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Previous research has hinted on further improvements of the buckling behaviour of variable‐stiffness laminates
by incorporating overlaps, resulting in a variable thickness profile that is non‐linearly coupled to the steering
angles. The present study compares two modelling strategies to consider the variable thickness distribution: 1)
as‐manufactured with discrete thicknesses; and 2) smoothed with a continuous thickness distribution. The as‐
manufactured discrete thickness created by overlapping tows is obtained by means of virtually manufactured
laminates. The smeared approximation is much simpler to implement, whereby the local thickness is a non‐
linear function of the local steering angle. Linear buckling analyses are performed by means of fast semi‐
analytical models based on the Ritz method using hierarchical polynomials and classical plate formulation.
By assuming a smooth manufacturing mould on one side, a one‐sided thickness variation is produced, resulting
in non‐symmetric laminates for which the mid‐plane surface is varied accordingly. Modelling guidelines are
provided regarding the use of the smeared model in a study covering a wide range of geometries, loading
and boundary conditions. With these guidelines, one can apply the smeared thickness technique in semi‐
analytical models to reach a correlation within �5% compared to a costly discrete‐thickness finite element
model.
1. Introduction

In the aerospace industry, weight reduction has always been an
important goal in order to increase efficiency. This has caused a shift
in the materials from wood to metal, until lately with composites, such
as in the Boeing 787 or Airbus A350. Owing to their specific strength
and stiffness, combined with their mechanical tailoring properties,
composite materials have been employed progressively more. The lat-
est composite developments involve the emergence of Tow‐Steered
Laminates (TSL), also called variable‐stiffness or Variable‐Angle Tow
(VAT) laminates, increasing structural capabilities by incorporating a
higher degree of tailoring.

Early use of local fibre steering was performed in order to increase
open hole strength [47]. Later on, Biggers et al. [3] strategically posi-
tioned uni‐directional strips in order to improve the buckling capabil-
ities of composite plates, locally varying the stiffness and benefiting
from load redistribution. The addition of these strips resulted in Vari-
able Stiffness Laminates (VSL). Building upon this idea of varying the
stiffness distribution locally, VAT, also called steered‐tow or fibre‐
steered laminates were created. VAT laminates consist in the spatial
variation of the fibre orientations within a ply, as opposed to straight
fibres used in conventional Constant Stiffness (CS) laminates. This dif-
ference is illustrated in Fig. 1.

Since, the benefits of VAT have been used and researched numeri-
cally into increasing mechanical properties, such as stiffness [19],
buckling [18,20,29,46] and post‐buckling [36,44,45] capabilities for
laminates alone, or along the interaction of stiffeners in a bay design
[15,33] and linear buckling of VAT filament‐wound cylinders [40].
These benefits have been proven in experiments to increase properties
in different applications, such as bending [38] and buckling for cylin-
ders [24,25] and plates [27,30].

The production of fibre steering requires automated manufactur-
ing methods. Automated Fibre Placement (AFP) is a consolidated pro-
cess, largely used in the manufacturing of composite parts. The
robotic arms can be configured to bend the tows while following a
reference curved path [6]. Novel manufacturing techniques such as
Continuous Tow Shearing (CTS) produces curved fibres by means
of shearing [23].
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Fig. 1. Conventional constant-stiffness (CS) laminate on the left, and variable-
angle tow (VAT) laminate on the right [7].
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During the AFP process, overlaps appear due to the non‐parallel
path course of variable tow angle, as illustrated in Fig. 2. If these over-
laps are to be avoided to keep a more uniform thickness, the distance
between two subsequent tows can be increased to obtain gaps instead
[4]. Such gaps become resin rich pockets and may become predomi-
nant locations for damage and failure [26]. Subsequent cut‐and‐
restart of adjacent tows is another possibility to minimize the presence
of overlaps and gaps, at the price of increasing the manufacturing costs
[31]. Instead of gaps or overlaps, the CTS method produces a continu-
ously changing thickness profile [23].

When tows are bent in the AFP manufacturing process, fibres are
prone to wrinkling and twisting [2,7], as a direct result of compressive
strains applied on the inner side of the curved fibres. To prevent this
negative effect, it is a common practise to constraint the path curva-
ture, with early assumptions using a minimum radius of 635 mm
[28], regardless of the material properties or manufacturing parame-
ters; whereas recent studies clearly state that the maximum curvature
depends on deposition rate, temperature and materials [14]. Clancy
et al. [14] used laser‐assisted AFP of thermoplastic tows and presented
processing parameters that allowed a minimum steering radius as low
as 400 mm. On the other hand, the CTS process allows a minimum
steering radius of 50 mm [23].

The presence of gaps and overlaps influences the ideal response of a
VAT laminate. The effects of gaps has been incorporated by the defect
layer method, where the stiffness matrix is reduced based on the rela-
tive gap percentage in a Finite Element Method (FEM) element [16].
Instead, Mishra et al. [31] adapted this defect layer method by means
of a homogenization of the stiffness matrix as a function of the fibre
angular distortion. However, despite showing higher strength and
stiffness than conventional laminates, gap designs are less stiff and
have a lower first‐ply failure than the overlap design counterparts
[27], even when mass‐normalized, in bending [38] and buckling
experiments [30]. However, little literature has investigated numeri-
cally the effects of overlaps on the buckling behaviour of VAT
laminates.

Wu [41] analyzed the effect of a varying thickness profile due to
overlaps created by AFP on a cylinder. After replicating the tow
courses and overlap locations, as shown in Fig. 3, Wu used this infor-
mation in a FEM analysis. He defined each element’s stiffness with the
thickness and layup information of the virtual model closest to the ele-
ment’s centroid and perform a non‐linear buckling analysis. This
approach showed to be in good comparison with experiments of the
manufactured cylinder with overlaps [42].

Upon the variable thickness phenomena, Castro et al. [10] pro-
posed a smeared thickness formulation to approximate the local thick-
ness due to overlaps in AFP‐manufactured laminates. The formulation
is based on the tow width approximation from Blom et al. [5], whilst
applying a constant‐volume constraint.

Groh and Weaver [18] investigated the influence of a varying thick-
ness profile in CTS manufactured laminates, modelling the variation
both as a 2D plate and as a 3D curved shell, to assess which one rep-
resents best the 3D behaviour determined by means of a model using
linear brick elements. They concluded that a curved shell formulation
2

represents better the thickness influence, and also saw the possibility
of using double curved thickness variation to increase the buckling
performance.

Alternatively, Irisarri et al. [22] and Peeters and Abdalla [35] used
variable thickness by means of ply drops along curved fibres to retrieve
the stacking sequences after a linear buckling optimization using lam-
ination parameters.

The present study focuses on the use of continuous tows in AFP
manufacturing allowing the formation of overlaps. Virtually‐
manufactured laminates are used to obtain the locations of the over-
laps and layer‐wise thickness distribution, according to a given fibre
orientation and tow width. The resulting information is a discrete
thickness distribution that can be used either in a FEM or a semi‐
analytical model. The potential of the smeared thickness approxima-
tion by Castro et al. [10] is assessed for representing the influence of
overlaps on the buckling behaviour of the AFP laminates herein stud-
ied, and compared with the modelling approach using discrete over-
laps. Finally, guidelines on the use of the simpler smeared thickness
modelling are given for a wide range of design possibilities and man-
ufacturing parameters.

2. Virtual manufacturing

This section addresses the idealization of variable stiffness by defin-
ing the fibre variation, followed by special considerations regarding
the overlaps. Finally, the procedure to obtain the discrete thickness
distribution of a laminate and the way to incorporate manufacturing
constraints are discussed.

2.1. Fibre steering

Two coordinate systems are introduced: a global and a manufac-
turing one; both illustrated in Fig. 4. The manufacturing coordinate
is rotated about the global coordinate system through the ply rota-
tion angle γ. The global coordinate system (x; y) is used to repre-
sent the laminate properties and associated loading conditions,
whereas the manufacturing coordinate system (x0; y0) is used to
define the fibre orientation ϕ and the overlap locations on a ply
basis.

A one‐dimensional fibre variation is defined in the manufacturing
coordinate system along the x0 axis by means of a Lagrange interpola-
tion scheme, as suggested by Wu et al. [46] and shown in Eq. (1),
where the manufacturing angle ϕ is shown in Fig. 4. This interpolation
scheme allows for complex angle definitions using only a few control
points (CP) per ply. In Eq. (1), there are M control points located at
fixed positions x0

k.

ϕðx0Þ ¼ ∑
M

m¼0
ϕm

YM
k–m

x0 � x0
k

x0
m � x0

k
ð1Þ

The manufactured fibre orientation ϕðx0Þ must be translated to the
global coordinate angle θ, also defined as positive in the counter‐
clockwise direction and measured about the x‐axis, according to Eq.
(2) and illustrated in Fig. 4. The exact method and considerations to
rotate a ply are treated in Section 2.2.

θðx; yÞ ¼ ϕðx0Þ þ γ ð2Þ
A grid in the global coordinate system is created by Ns x Ns sam-

pling points to keep track of the thickness and stiffness distribution,
necessary for the buckling simulations. For each point in this grid,
the following parameters are stored for every ply:

• Manufacturing angle, ϕ
• Global fibre orientation, θ
• Fibre steering curvature, ρ
• Local thickness (either discrete or smeared), tlocal



Fig. 2. VAT manufacturing results: AFP with gaps (a) and AFP with overlaps (b) [5].

Fig. 3. Discretised laminate thickness [41].
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2.2. Ply rotation

One can construct the same global fibre orientation with different
ply rotation angles, as exemplified by the two cases of Table 1. Two
control points (CP) are used, creating a linear variation of the orienta-
tion angle ϕ. Note that in both Case 1 and Case 2 the final global fiber
orientation is the same, as given by θ ¼ γ þ ϕ of Eq. (2). However, the
non‐linear thickness variation due to overlaps is only a function of the
manufacturing angle ϕ, as discussed in Section 2.3 and 2.4, resulting in
different thickness profiles for Case 1 and Case 2. Until now, the liter-
ature only assumed uniform thickness at any location, such that the ply
rotation angle γ could simply be added afterwards
[19,20,26,31,43,46]. By means of this example, it is clear that when
3

overlaps are considered, the rotation angle γ must be judged concur-
rently with the manufacturing angles ϕ.

The methodology herein suggested, taking the rotation angle into
account, is based on the actual production process: a manufacturing
area is assumed, according to the manufacturing coordinate system
ðx0; y0Þ, which encompasses the complete laminate, represented by
the black‐dotted area in Fig. 5. This manufacturing area can be viewed
as the region where tows, such as the one in Fig. 8, are being deposited
next to one another by the robot head until fully covering the laminate.

The manufacturing angles ϕ are interpolated in the manufacturing
coordinates system according to Eq. (1). However, as the dimension
along the x0 axis varies depending on the rotation angle γ, the CP loca-
tions are expressed as percentages rather than fixed positions. In this



Fig. 4. Global ðx; yÞ coordinate system and manufacturing ðx0; y0Þ coordinate
system rotated by the angle γ. Manufacturing fibre angles are defined using
the angle ϕ, measured about the manufacturing coordinates.
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way, the CP can always be placed on the edges of the manufacturing
area, which are at least corners of the laminate, such that an interpo-
lation is possible over the complete domain.

Thereafter, the global laminate mesh is remapped to the manufac-
turing coordinate system by means of Eq. (3), which can then be used
in the interpolation of Eq. (1). The new x0 still serves as location for the
interpolation, however, the y0 part is also important in order to know
the exact overlap location, as there could only be partial overlapping
depending on the manufacturing angle, as explained in Section 2.3.

x0

y0

� �
¼ cosðγÞ sinðγÞ

� sinðγÞ cosðγÞ
� �

x
y

� �
ð3Þ

Finally, a positive ply rotation yields a varying manufacturing angle
pattern from the top‐left corner to the bottom‐right corner, and the
opposite for a negative rotation. The rotation of a ply can serve two
purposes: either increasing the thickness for a given global fibre orien-
tation; to achieve a global orientation not possible due to the con-
straint on the manufacturing angles, as discussed later; or a
combination thereof.

The rotation strategy, and subsequent steps in this methodology,
are demonstrated on a virtual manufacturing example for one ply,
whose characteristics are given in Table 2. Note that the CP locations
are given as percentages along the manufacturing coordinate system
ðx0; y0Þ and that for each CP there is a corresponding angle. Four CPs
are used, leading to a third‐order interpolation of the angle ϕ, accord-
ing to Eq. (1). In Fig. 6, the fibre orientation is plotted in the manufac-
turing coordinate system with the plate rotated, where the CP values of
−30° and −50° are obtained at the top‐left and bottom‐right corners.
When the plate is viewed in its original global coordinate system, the
obtained interpolation pattern is the one shown in Fig. 7, where the
ply rotation γ has also been applied to obtain the angle distribution θ.

2.3. Overlap location

To evaluate the overlap locations, every tow path is determined
and plotted [21] using a given opacity level. When the opaque tows
superimpose, the distinct opacity levels can be related to discrete
Table 1
Different thickness profile for the same global fibre orientation.

CP 1

γ [°] ϕ1 [°] Thic

Case 1 0 0
Case 2 45 −45

4

thickness values. This procedure is applied for each individual ply,
whose separate thickness can then be added together to obtain the
total laminate thickness distribution.

By means of the Lagrange interpolation scheme of Eq. (1), the tow
path is related to the fibre orientation through Eq. (4) [5] in the man-
ufacturing coordinate system for a given ply. The tow path consists of a
sequence of points x0; y0, in which x0 is obtained using fixed increments
Δx0, and y0 is obtained using forward Euler integration, where Δy0 is
calculated using Eq. (5). The step size Δx0 is defined by the length of
the encompassed manufacturing domain along the x0 axis divided by
Ns � 1. Once the tow path for a single tow is obtained and plotted,
the process is repeated by changing the starting point according to
the shift direction, until the complete plate is covered. The starting
point is shifted by a distance equal to the tow width, assuming that
for any ply a manufacturing angle of 0° will always be present, such
that no gaps are present. A single tow of the virtual example is shown
in Fig. 8 in the manufacturing coordinate system, with the correspond-
ing fibre orientation.

dy0

dx0 ¼ tanϕ ð4Þ

Δy0 ¼ tanðϕðx0ÞÞΔx0 ð5Þ
According to the aforementioned shifting strategy, the manufactur-

ing angles ϕ ¼ 0� result in no overlaps or gaps. However, as soon as
ϕ– 0 the greater effective width we, given by Eq. (6) [5], will lead
to overlapping adjacent tows. The limit case of a single full overlap
is obtained for an effective tow width of we ¼ 2w, covering half of
the previous and subsequent tows. This corresponds to jϕj ¼ 60�,
according to Eq. (6). Even more overlaps are appearing as jϕj
increases. The manufacturing angles and subsequent overlap forma-
tions are shown in Fig. 9, with darker regions representing more thick-
ness and overlaps. The exact amount of overlaps is determined by
means of pre‐established thresholds of the opacity α value. The total
local thickness can be obtained by means of Eq. (7), meaning the low-
est nominal tow thickness is obtained where no overlaps are present,
and increases as an integer multiplication for each given overlap.

we≈
w

cosϕ
ð6Þ

tlocal ¼ ðNoverlaps þ 1Þttow ð7Þ
As the overlap patterns are periodic along the shifting axis since no

variation is present in that direction, only a restrained plotting surface
using the full x0 length could be used in determining the exact overlap
locations. Thereafter, the overlaps could be mapped to the complete
rotated plate in the manufacturing area, based on their relative coordi-
nate to this repeat surface. For each manufacturing grid point with
transformed x0 and y0 coordinates, the ply thickness according to Eq.
(7) along the fibre orientation obtained by the interpolation scheme
of Eq. (2) is stored. The discrete thickness pattern of the virtual man-
ufacturing example is shown in Figs. 10 and 11.

2.4. Smeared thickness

Castro et al. [10] proposed a smeared thickness formulation for
AFP‐manufactured laminates, where the local thickness tlocal is approx-
imated by Eq. (8). The thickness has a non‐linear dependency with the
CP 2

kness ratio [-] ϕ2 [°] Thickness ratio [-]

1 45
ffiffiffi
2

p
ffiffiffi
2

p
0 1



Fig. 5. Manufacturing area encompassing a plate, with associated rotated CP.

Table 2
Virtual manufacturing example characteristics.

Variable Value

Length 50 [mm]
Width 50 [mm]

γ −30 [°]
ϕ1 at 0% −30 [°]
ϕ2 at 30% 15 [°]
ϕ3 at 60% 65 [°]
ϕ4 at 100% −50 [°]

Fig. 6. Virtual manufacturing example. Interpolated fibre orientation ϕ in the
manufacturing coordinate system.

Fig. 7. Virtual manufacturing example. Interpolated and rotated fibre orien-
tation θ in the global coordinate system.

Fig. 8. Virtual manufacturing example: fibre orientation interpolation with
corresponding tow path.
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manufacturing steering angle ϕ defined in Fig. 12, tlocal and ttow being
respectively the local smeared thickness and nominal tow thickness.

tlocalðx0; y0Þ ¼ ttow
cosϕðx0; y0Þ ð8Þ

This approximation has several limitations, as firstly it is only valid
for jϕj < 90�, since manufacturing angles outside this range will yield
a negative thickness which is physically not possible. Besides that,
angles outside this range would mean tows are pointing in the negative
x0 direction and hence will not cover the remaining part of the ply.
5

Furthermore, as jϕj approaches 90°, the smeared thickness of a
nominal tow behaves asymptotically to infinite as shown in Fig. 12.
In reality, the case ϕ ¼ 90� would produce a major thickness build‐
up equal to the number of subsequent tows, which is neither desired
nor will it result in infinite thickness. Nevertheless, the smeared
approximation for the current study is restricted to jϕj <¼ 60� along-
side the considerations discussed in Section 3.1, which corresponds to
an increase of 3% in local thickness for a 1° increment of the manufac-
turing angle ϕ, as illustrated in Fig. 12. The smeared thickness distri-
bution of the virtual manufacturing example shown in Fig. 11 is
given in Fig. 13, where the smeared distribution results in the same
volume as the discrete distribution.

2.5. Manufacturing constraints

The manufacturing process of variable stiffness laminates is signif-
icantly constrained by the minimum steering radius, especially for
AFP. In order to achieve feasible tow paths, their curvature ρ must
be lower than 1.575 1=m, as discussed in Section 1. To evaluate this
constraint, the tow path radius can be precisely calculated by means
of Eq. (9) [17], which is related to the curvature ρ as ρ ¼ 1=rs.

rs ¼
1þ dy0

dx0

� �2
� �3

2

j d2y0
dx02 j

ð9Þ



Fig. 9. Overlap formation depending on the manufacturing angle ϕ.

Fig. 10. Number of overlapping tows in the manufacturing coordinate system
for the virtual manufacturing example showing the overlap locations.

Fig. 11. Discrete thickness distribution, given by the number of overlapping
tows, in the global coordinate system for the virtual manufacturing example
showing the overlap locations.

Fig. 12. Local tow thickness approximation and thickness sensitivity to a 1°
variation of the ϕ angle, based on Eq. (8).

Fig. 13. Smeared thickness distribution, given in [mm], in the global
coordinate system for the virtual manufacturing example.
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Applying this expression in the manufacturing coordinate system,
the first derivative of the fibre path (dy0=dx0) is the tangent of the fibre
orientation as shown in Eq. (4) [5], where ϕðx0; y0Þ is directly calcu-

lated using Eq. (1). The second derivative d2y0

dx02 becomes:

d2y0

dx02 ¼ 1
cos2ðϕÞ

dϕ
dx0 ð10Þ
6

in which the derivative dϕ=dx0 can be constructed in a closed form
using Eq. (1), leading to the expression given in Eq. (11).

dϕ
dx0 ¼ ∑

M

m¼0
ϕm ∑

M

i¼0;i–j

1
x0
j � x0

i

YM
m¼0;m–ði;jÞ

x0 � x0
m

x0
j � x0

m

" #
ð11Þ

The curvature constraint is evaluated for each ply at every grid
point in the laminate mesh, remapped to the manufacturing coordinate
system. The fibre variation and steering happens in this coordinate sys-
tem, and is simply rotated when viewed in the global coordinate sys-
tem: the rotation does not alter the manufacturing constraints. As
soon as any mesh location does not satisfy the curvature limit, then
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that particular ply can not be manufactured and a different value for
the CP location or CP angle has to be determined in order to render
the design feasible.

3. Linear buckling analysis

In this section, the simulation assumptions are discussed, followed
by the derivation of the buckling problem for the semi‐analytical prob-
lem, and finally the FEM implementation.

3.1. Laminate stiffness

The VAT laminate mechanical properties will be simulated on a
mesoscale by means of the ABD stiffness matrix [37], whose generic
formulation is given in Eq. (12). Here, Qij is the ply stiffness [37],
rotated by the local angle θ in the global coordinate system; z defines
the position of the ply through‐the‐thickness. To consider the varying
thickness profile, each ply thickness zk � zk�1 is given by Eq. (7) and in
case of the smeared approach, the ply thickness is given by Eq. (8).

Aij;Bij;Dij
	 
 ¼ ∑

n

k¼1
Qij zk � zk�1ð Þ; z2k � z2k�1

� �
2

;
z3k � z3k�1

� �
3

� �
ð12Þ

Due to the overlap considerations, the cross section does not
remain symmetric, as during manufacturing the plies are added on
only one side, assuming that at the other side there is a smooth mould.
Therefore, the geometrical mid plane varies throughout the laminate,
creating a varying offset. This phenomenon was simulated by Groh
et al. [18], where a variable mid plane was used in the curved shell
and 2D plate formulations. For the curved shell a varying radius of cur-
vature was used throughout the laminate together with the varying
offset, whereas for the 2D plate only the varying offset for the mid
plane was used. Both approaches allowed a geometrically accurate
representation of the ply thickness distribution over the VAT laminate,
but the 2D plate formulation does not consider the coupling between
out‐of‐plane displacements and in‐plane strains due to the presence
of a shell curvature created by the thickness buildup.

Both 2D and 3D options proved to be in good agreement for angles
up to 60°, beyond which only the shell representation renders a good
accuracy [18]. The proposed methodology of the present study uses
the full ABD matrix in the buckling problem derivation, and limits
the manufacturing angle ϕ to 60°, alongside the thickness increase con-
siderations of Section 2.4. Hence, a 2D plate model with correct mid‐
plane offset values is selected to represent the behaviour of the VAT
laminates with varying thickness.

3.2. Semi-analytical approach

The general buckling problem is derived based on the neutral equi-
librium criterion of the total potential energy given in Eq. (13). Follow-
ing the derivation in [9,12], the general form of Eq. (14) can be
obtained.

δ2Π ¼ 0 ð13Þ

ðK þ λKgÞ ¼ 0 ð14Þ
where K is the constitutive stiffness matrix based on the geometry and
stiffness properties of the laminate; Kg is the geometric stiffness matrix
calculated using the pre‐buckling in‐plane stresses. Their detailed
derivation can be found in Castro et al. [9,11–13], and the implemen-
tation is publicly available in a Python package [8]. Both K and Kg are
integrated numerically, given that the constitutive stiffness represented
by the ABD matrix spatially changes due to fibre steering.

The pre‐buckling in‐plane stresses are calculated by means of a sta-
tic analysis. This analysis stems from the first variation of the total
potential energy functional:
7

δΠ ¼ 0 ) δU � δV ¼ 0 ð15Þ
Using the global coordinate system x; y, the in‐plane displacements

uðx; yÞ; vðx; yÞ and out‐of‐plane displacement wðx; yÞ can be approxi-
mated as:

uðx; yÞ ¼ Suðx; yÞc
vðx; yÞ ¼ Svðx; yÞc
wðx; yÞ ¼ Swðx; yÞc

ð16Þ

where matrices Su;Sv;Sw contain the shape functions of the approxi-
mated displacements, detailed next; and c contain the corresponding
Ritz coefficients. Thus, the variation of the strain energy δU can be writ-
ten as:

δU ¼ δcTKc ð17Þ
The work of the external forces δV , considering only a force vector

f acting on the boundary @Ω of the two‐dimensional plate domain Ω,
can be written as:

δV ¼ δcT f ð18Þ
Replacing these expressions in Eq. (15) leads to:

δcT Kc� fð Þ ¼ 0 ð19Þ
which holds true for any δc. Hence, the pre‐buckling static equation is
obtained:

Kc ¼ f ð20Þ
If the in‐plane forces at the boundary are given by known functions

f xðx; yÞ; f yðx; yÞ; f can be calculated as:

f ¼
Z
@Ω

Su

Sv

� �T f x
f y

( )
d@Ω ð21Þ

For displacement‐controlled problems, the shape functions based
on the Legendre polynomials allow a precise partition of the Ritz coef-
ficient’s vector c such that the displacements and rotations of each
edge can be independently defined. For instance, setting flagt1 and
flagt2 for u and v in Eq. (23). In this case, the partition of f correspond-
ing to the unknown Ritz coefficients can be calculated from the pre‐
buckling static equation, and the remaining system can be solved for
the unknown Ritz coefficients. Displacement‐controlled problems are
not included in the present work and are left as a topic for future
research.

In the present work the displacement field is approximated using
shape functions based on Legendre hierarchic polynomials, as derived
by Rodrigues [34]. These polynomials have the advantage to allow a
full control of the boundary conditions for the out‐of‐plane displace-
ment using the 4 first terms given in Eq. (22), whereas the higher‐
order terms given in Eq. (24) are used for enriching the inner domain.
For the in‐plane displacements, the boundary conditions are controlled
using the 2 terms of Eq. (23) instead of Eq. (22), assuming that
Su;vi¼3 ¼ Su;vi¼4 ¼ 0. For all cases, the inclusion of flags allows (flag = 1)
or prohibits (flag = 0) translations (t1 and t2) and rotations (r1 and
r2) at the plate edges, enabling the method to work with any combina-
tion of simply‐supported, clamped and free boundary conditions [9].

Swi¼1ðξ or ηÞ ¼ ð12 � 3
4 ξþ 1

4 ξ
3Þflagt1

Swi¼2ðξ or ηÞ ¼ 1
8 � 1

8 ξ� 1
8 ξ

2 þ 1
8 ξ

3� �
flagr1

Swi¼3ðξ or ηÞ ¼ 1
2 þ 3

4 ξ� 1
4 ξ

3� �
flagt2

Swi¼4ðξ or ηÞ ¼ � 1
8 � 1

8 ξþ 1
8 ξ

2 þ 1
8 ξ

3� �
flagr2

ð22Þ

Su;vi¼1ðξ or ηÞ ¼ �ξ�1
2 þ 1

� �
flagt1

Su;vi¼2ðξ or ηÞ ¼ ðξþ1Þ
2

� �
flagt2

ð23Þ

Si>4ðξ or ηÞ ¼ ∑
i=2

p¼0

ð�1Þpð2i� 2p� 7Þ!!
2pp!ði� 2p� 1Þ! ξði�2p�1Þ ð24Þ



Table 4
Test cases layup.

Case 1 ½½�4h45j7j13j6i�; ½�59h59j5j37j � 25j � 19i�; ½16h27j � 25j � 8j40i�; ½1h�39j53j15j � 14i��
Case 2 ½½42h�25j48j54j � 8i�; ½�86h�42j9j � 40j24i�; ½14h�42j � 25j � 7j30i�; ½4h16j � 52j � 16j � 35i��
Case 3 ½½�21h�8j � 48j12j40i�; ½�60h�39j � 24j � 4j42i�; ½�42h�43j54j � 29j � 3i�; ½�68h2j � 48j � 45j � 33i�;

½45h23j � 5j43j � 13i�; ½47h53j � 25j13j10i�; ½52h3j � 7j49j � 43i�; ½98h�33j � 29j � 10j � 39i��

Table 3
Shape function terms for each field variable.

1st term 2nd term 3rd term 4th term 5th term 6th term

u Su;vi¼1 Su;vi¼2 Si¼5 Si¼6 Si¼7 Si¼8

v Su;vi¼1 Su;vi¼2 Si¼5 Si¼6 Si¼7 Si¼8

w Swi¼1 Swi¼2 Swi¼3 Swi¼4 Si¼5 Si¼6
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Table 3 shows how the shape functions of Eqs. (22)–(24) are
ordered for each field variable. The order of the approximation poly-
nomial along each direction ξ; η is controlled separately and the final
approximation function is shown in Eq. (25). Details regarding the
implementation are given in Castro and Donadon [9].

S ðξ; ηÞ ¼ ∑
m

i¼1
∑
n

j¼1
SiðξÞSjðηÞ ð25Þ
3.3. FEM

The four‐node shell element S4 available in ABAQUS [39] was
adopted for the finite element buckling analysis, using full numerical
integration as recommended in [5,43,46]. The element properties
Fig. 14. Definition of test case 1.

Fig. 15. Definition

8

are assigned based on the layup information of the manufacturing grid
point closest to the element’s centroid, as performed in [41].

3.4. Test cases

Three different cases are used to investigated the use of the
smeared thickness approximation in buckling simulations. All the
cases have four control points (CP) for each ply, located respectively
at 0%, 33%, 66% and 100%. A generic layup is applied to each case,
as shown in Table 4, according to the notation [γhϕ1jϕ2jϕ3jϕ4i] sug-
gested by Guerdal et al. [19]. The orthotropic material properties
are Exx = 181e3 GPa, Eyy = 10.3e3 GPa, νxy = 0.28, Gxy = 7.2e3
GPa and ttow = 0.127 mm [46], with a tow width wtow of 6.35 mm,
or 1/4 inch.

Case 1
Case 1, represented in Fig. 14, is an equal bi‐directional loading

case for a square plate, simply supported on three sides and pinned
on the last, with four plies and dimensions of 1500x1500 mm.

Case 2
Case 2, shown in Fig. 15, represents a flange, where a plate of

higher aspect ratio is simulated, with three edges simply supported
and one long edge free. It is only loaded in the x direction, and has
a length of 1000 mm and width of 200 mm. The laminate consists of
four plies.

Case 3
Case 3, represented in Fig. 16, is a multi loading case being applied

to 2000 x 1000 mm geometry. It is loaded by a running load in the y
direction 30% of the distributed load in the x direction and a shear
load applied at the opposite side of the clamp with a total load half
that of the x direction. The laminate consists of eight plies.

4. Virtual manufacturing verification

The verification of the proposed virtual manufacturing approach
for VAT laminates is done in two stages: 1) starting with the verifica-
of test case 2.



Fig. 16. Definition of test case 3.

Fig. 17. Tow path radius comparison between the virtual manufacturing and
the analytical expression of Eq. (26).

Fig. 18. Discrete (top) and smeared (bottom) thickness profile of case 1.
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tion of the radius of curvature of the tow paths; 2) comparison
between the thickness patterns obtained with the discrete and smeared
approaches.

The radius calculated with Eq. (9) is verified for the virtual manu-
facturing example of Fig. 8 and Table 2. The method herein proposed
is compared to the analytical expression given in Eq. (26) [20], with
the result shown in Fig. 17. The graph has been cut off at
rs ¼ 100 mm for better visualization and both methods give the same
result, giving confidence to use the approach herein proposed for cal-
culating manufacturability constraints of each VAT ply.

r ¼ a
sinϕ1 � sinϕ0

ð26Þ

The thickness distribution of the obtained patterns for both discrete
and smeared simulation are compared for all three cases of Section 3.4
and given in Figs. 18–20. There is a good visual agreement in the
thickness patterns for all three cases herein investigated. Comparing
the values of the maximum thickness tmax in Table 5 it can be noted
that, for the discrete case, higher thicknesses are achieved due to the
locally overlapping tows; whereas in the smeared case these overlaps
are averaged out, resulting in a smoother thickness distribution and
therefore a lower value for tmax. The quantitative accuracy of the
obtained thickness pattern is performed by means the same volume
requirement [10], here translated to an average thickness require-
ment. Table 5 presents the relative average thickness error calculated
using the discrete and smeared configurations, showing that a maxi-
mum error of 0:14% occurred for Case 1.
9

5. Linear buckling results

Before comparing the results of the different simulations, the con-
vergence of the models is checked: this is assessed in the FEM model
by changing the number of elements, whereas in the semi‐analytical
model, the convergence is controlled by the amount of integration
points and the order of the Legendre polynomials constituting the
shape functions. By default, 200x200 virtual manufacturing grid
points Ns are used to generate the thickness and layup information
for the FEM model, augmented with the integration point locations
in case of the semi‐analytical model, along the material properties pre-
sented in Section 3.4.

5.1. Smeared thickness approximation

The convergence of the FEM results with smeared thickness is given
in Appendix A, and these results are used predominately for verifying
the semi‐analytical implementation.

5.1.1. Semi-analytical modelling
Fig. 21 shows the convergence of the first eigenvalue for all three

cases using the same amount of integration points in each direction
(N) equal to the order of the Legendre polynomials (cf. Table 3); with
one extra integration point (N+1); and with three extra integration
points (N+3). The idea of evaluating over‐integrated schemes came



Fig. 19. Discrete (top) and smeared (bottom) thickness profile of case 2.

Fig. 20. Discrete (top) and smeared (bottom) thickness profile of case 3.

Table 5
Particular value comparison between the discrete and smeared thickness.

tmax [mm] taverage [mm] Relative error of the average thickness [%]

Discrete Smeared Discrete Smeared

Case 1 1.02 0.66 0.57 0.57 0.14
Case 2 1.02 0.71 0.62 0.62 0.07
Case 3 1.91 1.38 1.22 1.22 0.10
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from the possibility that the variable stiffness requires more spatial dis-
cretization than the displacement fields being approximated. The
results, however, show that using 12 shape functions and an amount
of integration points equal to N suffices in obtaining a converged
result.
10
5.2. Discrete thickness

5.2.1. Semi-analytical modelling
For the semi‐analytical simulation of the discrete thickness case,

Fig. 22 shows again the convergence results for N, N+1 and N+3 inte-



Fig. 21. Semi-analytical model convergence of the smeared thickness
approach for N, N+1 and N+3 integration points.

Fig. 22. Semi-analytical model convergence of the discrete thickness
approach for N, N+1 and N+3 integration points; where N is the order of
the Legendre polynomials used as shape functions.

Fig. 23. FE convergence using the discrete thickness approach.
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gration points; with N being the order of the Legendre polynomials
used as shape functions.

Note in Fig. 22 that there is more oscillations in the convergence of
the discrete thickness models, when compared to the convergence of
the smoothed thickness model given in Fig. 21. Increasing the amount
of integration points for low‐order shape functions, makes the result
oscillate up to 20%. This is expected since the discrete thickness gen-
erates a discontinuous stiffness, which is poorly approximated by
quadrature rules original developed for continuous functions [32].
For higher‐order shape functions the solution converges, whilst show-
ing smaller oscillations for the same reason. Future studies could
attempt different numerical integration schemes, such as presented
in Abedian and Düster [1], to evaluate and mitigate the observed con-
vergence issues. Nevertheless, for the present work, the required num-
ber of shape functions and integration points for a converged semi‐
analytical simulation can not be predicted with certainty, and there-
fore the discrete thickness approach is not advised in the context of
semi‐analytical modelling.

5.2.2. Finite element method
The FE buckling eigenvalue convergence is shown in Fig. 23 for all

three cases. It does not suffer from oscillations, in contrast to the semi‐
analytical formulation. Using a 1% convergence criterion, convergence
is attained across all three cases with 50 elements in each direction.

The converged simulations are finally compared to a much more
refined virtual manufacturing model and simulation, to assess the
influence of the thickness grid defining the element’s properties. These
refined models are run with a 1000x1000 virtual manufacturing grid
and 100 elements in each direction, with the results presented in
Table 6. This comparison shows little influence of the grid refinement,
and that the selected 200 × 200 manufacturing grid is sufficient to
provide the required information on thickness and layup for a con-
verged FEM simulation for the discrete thickness case.

5.2.3. Discussion
The FEM results of the discrete thickness converge with 50 ele-

ments in each direction, using a convergence criterion of 1%. On the
other hand, it is difficult to express parameters for a converged
semi‐analytical model using discrete thickness, as it does not approxi-
mate the discontinuous thickness well, leading to an oscillation of the
results even with 16th‐order Legendre polynomials. Despite this oscil-
lation, the global trend from the semi‐analytical model approach the
FEM results. Finally, it was verified that a 200 × 200 virtual manufac-
turing grid is enough to convey the required thickness and layup infor-
mation for the discrete thickness representation to the FEM simulation.
Table 7
Comparison of the semi-analytical smeared approximation model and the
discrete FEM simulation eigenvalue.

Discrete thickness FEM
λ [–]

Smeared thickness semi-
analytical λ [–]

Difference
[%]

Case
1

0.74 0.75 1.20

Case
2

8.52 8.12 −4.71

Case
3

24.66 25.79 4.59

Table 6
FE refined and converged eigenvalue comparison for the discrete thickness.

Refined model λ [–] Converged model λ [–] Difference [%]

Case 1 0.74 0.74 0.11
Case 2 8.49 8.52 0.33
Case 3 24.92 24.66 −1.04



Table 8
Eigenvalue comparison for the three verification cases with additional layups.

Case 1 Case 2 Case 3

Layup number 2 3 2 3 2 3

Smeared thickness semi-analytical λ [–] 0.71 0.77 5.68 13.23 25.89 25.07
Discrete thickness FEM λ [–] 0.70 0.77 5.84 13.54 25.92 25.03

Relative difference [%] 0.67 −0.25 −2.82 −2.27 −0.14 0.18

Fig. 24. Discrete (left) and smeared (right) thickness, 1st eigenmode of case 1.

Fig. 25. Discrete (top) and smeared (bottom) thickness, 1st eigenmode of case 2.

Fig. 26. Discrete (left) and smeared (right) thickness, 1st eigenmode of case 3.
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5.3. Validity of the thickness approximation

Linear buckling analyses performed using the smeared thickness
and semi‐analytical modeling are further compared to the discrete
thickness FEM simulation. Table 7 gives an overview of the first
12
eigenvalue λ obtained for each of the three cases using both ways
of simulation. To further assess whether differences are case or
layup specific, two additional random layups (given in Appendix
B) are simulated both ways for every case. These results can be
found in Table 8.



Table 9
Buckling eigenvalue for different tow widths.

Tow width [mm]

3.175 6.35 25.4 40 65 100 175 350

Case 1 λ [–] 0.73 0.74 0.74 0.74 0.75 0.76 0.76 0.77
Case 2 λ [–] 8.57 8.52 8.40 8.50 8.58 8.72 8.79 8.14
Case 3 λ [-] 24.65 24.66 25.03 24.48 25.63 25.61 25.63 25.23

Table 10
Buckling eigenvalue relative error for different tow widths compared to the smeared approximation.

Tow width [mm]

3.175 6.35 25.4 40 65 100 175 350

Case 1 λ [–] −3.04 −1.19 −1.71 −1.81 −0.35 0.62 1.07 1.80
Case 2 λ [–] 5.63 4.95 3.48 4.75 5.74 7.46 8.27 0.35
Case 3 λ [–] −4.45 −4.39 −2.97 −5.08 −0.62 −0.72 −0.62 −2.20

Fig. 27. First linear buckling eigenvalue error, of the smeared relative to the
discrete thickness approach, for different tow widths per minimum dimension
ratios.

Fig. 28. Virtual manufacturing of case 1 with tow widths: 3, 25, 40, 65, 100, 175,
of: 0.002, 0.017, 0.027, 0.043, 0.067, 0.117, 0.233. After a ratio of 0.15, the local th
recommended.

L. Vertonghen, S.G.P. Castro Composite Structures 268 (2021) 113933

13
Firstly, considering all the data, the smeared modelling has a �5%
relative error range with respect to its discrete thickness counterpart.
This is a satisfactory agreement between the thickness approximation
provided by the smeared approach and the real thickness distribution
of the discrete model. Secondly, the range of relative error is regarded
as being intrinsic to a given layup sequence and not linked to the
smeared approximation. It is assumed to stem from the influence of
the local varying discrete thicknesses as opposed to the smooth
smeared approximation, as presented in Table 5. The patterns of the
ABD components distribution coincide, as was the case with the total
thickness build‐up of Section 4. The locally different thickness can be
of significant impact, as the B and D matrices depend respectively on
the square and cubic of the thickness, alongside the fibre orientation.
Coupled to the complex and interlinked relations forming the linear
constitutive and geometric stiffness matrix, this altogether is believed
to lead to the errors seen in Table 7 and 8. Finally, the eigenmode of
the first eigenvalue of each test case is compared for both modelling
of the smeared semi‐analytical model, and the discrete thickness
FEM analysis in Figs. 24–26, showing similar patterns. Therefore, it
is concluded that the smeared thickness approximation suggested by
350 [mm]; corresponding to a ratio of tow width to minimum plate dimension
ickness features become more apparent, and the smeared approach is no longer



Fig. 29. Virtual manufacturing of case 2 with tow widths: 3, 25, 40, 65, 100,
175, 350 [mm]; corresponding to a ratio of tow width to minimum plate
dimension of: 0.015, 0.125, 0.200, 0.325, 0.500, 0.875, 1.750. After a ratio of
0.15, the local thickness features become more apparent, and the smeared
approach is no longer recommended.
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[10] is well suited to represent the behaviour of its discrete thickness
VAT laminate counterpart.

6. Tow width ratio limit

The aforementioned results show that the smeared thickness
approach gives a good approximation for the linear buckling response
of VAT laminates with discrete overlaps. However, this simplified
thickness profile has limited representation capabilities. The approxi-
mation is well suited for global responses, while local phenomena such
as stress concentration, local strength and failure cannot be predicted,
especially at and around overlap regions. These aspects should be eval-
uated locally with a refined model of the exact physical representation,
as the smeared thickness approximation does not take into account any
information about tow interactions.

\Furthermore, the influence of the tow width is investigated on
the validity of the smeared approximation, as it is expected to pro-
gressively become a worse approximation for larger tow widths,
since the overlaps are more distinct as they appear less frequently,
and have a larger area. To this end, all three cases of Section 3.4
are evaluated again with a discrete thickness FEM analysis for dif-
ferent tows widths. The results are shown in Table 9, and the rela-
tive difference with their respective smeared eigenvalue in Table 10.
In order to compare the effect on the different geometries, the tow
width is normalised with the smallest dimension of the structure:
this dimension will remain the smallest dimension in any rotated
manufacturing frame, whilst being the most influenced by the larger
tow widths, creating a more discrete and less smooth thickness dis-
tribution. The difference for the normalized dimensions is displayed
in Fig. 27.

The data in Fig. 27 does not show the expected deterioration
between the discrete thickness FEM simulations and smeared semi‐
analytical solution. Despite the lack of the apparent influence of the
tow width, the authors do not believe the smeared approach to hold
valid for the complete simulated parameter range. As stated previ-
ously, the fibre orientation is taken at exactly the grid points from
the interpolation: with narrow tows, the grid points will always be
close to a tow centerline. However, when large tows are present many
grid points can be within one tow width, but the orientation at those
grid points is then dictated by the centerline orientation and bending
effect through the width of the tow due to steering, rather than the
interpolation scheme, and would therefore induce errors.

Therefore, the effect of the tow width on the validity of the thick-
ness approximation cannot be fully described by the current frame-
work, since the exact fibre orientation is badly predicted for large
tow width ratios. However, by visually comparing the discrete thick-
ness given in Figs. 28–30 with their respective smeared profile in
Figs. 18–20, the authors propose that: the maximum tow width per
minimum dimension ratio should be 0.15. With this limit, it is guaran-
teed an accurate representation of the laminate stiffness and of the
thickness distribution, when using the simple smeared approach.
Beyond this threshold, one starts loosing global similarities and local
particularities can no longer be smoothed out. Further investigations
should be carried out with a detailed tow model taking the fibre bend-
ing into account, whereby sampling points can be assigned along the
tow’s transverse direction, at a large distance from the tow centreline.

The guidelines herein proposed, along with the good approxima-
tion of the smeared approach, can be helpful for designers to quickly
assess VAT laminates with overlaps in a practical way for buckling
as demonstrated in this paper, or just to obtain the pre‐buckling or
any general linear static state, as explained in Section 3.2. Moreover,
the combination with the semi‐analytical modelling will serve as a
basis for future work on the design and optimisation of VAT structures
with thickness variation coupled with the steering angles to increase
buckling performance.
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7. Conclusion

In this paper, Variable Angle Tow (VAT) laminates are first repli-
cated virtually to obtain the overlap locations along the fibre angle dis-
tribution. The manufacturing fibre variation is parameterized by
means of a Lagrange interpolation scheme in the manufacturing coor-
dinate system, which is considered alongside the complete rotation
with respect to the laminate coordinate system. Subsequently, the
tow paths are plotted graphically with a given opacity, allowing to
be superimposed and retrieve a discrete thickness profile and overlap
locations. This discrete thickness profile is approximated with a con-



Fig. 30. Virtual manufacturing of case 3 with tow widths: 3, 25, 40, 65, 100, 175, 350 [mm]; corresponding to a ratio of tow width to minimum plate dimension
of: 0.003, 0.025, 0.040, 0.065, 0.100, 0.175, 0.350. After a ratio of 0.15, the local thickness features become more apparent, and the smeared approach is no longer
recommended.

Fig. 31. FEM convergence of the smeared thickness cases.
Table 11
FEM refined and converged eigenvalue comparison for the smeared thickness.

Refined model λ [–] Converged model λ [–] Difference [%]

Case 1 0.75 0.75 0.6
Case 2 7.95 8.02 0.86
Case 3 25.35 25.58 0.92

Table 12
Converged smeared semi-analytical and FEM eigenvalue comparison.

Discrete thickness FEM
λ [–]

Smeared thickness semi-
analytical λ [–]

Difference
[%]

Case
1

0.75 0.75 0.19

Case
2

8.02 8.12 1.23

Case
3

25.58 25.79 0.84
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tinuous smeared approach, only dictated by the manufacturing angle,
to simulate linear buckling. A procedure is also integrated to verify the
manufacturability of each ply of the VAT laminates.

Furthermore, the one sided thickness profile of the VAT laminates
is incorporated in the simulation with an offset in the ABD formula-
tion, albeit limited to a manufacturing angle of 60°. The semi‐
analytical formulation is based on the Kirchhoff–Love plate kinematics
and taking all ABD terms into account, where the displacement fields
are solved by means of the Ritz method, with Legendre polynomial
shape functions incorporating different boundary conditions through
enrichment functions. However, before the thickness and layup infor-
mation could be used in the simulations, both discrete and smeared
thickness profiles are compared with each other to verify the virtual
manufacturing methodology, showing good agreement, with similar
locations and shape of thickness build‐up.
15
With the pre‐processing information verified, the buckling analysis
and thickness approximation validity was investigated. In a first
instance, the semi‐analytical model was verified against a Finite Ele-
ment Method (FEM) model for different geometries, loading and
boundary conditions. This was done based on the smeared approxima-
tion with a random variable stiffness layup, and showed good agree-
ment between both simulation methods. Thereafter, the discrete
thickness profile was also modelled with both the FEM and semi‐
analytical modelling, with the first method experiencing convergence
issues due to the discontinuous thickness. The FEMmethod converged,
whose results were in satisfactory agreement with the semi‐analytical
outcome using the smeared approximation, for both the buckling
eigenvalue and corresponding eigenmode.

However, using the smeared approach for buckling simulations is
not valid for any arbitrary value of tow width, and therefore a guide-
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line is proposed such that the maximum tow width should be smaller
than 15% of the smallest plate dimension, based on the limits of the
visual correlation between the smeared and discrete thickness profiles.
With this guideline, the smeared thickness approach can be used in the
initial assessment of VAT laminates with overlap configurations, and
on the design and optimisation of VAT structures with thickness vari-
ation coupled with the steering angles.
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Appendix A. Smeared thickness FEM convergence

The smeared thickness approach is also simulated by means of FEM, to
verify the correct implementation of the semi‐analytical model. Fig. 31
shows the first buckling eigenvalue for an increased number of ele-
ments, seeded equally in both x and y direction, with the thickness
and layup information constructed on a 200 × 200 point manufactur-
ing grid.

From this data, a 1% convergence is achieved with 15 elements for
all cases, regardless of the dimensions of the plate. These 15 elements
simulations are finally compared to a much more refined virtual man-
ufacturing model, to assess the influence of the grid to construct the
elements. This refined model is created with a 1000x1000 point grid
for the thickness and layup information, and 100 elements in each
direction. The results of this comparison, given in Table 11, show that
the refinement of the FEM and manufacturing model has little influ-
ence on the buckling outcome, meaning a 200x200 grid is enough
for the virtual manufacturing.

The comparison between the converged first eigenvalue λ of both
the semi‐analytical and FEM simulation for the smeared approxima-
tion are given in Table 12. This shows that the semi‐analytical predic-
tions are in good agreement with the FEM results, verifying the semi‐
analytical implementation.

Appendix B. Additional layup comparison

Table 13 presents the two additional layups for each of the 3 cases
to compare the validity of the smeared semi‐analytical buckling simu-
lation with the discrete FEM counterpart.
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