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Abstract: We propose a framework for studying the stability of discrete-event systems modelled
as switching max-plus linear systems. In this framework, we propose a set of notions of stability
for generic discrete-event systems in the max-plus algebra. Then we show the loss of equivalence
of these notions for switching max-plus linear systems due to the lack of global monotonicity
and the accompanying difficulty in rigorous analysis. This serves as a motivation to relax the
assumption on monotonicity of the dynamics to positive invariance of max-plus cones. Then we
proceed to generalise the notions of stability when the dynamics is restricted to such cones. The
stability analysis approach presented in this paper serves as a first step to study the stability of
a general class of switching max-plus linear systems.
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1. INTRODUCTION

Max-plus and associated idempotent semiring structures
allow the study of synchronisation behaviour and timing
aspects of discrete-event systems in a linear fashion (Bac-
celli et al., 1992). The associated systems theory finds
applications in analysis of productions systems, queueing
systems, timetabling of transportation networks, and so
on (Komenda et al., 2018). Most importantly, it offers a
convenient framework to study stability of discrete-event
systems (Baccelli et al., 1992; Commault, 1998).

Stability analysis plays an important role in the operation
and control of a dynamical system. The aim of this paper
is to introduce a framework for analysing stability of
discrete-event systems modelled as a Switching Max-Plus
Linear (SMPL) system. Such models extend the max-
plus linear modelling framework by allowing changes in
synchronisation and ordering constraints in the system
evolution (van den Boom and De Schutter, 2006, 2012).

There has been considerable research in generalising the
notions of stability from linear time-invariant to switch-
ing systems in conventional algebra (Liberzon and Morse,
1999). The research for the counterpart in max-plus al-
gebra is limited. Most of the existing literature is centred
around the existence and uniqueness of stationary regimes
of the dynamics governed by a class of monotone and
additively homogeneous functions in the max-plus algebra
(Mairesse, 1997; Merlet, 2010; Katz et al., 2012). The
class of SMPL systems is, however, larger than the ones
described in (Mairesse, 1997; Merlet, 2010; Katz et al.,
2012). An SMPL system can have, in general, multiple
stationary regimes that correspond to different asymp-

totic growth rates of the states. This is due to the loss
of global monotonicity of the dynamics. Therefore, the
existing sufficient conditions for stability in the literature
are restrictive for the purpose of control and analysis.

In this paper, we relax the assumption on monotonicity of
the dynamics to positive invariance of finitely generated
max-plus cones. The properties of positively invariant sets
play an important role in studying system-theoretic prop-
erties of dynamical systems (Blanchini, 1999). The posit-
ive invariance of polyhedral cones for positive switching
systems has also been studied recently to generalise the
Perron-Frobenius theory (Forni et al., 2017).

The main contribution of this paper with respect to the
state-of-the-art is that we propose a general framework
for studying stability of SMPL systems. Under this frame-
work, we present different autonomous notions of stability
and positive invariance for a general class of discrete-event
systems. In addition, we analyse stability of SMPL systems
under arbitrary and constrained switching sequences.

The paper is organised as follows. Section 2 gives back-
ground on the max-plus algebra. Section 3 presents a
general framework for modelling discrete-event systems in
the max-plus algebra. Section 4 presents the notions of sta-
bility and positive invariance for a general class of discrete-
event systems in max-plus algebra. Section 5 then extends
these notions to analyse stability of SMPL systems. The
paper ends with concluding remarks in Section 6.

2. PRELIMINARIES

The set of all positive integers up to n is denoted as
n = {l ∈ N | l ≤ n} where N = {1, 2, 3, . . . }.
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The set of all positive integers up to n is denoted as
n = {l ∈ N | l ≤ n} where N = {1, 2, 3, . . . }.

The max-plus algebra, Rmax = (Rε,⊕,⊗), consists of the
set Rε = R ∪ {−∞} endowed with the max-plus addition
(a ⊕ b = max(a, b)) and the max-plus multiplication (a⊗
b = a + b) operations (Baccelli et al., 1992). The max-
plus zero element is denoted as ε = −∞ and the max-plus
unit element as 1 = 0. The max-plus vector and matrix
operations can be defined analogously to the conventional
algebra. The max-plus zero and identity matrices are
denoted as E and I respectively.

The max-plus powers of a matrix are defined recursively

as A⊗k+1
= A⊗k ⊗ A for k ∈ N with A⊗1

= A. For
scalars γ ∈ R, c ∈ N, γ⊗c

= c · γ. The partial order ≤
is defined such that for vectors x, y ∈ Rn

ε , x ≤ y ⇔ x ⊕
y = y ⇔ xi ≤ yi, ∀i ∈ n.

Norms. The max-plus algebra is equipped with the l∞

norm defined as (Heidergott et al., 2014):

‖x‖⊕,∞ = max
i∈n

xi, x ∈ Rn
ε .

The Hilbert’s projective norm in max-plus algebra is
defined as (Heidergott et al., 2014)

‖x‖P = max
j∈n

(xj)−min
j∈n

(xj), x ∈ Rn

‖A‖P = max {‖[A]·i‖P | i ∈ m} , A ∈ Rn×m.

We have ‖x+ y‖P ≤ ‖x‖P + ‖y‖P.
Function properties. A function g : Rn

ε → Rn
ε is said to

be homogeneous if g(λ + x) = λ + g(x), for all λ ∈ R.
The function g is monotone if for all x, y ∈ Rn

ε , x ≤
y implies g(x) ≤ g(y). A monotone and homogeneous
function is non-expansive in the Hilbert’s projective norm
(Gunawardena, 2003), i.e.

‖g(x)− g(y)‖P ≤ ‖x− y‖P, ∀x, y ∈ Rn.

The non-expansiveness of the function g(·) implies that
if g(x) = λ + x, for some x ∈ Rn and λ ∈ R, then all
trajectories {gk(x) | k ∈ N} are bounded in the Hilbert’s
projective norm (Gaubert and Gunawardena, 2004).

Max-plus eigenvalue problem. The set of max-plus eigen-
values Λ(A) of a matrix A ∈ Rn×n

ε is defined as all the
solutions to the following max-plus eigenvalue problem
(Cuninghame-Green, 1979):

∃z ∈ Rn
ε , z = En×1 s.t. A⊗ z = λ(A)⊗ z.

Then z is known as the max-plus eigenvector of A corres-
ponding to the max-plus eigenvalue λ(A). The largest such
eigenvalue of the matrix A is denoted as λ(A). We also
define λ∗(A) = mini∈n[A]ii whenever the matrix A has
finite diagonal entries. A matrix normalised by a scalar
µ ∈ R is denoted as [Aµ]ij = [A]ij − µ. The matrix is
irreducible if for every i, j ∈ n there exists a k ∈ N such

that [A⊗k
]ij = ε.

The Kleene star of a matrix is defined as A� = I ⊕ A ⊕
A⊗2 ⊕A⊗3 ⊕ · · · . It exists only when λ(A) ≤ 0.

Max-plus cone. The analogue of a vector space in the max-
plus semiring Rε is called a semimodule. For a matrix
V ∈ Rn×m

ε , span⊕V denotes the max-plus semimodule of
Rn

ε generated by the columns of V . A semimodule V ⊂ Rn
ε

is said to be finitely generated if it can be expressed as
V = span⊕V for some finite integer m:

V =

{
m⊕
i=1

αi ⊗ vi

∣∣∣∣ αi ∈ Rε

}
, V = [v1, . . . , vm].

A finitely generated semimodule is called a max-plus cone
as it is closed under addition ⊕ of its elements and under
multiplication ⊗ with scalars in Rε.

Eigenspaces. Let α, β ∈ R with β ≥ α. Then the slice space
Sβ
α(g) generated by a function g(·) : Rn

ε → Rn
ε is defined

as (Gaubert and Gunawardena, 2004)

Sβ
α(g) = {x ∈ Rn | α+ x ≤ g(x) ≤ β + x} . (1)

It is also noted that for α′ ≤ α and β′ ≤ β with α′ ≤ β′,

we have Sβ′

α′ ⊆ Sβ
α. If g is monotone and homogeneous, the

slice space is invariant with respect to g.

A slice space Sβ
α of a function g(·) is said to be bounded

in the Hilbert’s projective norm if

∃δ ∈ R : ∀x ∈ Sβ
α(g), ‖x‖P ≤ δ. (2)

3. MODELLING DISCRETE-EVENT SYSTEMS IN
THE MAX-PLUS ALGEBRA

We propose a general modelling framework for discrete-
event systems in the max-plus algebra. Such models can in-
corporate the event-varying structure of the system along
with the control algorithm. This serves as a basis for gener-
ating modelling classes for studying the stability properties
of discrete-event systems in the max-plus algebra. Then we
study SMPL systems as the open-loop case of this model.

3.1 General model in the max-plus algebra

The dynamics of a discrete-event system with both con-
tinuous and discrete variables evolving over a discrete
counter k can be defined in max-plus algebra as

x(k) = f(x(k − 1), l(k), u(k), r(k)), k ∈ N
l(k) = φ(x(k − 1), l(k − 1), u(k), v(k), w(k)),

y(k) = h(x(k), l(k), u(k), r(k)).

(3)

Here, the components xi(k) of the continuous state rep-
resent the time of k-th occurrence of the state event i ∈ n.
The system dynamics f(·) and h(·) represent the evolu-
tion of the continuous state and output, respectively. The
mode l(·) takes values in a finite discrete set. This allows
modelling the discrete changes in the synchronisation and
ordering structure of events. The dynamics of this discrete
mode is specified by the function φ(·).
The continuous control input u(·) serves as a time delay
to the autonomous occurrence of continuous states and
output. The discrete control input v(·) influences the
discrete state update dynamics via φ(·). The continuous
exogenous signal r(·) can either represent a reference signal
and/or an uncertainty in the input u(·). The discrete
exogenous signal w(·) can represent a scheduling signal
and/or uncertainty in the discrete dynamics φ(·). The
model in the absence of continuous control and exogenous
inputs is referred to as semi-autonomous.

We assume that the system dynamics f(·) is not neces-
sarily monotone in the state vector x. This is due to the
dependence of f(·) on the discrete state l(·) that could be
generated by an exogenous signal w(·).



70 Abhimanyu Gupta  et al. / IFAC PapersOnLine 53-4 (2020) 68–74

3.2 SMPL systems

The precedence constraints among the timing of event
occurrences governed by synchronisation but no choice can
be represented by the edges of a directed graph. A max-
plus linear state space system represents the dynamics of
this time evolution for a fixed directed graph. An SMPL
system, on the other hand, can model event-varying graphs
(van den Boom and De Schutter, 2012).

The dynamics of a non-autonomous SMPL system with nL

modes for event counter k as an open-loop representation
of the general discrete-event system in (3) is defined as
(van den Boom and De Schutter, 2006):

x(k) = A(l(k)) ⊗ x(k − 1)⊕B(l(k)) ⊗ u(k), k ∈ N
y(k) = C(l(k)) ⊗ x(k)

l(k) = φ(l(k − 1), x(k − 1), v(k), u(k), w(k))

(4)

Here, the matrices A(l) ∈ Rn×n
ε , B(l) ∈ Rn×m

ε and C(l) ∈
Rny×n

ε are the system matrices for the l(k)-th mode. The
function φ(·) then specifies the switching rule.

In this paper, we present autonomous notions of stability
for SMPL system. This serves as a first step towards
stability analysis of a general class of SMPL systems (4)
with continuous exogenous inputs. These notions pertain
to the internal properties of the system as opposed to its
input-output behaviour. Therefore, we restrict ourselves
to the case when there is no max-plus additive input u(k)
or r(k) to the system i.e., B(l) = En×m for all l ∈ nL. Such
systems are referred to as semi-autonomous.

4. STABILITY OF DISCRETE-EVENT SYSTEMS

In this section, we first recapitulate the different autonom-
ous notions of stability for discrete-event systems. Then,
we formulate these notions in the max-plus algebra. This
allows for further analysis in the systems-theoretic frame-
work. The distinctions in these notions are also established
for a general class of discrete-event systems in the max-
plus algebra. We also introduce the notion of positive
invariance of certain max-plus cones to ascertain stability
properties of such systems. This forms a basis for general-
ising stability notions to a general class of SMPL systems.

4.1 Introduction

The buffer level in discrete-event systems is defined as the
time delay between the occurrences of different events in
either the same event cycle (k) or consecutive ones. The
notion of stability is associated with the boundedness of
the buffer levels (Passino and Burgess, 1998). Asymptotic
stability then implies that the buffer levels take constant
values. This is only possible when the average growth rates
of all the states become equal to each other.

For a max-plus linear system, this average growth rate
is given by the max-plus eigenvalue of the state matrix A
and is unique if the underlying graph is strongly connected
(Baccelli et al., 1992). Moreover, there exists at least one
finite max-plus eigenvector. Such max-plus eigenvectors
specify a class of stable operation schedules.

A finite max-plus eigenvector represents a fixed point of
the function f(·) (Gunawardena, 2003). There can exist

multiple such max-plus eigenvectors corresponding to the
same max-plus eigenvalue. When moving from a max-plus
linear to an SMPL description, there can exist multiple
max-plus eigenvalues and associated finite eigenvectors
depending on the switching sequence. This makes the
fixed-point theory for SMPL systems difficult to analyse.
Moreover, the notions of bounded buffer levels for the
events in the same event cycle and in consecutive ones are
not equivalent any more. The following exposition presents
a mathematical framework for understanding such dif-
ferences. We will first formulate autonomous notions of
stability for a general discrete-event system in (3). Then
we will impose SMPL dynamics on these notions.

4.2 Notions of stability

In this paper, we focus only on the autonomous notions
of stability for the system (3) in absence of exogenous
continuous inputs. The first set of notions deal with
stability associated to boundedness of the buffer levels.
The weak notion in this regard implies that the states are
bounded from above and below (See Fig. 1a). The stronger
notion places component-wise bounds between the states.

Definition 4.1. A semi-autonomous discrete-event system
is said to be max-plus weakly bounded-buffer stable if for
every x0 ∈ Rn

ε , there exists a bound Mx(x0) ∈ R such that
the states are bounded in the Hilbert’s projective norm:

‖x(k;x0)‖P ≤ Mx(x0), ∀k ∈ N. (5)

Asymptotic max-plus weakly bounded-buffer stability is
achieved if the norm in (5) attains a constant value:

lim
k→+∞

1

k
‖x(k;x0)‖P = 0. (6)

�

For a max-plus linear system, the upper bound on ‖x‖P
can be obtained from the Hilbert’s projective norm of the
Kleene star of the system matrix normalised by its largest
max-plus eigenvalue (Baccelli et al., 1992, Theorem 3.104).
The existence of this bound follows from the existence
of a finite max-plus eigenvector of the system matrix
(Cuninghame-Green, 1979, Lemma 23-2).

The preceding notion is interesting when the required
objective is to place bounds on the makespan of a discrete-
event system in, for e.g., production networks.

Definition 4.2. A semi-autonomous discrete-event system
is said to be max-plus strongly bounded-buffer stable if the
states are bounded with respect to each other in the l∞

norm. Equivalently, the state trajectory is contained in a
finitely generated set K ⊆ Rn:

∃Q ∈ Rn×n, [Q]ij = qij and

∃K = {x ∈ Rn | xi − xj ≥ qji, ∀ i, j ∈ n} �= ∅ (7)

such that x(k;x0) ∈ K, ∀k ∈ N. Asymptotic max-
plus strongly bounded-buffer stability is achieved if the
component-wise bounds attain a constant value (compare
with (6)):

lim
k→+∞

1

k
(xi(k)− xj(k)) = 0, ∀i, j ∈ n. �

The set K in (7) can be represented as a max-plus cone:

K = {x ∈ Rn | Q⊗ x ≤ x} . (8)
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3.2 SMPL systems

The precedence constraints among the timing of event
occurrences governed by synchronisation but no choice can
be represented by the edges of a directed graph. A max-
plus linear state space system represents the dynamics of
this time evolution for a fixed directed graph. An SMPL
system, on the other hand, can model event-varying graphs
(van den Boom and De Schutter, 2012).

The dynamics of a non-autonomous SMPL system with nL

modes for event counter k as an open-loop representation
of the general discrete-event system in (3) is defined as
(van den Boom and De Schutter, 2006):
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y(k) = C(l(k)) ⊗ x(k)

l(k) = φ(l(k − 1), x(k − 1), v(k), u(k), w(k))

(4)

Here, the matrices A(l) ∈ Rn×n
ε , B(l) ∈ Rn×m

ε and C(l) ∈
Rny×n

ε are the system matrices for the l(k)-th mode. The
function φ(·) then specifies the switching rule.

In this paper, we present autonomous notions of stability
for SMPL system. This serves as a first step towards
stability analysis of a general class of SMPL systems (4)
with continuous exogenous inputs. These notions pertain
to the internal properties of the system as opposed to its
input-output behaviour. Therefore, we restrict ourselves
to the case when there is no max-plus additive input u(k)
or r(k) to the system i.e., B(l) = En×m for all l ∈ nL. Such
systems are referred to as semi-autonomous.

4. STABILITY OF DISCRETE-EVENT SYSTEMS

In this section, we first recapitulate the different autonom-
ous notions of stability for discrete-event systems. Then,
we formulate these notions in the max-plus algebra. This
allows for further analysis in the systems-theoretic frame-
work. The distinctions in these notions are also established
for a general class of discrete-event systems in the max-
plus algebra. We also introduce the notion of positive
invariance of certain max-plus cones to ascertain stability
properties of such systems. This forms a basis for general-
ising stability notions to a general class of SMPL systems.

4.1 Introduction

The buffer level in discrete-event systems is defined as the
time delay between the occurrences of different events in
either the same event cycle (k) or consecutive ones. The
notion of stability is associated with the boundedness of
the buffer levels (Passino and Burgess, 1998). Asymptotic
stability then implies that the buffer levels take constant
values. This is only possible when the average growth rates
of all the states become equal to each other.

For a max-plus linear system, this average growth rate
is given by the max-plus eigenvalue of the state matrix A
and is unique if the underlying graph is strongly connected
(Baccelli et al., 1992). Moreover, there exists at least one
finite max-plus eigenvector. Such max-plus eigenvectors
specify a class of stable operation schedules.

A finite max-plus eigenvector represents a fixed point of
the function f(·) (Gunawardena, 2003). There can exist

multiple such max-plus eigenvectors corresponding to the
same max-plus eigenvalue. When moving from a max-plus
linear to an SMPL description, there can exist multiple
max-plus eigenvalues and associated finite eigenvectors
depending on the switching sequence. This makes the
fixed-point theory for SMPL systems difficult to analyse.
Moreover, the notions of bounded buffer levels for the
events in the same event cycle and in consecutive ones are
not equivalent any more. The following exposition presents
a mathematical framework for understanding such dif-
ferences. We will first formulate autonomous notions of
stability for a general discrete-event system in (3). Then
we will impose SMPL dynamics on these notions.

4.2 Notions of stability

In this paper, we focus only on the autonomous notions
of stability for the system (3) in absence of exogenous
continuous inputs. The first set of notions deal with
stability associated to boundedness of the buffer levels.
The weak notion in this regard implies that the states are
bounded from above and below (See Fig. 1a). The stronger
notion places component-wise bounds between the states.

Definition 4.1. A semi-autonomous discrete-event system
is said to be max-plus weakly bounded-buffer stable if for
every x0 ∈ Rn

ε , there exists a bound Mx(x0) ∈ R such that
the states are bounded in the Hilbert’s projective norm:

‖x(k;x0)‖P ≤ Mx(x0), ∀k ∈ N. (5)

Asymptotic max-plus weakly bounded-buffer stability is
achieved if the norm in (5) attains a constant value:

lim
k→+∞

1

k
‖x(k;x0)‖P = 0. (6)

�

For a max-plus linear system, the upper bound on ‖x‖P
can be obtained from the Hilbert’s projective norm of the
Kleene star of the system matrix normalised by its largest
max-plus eigenvalue (Baccelli et al., 1992, Theorem 3.104).
The existence of this bound follows from the existence
of a finite max-plus eigenvector of the system matrix
(Cuninghame-Green, 1979, Lemma 23-2).

The preceding notion is interesting when the required
objective is to place bounds on the makespan of a discrete-
event system in, for e.g., production networks.

Definition 4.2. A semi-autonomous discrete-event system
is said to be max-plus strongly bounded-buffer stable if the
states are bounded with respect to each other in the l∞

norm. Equivalently, the state trajectory is contained in a
finitely generated set K ⊆ Rn:

∃Q ∈ Rn×n, [Q]ij = qij and

∃K = {x ∈ Rn | xi − xj ≥ qji, ∀ i, j ∈ n} �= ∅ (7)

such that x(k;x0) ∈ K, ∀k ∈ N. Asymptotic max-
plus strongly bounded-buffer stability is achieved if the
component-wise bounds attain a constant value (compare
with (6)):

lim
k→+∞

1

k
(xi(k)− xj(k)) = 0, ∀i, j ∈ n. �

The set K in (7) can be represented as a max-plus cone:

K = {x ∈ Rn | Q⊗ x ≤ x} . (8)
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Figure 1. Notions of stability: (a) Weakly bounded-buffer
stability and (b) Max-plus Lipschitz stability. Dashed
lines show the respective bounds on the trajectories.

The max-plus cone K is finitely generated if Q is an
irreducible matrix (Katz, 2007). Moreover, K is an empty
set if Q has a max-plus eigenvalue strictly larger than 1.

The stability in Definition 4.2 can be studied as the
invariance property of the system dynamics f with respect
to the max-plus cone K. Such an invariance property for
controlled max-plus linear systems (A,B) has been studied
by Katz (2007) for matrices with integer entries.

Such a notion holds more significance when the time delays
between the states are also constrained, for e.g., in railway
networks. It can be proved using the properties of the
Hilbert’s projective norm that the strong notion implies
the weaker notion but not vice versa. Explicitly, this means
‖Q‖P ≤ Mx(x0) for all x0 ∈ Rn in (5).

The third notion deals with the boundedness of buffer
levels associated to time delays in consecutive event cycles
of a discrete-event system (See Fig. 1b). This also implies
a bound on the first-order difference of the state vector.

Definition 4.3. A semi-autonomous discrete-event system
is said to be max-plus Lipschitz stable if there exist upper
and lower bounds (M,M ∈ R) on the first-order difference
of the state trajectories:

M ≤ ∆x(k) = x(k)− x(k − 1) ≤ M. (9)

Asymptotic max-plus Lipschitz stability is achieved when
the growth rate of state-trajectories become constant:

∀i ∈ n, ∃ c ∈ N s.t.

lim
k→∞

[
∆2

c x(k) = x(k + c)− 2x(k) + x(k − c)
]
i
= 0. �

The stability notion in Definition 4.3 does not, however,
imply bounded-buffer stability (Definition 4.1). This can
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Figure 2. Max-plus cones: (a) Semimodule K ={
(x1, x2)

� ∈ R2
ε | x1 + 2 ≤ x2 ≤ x1 + 5

}
, and (b) Ei-

genspace Sβ
α(g) = Sβ

−∞(g) ∩ S+∞
α (g) for α = 2 and

β = 5.

be observed in Fig. 1. The initial trajectory in Fig. 1b
exhibits max-plus Lipschitz stability but not bounded-
buffer stability. Moreover, a weakly bounded-buffer stable
system might not exhibit constant bounds (9) on the
growth rate of the trajectories.

4.3 Positive invariance

The dynamics of a semi-autonomous counterpart of the
discrete-event system (3) can be represented as f(x, l). We
say that a set V ⊆ Rn

ε is positively invariant for the system
dynamics if a state trajectory starting in this set remains
in the set, f(V, l) ⊆ V for all possible l ∈ N (Blanchini,
1999). For convenience, the discrete state l is left out of
the notation whenever the statement holds for all values
of l.

The first kind of positive invariant sets was discussed under
the label max-plus strongly bounded-buffer stable systems
in Definition 4.2 (See Fig. 2a).

The second kind of positive invariant sets are defined
as slice spaces of functions in (1). These slice spaces
represent max-plus cones when the generating function g is
monotone and homogeneous (Gaubert and Gunawardena,
2004) (See Fig. 2b).

We will show in Section 5.2 that the positive invariant set
of first kind (7) is a special case of the positive invariant
set defined by slice spaces (1).

We study the Lipschitz stability of a system (Definition
4.3) as positive invariance of such slice spaces to dynamics.
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Proposition 4.1. Consider a monotone and homogeneous
function g : Rn

ε → Rn
ε with a non-empty slice space

Sβ
α(g) �= ∅ for some α, β ∈ R with β ≥ α and with a finite

max-plus eigenvector: ∃x ∈ Sβ
α(g) such that g(x) = λ ⊗ x

for some λ ∈ [α, β].

Then, a semi-autonomous discrete-event system is max-
plus Lipschitz stable if

f(Sβ
α(g)) ⊆ Sβ

α(g) (10)

i.e., the slice Sβ
α(g) is f−invariant.

Moreover, the discrete-event system is max-plus weakly
bounded buffer stable if Sβ

α(g) is bounded in the Hilbert’s
projective norm (2).

Proof: As the function g(·) is monotone and homogeneous,
the slice space Sβ

α(g) is invariant with respect to g(·). Since
the function g(·) is also non-expansive and has a positive
eigenvector, trajectories {gk(x) | k ∈ N} for all x ∈ Sβ

α(g)
are finite and bounded in the Hilbert’s projective norm.
Therefore, as the set Sβ

α(g) is finitely generated, we have

‖g(x)− g(y)‖P < +∞, ∀x, y ∈ Sβ
α(g). (11)

From the positive invariance of Sβ
α(g), we have

α+ f(x) ≤ g(f(x)) ≤ β + f(x). (12)

Then, it follows that for all x ∈ Sβ
α(g)

‖f(x)− g(x)‖P = ‖f(x)− g(f(x)) + g(f(x))− g(x)‖P
≤ ‖f(x)− g(f(x))‖P + ‖g(f(x))− g(x)‖P
< +∞

where the last inequality follows from (11) and (12). Then
for all x ∈ Sβ

α(g), we have

‖f(x)− x‖P = ‖f(x)− g(x) + g(x)− x‖P
≤ ‖f(x)− g(x)‖P + ‖g(x)− x‖P
< +∞.

Therefore, for all x ∈ Sβ
α(g) there exist αx, βx ∈ R with

βx ≥ αx such that αx ≤ f(x) − x ≤ βx. The smallest
αx and the largest βx over all x ∈ Sβ

α(g) then provide
lower (M) and upper (M) bounds for max-plus Lipschitz
stability in (9).

When the slice space Sβ
α(g) is bounded in the projective

norm, the bound on the slice space (2) serves exactly as
bound on the system trajectories (5). This results in max-
plus weakly bounded-buffer stability. �

We note that the boundedness (2) of some slice space Sβ
α

of a monotone and homogeneous function g implies the
existence of a finite max-plus eigenvector of the function
(Gaubert and Gunawardena, 2004). The converse implic-
ation might not hold. In the context of the preceding
proposition, max-plus weakly bounded buffer stability im-
plies max-plus Lipschitz stability but the converse is not
necessarily true.

In essence, Proposition 4.1 relaxes the global monotonicity
assumption on f to a positive invariance property of an
eigenspace generated by a monotone and homogenous
function g. It is also noted here that it is generally difficult
to prove boundedness of a slice space Sβ

α(g) (Gaubert
and Gunawardena, 2004). In this paper, we will restrict
ourselves to max-plus linear functions g for which results
are available in the literature.

5. STABILITY ANALYSIS FOR SMPL SYSTEMS

This section focuses on extending the stability notions
provided in Section 4.2 to semi-autonomous SMPL sys-
tems defined in Section 3.2. We present these results ana-
logously to the stability results for switching systems in
conventional algebra. These results are obtained by the
means of positive invariance of the system dynamics with
respect to the max-plus eigenspaces of certain classes of
homogeneous and monotone functions.

5.1 Stability of SMPL systems

We recall that the dynamics of a semi-autonomous switch-
ing systems (4) can be described by a finite number of
subsystems f(x, l) = A(l) ⊗ x, l ∈ nL, along with a
switching rule φ(·).
When the sequence l(k) is generated by an arbitrary
switching rule, via w(·), we consider the scenario of uni-
form stability of the SMPL system. This extension is paral-
lel to the notion of uniform positivity in positive switched
systems as suggested by Forni et al. (2017). Unlike the
case of positive systems, it is however difficult to achieve
contraction (mapping into the interior of a cone) in the
Hilbert’s projective metric (Gaubert and Gunawardena,
2004). Such a contraction, if it exists, would result in a
common unique max-plus eigenvector of the matrices of
the SMPL system, which is a very restrictive requirement.

We also introduce the notion of path-complete stability for
the SMPL system analogously to the path-complete pos-
itivity notion for positive switched systems (Forni et al.,
2017). This generalises the notions of uniform stability to
SMPL systems with constrained switching sequences. This
relies on the existence of multiple positively invariant sets.

5.2 Uniform stability

We utilise the properties of positive invariance in a cone
to give sufficient conditions of stability (defined in Section
4.2) for SMPL systems. A max plus matrix Q ∈ Rn×n

ε
serves as the most basic generating function for the max-
plus eigenspace in Proposition 4.1. To this end, we recall
certain properties of such eigenspaces from the literature.

The max-plus eigenspace generated by a max-plus matrix
has long been a topic of investigation (Butkovič, 2016).
The generating set of solutions for arbitrary α, β ∈ R
is usually studied for subeigenspaces Sβ

−∞(Q) (Sergeev
et al., 2009) and supereigenspaces S+∞

α (Q) (Sergeev, 2015)
separately. We study the slice spaces as intersection of
these two eigenspaces.

The subeigenspace Sβ
−∞(Q) is non-empty when β ≥ λ(Q)

and is generated as Sβ
−∞(Q) = span⊕(Q

�
β) ∩ Rn. When

the matrix Q is irreducible, we have that its Kleene star
matrix Q�

β has only finite elements. Therefore, Q�
β and

hence Sβ
−∞(Q) are bounded in the projective norm.

There has also been a characterisation of the largest α
values for which the supereigenspace S+∞

α is non-empty
(Butkovič, 2016). We recall that λ∗(Q) = mini∈n[Q]ii and

λ∗(Q) ≤ λ(Q). It is necessary to note that if [Qα]ii ≥ 0
for all i ∈ n, then S+∞

α (Q) = Rn (Butkovič, 2016).
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α(g) is invariant with respect to g(·). Since
the function g(·) is also non-expansive and has a positive
eigenvector, trajectories {gk(x) | k ∈ N} for all x ∈ Sβ

α(g)
are finite and bounded in the Hilbert’s projective norm.
Therefore, as the set Sβ

α(g) is finitely generated, we have

‖g(x)− g(y)‖P < +∞, ∀x, y ∈ Sβ
α(g). (11)

From the positive invariance of Sβ
α(g), we have

α+ f(x) ≤ g(f(x)) ≤ β + f(x). (12)

Then, it follows that for all x ∈ Sβ
α(g)

‖f(x)− g(x)‖P = ‖f(x)− g(f(x)) + g(f(x))− g(x)‖P
≤ ‖f(x)− g(f(x))‖P + ‖g(f(x))− g(x)‖P
< +∞

where the last inequality follows from (11) and (12). Then
for all x ∈ Sβ

α(g), we have

‖f(x)− x‖P = ‖f(x)− g(x) + g(x)− x‖P
≤ ‖f(x)− g(x)‖P + ‖g(x)− x‖P
< +∞.

Therefore, for all x ∈ Sβ
α(g) there exist αx, βx ∈ R with

βx ≥ αx such that αx ≤ f(x) − x ≤ βx. The smallest
αx and the largest βx over all x ∈ Sβ

α(g) then provide
lower (M) and upper (M) bounds for max-plus Lipschitz
stability in (9).

When the slice space Sβ
α(g) is bounded in the projective

norm, the bound on the slice space (2) serves exactly as
bound on the system trajectories (5). This results in max-
plus weakly bounded-buffer stability. �

We note that the boundedness (2) of some slice space Sβ
α

of a monotone and homogeneous function g implies the
existence of a finite max-plus eigenvector of the function
(Gaubert and Gunawardena, 2004). The converse implic-
ation might not hold. In the context of the preceding
proposition, max-plus weakly bounded buffer stability im-
plies max-plus Lipschitz stability but the converse is not
necessarily true.

In essence, Proposition 4.1 relaxes the global monotonicity
assumption on f to a positive invariance property of an
eigenspace generated by a monotone and homogenous
function g. It is also noted here that it is generally difficult
to prove boundedness of a slice space Sβ

α(g) (Gaubert
and Gunawardena, 2004). In this paper, we will restrict
ourselves to max-plus linear functions g for which results
are available in the literature.

5. STABILITY ANALYSIS FOR SMPL SYSTEMS

This section focuses on extending the stability notions
provided in Section 4.2 to semi-autonomous SMPL sys-
tems defined in Section 3.2. We present these results ana-
logously to the stability results for switching systems in
conventional algebra. These results are obtained by the
means of positive invariance of the system dynamics with
respect to the max-plus eigenspaces of certain classes of
homogeneous and monotone functions.

5.1 Stability of SMPL systems

We recall that the dynamics of a semi-autonomous switch-
ing systems (4) can be described by a finite number of
subsystems f(x, l) = A(l) ⊗ x, l ∈ nL, along with a
switching rule φ(·).
When the sequence l(k) is generated by an arbitrary
switching rule, via w(·), we consider the scenario of uni-
form stability of the SMPL system. This extension is paral-
lel to the notion of uniform positivity in positive switched
systems as suggested by Forni et al. (2017). Unlike the
case of positive systems, it is however difficult to achieve
contraction (mapping into the interior of a cone) in the
Hilbert’s projective metric (Gaubert and Gunawardena,
2004). Such a contraction, if it exists, would result in a
common unique max-plus eigenvector of the matrices of
the SMPL system, which is a very restrictive requirement.

We also introduce the notion of path-complete stability for
the SMPL system analogously to the path-complete pos-
itivity notion for positive switched systems (Forni et al.,
2017). This generalises the notions of uniform stability to
SMPL systems with constrained switching sequences. This
relies on the existence of multiple positively invariant sets.

5.2 Uniform stability

We utilise the properties of positive invariance in a cone
to give sufficient conditions of stability (defined in Section
4.2) for SMPL systems. A max plus matrix Q ∈ Rn×n

ε
serves as the most basic generating function for the max-
plus eigenspace in Proposition 4.1. To this end, we recall
certain properties of such eigenspaces from the literature.

The max-plus eigenspace generated by a max-plus matrix
has long been a topic of investigation (Butkovič, 2016).
The generating set of solutions for arbitrary α, β ∈ R
is usually studied for subeigenspaces Sβ

−∞(Q) (Sergeev
et al., 2009) and supereigenspaces S+∞

α (Q) (Sergeev, 2015)
separately. We study the slice spaces as intersection of
these two eigenspaces.

The subeigenspace Sβ
−∞(Q) is non-empty when β ≥ λ(Q)

and is generated as Sβ
−∞(Q) = span⊕(Q

�
β) ∩ Rn. When

the matrix Q is irreducible, we have that its Kleene star
matrix Q�

β has only finite elements. Therefore, Q�
β and

hence Sβ
−∞(Q) are bounded in the projective norm.

There has also been a characterisation of the largest α
values for which the supereigenspace S+∞

α is non-empty
(Butkovič, 2016). We recall that λ∗(Q) = mini∈n[Q]ii and

λ∗(Q) ≤ λ(Q). It is necessary to note that if [Qα]ii ≥ 0
for all i ∈ n, then S+∞

α (Q) = Rn (Butkovič, 2016).

Theorem 5.1. Consider a max-plus linear function g(x) =
Q ⊗ x, Q ∈ Rn×n

ε with finite diagonal entries, with
Sβ
α(Q) �= ∅ for some α, β ∈ R with β ≥ α. Moreover,

it has a finite max-plus eigenvector: there exist x ∈ Sβ
α(Q)

and λ ∈ [α, β] such that Q⊗ x = λ⊗ x.

Then, a semi-autonomous SMPL system is uniformly max-
plus Lipschitz stable if

A(l)Sβ
α(Q) ⊆ Sβ

α(Q), ∀ l ∈ nL

Moreover, if Q is irreducible, the SMPL system is also
uniformly weakly bounded-buffer stable.

Proof: It can be shown that the slice space Sβ
α(Q) is

finitely generated and non-empty for some α ≤ λ∗(Q) and
β ≥ λ(Q). Moreover, Q has a finite max-plus eigenvector
in this slice space. Therefore, the first part follows from
Proposition 4.1.

Consider α ≤ λ∗(Q), we have

α⊗ xi ≤ [Q]ii ⊗ xi ≤ (Q⊗ x)i, ∀i ∈ n, x ∈ Rn.

Therefore, S+∞
α (Q) = Rn. We have Sβ

α(Q) = Sβ
−∞(Q) =

span⊕(Q
�
β)∩Rn. Furthermore, if Q is also irreducible and

Qβ has no max-plus eigenvalues strictly larger than 1,
Q�

β has only finite elements. This implies that the slice

space Sβ
α(Q) is bounded in the projective norm. Then, the

system is also uniformly weakly bounded-buffer stable. �

The preceding theorem proves the equivalence of Lipschitz
stability and weakly bounded-buffer stability when the
matrices of the SMPL system share a common slice space,

Sβ
α(Q) ⊆ Sβ

α(A
(1))∩Sβ

α(A
(2))∩· · ·∩Sβ

α(A
(nL)) �= ∅. (13)

Furthermore, the max-plus cone in (8) is a special case
of the max-plus cone presented in Section 4.3 when the
matrix Q has only finite elements. If in addition, the
system matrices A(l) max-plus commute with each other
we obtain asymptotic strongly bounded-buffer stability of
the SMPL system (Katz et al., 2012).

5.3 Path-complete stability

The existence of a common positive invariant cone for all
subsystems is a restrictive condition when the switching
rule is not arbitrary. In this section, we consider the case
of positive invariance when the generating function g is
composed of multiple matrices. This can be used, for
example, to study invariance properties of SMPL systems
when the switching function φ(·) in (4) models a finite-
state automaton (Forni et al., 2017). The stability notion
are then said to be path-complete on the automaton.

Theorem 5.2. Consider a set of r ∈ N matrices with finite
diagonal entries:

Q =
{
Q(j)

}r

j=1
, Q(j) ∈ Rn×n

ε (14)

with Sβ
α(Q

(j)) �= ∅ for all j ∈ r and for some α, β ∈ R
with β ≥ α. Moreover, each matrix Q(j) ∈ Q has a
finite max-plus eigenvector: there exist x(j) ∈ Sβ

α(Q
(j))

and λj ∈ [α, β] such that Q(j) ⊗ x(j) = λj ⊗ x(j).

Then, a semi-autonomous SMPL system is path-complete
max-plus Lipschitz stable if there exist pairs (i, j) ∈ r2

such that

A(l)Sβ
α(Q

(i)) ⊆ Sβ
α(Q

(j)), ∀ l ∈ nL. (15)

Moreover, if all the matrices in the set Q are irreducible,
the SMPL system is also path-complete weakly bounded-
buffer stable.

Proof: We only give a proof for a special case of g(·): min of
max-plus linear functions. The procedure can be extended
to a more general class of constrained switching sequences.

Consider the set defined in (14) and the following gener-
ating function of the invariant slice space (10):

g(x) = min
j∈r

[Q(j) ⊗ x], x ∈ Rn. (16)

Here, it is assumed that the minimum is element-wise and
is attained for all i ∈ n with a single matrix Q(j), j ∈ r.
Such a function is monotone and homogeneous.

Consider scalars α, β ∈ R such that α ≤ λ∗(Q(j)) and
β ≥ λ(Q(j)) for all j ∈ r. Then the slice spaces Sβ

α(Q
(j))

are finitely generated and non-empty for all j ∈ r.

It is noted that the minimum in (16) is attained for a
single matrix Q(j). Hence, the slice space Sβ

α(g) is finitely
generated and non-empty. In addition, the existence of
finite max-plus eigenvectors of all matrices Q(j), j ∈ r,
ensures the existence of a finite max-plus eigenvector of
the function g(·) in (16) that is again contained in Sβ

α(g).

For the positive invariance of the slice space Sβ
α(g) to the

system dynamics, we have A(l)Sβ
α(g) ⊆ Sβ

α(g), ∀ l ∈ nL.

Therefore, there exist pairs (i, j) ∈ r2 for every matrix
A(l) such that (15) is satisfied. This restricts the switching
sequences allowed for the semi-autonomous SMPL system.
Hence, the first part follows from Proposition 4.1.

Following the same arguments as in Theorem 5.1, we have
that every Sβ

α(Q
(j)) is finitely generated by the max-plus

column span of its Kleene star. The boundedness of the
slice space Sβ

α(g) follows from the irreducibility of the
generating matrices Q(j). Then the system is also path-
complete weakly bounded-buffer stable. �

The above theorem serves as a basis for studying sta-
bility of SMPL systems in case of constrained switching
sequences. Unlike the notion of uniform stability, we do
not require the existence of a common slice space (13).
Moreover, relaxing the requirement of a common α and β
in the preceding theorem can allow us to provide tighter
bounds on ‖x‖P in (5).

We finally note that the Proposition 4.1 provides a more
general framework for stability analysis than provided in
this section.

5.4 Illustrations

In this section, we present examples to illustrate the
notions of uniform and path-complete stability for semi-
autonomous SMPL systems.

We consider the following semi-autonomous bimodal
SMPL system (4):

A(1) =

[
4 ε
1 1

]
, A(2) =

[
3 3
ε 6

]
.

In addition, we define a matrix Q = A(1)⊕A(2) as the max-
plus summation of the system matrices. The slice space (1)
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Figure 3. Automaton accepting constrained switching se-
quences corresponding to (17), (18). The edge labels
represent mode l, the nodes represent max-plus cones.

generated by the matrix Q for α = 4 and β = 6 can be
obtained as Sβ

α(Q) = span⊕(Q
�
β) ∩ Rn,

Sβ
α(Q) =

{
(x1, x2)

� ∈ R2
ε | x1 − 5 ≤ x2 ≤ x1 + 3

}
.

It can then be evaluated that A(l)Sβ
α(Q) ⊆ Sβ

α(Q) for
l = 1, 2. This implies that the two matrices share an
invariant max-plus cone. Moreover, the irreducibility of the
matrix Q implies that the SMPL system is also uniformly
weakly bounded buffer stable under arbitrary switching.

We now consider another semi-autonomous bimodal SMPL
system (4):

A(1) =

[
4 ε
1 1

]
, A(2) =

[
3 ε
ε 6

]
. (17)

We define the following matrices:

Q(1) =

[
4 3
1 1

]
, Q(2) =

[
4 0
0 4

]
. (18)

The slice spaces generated by the matrices Q(1) and Q(2)

with α = 0 and β = 4 can be obtained as before,

Sβ
α(Q

(1)) =
{
(x1, x2)

� ∈ R2
ε|x1 − 3 ≤ x2 ≤ x1 + 1

}

Sβ
α(Q

(2)) =
{
(x1, x2)

� ∈ R2
ε|x1 − 4 ≤ x2 ≤ x1 + 4

} (19)

It can then be evaluated that A(l)Sβ
α(Q

(i)) ⊆ Sβ
α(Q

(j)) for
the triples (l, i, j) = {(1, 1, 1), (2, 1, 2), (1, 2, 1)} (Fig. 3).
Therefore, the system is path-complete weakly bounded
buffer stable with respect to the max-plus cones (19).

6. CONCLUSIONS AND FUTURE DIRECTIONS

In this paper, we have proposed a framework for studying
stability of switching max-plus linear systems. We intro-
duced autonomous notions of stability for a general class of
discrete-event systems modelled in the max-plus algebra.
We also relaxed the requirement of global monotonicity of
the system dynamics to positive invariance of finitely gen-
erated max-plus cones. This allowed us to generalise the
notions of stability to switching max-plus linear systems
under arbitrary and constrained switching. Uniform stabil-
ity is a restrictive condition when the switching sequence is
not arbitrary. The notions of path-complete stability relax
this requirement when the switching is constrained.

In the future, we will look into the algorithmic aspects of
the existence and computation of positively invariant max-
plus cones. We also plan to extend this framework to non-
autonomous notions of stability in the presence of inputs.
Finally, we plan to extend the stability analysis procedure
to closed-loop switching max-plus linear systems.
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