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We report the first study on the thermal behavior of the stiffness of individual carbon nanotubes, which is
achieved by measuring the resonance frequency of their fundamental mechanical bending modes. We
observe a reduction of the Young’s modulus over a large temperature range with a slope −ð173�
65Þ ppm=K in its relative shift. These findings are reproduced by two different theoretical models based on
the thermal dynamics of the lattice. These results reveal how the measured fundamental bending modes
depend on the phonons in the nanotube via the Young’s modulus. An alternative description based on the
coupling between the measured mechanical modes and the phonon thermal bath in the Akhiezer limit is
discussed.
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In engineering, thermoelasticity is central in determining
the elastic limits of structures ranging from large scale
spacecrafts [1] and nuclear plants [2] down to nanostruc-
tured systems. A rich underlying phenomenology emerges
for small structures, including dissipation [3,4], fluctua-
tions [5,6], and torque generation [7,8], which are key to
the development of state-of-the-art nano- and microelec-
tromechanical technologies [9,10]. Thermoelasticity has
also been used with success in condensed matter physics,
where thermal measurements of the stiffness unveil the
phase transition of charge-density waves and superconduc-
tivity in transition metal dichalcogenides and high-Tc
superconductors [11–13]. From a fundamental point of
view, the thermal behavior of the stiffness—quantified by
the Young’s modulus—emerges from the nontrivial inter-
play of the binding energy and the lattice dynamics.
However, the effect of the thermal lattice dynamics on
the stiffness has remained elusive in individual nanoscale
systems due to experimental challenges related to manipu-
lating and measuring such small objects.
In this work, we use the exquisite sensing capabilities of

mechanical resonators based on nanoscale systems [14–29]
to resolve the small effect associated with the thermal
behavior of their stiffness. Using the resonance frequency
measured by optomechanical spectroscopy, we estimate the
Young’s modulus of micrometer-long nanotube cantilevers
from room temperature down to a few Kelvins. These
results agree with the temperature dependence of the
resonance frequency predicted by molecular dynamics

simulations, which take into account the lattice dynamics
of the nanotube. Our measurements are also consistent with
the Young’s modulus directly computed from a quasihar-
monic approximation of the free energy of the phonon
modes. This work not only shows how the stiffness of an
individual nanotube is related to its phonons, but it also
highlights the role of the phonon thermal bath in nanotube
cantilevers, which is a topic of importance in the field of
nanomechanical resonators [14–29].
We use the single clamped resonator layout, where one

end of the nanotube is attached to a silicon chip and the
other end is free. This layout avoids prestress in the
nanotube built-in during fabrication, in contrast to what
may happen with the double clamped layout. As a result,
the restoring force is given solely by the bending rigidity.
This enables us to probe the Young’s modulus Y by
measuring the resonance frequency, ω0 ∝

ffiffiffiffi
Y

p
[30]. Such

a resonance-based methodology is also employed in
thermoelasticity studies on larger scale systems [11–13,31].
We engineer a platinum particle at the free end of the

nanotube, so that the resonator can be measured by
scattering optomechanical spectroscopy [Fig. 1(a)] [32].
We grow the particle by focused electron beam-induced
deposition [33]. Figure 1(b) shows a scanning electron
microscopy image of device A. Transmission electron
microscopy (TEM) indicates that nanotubes can be made
from one to a few walls, with a median value of two walls
(Supplemental Material, Sec. I [34]). The vibrations are
detected by measuring the backscattered intensity from a
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632 nm laser beam focused onto the particle. Figure 1(c)
shows the optomechanical spectrum of device A. The
resonance frequencies of the fundamental modes polarized
in perpendicular directions are about 52.9 and 54.8 kHz.
The platinum particle does not affect the restoring force
nor the eigenmode shape of the two fundamental modes
[Fig. 1(d)], in contrast to what happens for higher frequency
modes (Supplemental Material, Sec. II [34]). In this Letter,
we use low laser power so that the resonance frequency is
not affected by absorption heating and optical backac-
tion [32].
We quantify Y ¼ ð1.06� 0.28Þ TPa at room temperature

from six devices by combining thermal motion variance
measurement and TEM imaging; the advantage of this

method is that it does not rely on the cantilever mass
(Supplemental Material, Sec. III [34]). The estimated
Young’s modulus is similar to previously predicted and
measured values [53–58]. This indicates that the contami-
nation adsorbed on the nanotube surface has little contri-
bution to the stiffness of the nanotube. The contamination,
which is localized along some portions of nanotubes as
observed by TEM, presumably consists of hydrocarbons
adsorbed during their exposure to air and the particle growth.
The typical stiffness reported for such amorphous material is
comparatively low Y ≈ ð50–300Þ GPa [59].
Figure 2 shows the variation of the resonance frequency

of device A when sweeping the temperature T.
The variation is remarkably similar for both fundamental
modes, independent of the temperature sweep direction and
of whether the motion is thermal or driven with a
piezoactuator. This variation of the resonance frequency
ω0 ¼

ffiffiffiffiffiffiffiffiffi
k=m

p
is associated to the change of the spring

constant k, which is linearly proportional to Y in the single
clamped layout. We extract the relative shift of the
Young’s modulus from the relation ½ΔYðTÞ�=½YðTminÞ� ¼
2½Δω0ðTÞ�=½ω0ðTminÞ�, where Tmin is the lowest temper-
ature at which we record the vibrations. Figure 3(a) shows
the measurements of nine different devices. They all feature
the same trend with a reduction of the Young’s modulus
when increasing temperature. The dependence is essen-
tially linear above about 100 K; the slope averaged over
devices is ΔYðTÞ=Y · 1=T ¼ −ð173� 65Þ ppm=K. These
measurements are related to neither the mass adsorbed on
the nanotube nor the diffusion of adsorbed atoms along the
nanotube nor the thermal expansion of the nanotube nor the

FIG. 1. (a) Schematic of the experimental setup. The sample is
placed at the waist of a strongly focused beam of a He-Ne laser.
The scattered light (not shown) is collected in reflection by means
of an optical circulator and further sent on an avalanche
photodetector. The two double arrows represent the polarization
of the fundamental mode doublet. (b) Device A imaged by
scanning electron microscopy after the deposition of a platinum
nanoparticle; the scale bar is 1 μm [33]. (c) Power spectra of the
optical reflection from device A showing the resonance of
the thermal motion of the fundamental mode doublet at
300 K. The two spectra are recorded using different positions
of the nanotube in the laser waist to enhance the signal [32].
(d) Calculated profile φðxÞ of the fundamental mode shape along
the nanotube axis estimated for two different platinum particle
masses normalized by the nanotube mass.

FIG. 2. Resonance frequency and relative change of the
Young’s modulus of device A as a function of cryostat temper-
ature. The legend indicates the direction of the temperature sweep
(cooling or heating), which fundamental mode is measured, and
whether the detected vibrations are thermal or driven with a
piezoactuator.
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combination of the Duffing nonlinearity and the thermal
motion, as shown in Sec. IVof Supplemental Material [34].
These measurements can be captured by molecular

dynamics (MD) simulations of the nanotube cantilever
dynamics. The temperature dependence of the resonance
frequencies of the lowest energy bending modes obtained
from the MD simulations behave in the same way as those
we measure [Figs. 3(a), 3(b)]. The associated slope
estimated for different nanotube chiralities leads to
ΔYðTÞ=Y · 1=T ¼ −ð79� 6Þ ppm=K, which is rather sim-
ilar to the measured value. This suggests that the thermal
behavior of the Young’s modulus in our measurements is
related to the lattice dynamics of nanotubes.
We employ a second method to directly compute the

Young’s modulus from the energy dispersion of the nano-
tube phonon modes. For this, we evaluate the free energy
FðT; ϵÞ of the phonon modes at T and strain ϵ with the
quasiharmonic approximation, yielding

YðTÞ ¼ 1

V0ðTÞ
�∂2FðT; ϵÞ

∂ϵ2
�

ϵ¼0

;

where V0ðTÞ is the equilibrium volume at this temperature.
The resulting YðTÞ dependence is also consistent with the
measurements [Figs. 3(a), 3(b)]. The slope for different
chiralities is ΔYðTÞ=Y · 1=T ¼ −ð104� 102Þ ppm=K.
The variation of the slope is larger than that obtained with
molecular dynamics; this difference may be due to the
infinite nanotube length and the purely linear vibrational
dynamics considered in the quasiharmonic approximation
method, while the lengths in the molecular dynamics
simulations are much shorter, that is, less than 40 nm.
Overall, the experimental findings are fairly consistent with
both models considering the typical differences between
the values of Y of nanotubes obtained with different
experimental and theoretical methods [53–58]. Both theo-
retical models are described in the Supplemental Material
(Secs. V and VI) [34].
These results show how the measured fundamental

mechanical modes are linked to phonons via the

Young’s modulus. An alternative way to describe this link
is to consider the coupling of the measured mechanical
modes with the thermal bath made of the phonons of the
nanotube. In other words, the measured T dependence of
ω0 is related to the phonon thermal bath. It is likely that the
phonon thermal bath in our experiments operates in the
Akhiezer limit [60]. Over the temperature range that we
measure, the phonon modes in nanotubes with energy ℏωk
similar to kBT have decay rates 1=τk larger than ω0, since
τk ≈ 10 ns was measured for breathing modes at T ¼ 5 K
[61] and we estimate τk to be typically in the 10–1000 ns
range for the longitudinal and twist modes [62] (Sec. VII of
the Supplemental Material [34]). (The estimation of τk for
high-energy bending modes is complicated and beyond the
scope of this work.) This sets the Akhiezer limit ω0τk ≪ 1
at least for the breathing, longitudinal, and twist modes
[63]. It involves three-phonon processes, where one vibra-
tion quantum of the measured mode is absorbed together
with the absorption and the emission of high-energy
phonons with frequencies ωk and ωk0 , respectively. The
sizeable decay rates of the high-energy phonons lead to
uncertainty in their energy. This lifts to some extent the
restriction associated with the energy conversation of the
three-phonon process, ω0 ¼ ωk − ωk0 , which holds in
the Landau-Rumer limit when ω0τk ≫ 1. For this reason,
the resonance frequency reduction and the relaxation in the
Akhiezer limit are expected to be larger than that in the
Landau-Rumer limit over the studied temperature range.
The thermoelastic limit [4] does not apply for nanotubes,
since the model relies on phonons that locally reach thermal
equilibrium at different temperatures on the two sides of the
beam cross section, which is not realistic for such narrow
resonators.
It is expected that the phonon thermal bath significantly

contributes to the measured dissipation via the Akhiezer
relaxation, since a thermal bath results in a resonance
frequency reduction as well as dissipation, both of them
being related through the Kramers-Kronig relations [64].
Figures 4(a) and 4(b) show the measured temperature
dependence of the mechanical linewidth of the different

(a) (b)

FIG. 3. Comparison of the relative change of the resonance frequency and the Young’s modulus between experiment (a) and theory
(b) for different nanotubes. The theoretical results are obtained for different nanotube chiralities with either molecular dynamics (MD)
simulations or quasiharmonic approximation (QHA) calculations. The MD simulations and the QHA calculations quantify Δω0=ω0 and
ΔY=Y, respectively.

PHYSICAL REVIEW LETTERS 126, 175502 (2021)

175502-3



measured devices. The measurements feature one or two
peaks of dissipation at some specific temperatures. These
observed peaks could arise from the Akhiezer relaxation.
The Akhiezer dissipation rate depends in a complicated
way on the number of phonon modes with energy
ℏωk ≲ kBT, their population, and their decay rate [63].
The temperature dependence of the Akhiezer dissipation
rate could feature one or more peaks in dissipation,
especially since the phonon density of states varies up
and down as a function of energy [62,65] and the
temperature behavior of the decay rate changes for differ-
ent phonon modes. In addition, the dissipation peaks
could emerge at different temperatures for different nano-
tube chiralities, since the phonon energy dispersion is
chirality dependent. The measured peaks in dissipation
cannot be described by the model that is used in the
literature [66,67] to quantify dissipation due to defects.
See Secs. VIII and IX of the Supplemental Material for
further discussion on the Akhiezer dissipation and dis-
sipation due to defects [34].

In conclusion, we report the first experimental study of the
temperature dependence of the Young’s modulus of a nano-
scale system. The measurements are consistent with theoreti-
cal predictions based on the nanotube lattice dynamics. This
indicates that the phonon thermal bath plays an important role
in the dynamics of nanotube cantilevers, including thermal
vibrational noise, dissipation, and resonance frequency reduc-
tion. Further theoretical work is needed to compute the
Akhiezer relaxation in nanotubes beyond the models used
so far, where a single decay rate is employed for all the high-
frequency phonon modes [67–69]. This may be achieved with
a microscopic theory [63] taking into account the phonon
energy dispersion [65] and the energy decay of high-fre-
quency phonons [62]. It will be interesting to seewhether such
a model leads to dissipation peaks at specific temperatures as
observed in our work.
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