometry of a surface to its global topology1. Following the
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a b

Figure 7.9: The unit cells for two TPMS that are excluded from the presented folding approach.
a) The 𝐻 surface, constructed from a catenoid-like patch. b) The Gyroid surface, which does
not contain embedded straight lines.

formulation given by Demaine and O’Rourke31, it can be stated (for polygons or closed
curves) as:

𝜏 + 𝛾 = 2𝜋 (7.8)

where 𝜏 is the total turn when traversing along the boundary of a curve or polygon
and 𝛾 = ∫𝐾𝑑𝑎 is the area integral of the surface curvature inside the polygon. In the
case of skew polygons, the total turn 𝜏 is the sum of the turn at every vertex 𝜏𝑣, where
𝜏𝑣 is the excess of the exterior angle over 𝜋. Applying this to, for example, the skew
hexagonal patch of the Schwarz 𝑃 surface, the turn at each of the 6 vertices is:

𝜏𝑣 =
5𝜋

3
− 𝜋 =

2𝜋

3
(7.9)

This gives a total turn of:

𝜏 = 6𝜏𝑣 = 4𝜋 (7.10)

Applying the Gauss-Bonnet theorem gives:

𝛾 = 2𝜋 − 4𝜋 = −2𝜋 (7.11)

Thus, the skew hexagonal patch must enclose some negative Gaussian curvature,
which is indeed true for minimal surfaces (𝐾 ≤ 0). In case the patch is flattened to the
plane (and becomes an equilateral triangle), the total turn becomes:

𝜏 = 3 ⋅
2𝜋

3
= 2𝜋 (7.12)

In which case the integrated curvature term vanishes as expected, i.e. 𝛾 = 0.
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7.5.5 Quadrilateral patches for the 𝑃 and𝐷 surfaces
The𝑃 and𝐷 surfaces were constructed using skewhexagonal patches, as reported in

themain text. However, these hexagonal patches could themselves be constructed from
six smaller, straight-edged skew quadrilateral patches (Figure 7.10). In the case of the
𝑃 surface (Figure 7.10a), the skew quadrilateral patch frame is equilateral and has two
angles of 𝜋/3 and two angles of 𝜋/2. By incorporating two hinge vertices, it can be flat-
tened into a quadrilateral with two angles of 𝜋/3 and two angles of 2𝜋/3. Connecting
six of those patches using edge-connections results in the same folded hexagonal patch
(Figure 7.10a bottom) as reported in the main text, though with a different flattened
state (Figure 7.10a top).

a b c

Figure 7.10: The quadrilateral patches for the 𝑃 and 𝐷 surfaces. a-b) Respectively six 𝑃 and six
𝐷 quadrilaterals can be connected to form the same hexagonal patches as reported in the main
text. c) Four 𝐷 quadrilaterals can also be connected along their short edge to form a different
skew quadrilateral patch that can tile the 𝐷 surface.

For the 𝐷 surface, the skew quadrilateral has two sides of length 𝑙, two sides of
length√2𝑙, three angles of 𝜋/2, and one angle of 𝜋/3. It can be flattened to a quadrilat-
eral with one angle of 𝜋/2, one angle of 𝜋/3, and two angles of 7𝜋/12 (Figure 7.10b).
Similar to the 𝑃 quadrilaterals, connecting six𝐷 quadrilaterals using edge-connections
along the √2𝑙 edges yields the same folded hexagonal patch as reported in the main
text (Figure 7.10b, bottom), but with a different flattening (Figure 7.10b, top). How-
ever, four 𝐷 quadrilaterals could also be edge-connected along the edges of the length 𝑙
(Figure 7.10c). In the folded configuration, this gives an equilateral skew quadrilateral
patch, with four angles of𝜋/3 (Figure 7.10c, bottom). This large quadrilateral patchwas
used in Schwarz’ original work to describe the 𝐷 surface2. Two additional points are
noteworthy regarding Figure 7.10. First, the flat “star-like” tiles shown on the top row
are all concave polygons. As a consequence of their concavity, they are not suitable for
edge-connections, since this would lead to overlaps in the 2D net. The second remark
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is made with regards to the points where the quadrilateral edges meet, i.e. the cross-
ings of the embedded straight lines of the surface. These points are umbilical points, i.e.
isolated flat points with zero Gaussian curvature. At these points, the minimal surface
could be thought of as locally being “Euclidean”. Indeed, the sum of the internal angles
at the points where the patchesmeet is equal to𝜋, thus, abiding by the “Euclidean” rules.
Therefore, while the surface spanning the patch frames is clearly hyperbolic, the points
where the patches meet are not.

7.5.6 Alternative octagonal patches for the 𝐶(𝑃) surface
The skew octagonal patch for the C(P) surface, which has the alternating angles of

𝜋/2 and 𝜋/3, could be folded from different flat polygons (Figure 7.11). As reported
in the main text, the presented approach employs six bowtie patches attached to each
other using vertex-connections at the 𝜋/3 vertices, requiring the hinge vertices to slide
in-plane.

a b c

Figure 7.11: Three types of 𝐶(𝑃) foldable patches. a) The square patch does allow for edge-
connections but not for vertex-connections at the 𝜋/3 vertices. b) The star patch allows for
vertex-connections at the 𝜋/3 vertices, but not for edge-connections. c)The bowtie patch allows
for both vertex connections at the 𝜋/3 vertices and edge-connections at some of its edges.

The patches illustrated in Figure 7.10a and Figure 7.10b do not require in-plane
sliding during the folding motion, but are, however, not convenient for building larger
𝐶(𝑃)morphologies. The patch in Figure 7.11a starts from a square configurationwhere
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the hinge vertices change their angle from 𝜋 to 𝜋/3. To construct a 𝐶(𝑃) unit cell
(Figure 7.6g) using these patches, however, the patches would need to be connected
at the hinge vertices, which would inevitably lead to overlaps in the 2D net. The patch
shown in Figure 7.11b, on the other hand, does allow vertex-connections at the fixed
𝜋/3 vertices, but its flat configuration is a concave polygon that does not allow for any
edge-connections without causing overlaps. This “star-like” patch could therefore be
used to fold a 𝐶(𝑃) unit cell using vertex-connections, but nothing more (as extensions
beyond a single unit cell would require edge-connections). As compared to the two
other patches, the bowtie patch shown in Figure 7.11c allows both vertex- and edge-
connections, which is why this patch was used to build larger 𝐶(𝑃)morphologies.

7.5.7 Alternative unit cell nets
Different unit cell nets could fold into the same translational unit cell. Figure 7.12a-

d shows examples of unit cell net variations for the𝑃,𝐷, 𝐶𝐿𝑃 and 𝐶(𝑃) surfaces respec-
tively, disregarding equivalent variations obtained through in-plane rotations and mir-
ror reflections. Figure 7.12a shows four different unit cell nets for the 𝑃 surface, all con-
sisting of four vertex-connected patches. As explained in the main text, a unit cell net
containing four patches would require at most three 2-coordinated vertex-connections.
In case of the P surface, however, it is also possible to connect three patches at a sin-
gle vertex, resulting in a net of one 3-coordinated vertex and one 2-coordinated ver-
tex. In case of the 𝐷 and 𝐶𝐿𝑃 surfaces, all vertex-connections are two-coordinated. As
such, the unit cell nets for the 𝐷 and 𝐶𝐿𝑃 surfaces contain three 2-coordinated vertex-
connections. This leaves two distinct options for the 𝐷 unit cell net (Figure 7.12b)
and only a single option for 𝐶𝐿𝑃 unit cell net (Figure 7.12c). Figure 7.12d displays
four different nets for the 𝐶(𝑃) unit cell, either containing five 2-coordinated vertex-
connections, one 3-coordinated and three 2-coordinated vertex-connections, or two
3-coordinated and one 2-coordinated vertex-connection. The dashed (and red) lines in
Figure 7.12 indicate the boundaries of the convex hull of the unit cell nets. Patch edges
that lie on this boundary are admissible edges for the edge-connections in the construc-
tion of multiple-unit assemblies. It is clear from Figure 7.12 that some nets for a given
unit cell have more admissible edges than other nets, making them more suitable for
the expansion into larger nets. For example, the rightmost net of the 𝐶(𝑃) surface in
Figure 7.12d has only one admissible location for edge-connections (two adjacent ad-
missible edges), while the leftmost net has three admissible locations (six admissible
edges appearing in three pairs).

7.5.8 Alternative TPMS-basedmorphologies
As reported in themain text, the foldingmotion of larger structures is fully captured

by the folding kinematics of the repeated patch and the specific connection pattern of
the different patches. Figure 7.13 provides a simple example illustrating that the same
apparent 2D net could give rise to very different 3D morphologies, depending on the
specific connections between the individual patches. In Figure 7.13a, six flattened P
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a b c

d

Figure 7.12: Variations of the unit cell net for the 𝑃,𝐷, 𝐶𝐿𝑃 and 𝐶(𝑃) surface. The dashed (and
red) lines indicate the boundaries of the convex hull, the red lines highlight the admissible edges
for edge-connections a) Four different unit cell nets for the 𝑃 surface, either containing three 2-
coordinated connections or one 3-coordinated connection and one 2-coordinated connection.
b) Two different unit cell nets for the 𝐷 surface. Both unit cell nets have three 2-coordinated
vertex connections. c) The only unit cell net for the translational unit cell of the 𝐶𝐿𝑃 surface as
shown in the main text. d) Four different unit cell nets for the 𝐶(𝑃) surface, either consisting
of five two-coordinated connections, one 3-coordinated connection and three 2-coordinated
connections, or two 3-coordinated connections and one 2-coordinated connection.

patches are edge-connected to form a hexagonal pattern that folds into a string-like 3D
configuration. The same hexagonal pattern is shown in Figure 7.13b, but now with the
patches connected at different edges (highlighted by the crosses), thereby creating a very
different 3D morphology. While the focus of this work has been on the folding of full,
compact sections of the infinite minimal surfaces, the presented approach also enables
the exploration of a richness of other 2D nets that could fold into alternative TPMS-
based morphologies. An example is presented in Figure 7.13c, in which the hexagonal
net of Figure 7.13b has been extended into a string-like configuration that folds into a
compact periodic structure based on the P structure, although it is not complete due to
the absence of some patches. An alternative approach to achieve large TPMS sections
consists of folding relatively simple nets, without causing collisions, into structures that
are periodic “building blocks” of the TPMS.

Figure 7.14 shows two examples for the 𝐶𝐿𝑃 and 𝐷 surfaces respectively (see also



7.5 Supporting information 241

a

b

c

Figure 7.13: Alternative patch connections to build 3D morphologies. a) A hexagonal net that
folds into a string-like morphology. b) The same apparent hexagonal net, but with different
edge-connections, that folds into a compact 3D unit. c) Connecting the hexagonal nets of b) in
a string-like connection folds into a compact (but not complete) TPMS-based structure.

a

b

c d

Figure 7.14: Constructing TPMS sections from stackable building blocks. a) A string-like 𝐶𝐿𝑃
net, consisting of six unit cells. b) A string-like 𝐷 net, consisting of 25 unit cells, that folds into
a “zig-zag” layer. c-d) Stacking the 𝐶𝐿𝑃 and 𝐷 blocks, respectively, into larger TPMS sections.

SupplementaryMovies 5-637). In Figure 7.14a, a simple edge-connected net of the 𝐶𝐿𝑃
surface is shown to fold into a structure containing six unit cells. The resulting struc-
tures could then be stacked together to forma larger portion of the𝐶𝐿𝑃minimal surface
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(Figure 7.14c). In Figure 7.14b, a string-like arrangement of edge-connected D patches
is shown that folds into a “zig-zag” layer of 𝐷 unit cells. While the current example
shows 5 × 5 unit cells, the foldable string could be generalized to 𝑛 × 𝑛 unit cells. As
shown in Figure 7.14d, the folded building blocks could then be vertically stacked into
a larger TPMS portion, potentially in a manner similar to the stacking of polyhedral
space-filling layers that has recently been described18.
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“You can’t criticize geometry.
It’s never wrong.”

- Paul Rand
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8.1 Main findings of this thesis
In this thesis, we have adopted a geometric perspective in tackling mechanobio-

logical and biomaterial challenges. The aim was to advance the understanding of the
interactions between geometry and bone biology, and integrate geometry in the design
of next-generation biomaterials for bone tissue engineering. Here, we summarize the
main thesis findings pertaining to the threemajor research objectives that we identified:

To study the role of surface curvature on the spatiotemporal organiza-
tion of cells and de novo tissue formation (Part II)

By studying the available evidence on cell- and tissue-level curvature guidance
within the framework of mean and Gaussian curvature, we found that tensile forces
play a fundamental role on both the cell and tissue levels (Chapter 2). At the cell
level, the interplay between actomyosin contractility and the surrounding geometry
results in net forces on the nucleus, resulting in nuclear deformation and intracellular
nuclear sliding, and endowing cells with a mesoscale curvature sensation ability.
Moreover, cells with pronounced stress fibres have consistently been observed to avoid
cell bending wherever possible. At the tissue level, surface tension emerges from
cell-level contractility and causes a fluid-like behaviour in curved environments. Both
individual cells and developing tissues were found to favour predominantly concave
over predominantly convex regions.

To explore these phenomena more in depth, we set out to study the collective
spatiotemporal organization of osteoblast precursor cells on mathematically defined,
micro-engineered substrates, containing spherical, Euclidean and hyperbolic regions
(Chapter3). We found that the cells preferentially cover regions with negative mini-
mum principal curvature (𝜅2 < 0). We also found that cells can collectively venture
onto unfavourably curved regions, provided the distance to a region with 𝜅2 < 0

is not too large. Moreover, we observed collective stress fibre alignment with the
minimum principal direction on structures with sufficiently low curvature variations.
At large concavities, such as the concave spherical wells, we found that the cells form
multicellular bridges after several days, which eventually coalesce into detached cell
sheets that span the concavity, yet remain anchored to the substrate through several
cell bridges. Finally, our experiments also revealed that inhibiting cell contractility
or ECM development results in weaker cell sheets and impairs the ability of cells to
venture onto unfavourably curved regions.

To develop geometry-based tools for studying bone morphology and
for designing architected materials that could serve as bone scaffolds
(Part III)

We established a framework to fundamentally quantify the local and global geome-
try of trabecular bone (Chapter 4). At the local level, we found that the mean, Gaussian
and net curvature density maps of the trabecular interface are sensitive to morpholog-
ical subtleties, such as more plate-like or rod-like morphologies, in bone from differ-
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ent anatomical sites. We also found that trabecular bone does not closely approximate
a minimal surface, contrary to what has often been assumed. At the global level, we
observed that the scalar Minkowski functionals correlate with several traditional mor-
phometric indices, and that the scalar 𝑊3 is more sensitive to differences in bone ar-
chitecture than the equivalent traditional metric 𝜒. We also applied the relatively novel
Minkowski tensors (rank 2 and higher) to quantify various types of bone anisotropy
and ellipticity and detect differences between bone from different anatomical sites.

Next, we exploited the hyperbolic tiling theory and geometry of TPMS to establish a
parametric design strategy formetabiomaterials with independently tunable properties,
involving the spatial distribution of hard, soft and void phases (Chapter 5). We found
that the same hyperbolic tiling projected onto the P or G surface, results in topologi-
cally different 3D networks. Computational analyses showed that our approach enables
a substantial decoupling between the permeability and elastic mechanical properties of
the structures, extending the property space beyond what can be achieved with unipha-
sic structures. Moreover, our data showed that the elastic anisotropy can be tuned across
a wide spectrum, by varying the stiffness or volumetric ratios of the hard and softmate-
rials. Finally, we showed that our designs could successfully be fabricated using multi-
material 3D printing of hard and soft polymers.

To uncover geometric rules and develop folding algorithms for the 2D-
to-3D fabrication of architected porous biomaterials (Part IV)

We explored the geometrical foundations of origami and kirigami, and the ability
of both techniques to endow flat sheets with intrinsic (Gaussian) curvature (Chapter 6).
By invoking concepts such as the surface metric and the Gauss map, we demonstrated
that origami is inherently limited by its developability. Nevertheless, we identified sev-
eral origami classifications that enable the generation of apparent intrinsic curvature.
We furthermore demonstrated that the ability to cut (and glue) within kirigami affords
slightly more possibilities to obtain intrinsic curvature, though only at isolated points.

To overcome these inherent limitations, we developed a novel folding strategy that
employs controlled material stretching to enable the folding of non-developable 3D as-
semblies based on TPMS (Chapter 7). Our approach leveraged the fact that certain
TPMS can be constructed from symmetric repetitions of skew polygonal patches with
straight edges. Through kinematical analyses, we found that these patches could be flat-
tened to planar polygons by adding hinges at certain vertices and allowing the faces to
stretch, enabling smooth folding/unfolding. By attaching several patches along edges
or vertices – while respecting the hyperbolic symmetries of TPMS – we could build 2D
nets that smoothly and predictably transform from a planar configuration to the final
TPMS structure. We found that delaying the folding of certain patches or unit cells en-
ables one to avoid collisions during the folding sequence. Finally, we physically demon-
strated self-folding TPMS structures by 3D printing a (semi-)rigid foldable frame and
attaching this to a biaxially pre-strained elastomer sheet.
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8.2 General discussion
This thesis covered a broad set of geometry-centred explorations, ranging from cell-

material interactions to origami-based folding. Here, we reflect on the relevance of our
findings, and identify challenges and outstanding questions.

On the relevance of geometry in cell-environment interactions
While the effect of simple geometrical cues has long been observed (e.g. the term

“contact guidance” is almost 80 years old1), a much more fundamental and widespread
interest in geometry-guided cell response has emerged in recent years, fuelled by ad-
vances in microfabrication. When considering cells as mechanical agents that generate
tensile forces, the shape of the extracellular environment could be seen as a bound-
ary condition that controls the cellular force distributions and deformations. As such,
it could be argued that geometry is not per se an independent mechanobiological cue,
but instead regulates the effect of cell-generated forces. This is corroborated by ours and
others’ evidence that up- or downregulating contractility affects cell and tissue organiza-
tion in controlled-geometry environments. The interplay between shape and force has
been studied across a wide spectrum of extracellular geometries, such as planar adhe-
sive islands (2D) or curved substrates (2.5D). In these examples, cells are attached to the
substrate on one side only, giving rise to an apicobasal polarity in their interaction with
geometry. In truly 3D environments, such as inside macroporous hydrogels or fibrous
scaffolds, cellsmight experience the shape of their environment along their entiremem-
brane, establishing even more complex force-geometry interactions. Furthermore, the
interplay between cells and geometry is highly dynamic, not only due to cell migration,
but also due to aspects such as contractility-induced deformation, ECM deposition, or
multi-cellular bridge formation. Another crucial aspect to consider is the scale of the
extracellular shapes. In Chapters 2 and 3, we have considered mesoscale substrate cur-
vatures, i.e. radii of curvature in the order of cell size and slightly larger. Landscapes
with much larger radii of curvature would be perceived as flat by the cells, similarly to
how humans do not “feel” the curvature of the Earth. At the other side of the spectrum
are features with very small radii of curvature, e.g. subcellular-scale nanopillars, that
interact with cells through highly localized membrane deformations, triggering much
more specificmechanotransduction pathways. Moreover, cells might encounter hierar-
chically shaped environments, providing different, potentially conflicting, geometrical
cues across multiple length scales2.

It is clear that geometry deserves a central position in mechanobiology. However,
much of the underlying biological principles remain elusive. For example, it is still
unclear to what extend complex geometrical features control stem cell fate, or how
geometry-guidance at the cell level is translated to de novo tissue growth. Addition-
ally, cells are exposed to many other biophysical and biochemical cues beyond geom-
etry in vivo. It remains an open question how these other cues might alter, enhance,
or counteract the effects of extracellular geometry, and which cues turn out to be most
important, e.g. from a tissue engineering perspective.
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On suitable architectures for porous scaffolds
The advent of additive manufacturing has unlocked the ability to rationally design

and reproducibly fabricate a vast range of scaffold architectures, offering much more
design freedom than with conventional technologies such as solvent leaching, freeze
drying, gas foaming, or phase separation3. Subsequently, the challenge has become to
optimize the scaffold architecture to meet a desired performance within the triad of
mechanical, mass transport and biological properties4;5.

From a geometric perspective, porous scaffolds are hyperbolic on average (Chapter
2). The Gauss-Bonnet theorem dictates that the high topological complexity of such
porous structures must be accompanied by a sufficiently high amount of regions with
negative Gaussian curvature. The distributions of such regions varies among the
different types of scaffold architectures. In cylindrical strut-based scaffolds, all of the
negative Gaussian curvature is concentrated at the strut intersections. In shell-based
scaffolds, such as those based on TPMS, the negative Gaussian curvature is smoothly
distributed along the entire scaffold surface. Our experiments (Chapter 3) indicated
that preosteoblasts favour such saddle-shaped regions over cylindrically shaped re-
gions. Moreover, recent in vivo results showed predominant tissue regeneration at the
(negatively-curved) intersections of strut-based scaffolds5. While further research is
required, these observations seem to imply that scaffolds with large regions of negative
Gaussian curvature might be more attractive from a tissue regeneration perspective.

A commonly made claim in bone scaffold design studies is that the scaffold archi-
tecture should mimic that of trabecular bone. However, it remains unclear whether
closely mimicking the healthy, homeostatic architecture of trabecular bone would en-
hance the tissue regeneration performance of the resulting scaffold, e.g. in the treat-
ment of segmental defects. If the goal is to achieve as fast in situ tissue regenera-
tion as possible, should the “starting scaffold” then replicate the healthy “end-state” of
bone? During endogenous healing, bone formation occurs through a complex series
of steps, involving dynamic tissue changes and remodelling, implying that the “final”
architecture of bone is not yet present during initial tissue growth6. Moreover, there
has recently been an increasing interest in shifting bone tissue engineering strategies
from intramembranous ossification (IO) approaches, often lacking functional vascu-
larity, towards “developmentally-inspired” endochondral ossification approaches (EO),
involving a cartilaginous intermediary7. For suchEO-based regeneration strategies, the
biomaterial scaffolds tend to be softer, and would likely also have different geometric
requirements than in IO-based approaches8. As such, the “ideal” geometric template
from a tissue regeneration perspective remains elusive.

Finally, we note that most of the scaffold designs thus far are deterministic and pe-
riodic in nature. Well-known examples are the diamond strut-based scaffolds or the
TPMS shell-based scaffolds. The latter types are interesting due to their high surface-
to-volume ratio and efficientmechanical performance. However, stochastic shell-based
structures might be even more attractive, as they offer a much larger design space and
are not sensitivity to symmetry-breaking defects9. Following advances in data-driven
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design and free-form fabrication, it is anticipated that such stochastic, yet highly tun-
able morphologies will adopt a more prominent position among tissue scaffold designs
in the future10.

On the geometric challenges of 4D printing
Since its inception, 4D printing has been considered a promising paradigm for a

variety of biomedical applications, including digestible microrobots, controlled drug
delivery devices, or smart implants11;12. Our interest has primarily been on the 2D-to-
3D fabrication of surface-functionalized porous scaffolds. As mentioned above, such
topologically complex structures belong to the realm of hyperbolic geometry, which
conflicts with the Euclidean nature of the planar starting materials and origami-based
folding techniques. Hence, there are “geometric barriers” that make 2D-to-3D fabri-
cation of porous scaffolds inherently difficult. In the case of plate-based polyhedral
structures, where hyperbolic curvature appears at discrete locations, these limitations
have been overcome by rationally “cutting and gluing” the planarmaterials to distribute
localized Gaussian curvature after folding. However, for smoothly-curved shell-based
structures, such as those based on TPMS, 2D-to-3D fabrication is theoretically only
possible when the planar materials are allowed to stretch (Chapter 7). The topologi-
cal complexity of porous scaffolds not only has consequences for the average Gaussian
curvature, but also implies that any folding strategy will entail kinematically complex
folding motions, demand high control over the folding triggers, and require locking
mechanisms at many locations. Thus, while we showed that the 2D-to-3D fabrication
of such complex structures is feasible theoretically, there are still many challenges that
need to be addressed before it becomes possible practically.

In this regard, an interesting avenue towards the 2D-to-3D fabrication of such topo-
logically complex structures would be to combine folding with assembly. Specifically,
smaller and simpler building blocks could be folded first, and consequently combined
into a larger and more complex structure, for example using robotic pick-and-place
approaches or magnetism-based self-assembly13;14. This could alleviate some of the
complexities involved in trying to fold an entire scaffold structure from a single planar
sheet.

8.3 Future research opportunities
While this thesis has contributed to novel geometric perspectives on cell-

environment interactions and biomaterial design, many challenges are still outstand-
ing. Here, we outline some general and more specific opportunities for future research.
This list is not exhaustive, but rather proposes potential topics of investigation based
upon the insights we have obtained in this thesis, as well as on ongoing developments
in the field.
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Regarding the study of cell-environment interactions
From a tissue engineering perspective, there is a tremendous potential for using ge-

ometry to steer cell behaviour and tissue growth in engineered environments. However,
leveraging this potential requires critical challenges to be addressed first:

• The biological mechanisms underlying mesoscale geometry sensation and re-
sponse should be better understood. While specific mechanotransduction path-
ways have been identified for subcellular geometrical interactions, such insights
are generally lacking at a larger scale. Specifically, the interplay between dynamic
forces and the deformations of the cell membrane and nucleus should be inves-
tigated. Additionally, the role of 3D geometrical cues on stem cell fate should be
studied more in depth.

• There is a need for micro-engineered, multi-cue environments, i.e. in vitro plat-
forms that present controlled combinations of specific cues, such as stiffness gra-
dients, mesoscale geometry, nanoscale topography, or chemical gradients. It is
important to investigate how different cue combinations might have conflicting
or synergistic effects on cells, andwhich biochemical and biophysical signals gen-
erally dominate in such multi-cue environments.

• More advanced in vitro platforms that facilitate studying dynamic cell-
environment interactions should be developed (the in vivo cell-ECM interactions
are also highly dynamic). Examples could be the dynamic control over the strain
patterns, local shape variations, or stiffness distributions in the cell culture
substrates. This will likely require the use of responsive materials with controlled
external triggers, dedicated bioreactor systems, as well as high-resolution
dynamic imaging modalities.

• Themechanisms throughwhich cell-level geometry-guidance gives rise to tissue-
level organization andmaturation should be investigated. For example, how does
curvotaxis (curvature-guided migration of individual cells) affect the patterning
of larger cell collectives and ECM organization? What are the effects of complex
geometric environments on ECM mineralization? How long do geometric cues
remain relevant in the shaping of tissues? Answering these questions will involve
dedicated experiments with time-lapsed imaging and quantitative longitudinal
monitoring. Moreover, more in-depth investigations will be needed to uncover
how well in vitro studies recapitulate in vivo geometric control of tissue growth.

• Research into cell-geometry interactions would benefit from more systematic,
high-throughput investigations, using platforms that contain a wide variety of
different mesoscale geometrical features. Such platforms have been developed
for systematically screening the effect of a wide range of topographical features
in a “materiomics” approach (e.g. topoChip), and these could likely be extended
to study the effect of 3D mesoscale geometries15. These high-throughput plat-
forms could also aid in elucidating the role of geometry across a wide range of
cell types or co-cultures (e.g. epithelial cells versus fibroblastic-like cells). The
high combinatorial complexity and large amounts of data inherent in such (au-
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tomated) high-throughput screening studies would also interface well with ma-
chine learning techniques to expedite the discovery of “optimal” geometries16.

Regarding high-resolution biofabrication
In recent years, new developments in biofabrication technologies have emerged in

rapid succession, and this is expected to continue in the future. The increasing res-
olution and precision of these techniques is enabling unprecedented control over the
geometry (and other characteristics) of the local cell environment. However, several
challenges need to be addressed in future research to advance the success of these tech-
niques in specific applications, such as on-chip disease models and tissue engineering:

• Light-based techniques, such as those relying on multiphoton polymerization,
have attracted great interest for high-resolution fabrication of local cell environ-
ments17. However, more efforts are needed to extend the range of photosensitive
polymers that are suitable for high-resolution fabrication and also exhibit good
cytocompatibility18. In this regard, semi-synthetic hydrogel systems, designed to
be permissive and promoting ECM-mimics19, present promising avenues.

• There is currently a wide spectrum of additive manufacturing techniques that
could be applied in biomedical applications. For tissue engineering scaffolds,
however, current techniques typically require a stringent trade-off between over-
all size and resolution. For example, selective laser melting (SLM) enables the
printing of defect-size scaffolds (e.g. mm-cm range), yet does not offer sufficiently
high resolution to tightly control the local geometries that cells will encounter.
Two-photon polymerization (2PP), on the other hand, offers resolution at the
(sub-)cellular scale, but is limited by its long processing time and small overall
sizes. Future developments are necessary to combine the best of both worlds,
and realize high-resolution tissue scaffolds in the mm-cm range.

• Future developments should aim at advancing multi-material printing capabil-
ities in high-resolution biofabrication. The ability to combine widely different
materials in complex spatial composites radically expands the design space and
offers tunability beyond what can be achieved with single materials (see Chapter
5). Moreover, the different materials could be optimized for specific functions,
e.g. by combining a stiffmaterial to carry loadwith a soft cell-optimized hydrogel.
Additionally, multi-material printing could be a powerful enabler for the devel-
opment of shape-shifting bio-constructs, e.g. by combining different materials
that shrink or swell by varying amounts in response to external triggers.

Regarding computational modelling
In silico studies can complement experimental studies in developing a mechanistic

understanding of cell and tissue behaviour, and can expedite the discovery of optimized
biomaterials or scaffold architectures. However, such modelling efforts should be en-
hanced to more explicitly address the role of extracellular geometry:

• More detailed mechanics-based cell models should be developed, involving the
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(dynamic) contributions of, for example, the contractile apparatus, membrane
and nuclear deformability, and the presence of the cytosol, as well as the contri-
bution of extracellular geometry, stiffness and adhesion20. Finite element mod-
elling (FEM) would constitute a promising avenue in this endeavour. However,
these types of models would require extensive validation with experimental data.
Hence, dedicated experimental studies will be required to probe cell mechan-
ics in controlled environments, for example using 3D traction force microscopy,
high-resolution time-lapsed imaging, and atomic force microscopy (AFM).

• Future developments should aim at establishing more generalized tissue growth
models, that can be used to simulate tissue growth on arbitrary scaffold geome-
tries. Those tissue-level models should simultaneously take into account the me-
chanics of the developing tissue, the presence of external loading (e.g. through
fluid flow) and the geometric boundary conditions21;22. Such models could be
validated using experimental data obtained from longitudinal monitoring of in
vitro tissue growth on additively manufactured micro-scaffolds.

• There is a need for more inverse-design algorithms in the quest for optimized
tissue engineering scaffolds. In particular, it would be interesting to establish in-
verse tissue growth models, based on (“forward”) experimental data, that could
be applied to compute scaffold geometries that enhance the growth rate and con-
trol the organization of the developing tissue.

8.4 Parting thoughts
Through advances in biofabrication and materials science, the available design

space to biomaterial designers is rapidly expanding. In this work, we have approached
a series of biomaterial-related challenges through the goggles of geometry, often by
relying on the concept of surface curvature. We advocate that geometric considerations
are important for biomaterial designers, not only because of their fundamental role
in tissue morphogenesis, but especially because geometric cues can be precisely
engineered in biomaterial systems to steer cell and tissue response. While many
of the underlying mechanisms remain elusive, and several design and fabrication
challenges ought to be addressed, we predict exciting opportunities for the ancient
field of geometry in future biomaterials.

We end by revisiting Johannes Kepler’s 400 year-old statement that was highlighted
in the introduction of this thesis. Here, we propose an adaption to this statement, re-
flecting the central perspective of our investigations:

“Ubi biologia, ibi geometria”
“Where there is biology, there is geometry.”
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