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Design Methodology for
Supersonic Radial Vanes
Operating in Nonideal Flow
Conditions
The stator vanes of high-temperature organic Rankine cycle (ORC) radial-inflow turbines
(RIT) operate under severe expansion ratios and the associated fluid-dynamic losses
account for nearly two-thirds of the total losses generated within the blading passages.
The efficiency of the machine can strongly benefit from specialized high-fidelity design
methods able to provide shapes attenuating shock wave formation, consequently reducing
entropy generation across the shock-wave and mitigating shock-wave boundary layer
interaction. Shape optimization is certainly a viable option to deal with supersonic ORC
stator design, but it is computationally expensive. In this work, a robust method to
approach the problem at reduced computational cost is documented. The method consists
of a procedure encompassing the method of characteristics (MoC), extended to nonideal
fluid flow, for profiling the diverging part of the nozzle. The subsonic section and semi-
bladed suction side are retrieved using a simple conformal geometrical transformation.
The method is applied to design a supersonic ORC stator working with Toluene vapor,
for which two blade shapes were already available. The comparison of fluid-dynamic per-
formance clearly indicates that the MoC-Based method is able to provide the best results
with the lowest computational effort, and is therefore suitable to be used in a systematic
manner for drawing general design guidelines. [DOI: 10.1115/1.4040182]

1 Introduction

When small power output, large flow coefficients, and large
work coefficients are of concern, the radial-inflow turbine (RIT) is
the typical configuration of choice. This kind of turbomachinery is
usually constituted by a single stage accommodating the entire
expansion ratio. Key advantages over axial turbines are the inher-
ent compactness and the much lower sensitivity to tip clearance
losses, which is highly favorable at downsized scales [1].

Thanks to these characteristics, mobile and stationary systems
exploiting RITs are vast. For example, in diverse configurations,
RITs have found wide application for waste heat recovery in inter-
nal combustion engines [2,3] and power generation in microgas
turbines [4]. Despite their bulkiness and heavy weight, radial tur-
bines have also started receiving recognition for space systems.
The work of Ref. [5] pointed out that RITs can replace axial tur-
bines [6–9] for driving rocket turbopumps, essentially because
they perform better than axial turbines at high velocity ratios and
they can better deal with varying incidence angles, besides featur-
ing lower stress levels than axial configurations. RITs are

furthermore largely utilized in power generation units and air
liquefaction plants [10,11]. A more recent, but rapidly growing
domain of application for RITs is as expanders in mini and small
high-temperature organic Rankine cycle (ORC) power systems
[12–14]. The recent study performed by Bahamonde et al. [15]
showed that for high-temperature mini-ORC applications, i.e.,
units of power capacity in the order of 3–50 kWe, the RIT outper-
forms both the axial and the radial-outflow configuration, despite
the possibility of splitting the expansion rate over multiple stages
in the latter, with consequent fluid-dynamic benefits due to attenu-
ated compressibility effects.

Irrespective of the power level, the development of efficient
radial-inflow turbines for small and mini ORCs is still a challenge
and the technology is by far not mature yet. One of the principal
reasons is that their fluid-dynamic design is significantly more
complicated than that of conventional RITs and experimentally
derived design guidelines are absent. Small and mini-ORC radial-
inflow turbines rotate at high speed and must deal with very large
volumetric flow ratios, as high as 60, most of it taking place in the
stator. Moreover, the complex organic molecules employed as
working medium in mini-ORCs are characterized by a compara-
tively lower speed of sound and exhibit prominent nonideal gas
effects [16,17]. The net result is that the stator of these machines
suffers from severe fluid-dynamic penalties due to the onset of
strong shock-wave, interacting with either boundary layers or the
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trailing edge wake. All these phenomena generally produce highly
nonuniform flows entering the rotor, giving possible rise to flow
separation in the rotating blade passages [18]. The optimal profil-
ing of the stator is therefore challenging and a poor design can
hinder the attainment of acceptable turbine performance, which is
deemed essential to make ORC technology ultimately viable. As
shown in Ref. [19], the stator vane is responsible for almost twice
the losses generated in the rotor cascade, testifying the importance
to focus on stator design. This is the scope of the present work.

Recently, ORC turbines have been designed using geometrical
similarities based on preliminary design [20], method of charac-
teristics (MoC) for supersonic axial stator and rotor [7], and by
using parametrized shape optimization [21]. To date, only few
design methods have been proposed to perform the design of
supersonic radial stator vanes. In Ref. [19], a method to design a
radial stator geometry based on a simplified MoC extended to
nonideal flows is illustrated. In Ref. [22], a straight-axis stator is
designed for a RIT by locating nozzles in the geometrical con-
straints of the turbine. In Ref. [23], the authors used automated
computational fluid dynamics (CFD)-based blade shape optimiza-
tion to accomplish the optimal design of a centripetal stator oper-
ating with Toluene vapor.

In this work, a novel method to design radial supersonic vanes
operating with nonideal flows is proposed. The method encom-
passes the MoC extended to nonideal fluid flows and a geometri-
cal transformation procedure. More specifically, the supersonic
diverging section of the vane is initially constructed by using the
MoC for nonideal flows, adapted from Refs. [22] and [24]. The
resulting channel profile is then conformally-mapped into the
radial frame of reference to preserve the desired flow outlet angle.
Finally, an automated geometrical procedure is developed to
accomplish the converging, subsonic part, and the semibladed
suction side profile by ensuring that the thickness of the trailing
edge equals the minimum value allowed by manufacturing
constraints.

The effectiveness of the proposed method is demonstrated by
designing a supersonic radial stator for a typical high-temperature
small ORC turbine. The fluid-dynamic performance of the stator
is compared to that of the two stator vane configurations devel-
oped previously for the same turbine. The fluid-dynamic loss
coefficients of the three vanes are assessed using a Reynolds-
Averaged Navier–Stokes model based on accurate thermodynamic
equations of state and first design recommendations are finally
formulated based on the obtained results.

2 Design Procedure

The design method consists of two main steps: first, the diverg-
ing section of the supersonic stator is designed by means of the
MoC, then the shape of the blade is constructed through a geomet-
rical transformation.

2.1 Design of the Bladed Diverging Section. Method of
characteristics is a marching type analytical method to solve
hyperbolic partial differential equations. It is a classical method to
design the diverging section of the supersonic nozzle under the
assumption of steady homentropic flow [25,26]. Such a flow is
governed by the two-dimensional isentropic Euler equations.

In order to initialize the calculation method, the sonic line must
be determined. In this work, the approach proposed in Ref. [27]
extended to nonideal fluid flow as in Ref. [24] was adopted. Then,
the construction of the diverging section proceeds as follows: the
channel is decomposed in two different, consecutive regions. The
former, usually termed as kernel region, is defined by imposing a
circular radius connecting the throat to the point from which the
departing expansion wave leads to the desired outlet Mach num-
ber at the centerline axis of the nozzle. The latter, called reflex
region, is defined by imposing mass conservation between the ker-
nel and the reflex region. The primary function of the kernel
region is to generate expansion waves to accelerate the flow to the

desired Mach number (Ma), while the reflex region is designed to
deviate the flow such as to obtain uniform conditions at nozzle
exit.

At each point along the expansion, the flow conditions, i.e.,
velocity component and magnitude, are retrieved by solving the
two families of compatibility and characteristic equations:

k6 ¼ tanð/6aÞ (1)

ðu2 � c2Þdu6 þ ðv2 � c2Þk�1
6 dv6 ¼ 0 (2)

where k is the characteristic slope, / is the flow angle, a is the
Mach angle, c is the speed of sound and, and u and v are the veloc-
ities in x and y directions, respectively. Equations (1) and (2) rep-
resent the characteristic (Mach wave) and the compatibility
equation. The subscripts þ and � represent the two families of
characteristic lines, which hold for a point in the supersonic flow
regime.

Starting from the sonic line, the position of a subsequent point
in either the kernel or the reflex region is determined by using the
characteristic equation. More specifically, the characteristic equa-
tion defines the direction of a pressure wave at a given point (from
each point two waves with slope opposite in sign, i.e., 6, depart).
By intersecting the two characteristic waves 6 departing from two
adjacent points, the location (x, y) of a new point is retrieved. The
compatibility equation of the intersecting waves is then solved
simultaneously to calculate the velocity components (u, v) at the
new point. At this node, the speed of sound (c) is calculated using
an arbitrary equation of state as:

c ¼ cðH; sÞ (3)

where s is the inlet entropy and H is the static enthalpy. The two
properties can be computed as follows:

s ¼ sðPtot;TtotÞ (4)

H ¼ HðV;HtotÞ ¼ HtotðPtot; TtotÞ � V2=2 (5)

where Ptot and Ttot are the total upstream conditions and V is the
flow velocity. The Mach angle and flow angle are eventually
attained as:

a ¼ arcsinð1=MÞ (6)

/ ¼ arctanðv=uÞ (7)

The calculation is marched in space until the prescribed nozzle
outlet conditions are met. Figure 1 displays the ensemble of points
encompassing the diverging nozzle section obtained by the MoC.
In order to account for nonideal fluid effects, which typically
occur in the supersonic stator of ORC turbines, the multiparameter
Span and Wagner equation of state [28], available in FluidProp
[29], is adopted to compute these thermodynamic quantities, spe-
cifically Eqs. (3)–(5).

The shape of the diverging nozzle strongly depends on the
working fluid and thermodynamic conditions where the expansion
process takes place. Typically, a fairly complex fluid like toluene
results in a longer and larger nozzle than compared to Air. For
example, the nozzle reported in Fig. 2 illustrates nozzle profile for
same outlet Mach number, but using air (assumed as perfect gas)
and toluene in nonideal flow conditions (with a compressibility
factor of 0.7 at the throat).

2.2 Design of the Radial Stator Vane. The shape of the
supersonic radial vane is obtained by complementing the diverg-
ing section designed by MoC with the converging part, both
adapted to fit in the radial frame of reference. The detailed proce-
dure is as follows:
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(1) Position the diverging section of the nozzle at Rout. First,
the coordinates of the diverging section of the nozzle are
scaled by using an initial scaling factor S equal to half of
the radial chord. Next, the diverging profile is shifted and
rotated in such a way that (i) the trailing edge of the pres-
sure side of the diverging nozzle section (point nb2) is posi-
tioned at Rout (see gray nozzle in Fig. 3) and (ii) the design
flow angle / at the nozzle centerline exit section matches
the prescribed radial flow angle of the vane.

(2) Map the diverging section into the radial frame of refer-
ence. The diverging section obtained in step 1 features a
correct design flow angle only at the outlet section. There-
fore, to attain the nominal flow angle along the centerline
of the diverging section, a conformal mapping [30] is
applied (see black nozzle with side na and nb in Fig. 3). The
conformally mapped co-ordinates (x0; y0) can be written as

x0 ¼ AeBt cosðtÞ; y0 ¼ AeBt sinðtÞ; (8)

where A is the radius of the last point of the axial centerline
lying on the logarithmic spiral, B is tan�1(/), and t ranges
from 0 – Np.

(3) Rotate the suction side of the diverging section by the pitch
angle. In order to have the suction and the pressure side
belonging to the same stator vane, the diverging section
curve nb is rotated by the pitch angle, as can be seen in
Fig. 3.

(4) Construct the converging section. The converging section
of the nozzle is designed with three circular arcs centered
at C1, C2, and C3 (see Fig. 4). The center C1 and C2 lie on

the perpendicular lines on the two sides of the curved cen-
ter line. The radius of the circle centered in C1 is taken
such as to be tangent to the outer circumference of radius
Rin. Similarly, the circle with center C2 is defined with the
same radius as the one with center C1. The arcs with center
C1 and C2 are extended such to guarantee C1 continuity
with the arc centered in C3. Typical values for the angles
subtended by the two arcs centered in C1 and C2 are 3.5
and 0.2 rad, respectively. This procedure is only one of the
several that can be adopted to create the shape of the vane
converging section. However, with respect to procedures
involving the use of nonuniform rational basis spline
curves, the method here described has the advantage of
ease of implementation.

(5) Construct the semibladed section of the suction side. The
diverging suction side of the nozzle is constructed through
a line departing from na2 and preserving the flow angle /
up to Rout. The resulting trailing-edge thickness, i.e., the
Euclidean distance between points na3, nb2, is therefore a
function of the scaling factor S. In particular, there exists a
S value yielding the user-specified thickness dx.

The above problem is solved by means of a minimization with S
as design variable. The cost function to minimize reads

min
S

J ¼ dðna3ðSÞ; nb2ðSÞÞ � dx (9)

in which J is the difference between the distance na3, nb2 and dx,
where dx is the minimum allowable trailing-edge thickness usu-
ally selected according to manufacturing constraints (cf. Fig. 4).
Table 1 summarizes the input parameters of the procedure.

Fig. 1 Method of characteristics implemented to design the diverging section of the super-
sonic nozzle. The lines with positive slope represent positive characteristics and those with
negative slope are negative characteristics.

Fig. 2 Comparison of nozzle shape for air and Toluene (using
MoC)

Fig. 3 Steps illustrating the design of supersonic radial stator.
The axial nozzle from MoC is transformed to the radial inlet
design and rotated by the pitch angle (i.e., 360/n).
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Figure 4 shows an example of supersonic stator vane row accom-
plished by means of the described method.

3 Case Study

The method described above has been applied to design a
supersonic radial vane of the turbine of a commercial ORC unit
delivering 200 kWe at nominal conditions. The expansion ratio of
the vane is 40 and the working medium is Toluene. The compres-
sibility factor close to the nozzle throat is 0.75 and the Reynolds
number of the flow is 106 based on throat width. The boundary
conditions, i.e., Ptot, Ttot, Ma, and the specifications (e.g., /)
needed for the vane design are not reported here for confidential-
ity reasons.

It is worth noting that the reported Reynolds number is deemed
sufficiently high to neglect boundary layer blockage effects in the
design of the nozzle. For the considered turbine application, the
boundary layer blockage factor, defined as ratio of boundary layer
displacement thickness over the flow passage width, is estimated
to be about 2% at the nozzle exit section.

In order to demonstrate the effectiveness of the proposed meth-
odology, the fluid dynamic performance of the newly designed
stator is compared to that of two vane configurations previously
realized and tested for the same turbine. The first geometry, which
is illustrated in Ref. [31], was obtained by using empirical rules
and engineering practices. The second was a redesign of the origi-
nal one by applying CFD-based shape optimization [23]. The
mass-averaged Mach number Ma at the outlet section of the
bladed nozzle resulted from Ref. [23] is assigned as input for the
method described in this work. The design is done for the operat-
ing point, without taking into account off-design performance or
manufacturing uncertainties. For the sake of clarity, the first

design will be referred to as baseline, the second to as shape—
optimized, and the one obtained with the new method as MoC—
based. The three stator geometries are illustrated in Fig. 5.

3.1 Numerical Model. The performance of the three geome-
tries is computed using a CFD model based on Reynolds Aver-
aged Navier–Stokes equations [32–34]. The computational
domain, highlighted in gray in Fig. 6, is discretized by using an
unstructured grid composed of hexahedral elements. The cell ele-
ments were clustered so as to ensure a yþ below unity. The ther-
mophysical properties of the working fluid are computed with the
Span–Wagner model available in FluidProp [29] using a look-up
table approach [35]. The turbulent quantities are modeled with the
Spalart–Allmaras [36] turbulence model, which has been adopted
for simulating ORC machines in past [18].

3.2 Mesh Convergence Study. To ensure mesh independent
results, a grid convergence study was performed using the
Richardson extrapolation method as proposed in Ref. [37].

The essential parameter required for conducting a mesh conver-
gence study is the mesh size represented by hi where i¼ 1, 2, 3
denotes the fine, medium, and coarse grids, respectively. The
ratios of the mesh size are termed grid refinement factors r.

The discretization error e was calculated by computing the dif-
ference between the numerical simulations (in this case total pres-
sure loss coefficients) f for the grids i, iþ 1, i.e., eiþ1,i¼ fiþ1 – fi.
As in this study a monotonic convergence can be observed, the

Fig. 4 Geometrical construction of the supersonic radial stator vane. The gray vanes are the copy of the black vane rotated
by the pitch angle on the either sides.

Table 1 Input parameter for stator design methodology

Parameter Description Units

1 Flow angle Stator exit metal angle (deg)
2 No. of vanes Number of stator vanes
3 Inlet radius UL stator radius (m)
4 Outlet radius LL stator radius (m)
5 Thickness Trailing edge thickness (m)

Note: UL: upper limit, LL: lower limit.
Fig. 5 Stator vane geometries: (a) baseline, (b) shape-
optimized, and (c) MoC-based

022601-4 / Vol. 141, FEBRUARY 2019 Transactions of the ASME

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/gasturbinespow

er/article-pdf/141/2/022601/6185681/gtp_141_02_022601.pdf by Bibliotheek Tu D
elft user on 29 April 2021



following relation is used for calculating the apparent order of
convergence (p) of the method

p ¼ 1

ln rð Þ :
�
�
�
�
ln

�
�
�
�

e32

e21

�
�
�
�
þ ln

rp
21 � 1

rp
32 � 1

�
�
�
�

(10)

Equation (10) is an implicit equation and is solved iteratively.
Using the apparent order of the solution p, the refinement ratios r
and f, the extrapolated value (fext) of the properties can be calcu-
lated using:

f 21
ext ¼ ðr

p
21f1 � f2Þ=ðrp

21 � 1Þ (11)

Finally, the approximate (ea), extrapolated relative errors (eext)
and grid convergence index (GCI) [38] were calculated using the
below equation:

e21
a ¼ jf1 � f2j; e21

ext ¼
�
�
�
�

f 21
ext � f1

f 21
ext

�
�
�
�
; GCI21

fine ¼
Fs:e

21
a

rp
21 � 1

(12)

A factor of safety value of (Fs) 3.0 is used as recommended in
Ref. [39]. The three meshes employed to estimate the

discretization error are constituted by 37,873, 68,242, and
227,322 elements, respectively. The variation of fi with grid size
(hi) is illustrated in Fig. 7.

From the results shown in Table 2, it can be concluded that
mesh 2 has an uncertainty of 1.93% and can be deemed sufficient
for the purpose of this work.

3.3 Results. The numerical results for the three stator geome-
tries are documented in this section. The solutions are compared
qualitatively in terms of flow features and quantitatively by the
performance parameters expressed in terms of total pressure (Y),
entropy production (sgen), and kinetic energy loss (f) coefficient.
The three coefficients are calculated using mass averaged inlet
and exit properties for enthalpy (�h), entropy (�s), velocity (�v), and
pressure (�p), defined as:

Y ¼
�ptot;in � �ptot;out

�ptot;in � �pout

(13a)

sgen ¼
�sout � �sin

�sin

(13b)

f ¼
�hout � �his;out

�vis;outð Þ2
(13c)

where superscript “is” represents isentropic conditions and, “in”
and “out” represent properties at the inlet and outlet boundaries.

As well established in literature, see for instance Ref. [40], the
key design parameter affecting the fluid-dynamic performance of
a supersonic vane is the degree of postexpansion (bpost), which in
turn is a function of the throat to nozzle outlet section ratio. By
varying bpost, the losses due to viscous friction within the diverg-
ing section boundary layers and to the fishtail shock-wave

Fig. 6 Geometry [left] and mesh [right] of the baseline stator. The shaded area in the geometry represents one flow passage
in the stator. The flow passage downstream of the throat is representative of the area for which the solution has been reported
in this work. aa0; bb0, and cc0 are the cross sections across which the pressure ratios are reported.

Table 2 Mesh independence study for the present work

Parameters r21 r32 f1 f2 f3 p f 21
ext e21

a e21
ext GCI21

fine

Values 1.34 1.82 0.1103 0.1111 0.1163 2.50 0.1096 0.70% 0.65% 1.93%

Fig. 7 Variation of solution with grid size

Table 3 Expansion ratio at different sections of the stator

Stators bblade bpost

Baseline 5.13 0.79
Shape optimized 2.36 1.68
MoC-based 2.41 1.67
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stemming from either side of the trailing edge can be minimized.
The value of bpost is reported in Table 3 along with the expansion
ratio in the bladed region (bblade). The ratios are calculated as
bblade ¼ Pbb0=Paa0 ; bpost ¼ Pcc0=Pbb0 ; where aa0; bb0, and cc0 are
the cross sections illustrated in Fig. 6.

It can be observed that in the MoC-based and shape-optimized
stator the flow expands both in the bladed and in the semibladed

region. As expected, bpost is similar in these two configurations,
meaning that the fluid-dynamic performance of the two vanes is
arguably equivalent. In contrast, the baseline stator features a
postcompression in the semibladed section, which leads to the for-
mation of stronger shock waves at the trailing edge, see Fig. 8(a).
This is caused by the excessively large expansion ratio in the
diverging channel, which is eventually related to the nozzle
throat-to-exit area ratio. This parameter must then be selected
carefully to prevent the onset of highly dissipative phenomena in
supersonic vanes.

The previous considerations have been confirmed by the com-
puted performance coefficients, reported in Table 4. It can be
inferred that the large improvement in fluid-dynamic perform-
ance, as compared to the original vane geometry, can be primarily
attributed to the weakening of shock-wave strength, which ulti-
mately reduces the entropy generation over the mixing process
downstream of the blade, see Figs. 9(a) and 10(a). Conversely,
the MoC-based and the shape-optimized are characterized by sim-
ilar performance. This is furthermore pointed out by the nondi-
mensional averaged exit Mach number and flow angle, reported in
Table 5. Yet, the results obtained for baseline stator are worse
than the other designs. Quasi three-dimensional steady CFD simu-
lations were used to quantitatively assess the impact of the MoC-
based stator on the overall turbine efficiency. The results showed
1.5% total-to-total efficiency increment as compared to baseline
design.

The advantages of the MoC-based as compared to the shape-
optimized method become more evident by looking at the Mach
number and flow angle pitch-wise distribution at the nozzle outlet
boundary, see Figs. 11(a) and 11(b). In particular, the shape-
optimized configuration features a larger Mach number nonuni-
formity for Dh/h< 0.4 and or Dh/h> 0.7. It can be observed that
in these two regions, the flow exhibits repeated pressure fluctua-
tions caused by the existence of four pressure waves on the outlet

Fig. 8 CFD results of the baseline stator: (a) Mach number
contour and (b) pressure gradient contour

Table 4 Performance coefficients for the three stator

Stator Y sgen f

Baseline 0.19 0.012 0.028
Shape optimized 0.12 0.009 0.020
MoC-based 0.11 0.008 0.016

Fig. 9 CFD results of the Shape-optimized stator: (a) Mach
number contour and (b) pressure gradient contour

Fig. 10 CFD results of the MoC-Based stator: (a) Mach number
contour and (b) pressure gradient contour

Table 5 Average exit properties for the three stator

Stator ///design M/Ma

Baseline 1.05 0.99
Shape-optimized 1.01 1.00
MOC-based 1.02 1.00
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boundary. The former and the latter are the usual trailing-edge
shock-wave, but the remaining two originate from the conjunction
of compression waves induced by the excessive concavity of the
final part of the diverging bladed section. In the case of the MoC-
based geometry, only three waves appear, with the middle one
comparatively much weaker. Despite the similar mean flow angle
downstream of the blade for the shape-optimized and for the
MoC-based geometry, the local flow angle distribution at the out-
let boundary (see Fig. 11(b)) is significantly altered by the pres-
ence of four waves. This is likely to have detrimental effects on
the fluid-dynamic performance of the subsequent rotor, which is
bound to operate under highly nonuniform inlet flow conditions.

Further insights can be gained by examining the wall angle dis-
tribution (flow angle made by the streamline close to the wall with
the center of rotation) of the semibladed region. As shown in Fig.
12(a), the averaged wall angle for shape-optimized geometry
resembles the constant wall angle imposed in the MoC-based
method, suggesting that, as recommended in Ref. [41] for super-
sonic ORC axial cascades, the profile of the rear suction side
needs to be designed with a constant wall angle also for radial

vanes. Note that the Mach number reported in Fig. 11(a) jumps at
h/Dh¼ 0.8 caused by the reflected trailing-edge shock wave is
more pronounced in the shape-optimized configuration. This
can be attributed to the shape of the semibladed profile between
Ldss/DLdss¼ 0.4 and 0.6, see Fig. 12(a), whose local wall angle
distribution entails a flow over acceleration, which eventually
leads to a stronger oblique shock wave at Ldss/DLdss¼ 0.65 in
reported Fig. 12(b). The design aspect that may need improvement
in the MoC-based geometry is the transition between the bladed
and the semibladed section, which is now characterized by a
marked geometrical first-order discontinuity. Nonetheless, accord-
ing to the results, its impact on the fluid-dynamic performance of
the vane can be deemed negligible.

Remarkably, all these results point out that in supersonic radial
vanes, the global fluid-dynamic performance of the cascade is not
the only figure of merit, and in order to reduce the local flow non-
uniformity, great attention must be paid to every geometrical
detail of the bladed and nonbladed region. As proven, regardless,
the use of a method combining shape optimization and a physical
model suitable for nonideal compressible flows can provide the

Fig. 11 Instantaneous stator exit property distribution. h/Dh 5 0 and 1 represent stator outlets at two adjacent vane trailing
edges. Dashed lines represent target values: (a) Mach number and (b) flow angle.

Fig. 12 Instantaneous property variation on the suction side wall, downstream of the throat. Ldss/DLdss 5 0 represents the
throat and Ldss/DLdss 5 1 represents stator trailing edge, where DLdss 5 distance between points na1 and na3 in Fig. 4: (a) wall
angle and (b) static pressure.
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optimal postexpansion ratio for a given supersonic vane applica-
tion, it is not guaranteed that the shape of the optimized channel
yields the best fluid-dynamic performance.

4 Conclusion

A novel design methodology, referred to as MoC-based, for
supersonic radial vanes operating with nonideal compressible
flows is illustrated in this work. The geometry of the supersonic
vane is accomplished by conformally mapping the diverging sec-
tion obtained via the method of characteristics adapted for noni-
deal compressible flows and constructing the converging part
through a dedicated geometrical procedure.

The capability of the methodology has been investigated by
designing the supersonic vane of a high-loaded organic Rankine
cycle turbine, for which two vane geometries already existed. The
former was designed using empirical rules and engineering prac-
tices, while the second one resulted from a shape optimization
procedure based on an inviscid flow model.

The results of the study have pointed out that, for the case study
considered, the fluid-dynamic performance of the MoC-based
vane geometry outperforms both the original and the shape-
optimized one. Improvement in MoC-based stator corresponds to
1.5% total-to-total turbine efficiency compared to baseline design.
It can be then inferred that the proposed MoC-based design proce-
dure for nonideal flows is suitable for the design of supersonic
vanes at comparatively lower cost than that required by CFD-
based optimization techniques. This is particularly advantageous
when applications involving nonideal flows are of concern, as the
usual cost of a single CFD run with accurate thermodynamic mod-
els is significantly larger than that for a perfect gas model.

In summary, two major points can be outlined from the study
(i) the degree of postexpansion is the key parameter affecting the
fluid-dynamic efficiency of a supersonic radial vane and it is
therefore advisable to select it through parametric studies (ii) for
vanes experiencing similar degree of postexpansion, the correct
detailed design of the diverging as well as the semibladed region
is essential to reduce flow nonuniformity, which is highly detri-
mental for the performance of the subsequent blade row. Despite
the complexity of the flow pattern in supersonic radial vanes, the
proposed method is capable of providing quasi-uniform flow
downstream of the nozzle.
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Nomenclature

Symbols

a, b ¼ constants
A ¼ primary radius of the logarithmic spiral
B ¼ angle preserved by the logarithmic spiral
c ¼ speed of sound

dx ¼ trailing edge thickness
e ¼ relative error
f ¼ numerical solution
h ¼ mesh size
H ¼ enthalpy
�h ¼ mass average enthalpy
J ¼ distance between trailing edges
L ¼ distance

Ma ¼ design Mach number
n ¼ number of stator vanes
N ¼ number of rotations
p ¼ apparent power
P ¼ pressure

�p ¼ mass average pressure
r ¼ refinement factor
s ¼ entropy
S ¼ scaling factor
�s ¼ mass average entropy
t ¼ azimuthal angle of logarithmic spiral

T ¼ temperature
u, v ¼ velocity components

V ¼ velocity magnitude
x, y ¼ position co-ordinates

x0; y0 ¼ conformed position co-ordinates
Y ¼ pressure loss coefficient

Greek Symbols

a ¼ Mach angle
b ¼ pressure ratio
D ¼ difference
e ¼ error in the meshes
f ¼ kinetic energy loss coefficient
h ¼ azimuthal angle
k ¼ characteristics slope
r ¼ gradient
q ¼ density
/ ¼ flow angle

Subscripts

a ¼ approximate
blade ¼ bladed

design ¼ design
dss ¼ downstream, suction-side
ext ¼ extrapolated
gen ¼ generation

i ¼ grid number
in ¼ inlet
is ¼ isentropic

out ¼ outlet
post ¼ post

tot ¼ total conditions
wall ¼ wall

Superscript

1..3 ¼ reference grid number
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