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SUMMARY

This thesis presents energy invariant mechanisms that can be scaled to micro size. They
are also called statically balanced, because all static forces are balanced against each
other. They enable effortless suspension of weight, and flexible devices without stiff-
ness, seemingly defeating gravity and elasticity. In large scale applications such as mov-
able bridges and ship lifts gravitational forces dominate elastic forces and counterweight
balancing is the only practical approach. At small length scales, roles reverse: gravity be-
comes insignificant and elastic forces dominate. While other conservative forces such as
magnetics or electrostatics also become relevant, focus will be placed on elastic forces.

Static balancing is investigated at various scales, working our way down as we
progress through the chapters. This investigation starts with a method for the analy-
sis and synthesis of energy invariance in rigid body mechanisms, which are often used
to aid the more difficult design of compliant mechanisms. It allows symbolic derivation
of balancing conditions for serial kinematic chains with any number of links and zero-
free-length springs. Virtual transmissions are introduced to temporarily constrain the
chain to single degree of freedom and ease solving. Examples are provided in 2D and 3D.

Static balancing is commonly used in civil engineering, robotics and large scale com-
pliant mechanisms, where preloading is relatively easily applied by hand or preloading
assembly. However, preloading becomes difficult at small scales and is identified as the
primary reason the state of the art is not down-scalable. It is addressed by the design
of various monolithic and planar architectures. The fully compliant mechanisms with
linear and rotary motion incorporate a bistable mechanism that sustains the required
preload in a reversible way. In one case, opposing constant force and torque achieves
stiffness reduction by 98.5 % and 90.5 % respectively with increased relative range of mo-
tion (from 3.3 % to 6.6 %) and reduced complexity compared to the state of the art.

In the second case a new V-shape plate spring is used that minimizes and maximizes
stiffness when preloaded and when not preloaded respectively. An unprecedented stiff-
ness reduction of 99.9 % and 98.5 % is achieved under large deformations in fused model
deposition prototypes made out of polylactic acid. In all four cases switching between
soft and hard modes can be done reversibly by toggling the bistable switch directly. Al-
ternatively, the soft mode can be entered by actuating the shuttle over a force threshold.

In addition, preloading is addressed by making it part of the manufacturing process
by exploiting residual stress from thin film deposition. A stiffness reduction by a factor
9 to 46 is achieved over a range of 380µm by thermal oxidation of silicon. The stiffness
reduction is achieved in a passive way, allows for parallelized manufacturing, is space
efficient and is scalable, since surface effects become more dominant at smaller scales.

Miniature statically balanced mechanisms will be an enabling technology for low fre-
quency sensors, mechanical energy harvesting, mechanical watch oscillators, mechani-
cal logic and computing, microrobotics, compliant transmission mechanisms, and make
small scale compliant mechanisms more energy efficient.

vii





SAMENVATTING

Deze thesis presenteert energie invariante mechanismen die naar mircoformaat ge-
chaald kunnen worden. Een alternatieve naam is statisch gebalanceerde mechanismen,
omdat alle statische krachten tegen elkaar worden uitgebalanceerd. Ze maken moeite-
loze ophanging van gewicht en flexibele apparaten zonder stijfheid mogelijk, die schijn-
baar de zwaartekracht en elasticiteit overwinnen. In toepassingen op grote schaal zo-
als beweegbare bruggen en scheepsliften domineert de zwaartekracht elastische krach-
ten, zodat balanceren met contragewichten de enige praktische oplossing is. Op kleine
schaal keren de rollen om: de zwaartekracht wordt onbeduidend en elastische krachten
domineren. Terwijl andere conservatieve krachten zoals magentisme en elektrostatica
ook relevant worden, zal de focus worden gelegd op elastische krachten.

Statisch balanceren wordt op verschillende schalen onderzocht, waarbij we in ie-
der volgend hoofdstuk een steeds kleinere lengteschaal bekijken. Dit onderzoek begint
met een methode voor de analyse en synthese van energie invariantie in mechanismen
met rigide elementen, die vaak als voorloper op compliante mechanismen worden ge-
bruik in het ontwerpproces. Het maakt de afleiding van evenwichtscondities mogelijk
voor seriële kinematische kettingen met een willekeurig aantal schakels en veren met
een rustlengthe van nul. Virtuele transmissies worden geïntroduceerd om de keten tij-
delijk te beperken tot een enkele vrijheidsgraad en om het oplossen te vergemakkelijken.
Er worden voorbeelden in 2D en 3D gegeven.

Statisch balanceren wordt vaak gebruikt in de civiele techniek, robotica en grotere
compliante mechanismen, waar voorspanning relatief eenvoudig kan worden toegepast
met de hand of voorspanningsconstructie. Voorspannen wordt echter moeilijk op kleine
schaal en wordt gezien als de belangrijkste reden waarom huidige techniek niet kan wor-
den verkleind. We bieden een oplossing door verschillende monolithische en platte
architecturen te ontwerpen. De geheel compliante mechanismen, die linear end rote-
rend bewegen, bevatten een bistabiel mechanisme dat de vereiste voorspanning op een
omkeerbare manier aanbrengt. In het eerste type wordt door tegengestelde constante
kracht en koppel een stijfheidsvermindering bereikt met respectievelijk 98.5 % en 90.5 %
met een groter relatief bewegingsbereik (van 3.3 % tot 6.6 %) en verminderde complexi-
teit in vergelijking met de huidige techniek.

In het tweede type wordt een nieuwe V-vormige plaatveer gebruikt die de stijfheid
minimaliseert en maximaliseert als deze respectievelijk is voorgespannen of niet. Een
ongekende stijfheidsreductie van 99.9 % en 98.5 % wordt bereikt voor grote vervormin-
gen in 3D geprinte prototypen van polylactide. In alle vier gevallen kan worden gewisseld
tussen stijf en compliant door de bistabiele schakelaar om te zetten. Ook kan de compli-
ante modus worden geactiveerd door de shuttle over een krachtdrempel te bewegen.

Bovendien wordt voorspannen bewerkstelligd als onderdeel van het fabricageproces
door gebruik te maken van restspanning in een dunne filmafzetting. Stijfheidsreductie
met een factor 9 tot 46 is bereikt over een domein van 380µm door thermische oxida-
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x SAMENVATTING

tie van silicium. Het is passief, ruimtebesparend en schaalbaar aangezien oppervlakte-
effecten dominanter worden op kleinere schaal.

Geminiaturiseerde statisch gebalanceerde mechanismen zullen het mogelijk maken
nieuwe sensor technologie te ontwikkelen, maar ook mechanische energy opwekkers,
oscillators voor mechanische horloges, mechanische logica en computers, microrobo-
tica, compliante transmissiemechanismen en zullen kleinschalige compliante mecha-
nismen meer energie efficient kunnen maken.



1
INTRODUCTION

This chapter explains what energy invariant mechanisms are and why they are useful and
necessary. An overview of the state of the art shows that various principles for creating en-
ergy invariance dominate different length scales. This leads us to identify that little work
at small scales (sub-centimeter) is done, because there are no straightforward approaches
for preloading. We give the contributions and outline the structure of this thesis that is
concerned with making energy invariant mechanisms scalable.

1



1

2 1. INTRODUCTION

T He way potential energy is stored and released affects the performance of many me-
chanical systems. For example, the constant pull of gravity requires excessive motor

torque in robotic manipulators [1] and causes issues in the rehabilitation of human mo-
tor control impairment [2, 3]. Also, elasticity in compliant mechanisms causes part of
the input energy to be stored as strain energy, which challenges energy efficiency and for
example effective haptic feedback [4, 5].

A powerful solution is to prevent potential energy from entering and exiting the sys-
tem. That is, to design for energy invariance over the complete motion domain of the
system. These systems are called statically balanced [6] and in this thesis we work to-
wards their design on small scales.

1.1. ENERGY INVARIANCE
Energy is an eternal shapeshifter that can only change form and is never truly lost. We
are familiar with many of its faces such as thermal, chemical, nuclear and electric energy,
but in classical mechanics only kinetic and potential energy are distinguished, i.e. the
Hamiltonian or Lagrangian [7]. Kinetic energy measures the amount of work required to
get a body in motion or to stop it, whereas potential energy is the capacity for motion.
This study is only concerned with static bodies. This means motion is never concerned
in a dynamical sense but always quasi-statically, which means the velocity is always close
to zero (v ≈ 0) and therefore the kinetic energy (K E ∝ v2) is insignificant.

Static systems that have a constant potential energy for all configurations are called
statically balanced [6], because all conservative forces are balanced against each other.
They can be moved effortlessly because restoring forces are eliminated which results in
zero stiffness. Such a sustained equilibrium can be achieved in various ways, but the
general approach is to add an energy buffer that is able to release and absorb the poten-
tial energy from the original system. It makes sure the potential energy flows within the
system, incapacitating its true release and its natural tendency to cause motion.

Energy buffers are able to release energy, because they contain a predetermined
amount of stored energy and are unstable when isolated. Mechanical systems with these
properties exhibit negative stiffness, because the direction of motion and the direction

(a) (b) (c)

Figure 1.1: An army of robots fighting against gravity [8]. A fully compliant laparoscopic gripper with elastic
equilibrium in the closed state [9, 10]. Fully compliant watch oscillator with a relatively high natural frequency
(18Hz) compared to conventional watches (4Hz) [11].
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of force are aligned. Arguably, one of the simplest examples of a negative stiffness mech-
anism is an inverted pendulum. If disturbed from its unstable equilibrium, force and
displacement amplify each other, assuring permanent escape.

For elastic devices, negative stiffness means that the usual relation between force and
displacement is reversed. This does not violate mechanics and is relatively easily created
by preloading a spring system. Unstable systems are typically avoided in engineering
science, because displacements can grow uncontrollably and cause damage. However,
when integrated with a stable system, the combined system may exhibit marginal or
neutral stability, that is, be energy invariant and statically balanced.

It is not hard to imagine that preloading poses different challenges at different scales.
On large scale forces may become so big that heavy equipment is required, whereas on
the centimeter scale simple hand tools or manual precision stages may be sufficient. But
what should we do when systems become so small they cannot be seen by the naked eye
and manipulation of any sort is very likely to damage the system?

Figure 1.2: This graphs shows the characteristic device length of 54 devices from about as much scientific stud-
ies. Each data point represents one device corresponding to the paper on the right y-axis. The total number
of devices at a particular scale is visualized with the histogram with the bin count on the left y-axis. We dis-
tinguish between four types, of which three are different types of static balancing. It can be seen that each
type dominates a particular length scale and that most research is done on decimeter scale. On small scale
(< 1×10−2) no statically balanced mechanisms are reported, only constant force mechanisms. All references
are listed in appendix A.

1.2. STATIC BALANCE AT DIFFERENT SCALES
A plethora of statically balanced systems can be found in scientific literature, ranging
from centimeter to hectometer scale. An overview is presented in figure 1.2 where each
data point represents a mechanical device. Each device is plotted versus its characteris-
tic length given in or inferred from the scientific study. Figure 1.2 distinguishes between
four types of systems:
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• Mass-mass balancing (figure 1.3a) uses counterweight balancing to cancel gravi-
tational effects on a primary mass [12–14].

• Mass-spring balancing (figure 1.3b) also compensates gravitational effects but it
does so with an elastic device [6, 15–32]. Elastic devices of this sort are almost ex-
clusively comprised out of coiled extension or compression springs and use rigid
body mechanisms to create the desired non-linear compensatory stiffness pro-
files.

• Spring-spring balancing (figure 1.3c) uses an elastic structure to cancel the elastic
effect of another elastic structure [33–52].

• Constant force [53–58] and constant torque [59–61] mechanisms are not statically
balanced, but they can be directly used to create static balance.

(a) (b) (c)

Figure 1.3: Schematic representations of three types of static balancing. (a) Mass-mass balancing, (b) mass-
spring balancing and (c) spring-spring balancing [6].

Figure 1.2 reveals that each of the four device categories dominate a particular length
scale. Unsurprisingly, mass-mass balancing is mainly used for extremely large systems
(> 1×102 m) predominantly in civil engineering structures such as movable bridges [13]
and ship lifts [14], because it is the only reasonable approach. However, the added mass
is often undesirable due to increased inertial forces during dynamical operation of in-
dustrial robotic systems, for example. Therefore, systems around the meter scale (∼ 1m),
often robotic systems, resort to elastic systems to counteract gravity in order to reduce
required motor torque.

The largest body of literature reports statically balanced mechanisms at the decime-
ter scale (∼ 1× 10−1 m). At this scale compliant mechanisms come into play, because
reasonable deflections can be obtained within material limits. In addition, manufactur-
ing of complex geometries is relatively straightforward with conventional machine shop
equipment and characterization of device properties is relatively straightforward with
standard and low-cost laboratory equipment.

However, as we go into smaller scales in the centimeter (∼ 1× 10−2 m), millimeter
(∼ 1×10−3 m) and even sub-millimeter (< 1×10−3 m) range, less research is published.
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Since compliant mechanisms are well suited for miniaturization, and a lot of micro-
electromechanical systems (MEMS) research has been published [62–64], this raises the
question why these devices are not more abundant. One reasonable explanation is that
preloading is very difficult at a small scale.

1.3. STATICALLY BALANCED COMPLIANT MECHANISMS
Spring-spring balancing as it is shown in figure 1.3c is arguably pointless, because the
system would behave the same way without springs. However, this type of balancing
is important if there is parasitic stiffness; an undesirable elastic effect as a secondary
property of the system. This happens almost exclusively in the domain of compliant
mechanisms, where force and deflection are by their nature interrelated.

Compliant mechanisms achieve their mobility through elastic deformation of slen-
der segments, such as plate and wire flexures. They enable engineers to design mech-
anisms without overlapping components that move relative to one another. This has
many benefits such as the elimination of sliding friction resulting in less wear, noise and
vibration which eliminates the need for lubrication, regular maintenance and enables
applications in clean environments due to much reduced particle generation. Reduced
relative motion between components means less backlash in kinematic pairs, which
makes them perfect for high precision mechanical applications without the need for ex-
treme control of tolerances [65]. Simultaneously, the number of individual components
can be reduced up to a fully monolithic architecture, relaxing or even eliminating as-
sembly. This may lower weight, increase compactness and opens up the opportunity for
a two-dimensional embodiment. Monolithicity ensures good scalability and planarity
makes them compatible with well established surface-micro-machining from semicon-
ductor manufacturing such as photolithography.

However, in any unbalanced compliant mechanism, part of the input energy is stored
as strain energy and is not available to the output [66]. The resulting restoring forces
cause disturbances on force feedback in haptic interfaces [5] and compliant surgical
tools [10]. Elastic effects may require high actuation forces [51] and hence challenge
energy efficiency [4, 48, 67] in for example fully compliant micro transmission mecha-
nisms [68, 69]. In addition this may limit the range of motion [70], transmit unwanted
vibrations [71] and cause high natural frequencies of oscillation [64].

These adverse circumstances may be mitigated by geometric means, however they
can never be resolved entirely this way. After all, the stiffness of plate and wire flexures
is related to their length and cross section which cannot be reduced to zero. In addition,
manufacturing constraints, desired kinematics and sufficient support stiffness may fur-
ther limit the minimum dimensions.

Instead, an energy buffer may be added to create negative stiffness for balancing.
However, this requires preloading, which makes their design even more difficult com-
pared unbalanced compliant mechanism. On large scales (i.e. > 1×10−2 m) preloading
is oftentimes done manually [48, 72, 73] or with a preloading assembly such as a lead-
screw [74] or a precision stage [46]. However on small scales (i.e. < 1×10−2 m) manual
handling is difficult and easily causes damage and assembly is economically unjusti-
fiable [75]. Monolithic statically balanced compliant mechanisms without preloading
assembly have been proposed [34, 42, 49], however they still need to be moved and kept
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into their low stiffness domain by some form of physical manipulation. Even though
topology optimization [66, 76] and building block approaches [46] may assist solving
these multi objective design problems, more research is required for systematic design
paradigms for micro-scale statically balanced compliant mechanisms.

1.4. PROBLEM DEFINITION AND RESEARCH GOALS
The primary challenge in the design and fabrication of energy invariant mechanisms is
to create a geometry in which positive and negative stiffness exactly counteract by insert-
ing a precise amount of potential energy into the system. In large scale systems applying
preloading is relatively straightforward and most research has focused on creating ap-
propriate geometries. However in small scale systems it is not obvious how preloading
should be applied and consequently very little small scale (or downscalable) mechanism
architectures have been proposed. Therefore the goal of this research is to investigate
feasible preloading methods for energy invariant mechanisms at small scales and to de-
velop new device architectures that can be scaled down. To achieve this research goal,
several subgoals are formulated, which are addressed in subsequent chapters:

• Improve understanding of the required conditions for static balance by develop-
ing a mathematically precise method for the synthesis and analysis of rigid body
spring mechanisms.

• Develop single-component and planar statically balanced compliant mechanisms
that can be activated after production to make them compatible with conventional
methods for micro-fabrication.

• Develop various essential building block components with linear and rotational
kinematics for down-scalable statically balanced compliant mechanisms.

• Make preloading part of the manufacturing process by exploiting residual stress
from thin film deposition.

The present work covers the system types from figure 1.2, except mass-mass balancing.
The characteristic device length will reduce as we address each subgoal in subsequent
chapters, as will become clear in the next section.

1.5. THESIS OUTLINE
In chapter 2 the balancing conditions for spring mechanisms with rigid links are inves-
tigated. Improving the understanding of static balance in linkages is useful with respect
to our main research goal, because rigid body mechanisms are often used as a precursor
in the design of miniaturizable compliant mechanisms. To be precise, a mathematical
method for the design synthesis and analysis of mass-spring and spring-spring balanced
serial chains is developed. The method generalizes among the number of links in 2D and
3D, the number of zero free length springs and includes transmissions. It uses homoge-
neous transformation matrices which make it compatible with conventions for robot
kinematics such as the Denavit Hartenberg parameters [77]. The method is easily solv-
able because it temporarily constrains the system to a single degree of freedom with a
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virtual transmission, but the algebraic balancing conditions generalize to all degrees of
freedom afterwards.

In chapter 3 and chapter 4, four single-component and planar spring-spring bal-
ancers are developed. Device architectures like this are compatible with conventional
micro-manufacturing techniques such as lithography, which enables their downsizing.
To achieve static balance the substructure responsible for storing potential energy to
generate negative stiffness has to be integrated seamlessly. This is done by exploiting
fully compliant mechanical switches that exhibit bistable behavior. All four mechanisms
from chapter 3 and chapter 4 can reversibly change between highly stiff and compliant
configurations reducing both linear and torsional stiffness up to 99.9 %, simply by tog-
gling the switch.

The difference between chapters 3 and 4 is in what building blocks are used to es-
tablish balance. In Chapter 3 novel constant force and torque mechanisms, obtained
by a linear buckling analysis, are preloaded against each other to bring about very low
stiffness with reduced complexity, compared to the state of the art. In chapter 4 a novel
V-shaped negative stiffness building block is introduced that is able to minimize stiffness
when preloaded, yet it maximizes stiffness when it is not preloaded. In combination with
a simple linear and rotational stage we achieve what is essentially binary stiffness. That
is, a stiffness that can be turned on and off with the potential to be made on the micro-
scale, which enables advanced mechanical digital machines and mechanical computers.
For example, they could be directly used as rod-logical elements [78, 79].

In chapter 5 preloading is made part of the manufacturing process by exploiting
residual thin film stress. Normally, such stresses are to be avoided, since they unde-
sirably deform the silicon substrate and potentially damage device layers or alter their
behavior. However, in the present study, compressive residual stress is exploited to elon-
gate microbeams that generate negative stiffness resulting in constant force and spring-
spring balanced mechanisms. Since thermal oxidation acts globally and is a commonly
used step in the fabrication of microelectromechanical systems (MEMS) it readily en-
ables batch fabrication of balanced micro-compliant mechanisms. Since surface effects
become larger at smaller scales, this approach is promising for further miniaturization.

In chapter 6 preliminary results are reported to provide more evidence for the scal-
ability of the proposed compliant mechanisms and methods. Apart from arguing scala-
bility, we discuss the contributions of this thesis in light of the current scientific status,
further possible applications and take a careful look into the future and make our final
conclusions.
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2
STATIC BALANCING OF SERIAL

CHAINS WITH VIRTUAL

TRANSMISSIONS

Static balancing can eliminate conservative forces caused by elasticity and gravity for ex-
ample. In statically balanced systems, loads on for example compliant mechanisms, robot
arms or human limbs are eliminated in every configuration by adding counteracting con-
servative forces. A myriad of examples of these systems exists, but general methods for their
design synthesis are rare. In this paper we present a general and easy-to-solve method for
statically balancing planar and spatial linkages with zero-free-length springs. We intro-
duce virtual transmissions to temporarily constrain a linkage to a single degree of free-
dom and set the variation of the potential energy to zero to obtain balance for all degrees
of freedom. In addition this enables the design of statically balanced systems with actual
transmissions, such as gears, pulley systems and chain drives. Homogeneous transforma-
tion matrices make it compatible with the Denavit-Hartenberg parameters and allow easy
extension to tree-structured linkages. Even though one may expect complicated systems to
be increasingly difficult to solve, we show that algebraic conditions for large systems are as
easily solved as a system with only a single link. Various examples are included to show
efficacy.

This chapter will be submitted as a scientific article entitled Static balancing of planar and spatial serial chains
with virtual transmissions to the journal of Mechanisms and Machine theory by P.R. Kuppens, M.A. Bessa and
J.L. Herder
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2.1. INTRODUCTION
Conservative forces caused by gravity and elasticity can negatively affect system perfor-
mance. Elastic forces may challenge energy efficiency in compliant mechanisms [1],
especially in transmission mechanisms as part of the input energy is stored [2, 3]. Gravi-
tational forces may cause poor efficiency in robotics [4], cause significant physical strain
on factory workers [5] and hamper the daily routines of people with reduced muscular
force [6, 7]. Therefore these forces often need to be eliminated by static balancing.

A statically balanced system has invariant potential energy of the entire range of mo-
tion, implying static equilibrium in any position instead of one or few positions, so that
it remains in any position without effort [8]. Gravity balancing oftentimes is done by
counterweight balancing. However adding counterweight significantly increases system
inertia, which is typically undesirable [4]. Instead, springs can be used to create a sus-
tained equilibrium.

Many examples of statically balanced mechanisms exist in literature. For example
the basic spring-force balancer, the double slider mechanism and their derivatives [8],
four bar mechanisms [8, 9], pantograph linkages [10], tree-structured mechanisms [11],
planar serial chains [12], gravity equilibrators [13] and numerous spatial mechanisms
[14–16]. In many cases new mechanisms are found by adding auxiliary parallel links to
essentially repeat the same balancing unit [8, 13, 17, 18] or clever kinematic transforma-
tions are used to maintain moment balance [8].

Although the conditions for static balance are well understood [1], general meth-
ods for their synthesis are scarce. Perfect balancing of kinematic chains with revolute
joints of arbitrary length, open or closed loop, was first shown possible by adding auxil-
iary links by [13]. It was later extended by [17] to include all kinematic pairs. However,
auxiliary links may limit the range of motion by link interference, need to consider toler-
ances, provide additional inertia to the system and may challenge robustness due to the
increased number of components [12].

A method for statically balancing serial and tree-structured kinematic chains without
auxiliary links was first proposed by [19] and later extended in [11]. It is based on the
decomposition of springs and involves a recursive algorithm that places zero-free-length
springs between links and the ground. Their method also applies to spatial mechanisms,
while parallel mechanisms can be balanced by breaking the problem into sub-problems.

A method that more generally considers spring topology and does not require a re-
cursive algorithm is presented in [12, 20] and extended to 3D in [21, 22]. They define a
configuration-free stiffness block matrix to describe the potential energy over the entire
motion domain. They show that potential energy is constant if the stiffness block matrix
is diagonal. Conditions for a particular linkage are obtained by setting all its off-diagonal
elements simultaneously to zero, which typically requires a computer algebra system.

In this paper we present a more general and easy to solve method for the design of
statically balanced serial kinematic chains in 2D and 3D with zero-free-length springs
that provides more physical understanding. The mathematical framework allows for a
variable number of links and springs and makes no assumptions about the spring topol-
ogy. It works by introducing a temporary and virtual transmission (the variables ρi ) be-
tween all links and expressing the total potential energy U of the system over the entire
configuration space in a single parameter α. The variation of the energy U is now a sin-
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gle derivative and by equating it to zero the algebraic conditions for perfectly balanced
mechanisms are derived. Since it is set to zero for all possible virtual transmissions (i.e.
all values of ρi and α) the derived conditions generalize to all degrees of freedom.

Balancing conditions are also obtained for mechanisms with actual transmissions
and we show that, for any linkage, there exists a topology of zero-free-length springs that
results in an independent set of conditions that can be solved one by one. Zero-free-
length springs enable us to derive conditions algebraically, because their potential en-
ergy is proportional to their length squared, this contrasts with normal springs. Although
zero-free-length springs are not readily available, they are easily constructed from nor-
mal springs [8, 19, 23].

In addition, the method is directly compatible with the widely used Denavit-
Hartenberg convention [24] and can be easily expanded to tree-structured mechanisms
[11], because we use homogeneous transformation matrices.

We explain the method in section 2.2, for 2D in section 2.2.1 and 3D in section 2.2.2. It
is followed by four planar examples in section 2.3. We start with the simplest of examples,
a single link system in section 2.3.1, followed by a two link system in section 2.3.2. We
then give an example of a two link system with an actual transmission in section 2.3.3,
followed by a three link system in section 2.3.4. One spatial example is given in sec-
tion 2.4. In section 2.5 we give a proof that an independent set of coefficients can be
obtained for any linkage, followed by a discussion in section 2.6 and a conclusion in sec-
tion 2.7. Various examples in 2D and 3D demonstrate the versatility of our method.

2.2. METHOD
The method statically balances a system by setting the variation of its total potential en-
ergy U to zero for all configurations. The energy U is the sum of the elastic potential
energy Ue of the zero-free-length springs and gravitational potential energy Ug of the
bodies. It is by definition a multivariate function for multiple degrees of freedom (DOFs).
Consequently the variation of U is a set of partial derivatives that are required to be si-
multaneously zero for static balance, which is less easily solved than a single equation.

Figure 2.1: Virtual transmission conceptual drawing. The dashed lines represent a temporary and virtual trans-
mission system. Although the pulley radii are fixed in this schematic they have an arbitrary radius, because the
method computes solutions for all transmission ratios simultaneously.

This set of partial derivatives can be reduced to a single derivative by virtually and
temporarily constraining the system to a single DOF with a virtual transmission, see fig-
ure 2.1. With a virtual transmission we temporarily impose constraints on the system
by writing all generalized coordinates as a multiple ρi of a single generalized coordinate
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α. A such the derivative of U (α) is a single equation in which energy variations of in-
dividual components are represented by sinusoidal functions of α and the transmission
ratios ρi . Algebraic balancing conditions are obtained by setting the coefficients to these
sinusoidal functions zero.

The transmission is virtual, because no actual transmission ratios have to be as-
sumed in order to constrain the system. The ratios ρi can have any value, because they
do not occur in the coefficients of the sinusoidal functions that we need to solve. This
means that all pulleys shown in figure 2.1 have an arbitrary radius and that solutions are
valid for all independent DOFs. As such, the obtained algebraic conditions for static bal-
ance generalize to the original unconstrained configuration space of the mechanisms.

Nonetheless, numerical substitution of the transmission ratios ρi is allowed which
results in a system with an actual transmission, see section 2.3.3. The method is identical
for planar and spatial linkages. However, because the method is more easily explained
graphically in 2D, they will be separately discussed below.

2.2.1. METHOD IN 2D
Let us take a serial linkage with n links and attach to each link i = 1, . . . ,n a local coordi-
nate frame Oi as shown in figure 2.2. A revolute joint is located at the origin of each Oi

connecting link i and i −1. The coordinate frame O0 is global and represents the ground.
The set of all coordinate frames is called O = {O0,O1, . . . ,On}.

Figure 2.2: Schematic of the parametric model.

Each link i has a mass mi and gravity works in the negative x0-direction. The initial
center of mass location ci of each mass mi in local coordinate frame Oi is defined in
polar coordinates

(
vi ,ηi

)
by

ci =
[

xci

yci

]
=

[
vi cos

(
ηi

)
vi sin

(
ηi

)] , i = 1, . . . ,n. (2.1)

A spring is attached to the linkage by choosing points for its endpoints in two distinct
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coordinate frames Oi and O j . All combinations of coordinate frames are given by C = (O
2

)
which means there are |C | = (n+1

2

)
topologically distinct ways of connecting a spring.

Next we define the index set J = {
(
i , j

) |{Oi ,O j } ∈C and i < j } which gives us the indices
of each local frame for all distinct topological options.

For each possible spring topology X ∈ J with X = (
i , j

)
we define nX springs (nX

can be 0 and distinct for each X ). We uniquely associate with each X two matrices
SX = [

sX 1, . . .sX nX

]
and PX = [

pX 1, . . .pX nX

]
. The points sX i and pX i represent the

origin and insertion of spring X i and for topology X = (
i , j

)
the points in SX are always

associated with Oi and the points in PX with O j . In other words, sX i is always used in
the local frame that is closest to O0. They are given by:

sX i =
[

xsX i

ysX i

]
=

[
qX i cos

(
φX i

)
qX i sin

(
φX i

)]
pX i =

[
xpX i

ypX i

]
=

[
rX i cos(θX i )
rX i sin(θX i )

]
, ∀X ∈J , i = 1, . . . ,nX

(2.2)

where (qX i ,φX i ) and (rX i ,θX i ) are polar coordinates for each spring X i with topology
X ∈ J and spring number i = 1, . . . ,nX . Please note that in the examples given in the
following chapters, the topology X = (

i , j
)

that belongs to a certain parameter can be
expanded in the following way nX = ni

j , PX = P i
j , SX = Si

j and so on.

Virtual transmissions are now introduced as follows. Each frame Oi with i ≥ 1 is
rotated and translated in the preceding frame Oi−1 with an angle ρiα and translation[
txi , tyi

] = [ti ,0], where the variables ρi define a virtual transmission and can be re-
garded as an arbitrary scalar or function of α. The origins of O0 and O1 are coincident,
such that t1 = 0.

The relative motion of local coordinate frames is computed with n homogeneous
matrices of the form

H i−1
i (α) =

cos(ρiα) −sin(ρiα) ti

sin(ρiα) cos(ρiα) 0
0 0 1

 , i = 1,2, . . . ,n. (2.3)

The length of a spring X i as a function of α is defined by ||dX i (α)||2 where dX i (α) is a
vector in the matrix DX = [

dX 1, . . . ,dX nX

]
, which is given by[

DX (α)
1

]
=

(
j∈X∏
k=1

H k−1
k (α)

)[
PX

1

]
−

(
i∈X∏
k=1

H k−1
k (α)

)[
SX

1

]
(2.4)

The location of each center of mass as a function of α, c∗i (α), with i = 1, . . . ,n is given by

[
c∗i (α)

1

]
=

x∗
ci (α)

y∗
ci (α)

1

=
i∏

k=1
H k−1

k (α)

[
ci

1

]
(2.5)

The potential energy in the system is given by the sum of the elastic potential energy
Ue (α) and gravitational potential energy Ug (α):
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U (α) =Ue (α)+Ug (α) (2.6)

where, assuming zero-free-length springs

Ue (α) =
∑

X ∈J

UX (α) =
∑

X ∈J

nX∑
i=1

1

2
kX i ||dX i (α) ||22 (2.7)

and

Ug (α) =
n∑

i=1
Ug i (α) =

n∑
i=1

g mi x∗
ci (α)+Uc (2.8)

with kX i the stiffness of spring X i , g the gravitational constant and Uc a constant energy
offset in the gravitational potential field. We have chosen gravity to act in the negative
x0-direction, without loss of generality.

Static balance requires the potential energy to be constant over the whole motion
domain, i.e. U (α) = C , ∀α. Equivalently the derivative of U (α) is zero over the whole
domain, i.e.:

dU (α)

dα
= 0, ∀α (2.9)

Finding values for all variables that satisfy equation (2.9) will result in a perfectly stati-
cally balanced system. This involves the variables mi , vi , ηi , ρi and ti with i = 1, . . . ,n
and for kX i , rX i , qX i , θX i , φX i with i = 1, . . . ,nX for each X ∈ Q ⊆ J where Q is a
nonempty subset of J .

2.2.2. METHOD IN 3D
The method for 3D is identical to 2D, however revolute joints can be oriented along arbi-
trary axes and spherical coordinates are used instead of polar coordinates to define mass
and spring locations. The center of mass location ci of each mass mi in its respective co-
ordinate frame Oi is given by

ci =
xci

yci

zci

=
vi sin(ξi )cos

(
ψi

)
vi sin(ξi )sin

(
ψi

)
vi cos(ξi )

 , i = 1, . . . ,n. (2.10)

For each topology X the nX spring endpoint locations sX i and pX i are given by:

sX i =
xsX i

ysX i

zsX i

=
qi sin

(
γi

)
cos

(
φi

)
qi sin

(
γi

)
sin

(
φi

)
qi cos

(
γi

)


pX i =
xpX i

ypX i

zpX i

=
ri sin(ζi )cos(θi )

ri sin(ζi )sin(θi )
ri cos(ζi )

 , ∀X ∈J , i = 1, . . . ,nX .

(2.11)
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The length dX i (α) of each spring X i from the matrix DX = [
dX 1, . . . ,dX nX

]
is given by

equation (2.4) where H i−1
i is a homogeneous transformation matrix of the form:

H i−1
i (α) =

[
R(ρiα) Ti

0 1

]
(2.12)

where Ti = [ti ,0,0]T is a translation vector, T1 = 0 and R(ρiα) is a three dimensional
rotation matrix, which could be of the form:

Rx =
1 0 0

0 cosρiα sinρiα

0 −sinρiα cosρiα

 , Ry =
cosρiα 0 −sinρiα

0 1 0
sinρiα 0 cosρiα

 ,

Rz =
 cosρiα sinρiα 0
−sinρiα cosρiα 0

0 0 1


(2.13)

The location of each center of mass as a function of α, c∗i (α), is given by

[
c∗i (α)

1

]
=


x∗

ci (α)
y∗

ci (α)
z∗

ci (α)
1

=
i∏

k=1
H k−1

k (α)

[
ci

1

]
(2.14)

Next the total potential energy in the system can be derived by equation (2.6) where Ue

and Ug are given by equation (2.7) and equation (2.8). Finding values for all parameters
that satisfy equation (2.9) will result in a spatial statically balanced system.

2.3. PLANAR EXAMPLES
Four planar examples with increasing complexity are worked out symbolically and solu-
tions are numerically implemented and animated in Matlab. The examples are shown
schematically in figure 2.3 and the animations and numerical implementations can be
found in the supplementary material.

The first and simplest example from section 2.3.1 is a single-link with one DOF as
shown in figure 2.3a. Although this system benefits least from our method, it illustrates
the use of the virtual transmission ratios ρi in simplest form. A two-link system with
two DOFs naturally follows as the second example in section 2.3.2, see figure 2.3b for a
schematic. In section 2.3.3 we substitute numerical values for the transmission ratios
ρ1 and ρ2 to end up with a two-link system with an actual transmission as shown in
figure 2.3c. We show this enables previously unsuitable springs topologies to gravity bal-
ance. The final example from section 2.3.4 is a three-link system as shown in figure 2.3d.

The presented examples only use a subset of feasible spring topologies. We are not
restricted to these chosen topologies and the method can be used to statically balance
the same linkages in different ways.
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(a) Example from section 2.3.1 (b) Example from section 2.3.2

(c) Example from section 2.3.3 (d) Example from section 2.3.4

Figure 2.3: All planar examples that are worked out symbolically and implemented numerically and animated
in Matlab. (a) Is a single-link system with one DOF. (b) Is a two-link system with two DOF. (c) Shows a two-link
system with an actual transmission that reduces the DOFs to one. (c) Shows a three-link system. The center of
mass location symbols are color associated with those in the animations.

2.3.1. STATIC BALANCING A SINGLE-LINK SYSTEM
The simplest case is a single link with one DOF as shown in figure 2.3a. Let us define
two coordinate frames such that O = {O0,O1} and J = {(0,1)}. The matrix D0

1 and vector
c∗1 (α) are then given by[

D0
1 (α)
1

]
= H 0

1 (α)

[
P 0

1
1

]
−

[
S0

1
1

]
and

[
c∗1 (α)

1

]
= H 0

1 (α)

[
c1

1

]
(2.15)

Please note that topology X = (
i , j

) = (0,1) has been expanded and substituted, i.e.
DX = D i

j = D0
1, PX = P i

j = P 0
1 and so on. Substitution of eq. 2.15 into eq. 2.6 gives

U (α) =U 0
1 (α)+Ug (α) =

n0
1∑

i=1

1

2
k0

1i ||d0
1i (α) ||22 + g m1x∗

c1 (α) (2.16)

Working out equation (2.16), taking the derivative and setting it to zero gives

dU (α)

dα
=

n0
1∑

i=1
r 0

1i q0
1i k0

1iρ1 sin
(
ρ1α+θ0

1i −φ0
1i

)− g m1v1ρ1 sin
(
ρ1α+η1

)= 0 (2.17)

Expanding the angle addition by sin
(
α+β)= cos(β)sin(α)+ sin(β)cos(α) gives
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dU (α)

dα
=

 n0
1∑

i=1
r 0

1i q0
1i k0

1i cos
(
γ0

1i

)− g m1v1 cos
(
η1

)ρ1 sin
(
ρ1α

)

+
 n0

1∑
i=1

r 0
1i q0

1i k0
1i sin

(
γ0

1i

)− g m1v1 sin
(
η1

)ρ1 cos
(
ρ1α

)= 0

(2.18)

where γ0
1i = θ0

1i −φ0
1i . Equation (2.18) is solved for all α (and all ρ1) if the coefficients of

ρ1 sin
(
ρ1α

)
and ρ1 cos

(
ρ1α

)
are simultaneously zero:

n0
1∑

i=1
r 0

1i q0
1i k0

1i

[
cos

(
γ0

1i

)
sin

(
γ0

1i

)]− g m1v1

[
cos

(
η1

)
sin

(
η1

)], n0
1∑

i=1

[
axi

ayi

]
−

[
bx

by

]
= 0 (2.19)

Since there are more than two variables in eq. 2.19 a solution can be constructed in
many ways. We have chosen to construct a solution by arbitrarily defining m1, n0

1, k0
1i ,

r 0
1i , q0

1i , θ0
1i and φ0

1i for i = 1, . . . ,n0
1 and then solve the system for v1 and η1. We first

calculate the values for bx and by given by

[
bx

by

]
=

n0
1∑

i=1

[
axi

ayi

]
=

n0
1∑

i=1
r 0

1i q0
1i k0

1i

[
cos

(
θ0

1i −φ0
1i

)
sin

(
θ0

1i −φ0
1i

)] (2.20)

and then solve for v1 and η1 by

v1 = 1

g m1

√
b2

x +b2
y and η1 = arctan

(
by

bx

)
(2.21)

Equations 2.20 and 2.21 show that an arbitrary number of randomly placed zero-
free-length springs can gravity balance any mass. They also show that the basic spring
force balancer, including all the modification rules (except shift) as given by [8], can be
captured in a simple and compact rule. Two examples are shown in figures 2.4 and 2.5
with one and three springs respectively with ρ1 = 1 and α= [0,2π].

2.3.2. STATIC BALANCING A TWO-LINK SYSTEM
A system with two links as shown in figure 2.3b requires three coordinate frames, so O =
{O0,O1,O2} and J = {(0,1), (0,2), (1,2)}. The matrices DX (α) are given by[

D0
1 (α)
1

]
= H 0

1 (α)

[
P 0

1
1

]
−

[
S0

1
1

]
(2.22)

[
D0

2 (α)
1

]
= H 0

1 (α) H 1
2 (α)

[
P 0

2
1

]
−

[
S0

2
1

]
(2.23)

[
D1

2 (α)
1

]
= H 0

1 (α) H 1
2 (α)

[
P 1

2
1

]
−H 0

1 (α)

[
S1

2
1

]
(2.24)

and the center of mass locations c∗1 (α) and c∗2 (α) are given by
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(a) (b)

Figure 2.4: Gravity balancer with one DOF and one spring.

(a) (b)

Figure 2.5: Gravity balancer with one DOF and three spring.

[
c∗1 (α)

1

]
= H 0

1 (α)

[
c1

1

]
and

[
c∗2 (α)

1

]
= H 0

1 (α) H 1
2 (α)

[
c2

1

]
(2.25)

If springs are attached in all topologically distinct ways, the total potential energy U (α)
in the system is given by

U (α) =U 0
1 +U 0

2 +U 1
2 +Ug 1 +Ug 2 (2.26)

A statically balanced system is obtained when the derivative of U (α) is zero, i.e.:

dU (α)

dα
= dU 0

1

dα
+ dU 0

2

dα
+ dU 1

2

dα
+ dUg 1

dα
+ dUg 2

dα
= 0 (2.27)
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where
dUX ∈J

dα and
dUg i

dα are given by

dU 0
1

dα
=

n0
1∑

i=1
r 0

1i q0
1i k0

1iρ1 sin
(
ρ1α+θ0

1i −φ0
1i

)
(2.28)

dU 0
2

dα
=

n0
2∑

i=1

(
r 0

2i q0
2i k0

2i

(
ρ1 +ρ2

)
sin

((
ρ1 +ρ2

)
α+θ0

2i −φ0
2i

)
− r 0

2i k0
2i t2ρ2 sin

(
ρ2α+θ0

2i

)+q0
2i k0

2i t2ρ1 sin
(
ρ1α−φ0

2i

)) (2.29)

dU 1
2

dα
=

n1
2∑

i=1

(
r 1

2i q1
2i k1

2iρ2 sin
(
ρ2α+θ1

2i −φ1
2i

)
− r 1

2i k1
2i t2ρ2 sin

(
ρ2α+θ1

2i

)) (2.30)

dUg 1

dα
=−g m1v1ρ1 sin

(
ρ1α+η1

)
(2.31)

dUg 2

dα
=−g m2v2

(
ρ1 +ρ2

)
sin

((
ρ1 +ρ2

)
α+η2

)− g m2t2ρ1 sin
(
ρ1α

)
(2.32)

The above equations (2.28) to (2.32) are all sinusoidal functions at various frequen-
cies. An overview of their frequency dependency is given in table 2.1. Three frequencies
can be identified; ρ1α, ρ2α and

(
ρ1 +ρ2

)
α. The variation of potential energy of a single

spring or mass can thus be considered a signal at particular frequencies. To eliminate
the energy of a specific mechanical element, an element with energy at the same fre-
quencies is required. The sinusoidal signals can then destructively interfere if amplitude
and phase of each element is chosen properly.

Springs with the same topology X vary their energies at the same frequencies. This
is apparent in equations (2.28) to (2.30) from the sums over the number of springs nX .
Multiple springs with the same topology can thus always destructively interfere. The
variation of the gravitational energy (equations (2.31) and (2.32)) is not a sum of sinu-
soids itself, such that springs at the same frequency are required. That is, link one (equa-
tion (2.31)) requires springs with frequency ρ1α and link two (equation (2.32)) springs
with a frequency ρ1α and

(
ρ1 +ρ2

)
α.

This analysis allows us to see that the single link system
dU 0

1
dα + dUg 1

dα = 0 can be solved,

because both are a function of ρ1α. However, a two link system
dU 1

2
dα + dUg 1

dα + dUg 2

dα = 0 can-
not be solved, because the spring is at frequency ρ2α while gravity is at the frequencies
ρ1α and

(
ρ1 +ρ2

)
α.

Solving equation (2.27) for any ρ1 and ρ2 yields a statically balanced two degree of
freedom system. Table 2.1 shows that two links can be balanced by using springs with
topology X = (0,2). Therefore we will solve the equation:

dU (α)

dα
= dU 0

2

dα
+ dUg 1

dα
+ dUg 2

dα
= 0 (2.33)

Substitution of equations (2.29), (2.31) and (2.32) in equation (2.33) yields:
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dU (α)

dα
=

n0
2∑

i=1

(
r 0

2i q0
2i k0

2i

(
ρ1 +ρ2

)
sin

((
ρ1 +ρ2

)
α+θ0

2i −φ0
2i

)
− r 0

2i k0
2i t2ρ2 sin

(
ρ2α+θ0

2i

)+q0
2i k0

2i t2ρ1 sin
(
ρ1α−φ0

2i

))
− g m2v2

(
ρ1 +ρ2

)
sin

((
ρ1 +ρ2

)
α+η2

)− g m2t2ρ1 sin
(
ρ1α

)
− g m1v1ρ1 sin

(
ρ1α+η1

)= 0

(2.34)

By expanding angle addition and collecting coefficients of the sine and cosine func-
tions (i.e. ρ1 sin

(
ρ1α

)
, ρ1 cos

(
ρ1α

)
, ρ2 sin

(
ρ2α

)
, ρ2 cos

(
ρ2α

)
,
(
ρ1 +ρ2

)
sin

((
ρ1 +ρ2

)
α

)
and

(
ρ1 +ρ2

)
cos

((
ρ1 +ρ2

)
α

)
) we can solve equation (2.33) by setting those coefficients

simultaneously to zero:

n0
2∑

i=1

[
q0

2i k0
2i t2 cos

(
φ0

2i

)
q0

2i k0
2i t2 sin

(
φ0

2i

)]+[−g m1v1 cos
(
η1

)
g m1v1 sin

(
η1

)]−[
g m2t2

0

]
= 0 (2.35)

n0
2∑

i=1

[
r 0

2i k0
2i t2 cos

(
θ0

2i

)
r 0

2i k0
2i t2 sin

(
θ0

2i

)]= 0 (2.36)

n0
2∑

i=1

[
r 0

2i q0
2i k0

2i cos
(
θ0

2i −φ0
2i

)
r 0

2i q0
2i k0

2i sin
(
θ0

2i −φ0
2i

)]−[
g m2v2 cos

(
η2

)
g m2v2 sin

(
η2

)]= 0 (2.37)

Equations (2.35) to (2.37) can be solved in many different ways, because this system
of six equations has 5n0

1+7 unknowns. One could for example pick six variables and find
explicit expressions for them in terms of the remaining 5n0

1 +1 variables by solving the
system at once. However, a closer inspection of equations (2.35) to (2.37) shows that they
are independent in certain variables. This allows us to solve equations (2.35) to (2.37)
sequentially in the same way we solved equation (2.19).

Let us pick random numerical values for all variables but η1, v1, r 0
21, θ0

21, η2 and v2.
We then proceed to solve equation (2.35), then equation (2.36) and lastly equation (2.37)
by using the same approach from equations (2.20) and (2.21). Regardless of any particu-
lar solution we can tell from the coefficients that a minimum of two springs is required,
because equation (2.36) contains only a sum of springs. An example of this minimum
system is shown in figure 2.6 with values ρ1 = 1, ρ2 = 2 and α= [0,2π]. An example with
five springs is shown in figure 2.7. Please note that the solutions hold for all ρ1 and ρ2.

2.3.3. STATIC BALANCING A TWO-LINK SYSTEM WITH TRANSMISSION
This example considers a two-link system with an actual transmission as shown in fig-
ure 2.3c. The transmission reduces the DOFs to one, which is achieved by numerical
substitution of the values ρ1 and ρ2. Assuming numerical values for ρ1 and ρ2 effec-
tively changes the frequencies the energies are dependent on. This allows U 1

2 to cancel
Ug 1 and Ug 2 even though their frequencies originally mismatched.

Let us first assume ρ1 = 1, which leaves us with four options for ρ2. The first option
is to assign an arbitrary value to ρ2. Now all frequencies are distinct and since ρ2 is
arbitrary it is effectively a degree of freedom which is solved in section 2.3.2.
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(a) (b)

Figure 2.6: Gravity balancer with two DOF and two springs.

(a) (b)

Figure 2.7: Gravity balancer with two DOF and five springs.

The other options are to set ρ2 = 0, ρ2 = 1 or ρ2 =−1, because these simplify the re-
sulting frequency dependencies as is shown in table 2.1. Consequently they also change
possible balancing topologies. For example, with ρ2 = −1 it is now possible to balance
the two-link system with any spring, because all energies depend on frequency α. Al-
though the system without transmission is not solvable, it is now possible to solve:

dU (α)

dα
= dU 1

2

dα
+ dUg 1

dα
+ dUg 2

dα
= 0. (2.38)

The total energy U (α) of a two-link system with ρ1 =−1 and ρ2 =−1 is given by:

dU (α)

dα
=

n1
2∑

i=1

(
r 1

2i q1
2i k1

2i sin
(
α+φ1

2i −θ1
2i

)− r 1
2i k1

2i t2 sin
(
α−θ1

2i

))
− g m1v1 sin

(
α+η1

)− g m2t2 sin(α) = 0

(2.39)
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Table 2.1: Frequency dependency for each variational energy for different values of ρ2 with ρ1 = 1

Energy U 0
1 U 1

2 U 0
2 Ug 1 Ug 2

Frequency ρ1α ρ2α ρ1α ρ2α
(
ρ2 +ρ1

)
α ρ1α ρ1α

(
ρ2 +ρ1

)
α

ρ2 = 0 α 0 α 0 α α α α

ρ2 = 1 α α α α 2α α α 2α
ρ2 =−1 α α α α 0 α α 0

Expanding angle addition and collecting coefficients yields:

dU (α)

dα
=

( n1
2∑

i=1
ai cos

(
γ1

2i

)−bi cos
(
θ1

2i

))− c cos
(
η1

)−d

sin(α)

( n1
2∑

i=1
ai sin

(
γ1

2i

)+bi sin
(
θ1

2i

))− c sin
(
η1

)cos(α)

(2.40)

where ai = r 1
2i q1

2i k1
2i , bi = r 1

2i k1
2i t2, c = g m1v1, d = g m2t2 and γ1

2i =φ1
2i −θ1

2i .

n1
2∑

i=1
ai

[
cos

(
γi

)
sin

(
γi

)]+ n1
2∑

i=1
bi

[−cos(θi )
sin(θi )

]
− c

[
cos

(
η1

)
sin

(
η1

)]−[
d
0

]

,
n1

2∑
i=1

[
axi

ayi

]
+

n1
2∑

i=1

[−bxi

byi

]
−

[
cx

cy

]
−

[
d
0

]
= 0

(2.41)

A statically balanced mechanism is now easily constructed by choosing axi , ayi , bxi ,
byi , cx , cy and d such that equation (2.41) is satisfied. Equation (2.21) is then used to
uncover ai , bi , c, γ1

2i , θ1
2i and η1. Subsequently we determine φ1

2i , r 1
2i , q1

2i , k1
2i , t2, m1,

m2 and v1. Two examples are given in figures 2.8 and 2.9 with one and three springs. This
solution is only valid for ρ = 1 and ρ = −1 which prevents rotation of the second center
of mass (blue).

2.3.4. STATIC BALANCING A THREE-LINK SYSTEM
Statically balancing a three-link system as shown in figure 2.3d against gravity requires
the gravitational terms Ug 1, Ug 2 and Ug 3. Their derivatives are given by
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(a) (b)

Figure 2.8: Gravity balancer with one DOF, one spring and an actual transmission.

(a) (b)

Figure 2.9: Gravity balancer with one DOF, three springs and an actual transmission.

dUg 1

dα
=− g m1v1ρ1 sin

(
ρ1α+η1

)
dUg 2

dα
=− g m2t2ρ1 sin

(
ρ1α

)
− g m2v2

(
ρ1 +ρ2

)
sin

((
ρ1 +ρ2

)
α+η2

)
dUg 3

dα
=− g m3t2ρ1 sin

(
ρ1α

)
− g m3t3

(
ρ1 +ρ2

)
sin

((
ρ1 +ρ2

)
α

)
− g m3v3

(
ρ1 +ρ2 +ρ3

)
sin

((
ρ1 +ρ2 +ρ3

)
α+η3

)

(2.42)

which contain the frequencies ρ1α,
(
ρ1 +ρ2

)
α and

(
ρ1 +ρ2 +ρ3

)
α. Springs with ener-

gies at the same frequencies are required to obtain balance against gravity. All frequency
dependencies for all springs are summarized in figure 2.14. It shows that at least a spring
with topology X = (0,3) is needed. The derivative of U 0

3 is given by
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dU 0
3

dα
=

n0
3∑

i=1

[
k0

3i q0
3i t3

(
ρ1 +ρ2

)
sin

((
ρ1 +ρ2

)
α−φ0

3i

)
−k0

3i r 0
3i t2

(
ρ2 +ρ3

)
sin

((
ρ2 +ρ3

)
α+θ0

3i

)
+k0

3i r 0
3i q0

3i

(
ρ1 +ρ2 +ρ3

)
sin

((
ρ1 +ρ2 +ρ3

)
α+θ0

3i −φ0
3i

)
−k0

3i r 0
3i t3ρ3 sin

(
ρ3α+θ0

3i

)
+k0

3i q0
3i t2ρ1 sin

(
ρ1α−φ0

3i

)
−k0

3i t2t3ρ2 sin
(
ρ2α

)]
(2.43)

Even though equation (2.43) contains all frequencies from the gravitational energy
terms, it is not sufficient for balance. A close look shows that the term with frequency
ρ2α is only summed over the stiffness k0

3i . Since stiffness should be positive, the coef-
ficient k0

3i t2t3 can never be zero and therefore the energy will change with a frequency
ρ2α. Additional springs are needed in order to cancel energy variations with frequency
ρ2α. The only spring that depends on ρ2α has topology X = (1,2), see figure 2.14. The
variation of its energy U 1

2 is given by

dU 1
2

dα
=

n1
2∑

i=1
k1

2i r 1
2i q1

2iρ2 sin
(
ρ2α+θ1

2i −φ1
2i

)−k1
2i r 1

2iρ2t2 sin
(
ρ2α+θ1

2i

)
(2.44)

We add all energy variations together and set it to zero to get:

dUg 1

dα
+ dUg 2

dα
+ dUg 3

dα
+ dU 0

3

dα
+ dU 1

2

dα
= 0 (2.45)

By expanding angle addition we can collect the coefficients of all sine and cosine
functions at all frequencies. Setting all coefficients simultaneously zero will result in a
statically balanced system. These balancing conditions can be written as:

n0
3∑

i=1

[
k0

3i q0
3i t2 cos

(
φ0

3i

)
−k0

3i q0
3i t2 sin

(
φ0

3i

)]−[
g m1v1 cos

(
η1

)
g m1v1 sin

(
η1

)]−[
g m2t2

0

]
−

[
g m3t2

0

]
= 0 (2.46)

n0
3∑

i=1

[
k0

3i t2t3

0

]
+

n1
2∑

i=1

[
k1

2i q1
2i r 1

2i cos
(
θ1

2i −φ1
2i

)−k1
2i r 1

2i t2 cos
(
θ1

2i

)
k1

2i q1
2i r 1

2i sin
(
θ1

2i −φ1
2i

)−k1
2i r 1

2i t2 sin
(
θ1

2i

) ]
= 0 (2.47)

n0
3∑

i=1

[
k0

3i r 0
3i t2 cos

(
θ0

3i

)
k0

3i r 0
3i t2 sin

(
θ0

3i

)]= 0 −→
n0

3∑
i=1

[
k0

3i r 0
3i cos

(
θ0

3i

)
k0

3i r 0
3i sin

(
θ0

3i

)]= 0 (2.48)

n0
3∑

i=1

[
k0

3i r 0
3i t3 cos

(
θ0

3i

)
k0

3i r 0
3i t3 sin

(
θ0

3i

)]= 0 −→
n0

3∑
i=1

[
k0

3i r 0
3i cos

(
θ0

3i

)
k0

3i r 0
3i sin

(
θ0

3i

)]= 0 (2.49)
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n0
3∑

i=1

[
k0

3i q0
3i t3 cos

(
φ0

3i

)
−k0

3i q0
3i t3 sin

(
φ0

3i

)]−[
g m2v2 cos

(
η2

)
g m2v2 sin

(
η2

)]−[
g m3t3

0

]
= 0 (2.50)

n0
3∑

i=1

[
k0

3i q0
3i r 0

3i cos
(
θ0

3i −φ0
3i

)
k0

3i q0
3i r 0

3i sin
(
θ0

3i −φ0
3i

)]−[
g m3v3 cos

(
η3

)
g m3v3 sin

(
η3

)]= 0 (2.51)

It would be expected that the balancing conditions become more difficult to solve as
links are added, but this is not the case. We can solve the coefficients sequentially one by
one, in the same way as for a single link system. It is shown in section 2.5 we can do this
for any number of links.

Let us again pick random numerical values for all variables but θ0
31, r 0

31, φ0
31, q0

31,
η1, v1, η3, φ1

21 and q1
21. We then proceed to solve equations (2.46) to (2.51) one by one.

Please note that the conditions from equations (2.48) and (2.49) are identical, because t2

and t3 can be taken out of the summation. Inspection of the balancing conditions from
equations (2.46) to (2.51) tells us that a minimum of two springs with topology X = (0,3)

(a) (b)

Figure 2.10: Gravity balancer with three DOFs and three springs.

(a) (b)

Figure 2.11: Gravity balancer with three DOFs and five springs.
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and one spring with topology X = (1,2) is needed for static balance. An example with
the minimum number of springs is shown in figure 2.10 with ρ1 = 1, ρ2 =−2, ρ3 = 2 and
α = [0,2π] and with five springs and ρ1 = 1, ρ2 = −5, ρ3 = 2 in figure 2.11. Please note
that the solutions hold for all ρ1, ρ2 and ρ3.

2.4. SPATIAL EXAMPLE
One spatial example is given in this section for which solutions are also given in [16].
It concerns a single body with a spherical joint with three DOFs as shown in fig-
ure 2.12. A local coordinate frame is created for the ground and each DOF such that
O = {O0,O1,O2,O3}. Since we have only one body we will only consider the spring topol-
ogy X = (0,3).

Figure 2.12: Schematic drawing of the spatial single-body mechanisms with a spherical joint with three DOFs.

The matrix D(0,3) (α) and vector c∗1 (α) are given by

[
D0

3 (α)
1

]
= H 0

1 H 1
2 H 2

3 (α)

[
P 0

3
1

]
−

[
S0

3
1

]
and

[
c∗1 (α)

1

]
= H 0

1 H 1
2 H 2

3 (α)

[
c1

1

]
(2.52)

where

H 0
1 (α) =

[
Rx

(
ρ1α

)
T1

0 1

]
, H 1

2 (α) =
[

Ry
(
ρ2α

)
T2

0 1

]
, H 2

3 (α) =
[

Rz
(
ρ3α

)
T3

0 1

]
(2.53)

with T1 = T2 = T3 = 0 and Rx , Ry and Rz given by equation (2.13). Substitution of equa-
tion (2.52) into equation (2.6) yields

U (α) =U 0
3 (α)+Ug 1 (α) =

n0
3∑

i=1

1

2
k0

3i ||d0
3i (α) ||22 + g m1c∗1x (2.54)

Working out equation (2.54) and setting the derivative to zero according to equation (2.9)
allows us to identify 9 unique coefficients to be simultaneously zero. In the following the
subscript X is dropped for conciseness, i.e. p0

3i = pi . The coefficients are given by
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n∑
i=1

ki ri qi



sin(ζi )cos(θi )sin
(
γi

)
cos

(
φi

)
sin(ζi )cos(θi )sin

(
γi

)
sin

(
φi

)
sin(ζi )cos(θi )sin

(
γi

)
sin(ζi )sin(θi )sin

(
γi

)
cos

(
φi

)
sin(ζi )sin(θi )sin

(
γi

)
sin

(
φi

)
sin(ζi )sin(θi )sin

(
γi

)
cos(ζi )sin

(
γi

)
cos

(
φi

)
cos(ζi )sin

(
γi

)
sin

(
φi

)
cos(ζi )cos

(
γi

)


−



g m1v1 sin(ξ1)cos
(
ψ1

)
0
0

g m1v1 sin(ξ1)sin
(
ψ1

)
0
0

g m1v1 cos(ξ1)
0
0


= 0 (2.55)

which can be rewritten in the form:

n∑
i=1

ki



xpi xsi

xpi ysi

xpi zsi

ypi xsi

ypi ysi

ypi zsi

zpi xsi

zpi ysi

zpi zsi


−



g m1xc1

0
0

g m1 yc1

0
0

g m1zc1

0
0


= 0 (2.56)

Three different solutions can be found for equation (2.56). Distinct solutions exist
with only one spring (n = 1), with two springs (n = 2) and with more than two springs
n > 2. These three cases are discussed in the sections 2.4.1 to 2.4.3 below. The results
are shown in figure 2.13 with ρ1 = 1, ρ2 =

p
2, ρ3 =π and α= [0,2π], but all solutions are

valid for all values of ρ1, ρ2 and ρ3.

2.4.1. ONE SPRING SYSTEMS (n = 1)
Equation (2.56) can be solved with 5 unknowns for n = 1, i.e. xc1 , yc1 , zc1 , ys1 and zs1 .
The conditions for these variables are given by

xc1 =
k1xp1 xs1

g m1
, yc1 =

k1 yp1 xs1

g m1
, zc1 =

k1zp1 xs1

g m1
, ys1 = zs1 = 0 (2.57)

which can be simplified to

c1 =
k1xs1

g m1
p1, ys1 = zs1 = 0 (2.58)

Geometrically this means that the points c1 and p1 must be on the same line scaled by

a factor
k1xs1
g m1

and that the other end of the spring, point s1, must be above the spherical
joint at the origin of O0. These conditions are identical to those given by [16].

2.4.2. TWO SPRING SYSTEMS (n = 2)
Equation (2.56) can be solved with 7 unknowns for n = 2, i.e. xc1, yc1, zc1, xp1, yp1 , zp1 ,
zs1 . The conditions for these variables are given by
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c1 =−k2
(
xs1 ys2 −xs2 ys1

)
g m1 ys1

p2, p1 =−k2 ys2

k1 ys1
p2, zs1 ys2 = zs2 ys1 (2.59)

Equation (2.59) shows that c1, p1 and p2 need to be collinear and that the line defined by
the points s1 and s2 needs to intersect the x-axis of the coordinate frame O0, given that
zs1 , ys1 , zs2 and ys2 are nonzero. For zs1 = ys1 = zs2 = ys2 = 0 equation (2.56) reduces to

2∑
i=1

ki

xpi xsi

ypi xsi

zpi xsi

−
g m1xc1

g m1 yc1

g m1zc1

= 0 (2.60)

with solution:

c1 = k1xs1

g m1
p1 +

k2xs2

g m1
p2 (2.61)

which means the points c1, p1 and p2 are co-planar and the points s1 and s2 are on the
x-axis of O0. These conditions are identical to those given by [16].

(a) (b)

(c) (d)

Figure 2.13: Energy diagrams of spatial three DOF example with (a) one spring, (b) two springs, (c) three springs
and (d) five springs.
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2.4.3. N-SPRING SYSTEMS (n > 2)
For n > 2 springs, 9 unknowns are required. To generalize for n springs we rewrite equa-
tion (2.56) in the following form:

C1

C2

C3

C4

C5

C6

C7

C8

C9


+k1



xp1 xs1

xp1 ys1

xp1 zs1

yp1 xs1

yp1 ys1

yp1 zs1

zp1 xs1

zp1 ys1

zp1 zs1


+k2



xp2 xs2

xp2 ys2

xp2 zs2

yp2 xs2

yp2 ys2

yp2 zs2

zp2 xs2

zp2 ys2

zp2 zs2


−



g m1xc1

0
0

g m1 yc1

0
0

g m1zc1

0
0


= 0 (2.62)

Solving this system for xc1, yc1, zc1, xp1, xp2, yp1, yp2, zp1 and zp2 yields

xc1 = C1 ys1zs2 −C1 ys2zs1 −C2xs1zs2 +C2xs2zs1 +C3xs1 ys2 −C3xs2 ys1

g m1
(
ys1zs2 − ys2zs1

) ,

yc1 = C4 ys1zs2 −C4 ys2zs1 −C5xs1zs2 +C5xs2zs1 +C6xs1 ys2 −C6xs2 ys1

g m1
(
ys1zs2 − ys2zs1

) ,

zc1 = C7 ys1zs2 −C7 ys2zs1 −C8xs1zs2 +C8xs2zs1 +C9xs1 ys2 −C9xs2 ys1

g m1
(
ys1zs2 − ys2zs1

) ,

xp1 =− C2zs2 −C3 ys2

k1
(
ys1zs2 − ys2zs1

) , xp2 = C2zs1 −C3 ys1

k2
(
ys1zs2 − ys2zs1

) ,

yp1 =− C5zs2 −C6 ys2

k1
(
ys1zs2 − ys2zs1

) , yp2 = C5zs1 −C6 ys1

k2
(
ys1zs2 − ys2zs1

) ,

zp1 =− C8zs2 −C9 ys2

k1
(
ys1zs2 − ys2zs1

) , zp2 = C8zs1 −C9 ys1

k2
(
ys1zs2 − ys2zs1

) (2.63)

The above equation (2.63) is a general solution to equation (2.56). This solution is
by no means unique, since it could be solved for any nine variables. An alternative and
simpler way of solving equation (2.56) is by reducing it by setting ysi = zsi = 0 for i =
1, . . . ,n, which yields

n∑
i=1

ki

xpi xsi

ypi xsi

zpi xsi

−
g m1xc1

g m1 yc1

g m1zc1

=
n∑

i=1
ki xsi pi − g m1c1 = 0 (2.64)

A solution is obtained by rewriting equation (2.64) explicitly for c1. And the balancing
conditions become

c1 =
n∑

i=1

ki xsi

g m1
pi and ysi = zsi = 0, i = 1, . . . ,n. (2.65)

These conditions show that the location c1 of the mass m1 is a linear combination of
all n spring locations pi on the mass, given that all springs are connected to the x-axis in
O0.
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2.5. INDEPENDENCE OF COEFFICIENTS
The balancing conditions for a two and three link system are as easily solved as for a
system with a single link, see section 2.3. In these examples, each set of two coefficients
can be individually solved, because they are independent. We will now show that a set
of independent coefficients can be created for any number of links, which in turn proves
that a solution exists for any number of links.

Figure 2.14: Frequency dependency F for each spring topology X in a system with n links.

An independent set of coefficients can be created for static balancing both gravita-
tional and elastic forces. Let us first investigate a system without gravity by looking at the
frequencies FX that belong to spring topologies X ∈J . For a serial kinematic chain of
length n there are m = (n+1

2

)
distinct frequencies. The frequencies each spring topology

is dependent on, are given by the set of all possible sums of consecutive angular coordi-
nates ρiα that affect the length of a spring.

For example, the length of a spring with topology X = (0,3) is affected by ρ1α, ρ2α
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and ρ3α. The set F 0
3 of all frequencies that it depends on is then given by

F 0
3 = {ρ1α, ρ2α, ρ3α, (ρ1 +ρ2)α, (ρ2 +ρ3)α, (ρ1 +ρ2 +ρ3)α}. (2.66)

A spring with topology X = (1,3) is dependent on the angles ρ2α and ρ3α such that all
possible frequencies are given by F 1

3 = {ρ2α,ρ3α, (ρ2+ρ3)α} and a spring with X = (2,3)
is only dependent on ρ3α such that F 2

3 = {ρ3α}.
For a serial chain with n links all possible sets of frequencies FX ∈J can be organized

in a repeating structure. This pattern is shown in figure 2.14. Frequencies are listed
vertically and spring topologies horizontally, a black square indicates a dependency.

A set of 2m coefficients is independent if in each remaining unsolved set there is at
least one set of two coefficients with two unique parameters. This means there is at least
one mechanical element that is left only dependent on a single frequency. In figure 2.14,
n such independent mechanical elements can be readily identified. Each spring with
topology X = (i −1, i ) for i = 1, . . . ,n is only a function of frequency (ρi )α. Consequently,
we can solve the coefficients of these frequencies independently of all other frequencies.

The remaining unsolved set of 2(m −n) coefficients can be visualized by removing
the columns with topology X = (i − 1, i ) and rows with frequency (ρi )α for i = 1, . . . ,n
from figure 2.14. The structure of this reduced set is identical to the original set, which
means the pattern of frequency-dependencies is self similar under the operation of solv-
ing independent coefficients. Consequently, we can sequentially solve independent co-
efficients until we have solved for all frequencies.

The self similar reduction of a set of m frequencies with 2m coefficients should be
repeated n times to solve the entire system. At each reduction step k = 1, . . . ,n the springs
X = (i −k, i ) are only dependent on the frequencies

F (i−k)
i =

(
k−1∑
y=0

ρi−y

)
α, i = k, . . . ,n. (2.67)

Equation (2.67) shows that at each reduction step k there are n −k +1 frequencies that
can be independently solved for. It also shows that after n − 1 steps we end up with a
single spring topology X = (0,n) that is left dependent on only one set of coefficients
that belong to the frequency F 0

n = (∑n
i=1ρi

)
α.

The above procedure requires the use of all springs. However, we can relax this re-
quirement by accounting for gravity. The pattern of frequency dependency for the grav-
itational potential energy is shown in figure 2.15. One can easily see that it is possible to
sequentially solve and reduce for the frequencies

∑i
y=1ρy for i = 1, ...,n. Once one has

solved for these frequencies, they can be removed from the pattern in figure 2.14, which
gives us more options for the selection of springs.

2.6. DISCUSSION
In this chapter we presented a general method for the design of statically balanced se-
rial chains with any number of links and springs. We introduced virtual transmissions
to constrain any linkage to a single degree of freedom. As such, the derivative of the
potential energy is a single equation that is set to zero, from which algebraic balancing
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Figure 2.15: Frequency dependency F for each link i

conditions for all DOF result. Substitution of numerical values for the virtual transmis-
sions resulted in balanced systems with actual transmissions. Various examples in 2D
and 3D demonstrated the versatility of our method.

With the use of virtual transmissions, the variation of the potential energy of a single
mechanical element (i.e. a spring or link) can be written as a sum of sinusoidal func-
tions at particular frequencies. A balanced system is obtained by having all these sinu-
soidal functions destructively interfere. This is done by isolating the coefficients at all
frequencies and setting them simultaneously zero. Although the number of coefficients
increases for longer chains, we show they are not more difficult to solve. For any number
of links, a set of independent coefficients can be obtained that can be solved sequentially
one by one with the same simple equation (2.21). This can be done for gravity balancing
but also for spring-force balancing.

The homogeneous transformation matrices that we use describe general rotation in
2D and 3D. It is however possible to readily substitute other homogeneous transforma-
tion matrices in equations (2.4), (2.5) and (2.14) for the potential energies. This allows
conventions such as the Denavit-Hartenberg (DH) parameters [24] used for spatial serial
chains in robotics, to be directly compatible with our method. In addition, since homo-
geneous transformation matrices can model all lower kinematic pairs [24], our method
is suited for mechanisms with spherical, planar, cylindric, screw, prismatic and revolute
pairs.

The method can be expanded to include tree-structured mechanisms as well, sim-
ilar to the mechanisms in [11, 19]. To generalize for such parallel branches we need a
set K that defines kinematic topology, in addition to J for spring topologies. This set
defines for each local coordinate frame Oi with i > 0 how to compute the global co-
ordinates in O0. For a very simple parallel 3 link mechanism this set may be given by
K = {(0,1) , (0,1,2) , (0,1,3)}, which says that link 1 is directly connected to the ground
and links 2 and 3 are both connected to link 1, such that c∗1 , c∗2 and c∗3 are given by:[

c∗1
1

]
= H 0

1

[
c1

1

]
,

[
c∗2
1

]
= H 0

1 H 1
2

[
c2

1

]
,

[
c∗3
1

]
= H 0

1 H 1
3

[
c3

1

]
(2.68)
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Similarly equation (2.4) will change.
We have claimed our method is able to balance any open serial kinematic chain.

We can expand this claim by saying that it can also balance any closed serial kinematic
chain. This claim is justified by the configuration space of a closed kinematic chain being
a subset of an open chain with the same number of links. Similarly, we can claim that the
expanded method could balance any mechanism, including parallel chains. By the same
token, the configuration space of a parallel mechanism is a subset of the configuration
space of its equivalent tree-structured mechanism.

We believe to be improving upon the state of the art with a more versatile synthesis
tool for static balancing, but we can also learn important lessons from interpreting the
balancing conditions geometrically, as done for a single link in 3D in section 2.4. Here
we learned for example that the center of mass is always a linear combination of the
vectors pi if all springs i are grounded on the x0-axis, similar to [16], and that any such
system with any number of random springs can always be balanced by adding just one
additional spring.

Many interesting properties can even be obtained without ever solving any of the
equations. An analysis of the energy variation in terms of frequency can reveal whether
a solution can be found at all, as done in section 2.3.4. By numerical substitution of
values for the virtual transmissions ρi actual transmissions can be readily implemented
and designed for. For particular values of ρi the frequency dependencies change and
energy equations simplify. This allows gravity balancing by springs that were previously
unable to do so, see section 2.3.3.

Most ρi will not simplify the system, but can be used to create rectilinear motion.
If a zero-free-length spring moves over a rectilinear trajectory, it can be replaced with a
normal spring [8, 14, 25]. A well-known example is the elliptic trammel which can be
spring-spring balanced [8] and is based on the tusi-couple [26, 27]. An extended version
with three normal springs that is designed with our method is shown in figure 2.16.

(a) (b)

Figure 2.16: A possible future direction that uses actual transmissions to create linear motion which enables
balancing by normal springs. The figure shows a perfectly spring-spring balanced mechanism with normal
springs based on the elliptic trammel and the tusi couple.
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2.7. CONCLUSION
In this chapter we have presented a method for static balancing of serial kinematic
chains without adding auxiliary links. Systems in 2D and 3D can be gravity and spring-
force balanced with an arbitrary number of links and springs. This is achieved by intro-
ducing virtual transmissions between all links that reduce any system initially to a single
degree of freedom. This allows us to derive the variation of the potential energy with
a single derivative which is a sum of sinusoidal functions at frequencies determined by
the transmissions. Static balance over the entire unconstrained configuration space is
obtained by setting all coefficients of these sinusoidal functions simultaneously to zero.
Substitution of numerical values for the virtual transmissions allows the design of stat-
ically balanced kinematic chains that include actual transmissions. We prove that the
equations are independent and are equally simple to solve for any number of links.

Homogeneous transformation matrices are used to describe the kinematics which
makes the method compatible with for example the Denavit-Hartenberg convention,
widely used to compute forward kinematics in robotics. Homogeneous transformations
not only allow the use of revolute and spherical kinematic pairs, but planar, cylindrical,
screw and prismatic pairs can also be included.

Multiple examples in 2D and 3D, with and without transmissions are given to demon-
strate the versatility of our method. The method is easily expanded to include tree-
structured mechanisms, by introducing a mathematical structure that describes kine-
matic topology. In addition we show that it enables the design of mechanisms with nor-
mal springs by including transmissions. And lastly, we argue that this method can be
used for static balancing of any mechanism, because the configuration space of closed
loop mechanisms are a subset of open loop mechanisms.
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3
DRAMATICALLY DIFFERENT STATES

OF STIFFNESS BY OPPOSING

CONSTANT FORCE

Stiffness in compliant mechanisms can be dramatically altered and even eliminated en-
tirely by using static balancing. This requires elastic energy to be inserted before operation,
which is most often done with an additional device or preloading assembly. Adding such
devices contrasts starkly with primary motivations for using compliant mechanisms, such
as part count reduction, increased precision and miniaturization. Yet, statically balanced
compliant mechanisms with a fully monolithic architecture are rare.

In this paper we introduce two novel statically balanced compliant mechanisms with lin-
ear and rotary kinematics that do not require preloading assembly, enabling miniaturiza-
tion. Static balance is achieved by the principle of opposing constant force and extended
to a rotational device by using opposing constant torque mechanisms for the first time. A
constant force mechanism based on existing work is used and inspired a novel constant
torque mechanism.

A single piece device is obtained by monolithically integrating a bistable switch for
preloading, which allows static balance to be turned on and off. The linear device reduces
stiffness by 98.5 % over 10 mm, has significantly reduced device complexity and doubled
relative range of motion from 3.3 % to 6.6 % compared to the state of the art. The rotary
device reduces stiffness by 90.5 % over 0.35 rad.

This chapter has been published as a scientific article: P. R. Kuppens, M. A. Bessa, J. L. Herder, and J. B. Hopkins.
Compliant mechanisms that use static balancing to achieve dramatically different states of stiffness. Journal of
Mechanisms and Robotics, 13(2), 2021. doi: 10.1115/1.4049438
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3.1. INTRODUCTION
Fully compliant mechanisms (CM) improve upon their multi-component rigid-body
counterparts in many respects. Their monolithic nature increases precision and relia-
bility, reduces friction and wear and eliminates assembly which makes them perfect for
micro-scale applications in for example MEMS [1–7] and laparoscopic tools [8–11].

However, they store a significant part of the input energy as strain energy, because
their functionality arises from deformation of slender segments. This may reduce range
of motion, hamper energy efficiency or cause high natural frequencies [12]. This in-
herent and often undesired stiffness may be compensated for by adding an equal but
opposite negative stiffness in parallel.

An isolated mechanism with negative stiffness is unstable and requires some form of
preloading. During preloading potential elastic energy is inserted into the device. Upon
motion, energy flows out of the unstable negative stiffness part and enters the stable part
with positive stiffness, keeping the total elastic potential energy constant. It follows that
all internal forces are in sustained static equilibrium. Hence these systems are called
statically balanced.

Preloading is often done manually [13, 14] but can also be done as part of the man-
ufacturing process in small scale devices such as MEMS [15]. Manual preloading often
relies on a preloading assembly; an external device using for example screw lead. This
contrasts starkly with the motivation for using CM in the first place and eliminates any
possibility for miniaturization.

Few examples of CM without preloading assembly exist. Among them are a fully
compliant gripper [16] and linear stage [17, 18] with on and off switch, a linear stage
based on multistable mechanisms [19] and a statically balanced linear stage preloaded
once with hooks [20]. Some of the aforementioned examples have relatively compli-
cated geometry, limiting the ratio between device footprint and range of motion. Some
use contact between components to ensure preloading and some are not properly con-
strained. All aforementioned examples only consider rectilinear motion and it is not
immediately obvious how a rotational system could be devised.

In this paper we introduce two novel statically balanced fully compliant mechanisms
with rectilinear and rotational kinematics that do not require a preloading assembly. In
the linear case, static balance is reversibly achieved by the principle of opposing constant
force (OCF), first introduced by [17, 18]. We use a constant force mechanism based on
the work from [15] resulting in statically balanced compliant mechanism with reduced
complexity and improved range of motion compared to [17, 18]. We have expanded the
principle of OCF to rotary devices by using opposing constant torque (OCT) mecha-
nisms for the first time. A novel constant torque mechanism is used that is based on
the same principles as the constant force mechanism from [15]. A monolithic architec-
ture is achieved by integrating a fully compliant bistable switch for preloading. Toggling
the bistable switch allows static balance to be turned on and off, effectively switching
between high and low stiffness configurations.

The mechanisms presented may find applications in low-frequency sensor technol-
ogy [4], low-frequency mechanical energy harvesters [21] and make compliant micro
transmission mechanisms more efficient [7, 22]. In addition they may be perfect for
protecting sensitive instruments for space applications. Upon launch the high stiffness
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Figure 3.1: Principle of static balance by opposing constant force and torque. (a) Shows force (F) and torque
(T) versus deflection (u) and angular displacement (α) in the stiff configuration. (b) Shows the compliant
configuration.

provides robustness and protection. Once in orbit, the highly sensitive and compliant
state may be activated.

3.2. BALANCING METHOD
Static balancing can be done in two distinctive ways. By far the most common and well
known approach is to add a spring with negative stiffness in parallel to the functional
positive stiffness part [8, 10, 15, 23]. A second and less frequently used method opposes
two constant forces. In a constant force mechanism (CFM) force is constant over some
part of its motion domain. By preloading two such mechanisms against each other, the
constant forces cancel out resulting in zero force. The only mechanism to exploit this
principle of opposing constant force (OCF) for stiffness reduction is reported in [16, 18].

3.2.1. OPPOSING CONSTANT FORCE
A balanced system can be created by preloading two CFMs against each other. A graphi-
cal explanation is given in Fig. 3.1. The dashed and dotted curves are force (F) deflection
(u) characteristics of two CFMs with their degree of freedom in the opposite direction.
If left unconnected, one CFM (dotted) will have positive constant force if moved to the
right. The other CFM (dashed) will have negative constant force if moved to the left. By
connecting the CFMs in parallel the force deflection can be simply added to uncover the
combined behavior. If done in their undeformed state, the high stiffness away from the
constant force domain is dominant. The combined stiffness is therefore very high, as
shown by the solid line in Fig. 3.1a.

When both CFM are displaced over half their motion domain when unconnected,
their stiffness curves essentially slide over each other. By connecting them in this
preloaded state, the positive and negative constant force cancel out resulting in the solid
curve in Fig. 3.1b. The concept of OCF can be readily extended to rotational devices by
considering an opposing constant torque (OCT) mechanism. Connecting two preloaded
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(a) OCF stiff (b) OCF compliant

(c) OCT stiff (d) OCT compliant

Figure 3.2: Photos of 3D printed OCF and OCT mechanisms with dovetail inserts in stiff and compliant config-
uration

constant torque mechanisms (CTM) in parallel, cancels the constant torques in exactly
the same way. Fabricated mechanisms with OCF and OCT in their stiff and compliant
configuration are shown in Fig. 3.2. In each case, the mechanisms are connected with an
insert with dovetails. As a monolithic alternative bistable mechanisms will replace these
inserts.

3.2.2. CONSTANT FORCE AND TORQUE MECHANISMS
A constant force mechanism (CFM) is created when a positive stiffness is combined in
parallel with a bistable mechanism [24, 25]. In [24] and [25] these components can be
individually identified. However, in [15] a constant force mechanisms is reported where
no such distinction can be made.

It is comprised out of two parallel plate springs, to form a simple linear stage, and an
additional plate spring at the bottom, initially overconstraining the system. A thermally
induced expansion of all plate springs is used to compute the first buckling mode shape
with a linear buckling analysis. The constant force mechanisms is obtained by assuming
a scaled version of this shape as new geometry.

Scaling the solution of the buckling analysis allows control over the size of the low
stiffness domain and magnitude of the constant force. The length of the plate spring at
the bottom (parameters Lns and rns in Fig. 3.5) allows control over the slope of the low
stiffness domain. For short plate springs the slope over the low stiffness range becomes
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(a) (b) (c) (d)

Figure 3.3: Constant force and torque mechanisms. (a) Simulation and measurement of the CFM. (b) Finite
element model of CFM. (c) Simulation and measurement of CTM. (d) Finite element model of CTM.

negative and for long plate springs positive [15]. Its length is chosen right where behavior
transitions from a negative to positive slope, resulting in minimal stiffness. A simulation
and a measurement of the CFM is shown in Fig. 3.3a.

Various CTMs can be found in literature [26, 27]. Both these mechanisms rely on
shape optimized radial plate springs with complex geometry. What we propose instead
is a slight modification of the CFM from [15]. FACT [28, 29] tells us that an instantaneous
center of rotation is created at the point of virtual intersection of two plate springs. Par-
allel plate springs, which intersect at infinity, will therefore cause rectilinear motion. Ro-
tation is simply obtained by tilting the plate springs inwards, see 3.3d. Constant torque
behavior is obtained by computing the first buckling mode shape and assuming a scaled
version of this shape to be the new geometry. A simulation and a measurement of the
CTM is shown in Fig. 3.3c.

3.2.3. PRELOADING MECHANISMS
A monolithic alternative to the inserts with dovetails from Fig. 3.2 is to use a bistable
mechanism. A bistable mechanism has two stable configurations, can stay in either
equilibrium indefinitely and can be switched reversibly. One equilibrium (the fabricated
configuration) will replace the long insert and the other will replace the short insert.

Many fully compliant bistable mechanisms are reported in literature, both macro-
and micro-scale and both translational [30, 31] and rotational [32, 33]. In this paper we
will use bistable mechanisms similar to [31] since they are proven to work on micro-
scale. The shape of these curved-beam bistable elements is given by

w (x) = h

2

[
(1−cos

(
2π

x

L

)]
(3.1)

where h is the amplitude or initial apex of the beam, L the total length and x ∈ [0,L].
If boundary conditions are infinitely stiff each additional bistable element in par-

allel adds to an increased magnitude of the bistability. However, since more bistable
elements in parallel also increase the force on the boundaries there is a limit to the num-
ber of bistable elements in practice. We found that a total number of 3 parallel bistable
elements worked well in this design.
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(a) Element plot OCF (b) Displacement OCF

(c) Element plot OCT (d) Displacement OCT

Figure 3.4: Finite element models. (a) Undeformed element plot of ocf mechanism. (b) Displacement solu-
tion of OCF mechanism. (c) Undeformed element plot of OCT mechanism. (d) Displacement solution of oct
mechanism.

3.2.4. FINITE ELEMENT MODELS
Both the individual CFM and CTM and fully compliant OCF and OCT mechanisms are
modeled in ANSYS APDL. A parametric model is built with beam188 elements and all
simulations are displacement controlled. A Young’s modulus of 3.12 GPa is used with a
poisson’s ratio of 0.3 [34].

To determine the shape of the CFM and CTM all elements are given an arbitrary coef-
ficient of thermal expansion of 5×10−6 °C−1. A linear buckling analysis is then performed
under a uniform temperature of 1 °C to get the first buckling mode shape. The resulting
normalized mode shapes are then scaled and used as undeformed geometry. The CFM
are scaled to an amplitude of 6 mm and the CFM to 9.5°. Next bistable mechanisms are
constructed, resulting in the geometry given by Fig. 3.4a and Fig. 3.4c.

To simulate post buckling behavior imperfections are required. In each case the first
4 normalized buckling mode shapes are computed and added to the nodal coordinates
with a scaling of 0.01. To compute this point C of the OCF mechanism (see Fig. 3.4a)
is constrained in all directions, point D is constrained in the y-direction. A unit force is
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Figure 3.5: Annotated CAD drawings with dimensions of (a) the OCF mechanism and (b) the OCT mechanism

applied at points A and B pointing towards each other. For the OCT mechanism A and C
are fully constrained while a unit torque is applied at B.

Figures 3.4b and 3.4d show a displacement solution after the bistable switches have
been activated and the mechanism is moved to the middle of the motion domain. In
both cases this is done by first fully constraining points A and then moving B towards A.
Once through the bistability, A is released and B is moved back to its starting position.
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(a) (b)

(c) (d)

Figure 3.6: Photos of the 3d printed OCF and OCT mechanisms. the OCF mechanism is shown in a (a) stiff and
(b) compliant configuration. The OCT mechanism in shown in a (c) stiff and (d) compliant configuration.

3.2.5. FINAL MECHANISM DESIGN AND MANUFACTURING
Dimensions from the parametric model are transferred to a 3D CAD drawing. All mecha-
nisms have a thickness of 7 mm and all plate springs a thickness Tflxr of 0.7 mm providing
a sufficient aspect ratio for out of plane stiffness. A fillet is added to each corner with ra-
dius 0.7 mm to reduce stress concentrations. Big fillets are used for aesthetic purposes.

In each case the length (Lps and rps−ri n) of the plate springs of the stage, responsible
for the kinematics, are 35 mm long before buckling mode shapes are computed. Since
the analysis is linear, the scaled mode shapes will have plate springs that are slightly
longer. Annotated CAD drawings of the OCF and OCT mechanisms are shown in Fig. 3.5.
The dimensions are given in Tab. 3.1.

The mechanisms are 3D printed by fused deposition modeling (FDM) on a Origi-
nal Prusa i3 MK3S out of polylactic acid (PLA) with default printer and slicing settings.
Isotropic material properties are assumed based on FDM printed PLA with a layer raster
angle of 0° [34]. A Young’s modulus of 3.12 GPa and an ultimate tensile stress of 50.23 MPa
are used with a Poison’s ratio of 0.3.
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(a) OCF MECHANISM (b) OCT MECHANISM

Figure 3.7: An (a) OCF and (b) OCT mechanism clamped in the tensile test bench

3.2.6. MEASUREMENTS
Force deflection measurements are done with an Instron 5966 tensile test bench. All
mechanisms are cyclically measured in the motion direction for 5 cycles. Strain rate is
15 mmmin−1 and force is bounded. An additional follower beam is added between the
Instron and the translational device to account for parasitic motion, see Fig. 3.7a. Torque
and angular displacement are measured in the same tensile test bench.

A circular arm is attached to the rotational stage centered around the initial center
of rotation. Two steel wires run through grooves at the outside of the arm. The wire
that runs up is attached to the Instron. The wire that runs down is attached to a 10.2 N
weight for preloading, because wires can only pull. Since the radius is known (assumed
to be constant), the measured displacement and force can be converted into angular
displacement and torque. Both measurements are shown in Fig. 3.8.

Each measurement starts with the mechanism in the stiff configuration. The Instron
is used to simultaneously actuate and measure the devices. We first measure the stiff
configuration and transition to the compliant state by pushing or pulling through the
bistable switches.
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Table 3.1: Parameter values as shown in Fig. 3.5

CFM CTM

Parameter Value Parameter Value

Lps 35 mm rps 45 mm
Lns 60 mm rns 62 mm
Lbi 42 mm rbi 63.3 mm
Los 10 mm rin 10 mm
hps 6 mm ros 29.3 mm
hbi 6.5 mm Lbi 37 mm
tcf 8 mm hbi 5.7 mm

tbi−v 15 mm tct 8 mm
tbi−h 7 mm tbi−v 15 mm

tfr 10 mm tbi−h 11 mm
tflxr 0.7 mm tfr 12 mm
wcf 35 mm tflxr 0.7 mm
wfr 151.2 mm αbi 9.5°

αct−1 20.5°
αct−2 15°
αct−3 24.5°

3.3. RESULTS
Figure 3.8g shows the force displacement measurement (EXP) and simulation (FEA)
of the OCF mechanism transitioning from high to low stiffness. High and low stiff-
ness are indicated with dotted lines, which are obtained by locally fitting the data with
least squares. The actuation stiffness is reduced by 98.75 percent from 14.47 Nmm−1 to
−0.18 Nmm−1 with an absolute range of motion of approximately 10 mm and a relative
range of motion of 6.6 % with respect to the frame width w f r = 151.2mm. Transition by
toggling the bistable switch requires 17.71 N as shown by the peak at 2.5 mm.

Figure 3.8h shows the angle moment measurement (EXP) and the simulation (FEA)
of the OCT mechanism transitioning from stiff to compliant. The angular actuation stiff-
ness is reduced by 90.5 % from 3.99 Nmrad−1 to 0.38 Nmrad−1 with a range of motion of
approximately 0.35 rad. Transition requires two bistable switches to toggle, shown as the
two peaks with values of 1.15 Nm and 1.26 Nm at respectively 0.1 rad and 0.27 rad.

Both simulations are in good agreement with measurements. However, in the rotary
mechanism a clear shift and some discontinuities can be observed in the two peaks.
Both discrepancies can be explained by repeated contact and release between bodies B2

and B3 (see Fig. 3.5b) that is not simulated. In simulation, body B2 is rotated towards
body B1 while B1 and B3 are fully constrained. In measurement however, B3 is rotated
towards B1 while B2 is free floating. Because of this, B2 will have repeated contact and
release with body B3. The events of contact and release are illustrated in Fig. 3.8a to 3.8f
and annotated in Fig. 3.8h.
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(a) (b) (c) (d) (e) (f)

14.47 N/mm

-0.18 N/mm

(g) Force displacement of OCF.

(a)

(b)

(c)

(d)

(e)

(f)

3.99 Nm/rad

0.38 Nm/rad

(h) Torque angular displacement of OCT.

Figure 3.8: Measurement (EXP) and simulation (FEA) results of (g) CFM and (h) CTM mechanisms. In both
cases the transition from stiff to compliant is shown. Figures (a) to (f) indicate specific moment of contact and
release and correspond to the labels shown in (h). High and low stiffness is indicated with the dotted lines,
they are locally fitted to the data with least squares.

3.4. DISCUSSION
We have demonstrated two fully compliant monolithic architectures that have dramati-
cally different states of stiffness. Reversible static balancing is achieved by opposing two
constant force and torque mechanisms with bistable mechanisms. We used constant
force mechanisms based on [15], but instead of inducing buckling in combination with
annealing we directly manufactured the buckling mode shape stress free. The same was
done to create a novel constant torque mechanism.

A negative low stiffness for the device with rectilinear motion is reported in Fig. 3.8g
and Section. 3.3. The stiffness is negative, because the individual constant force mech-
anisms display slight negative stiffness themselves in Fig. 3.3a. This is not observed in
simulation and is likely caused by manufacturing errors increasing the negative stiffness
generated by the long plate spring. By tuning the length of the long plate spring the slope
can be increased or decreased even further [15].

For the CM with linear motion we have significantly reduced device complexity and
doubled relative range of motion compared to the state of the art [17, 18] while main-
taining a stiffness reduction between 98 % and 99.5 %. The total number of individual
plate springs is reduced from 38 to 12 and relative range of motion doubled from 3.3 %
to 6.6 %. Although no device dimensions are mentioned in [17, 18] they are estimated
from the reported range of motion and visible clearance. The rotary mechanism is the
first of his kind, so no comparison with literature is made.

One can reversibly change between both states of stiffness by switching the mul-
tistable mechanisms. However, after the compliant configuration has been entered, it
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cannot return to the stiff configuration by manipulating the main stage in a quasi static
fashion. Transitioning back requires the constant force and torque mechanisms to be
pulled apart by an amount that exceeds the threshold force of the bistable elements.
However, this threshold can never be exceeded, because the range of motion of the main
stage is limited by the frame. Increased clearance may overcome this.

A relatively large difference in stiffness reduction between the linear and rotary
mechanisms is observed, i.e. 98.75 % versus 90.5 %. This is easily understood from
Fig. 3.3a and Fig. 3.3c. The more sudden en severe increase in stiffness at the tails of
the graph in Fig. 3.3a, make the unpreloaded configuration in the linear case stiffer and
hence a more dramatic decrease possible. In addition, the constant force behavior seems
more linear compared to the constant torque behavior, making it less likely that two CTM
exactly counteract each other when preloaded against each other. Shape optimization
may improve our proposed CTM.

In general, the proposed devices may enhance the efficiency of compliant mech-
anisms, by reducing inherent stiffness in a permanent fashion. More specifically,
they may revolutionize low-frequency sensor technology such as accelerometers and
gravimeters [4], but also mechanical energy harvesters [21]. In addition they may be fun-
damentally required to make devices such as compliant transmission mechanisms prac-
tically usable [7, 22]. Although the proposed devices are on centimeter scale, their mono-
lithic nature allows micro-manufacturing such as photo-lithography and two-photon
stereo lithography [35]. In such micro devices, a low stiffness configuration could be
permanently activated by switching the multistable mechanisms with, for example, a
probe station or embedded actuators.

3.5. CONCLUSION
In this paper we have demonstrated fully compliant statically balanced mechanisms
with rectilinear and rotational kinematics that do not require preloading assembly. They
are capable of reversibly reducing linear and angular stiffness by 98.5 % and 90.5 % over
10 mm and 0.35 rad respectively. The mechanism with linear motion significantly re-
duces device complexity by using 12 plate springs instead of 38 while doubling the rela-
tive range of motion compared to the state of the art.

These dramatically different states of stiffness are obtained by preloading two con-
stant force and torque mechanisms against each other with a monolithically integrated
bistable switch. Toggling the bistable switch engages and disengages static balance, ef-
fectively turning off and on stiffness. A constant force mechanism based on existing
literature is used while a new constant torque mechanisms is created based on the same
principle.

The prototyped devices are on centimeter scale and 3D printed out of polylactic
acid (PLA) by fused deposition modeling (FDM). However their monolithic nature, en-
ables miniaturization and micro-manufacturing by photo-lithography and two-photon
stereo lithography. In such micro systems the low stiffness configuration can be acti-
vated by actuating the main stage once with high force. They may find applications in
low-frequency sensor technology, energy harvesting, micro-compliant transmissions or
provide robustness of sensitive sensors during launches to space.
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4
BINARY STIFFNESS MECHANISMS

FOR MECHANICAL DIGITAL

MACHINES

We introduce two essential building blocks with binary stiffness for mechanical digital
machines. The large scale fully compliant mechanisms have rectilinear and rotational
kinematics and use a new V-shaped negative stiffness structure to create two extreme states
of stiffness by static balancing. The use of a mechanical bistable switch allows us to toggle
between near-zero-stiffness and high-stiffness states, effectively turning off and on stiff-
ness. A stiffness reduction of 98.8 % and 99.9 % is achieved for linear and rotary motion
over a range of 13.3 % (20 mm) and 0.4 rad (23°) respectively. Stiffness states can be re-
versibly changed by toggling the mechanical switch, or irreversibly by actuating the stage.

These binary stiffness mechanisms could set the stage for a new type of mechanical logic,
adaptive and programmable metamaterials and other types of digital mechanical de-
vices. Practical mechanical digital machines and materials require miniaturized and eas-
ily micro-manufactured components. We have therefore carefully considered scalability
by integrating all required structures into a planar and monolithic architecture. This al-
lows miniaturization and fabrication with conventional surface-micro-machining and
additive manufacturing such as photolithography, two-photon lithography and fused de-
position modeling.

This chapter has been published as a scientific article: P. R. Kuppens, M. A. Bessa, J. L. Herder, and J. B. Hop-
kins. Monolithic binary stiffness building blocks for mechanical digital machines. Extreme Mechanics Letters,
42:101120, 2021. doi:10.1016/j.eml.2020.101120
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4.1. INTRODUCTION
Mechanisms with variable stiffness have the ability to change their stiffness over a range
of values. This can be done actively and passively in a multitude of different ways. For ex-
ample, electrostatically, piezoelectrically, thermally and mechanically [1]. They are com-
monly used in microelectromechanical system (MEMS) [1], vibration isolation [2] and
variable impedance actuators [3] for example for human friendly robots [4] and robot
fingers [5].

More recently variable stiffness is used to create metamaterials where controlled
changes in local stiffness enable adaptive bulk properties. Examples are architectured
materials with multiple Poisson’s ratios [6], variable stiffness [7, 8] as well as robotic ma-
terials with programmable properties [9–11]. These materials exploit variable stiffness
created by geometry [6], phase change [7], fluid channels [8] or by active feedback con-
trol of thermal actuators [9–11].

Instead of continuously variable stiffness mechanisms, binary stiffness mechanisms
may be used. A binary stiffness mechanism can only change its stiffness between two dif-
ferent values that ideally have an infinite ratio. Two extremely different states of stiffness
can be created by static balancing [12, 13]. It uses negative stiffness caused by preloading
to counteract a positive stiffness elsewhere in the mechanism. Even though the upper
limit of the stiffness is limited by bulk properties, the ratio between the upper and lower
limit can be infinite if the lower limit is reduced to zero stiffness [14]. Zero stiffness can be
achieved if negative stiffness is designed to be equal but opposite to the positive stiffness.
Different techniques may be used such as preloading in postbuckling [15] or up to the
critical buckling load [16], zero-free-length springs [17, 18] and curved surfaces [19, 20],
see [21, 22] for an extensive overview. Binary states of stiffness can thus be achieved by
enabling and disabling static balancing by engaging and disengaging preloading, effec-
tively turning the stiffness off and on.

Programmable zero stiffness based on multistable mechanisms [23–25] has been
previously reported in [26]. However, the reported device is not of a digital nature, since
the flexible programming inputs are analog and require a sustained holding force to cre-
ate both low or high stiffness. In addition, the zero stiffness (and zero force) monostable
behavior is obtained in prebuckling which limits the low stiffness to small deflections,
i.e. the zero-stiffness is instantaneous.

If binary stiffness mechanisms are used in large numbers, they may approach con-
tinuous properties and enable new types of digital mechanical machines and metamate-
rials [27]. Examples could include novel computing systems based on mechanical logic
that could potentially be build on the molecular level [28, 29] and provide more robust-
ness in extremely harsh environments such as high radiation, because they lack a signif-
icant electromagnetic signature [28, 30, 31].

In most existing mechanical logic systems each Boolean state is associated with a
predefined displacement of the mechanism, such as the location of a dial. Examples are
rigid body logic [32], multi-stable micro-flexural additively manufactured logic gates [31]
and micro-flexural NOT and AND gates [33, 34]. All are examples of static logic, however
in most modern computing systems dynamic logic is used because of its superior per-
formance [35]. In dynamic logic a clocked signal is used to evaluate the state after input
signals are applied, as opposed to static logic where the output is immediately available.
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An example of mechanical dynamic logic is rod logic [36]. It uses sliding rods that
block or unblock each other to create logic states in terms of potential sliding motion
evaluated by an oscillating mechanical signal [28]. We can regard the blocked and un-
blocked configurations as states of high and low stiffness such that one rod logical el-
ement is essentially a binary stiffness mechanism. A more recent example modulates
the linear resonance frequency of an arch beam resonator electrothermally to perform
various 2-bit and 3-bit logic operations [37].
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Figure 4.1: (a) Shows a canonical example of a negative stiffness mechanisms and (b) its compliant equivalent.
In (c) the single spring has been decomposed into two springs in a V-shaped orientation and (d) shows its
compliant equivalent. (e) Shows the potential energy EI , force FI and stiffness KI with and without preloading.
(f) Shows the potential energy EV , force FV and stiffness KV with and without preloading. Solid lines refer to
cases without preloading while dashed lines with preloading.

Practical mechanical digital machines and materials require binary stiffness ele-
ments to be easily miniaturized and micro-manufactured, since large numbers are
needed in a small volume. It is therefore essential to avoid any form of assembly and
account for micro-manufacturing techniques like photolithography and upcoming 3D
printing technologies such as two-photon lithography [38]. Necessary properties are
therefore a fully monolithic and planar architecture which can be created by exploiting
the flexibility of materials in what is known as a compliant mechanism.

In this paper we present two fully compliant binary stiffness mechanisms with large
deflection linear and rotary motion based on static balancing. A new V-shaped negative
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stiffness structure is introduced that maximizes the ratio between high and low stiffness.
The preloading required for negative stiffness is controlled by a reversible bistable switch
independent of primary mobility. Kinematics are dictated by two parallel or angled plate
springs.

The method for obtaining binary stiffness is first explained with compression springs
and extended to a fully compliant mechanism by replacing them with buckled beams.
Final mechanism dimensions are iteratively tuned by hand. This semi-autonomous pro-
cess still relies on domain knowledge from the designer, but a fully automated process
relying on machine learning and optimization could be used, as demonstrated in a dif-
ferent context [39]. Examples of design optimizations with this method include a super-
compressible micro-structure [40] and an ultra-thin shell structure [41].

We have validated the designs by prototyping decimeter scale prototypes and per-
forming mechanical tests. It is plausible that the presented designs can be scaled down
to micro or nanoscale, because all required structures are planar and fully compliant and
are integrated in a monolithic and planar device that avoids assembly. A scaled down
version would rely on identical principles and only requires redesign for different ma-
terial properties. The mechanisms are stress free and in their high stiffness configura-
tion when manufactured. Low stiffness is enabled when the bistable switch is engaged.
This can be done irreversibly by actuating the main stage, or reversibly by toggling the
bistable switch itself.

(a) (b)

0.7 mm

(c) (d) (e)

(f) (g)

0.7 mm

(h) (i) (j)

Figure 4.2: (a, f) Finite element plots of the linear and rotary devices, (b, g) displacement solutions, (c, h) CAD
drawings, (d, i) photos of the prototypes in the stiff state and (e, j) the prototype in the compliant state.

4.2. METHOD FOR BINARY STIFFNESS
Binary variable stiffness is achieved by enabling and disabling static balancing. Static
balancing is an approach to keep the potential energy in a system constant and conse-
quently all net conservative forces and stiffness are zero [42]. It is achieved by adding
an elastic structure with negative stiffness in parallel to the functional part with positive
stiffness. If negative and positive stiffness exactly oppose, a net zero stiffness results. The
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(a) (b) (c) (d) (e)

Figure 4.3: (a) Shows the measurement setup of the linear device. (b) Shows the measurement setup for the
rotary device with cable system and preloading weight. (c) Shows how the cables run along grooves in the
circular arm of the rotary device. Bistability is measured for the linear device as shown in (d) and for the rotary
device as shown in (e).

required negative stiffness is a consequence of releasing elastic potential energy previ-
ously inserted by preloading. Therefore, we can toggle between balanced zero stiffness
and unbalanced positive stiffness by engaging and disengaging preloading.

In its simplest form, negative stiffness is created by axially preloading an ordinary
compression spring from its initial length L0 to Lp as shown in figure 4.1a, note that
L0 = h0 and Lp = hp . This works for both linear [13, 20] and rotational motion [43] of the
cart. The potential energy of the spring as function of cart displacement u is given by:

E I (u) = 1

2
k

(√(
pT

c ·pc
)−L0

)2

(4.1)

where k is the spring stiffness, pc = [
u,hp

]T the cart location, hp the spring length at
u = 0 and L0 the initial length of the spring. Force and stiffness at the cart are given by:

FI (u) = dE I (u)

du
, K I (u) = d2E I (u)

du2 (4.2)

E I , FI and K I are shown in figure 4.1e with k = 1, without preloading (h0 = hp = 2)
and with preloading (h0 = 2,hp = 1). It shows that for large values of u the stiffness
K I converges to k independent of preloading, i.e. limu→∞ K I

(
u,hp

) = k. Also if the
spring is stretched by large amounts (hp >> L0) K I converges to k independent of u,
i.e. limhp→∞ K I

(
u,hp

) = k. However, since compliant mechanisms have limited stroke,
we are interested in behaviour around u = 0. And since negative stiffness is only created
by compressing the spring, we are only interested in values of 0 ≤ hp ≤ L0.

The stiffness K I at u = 0 is given by:

K I (u = 0) =−k
(
L0 −hp

)
hp

, hp ≥ 0 (4.3)
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Figure 4.4: A chronological photo sequence of the linear device (a-f) and the rotary device (g-l) taken during
measurement. Three different states can be identified, a stable stiff configuration in red (S), an unstable tran-
sition state in which the bistable switch is toggling in yellow (T) and a stable compliant configuration in green
(C). The different mechanism configurations are correspondingly indicated in the force deflection diagrams
from (m) and (n) with both measurements (EXP) and finite element simulations (FEA). The stiffness in both
stiff and compliant states around the equilibrium position are shown as dotted lines.

which shows the stiffness K I (u = 0) = 0 when hp = L0 and becomes more negative as hp

decreases , i.e.
lim

hp→0
K I (u = 0) =−∞ (4.4)

This demonstrates the ability to turn negative stiffness on and off by controlling the
preloading distance hp . A compliant analogue is obtained by axially preloading a con-
tinuum plate in post buckling [13] see figure 4.1b, possibly with various boundary condi-
tions such as pinned-pinned [20], clamped-pinned [15, 44] and clamped-clamped [44].

A preloaded continuum plate is in theory able to reduce the combined stiffness to
zero, because the amount of negative stiffness can be tuned by changing its geometry
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S

T C

(a) Linear device

S

T C

(b) Rotary device

Figure 4.5: Measurement (EXP) and simulation (FEA) results of the bistable switch are in good agreement for
both the linear (a) and rotary (b) device. All equilibrium points are associated with the different states, stiff (S),
compliant (C) and toggle (T), as shown in figure 4.4.

[15]. In practice, perfectly matching positive and negative stiffness is hard and affected
by modeling errors, manufacturing tolerances and nonlinear effects. It is therefore de-
sirable to maximize the high stiffness state, because stiffness states become more dis-
tinguishable. This is done by increasing the stiffness without preloading around u = 0,
while keeping the ability to generate negative stiffness when preloaded. Increasing the
high stiffness state is done by decomposing the compression spring in a V-shaped con-
figuration as shown in figure 4.1c.

The potential energy of the V-shaped springs on a cart is given by:

EV = 1

2
k

(√
pT

c1pc1 −L0

)2

+ 1

2
k

(√
pT

c2pc2 −L0

)2

(4.5)

where k is spring stiffness, the initial length L0 =
√

h2
0 + s2 , pc1 = [

u − s,hp
]T , pc2 =[

u + s,hp
]T , with s ≥ 0 half the distance between the springs on the cart. Force FV and

stiffness KV are computed by differentiation of EV as in equation (4.2). They are shown
in figure 4.1f with k = 0.5, α = 35°, without preloading hp = h0 = 2 and with preloading
h0 = 2 and hp = s

p
2.

The stiffness KV at u = 0 is given by:

KV (u = 0) = 2k

(
s2

L2
p

(
1+ L0 −Lp

Lp

)
− L0 −Lp

Lp

)
(4.6)

where Lp =
√

h2
p + s2. The minimum stiffness (i.e. max negative stiffness) achievable by

preloading is determined by finding the roots of dKV (u=0)
dhp

, which are given by hp =±s
p

2.

Substituting the positive value hp = s
p

2 in equation (4.6) yields:

min
hp

KV (u = 0) = 2k − 4kL0

3
p

3s
, s ≥ 0 (4.7)
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which shows that unbounded negative stiffness can be obtained for 2
p

3
9 L0 > s ≥ 0. On

the other hand, the stiffness without preloading (L0 = Lp ) is given by

KV (u = 0) = 2k
s2

L2
p

, s ≥ 0 (4.8)

which is positive for any nonzero s. Equations (4.7) and (4.8) show that two springs
placed in a V-shaped configuration can generate negative stiffness when preloaded yet
have positive stiffness without preloading.

A compliant analogue is shown in figure 4.1d which will be given exact dimension
in an iterative design process. The advantage over a single or multiple vertical beams is
the increased stiffness when not preloaded. Values for its negative and positive stiffness
depend on geometry and preloading. Too much negative stiffness results in a combined
system with negative stiffness. Too little negative stiffness and combined system stiffness
is positive. Since we can continuously shift between these two behaviours, by changing
for example V-shaped beam length or the geometry of the stage beams, an optimimum
can be found that results in zero combined stiffness.

4.2.1. CONTROLLING THE PRELOADING
Preloading is easily controlled by hand in many macro-scale statically balanced mecha-
nisms, for example during assembly [45] or by using linear stages [13, 46]. On the micro-
scale, preloading becomes a significant challenge because manual handling is difficult
which makes assembly economically unjustifiable. Proposed monolithic solutions in-
clude shaking [47] and residual film stress [48], however these methods are irreversible.
Reversible examples exist that make use of multistable compliant mechanisms (MSCMs)
[12, 49–51]. However, their direction of preloading is aligned with the intended mechan-
ical mobility and can therefore not be controlled independently.

We propose to attach a MSCM to the negative stiffness device from figure 4.1d. Since
the direction of preloading and generated negative stiffness are perpendicular, preload-
ing can be engaged and disengaged independently from the primary mobility. MSCMs
are easily made fully compliant, because multistability is most often caused by snap-
through of buckled beams [52]. This enables a monolithic system integration and hence
miniaturization. Since only two stable states are required for binary stiffness, a bistable
mechanism is used.

A myriad of bistable mechanisms are reported in literature both on large scale and
small scale. Among them are chevron type bistable mechanisms [53, 54], a curved beam
bistable mechanism [55], a tensural bistable micro-mechanism [56], two-link in-plane
bistable micro-mechanisms [57, 58], bistable mechanisms based on slider mechanisms
[59, 60] and a rotational bistable mechanism [61].

Although the above bistable mechanisms are passive devices, active implementa-
tions are equally common. These microrelays can switch between stable states by means
of actuation, but do not require actuation to stay in either state. A wide variety of
actuator-mechanism combinations is reported in literature, including rotary bistable
mechanisms [62]. Most microrelays rely for their bistability on a set of at least two curved
or chevron style beams centrally connected to prevent rotation. Actuation is most com-
monly done by chevron type thermal actuators [63–67], but also with bending beam
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thermal actuators [68, 69], external electromagnetic actuation [62, 70, 71], a combina-
tion of thermal and electromagnetic [72] and electrostatic comb actuators [73–76].

In our large scale design a passive chevron type bistable mechanism is implemented.
Maximizing the force required to switch equilibrium is important, because a higher
threshold force means more negative stiffness can be created. To do this multiple
chevron bistable beams are used in parallel. Also, lumped compliance is used instead
of distributed compliance to further increase the severity of the bistability by thickening
the beams in the middle [53]. The exact dimensions are determined by iterative design
in combination with a parametric finite element model.

4.2.2. MODELING, DESIGN AND FABRICATION
Parametric finite element models of the proposed mechanisms are built in Ansys APDL
out of two-node beam elements (beam188) based on Timoshenko beam theory, a linear
shape function and a rectangular cross section. The models are iteratively to create de-
vices that approximate zero stiffness over a maximized range of motion. In practice this
entails a design cycle in which a grid search is performed to determine dimensions, sim-
ulations ran and prototypes manufactured to validate simulations and build intuition
for manufacturing and materials.

The model carefully takes into account the geometry of the flexible elements and
models elastic boundary conditions. Supporting back and front plates are added to re-
inforce the frame, which is needed due to the gate allowing the main stage to exit the
frame. The devices are grounded by constraining the motion of the lower left corner in
all directions and the motion of the lower right corner in the vertical direction as shown
in figures 4.2a and 4.2f.

In order to compute post buckling behaviour, imperfections are added to the bistable
mechanisms [77]. A linear buckling analysis is first performed by adding a unit force on
the bistable element. Next the first five normalized buckling mode shapes are added to
the undeformed geometry with an amplitude of 0.01. Only then the bistable element is
connected to the negative stiffness structure. An element plot and a deformation plot in
post buckling are shown in figures 4.2a, 4.2b, 4.2f and 4.2g.

All plate springs have a beam thickness of 0.7 mm and are 7 mm high. The plate
springs of the stages have a length of 35 mm and are angled at 70° for the rotational stage.
The angle α between the negative stiffness plate springs in the rectilinear case is 45° and
they are 75 mm long. In case of rotation the plate springs are 89 mm long and the angle
α between them is 10°. All negative stiffness plate springs have the shape of a cosine
with an amplitude of 0.7 mm, making sure they will buckle outwards. Inwards buckling
is prevented, because this may cause the V-shaped plate springs to touch each other and
challenge performance by introducing for example friction and unwanted deformations.
To save space, they are placed as far up as possible. The systems are designed for a range
of motion of ±10 mm and ±0.2 rad (±11.5°) for translation and rotation. A fillet of at least
0.7 mm is added to each corner.

In both cases an identical bistable switch is used. Its parameters are chosen such that
it can stay in either configuration without effort, while it maintains the load provided by
the negative stiffness from the V-shaped plate spring. To create sufficient transition force
within material limits, three parallel beams are used instead of two, similar to [53]. The
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flexures have a total length of 43 mm where the thick part is 31 mm long and 2 mm wide.
The offset between the outside of the flexures and the shuttle in the middle is 4.5 mm,
such that elastic equilibrium is found when preloaded between 7 mm and 8 mm, see
figure 4.5.

The mechanisms are 3D printed by fused deposition modeling (FDM) on a Origi-
nal Prusa i3 MK3S out of polylactic acid (PLA) with default settings. Isotropic material
properties are assumed based on FDM printed PLA with a layer raster angle of 0° [78].
A Young’s modulus of 3.12 GPa and an ultimate tensile stress of 50.23 MPa are used with
a Poison’s ratio of 0.3. A CAD drawing and photos of the fabricated linear and rotary
devices are shown in figures 4.2c to 4.2e and 4.2h to 4.2j.

4.2.3. MEASUREMENTS
Force deflection measurements are done with an Instron 5966 tensile test bench. Tran-
sition from high to low stiffness is measured by actuating the linear stage bounded by a
force of 40 N at a strain rate of 15 mmmin−1. Parasitic motion is accounted for by adding
a follower beam between the clamp and the mechanism, see figure 4.3a. Gravity is not
accounted for and bistability is measured the same way, see figures 4.3d and 4.3e.

By using a cable system, the rotational mechanism is measured on the same ten-
sile test bench. Since cables cannot be loaded in compression, the combined system
is preloaded in tension by a 10.2 N counterweight. Two cables run along grooves on an
extended circular arm with a radius of 68.8 mm, see figures 4.3b and 4.3c. Cable one (in
red in figure 4.3b) runs from attachment one to the moving tensile grip that is attached to
the force sensor. Cable two (in blue) runs from attachment two to the counterweight that
preloads the cablesystem. A constant arm radius is assumed to compute the moments
and angles from the measured forces and displacements.

4.3. RESULTS
Measurement (EXP) and finite element simulation (FEA) results for the main stage, both
linear and rotary, are shown in figure 4.4 and for the bistable switches in figure 4.5. All
force displacement measurements are in good agreement with simulations.

The chronological photo sequences from figures 4.4a to 4.4f and figures 4.4g to 4.4l
associate each mechanism state with a point on the force deflection graphs from fig-
ures 4.4m and 4.4n. Three different mechanism configurations can be identified. The
first (red S) is a stable configuration with high stiffness in which the device is manufac-
tured and thus stress free, see figures 4.4a and 4.4g. The second (yellow T) is unstable
in which the bistable switch is toggling, see figures 4.4b and 4.4h. In this instantaneous
state of transition the device is neither on nor off, but at the onset of snap through to
either configurations. In the third configuration (green C) the bistable switch is toggled
and the V-shaped plate spring buckled, it is highly compliant and also stable as shown
in figures 4.4c to 4.4f and 4.4i to 4.4l. The configurations are also indicated in the force
deflection characteristics of the bistable switch from figures 4.5a and 4.5b.

A dramatic reduction in stiffness can be readily observed. Around the equilib-
rium position at (0,0), translational stiffness is reduced by 98.8 % from 6.70 Nmm−1

to 0.08 Nmm−1 and rotational stiffness is reduced by 99.9 % from 10.20 Nmrad−1 to
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0.01 Nmrad−1. These states of stiffness differ by two and three orders of magnitude with
a factor of 84 and 1020 respectively.

By pulling on the main stage a force and torque of 27.11 N and 0.79 Nm are required
to transition. However, if the bistable switch is directly actuated a force of 36.56 N and
29.81 N are required. By design the mechanisms cannot transition back from compliant
to stiff by actuating the main stage, because the V-shaped plate spring cannot overcome
the threshold force of the bistable switch. However, it is possible by directly actuating
the bistable switch with −8.87 N and −4.82 N for the linear and rotary device, as can be
seen in figures 4.5a and 4.5b

In each case the low stiffness domain is in accordance with the intended range of
motion. In the linear case, low stiffness stretches 20 mm and by taking into account a
150 mm frame width (without the clamp brackets) this results in a relative range of mo-
tion of 13.3 %. The range of motion in the stiff configuration is approximately 14 mm or
9.3 %. In the rotary case, the low stiffness domain stretches 0.4 rad (23°) and high stiff-
ness approximately 0.32 rad (18°). Beyond these ranges stiffness ramps up quickly and a
slight discrepancy between measurement and simulation is observed. These differences
may be attributed to issues such as parasitic motion and contact between frame and
stage. Contact is also clearly observed at the right side of the curves in figure 4.5.

The discrepancy observed between the measurements and simulations of the stiff
parts of figure 4.4, but also that of the bistability in figure 4.5, may be attributed to frame
geometry. The stiffness of the boundary conditions of a bistable mechanisms are ex-
tremely important. If boundaries are too compliant, the bistable behavior may even
disappear. Since we have only coarsely approximated the frame geometry, it would be
possible to have a discrepancy between the modeled and actual frame stiffness, but the
simulations show good agreement with the experiments.

4.4. CONCLUSION
In this paper we have introduced two mechanisms with binary stiffness that are essen-
tial building blocks for mechanical digital machines. Extreme states of linear and angular
stiffness are achieved by enabling and disabling static balancing by engaging and disen-
gaging preloading. A new V-shaped negative stiffness plate spring is used successfully to
maximize the ratio between the two states of stiffness by controlling its preloading with
a bistable switch.

Linear stiffness is reduced by 98.8 % from 6.70 Nmm−1 to 0.08 Nmm−1 over an ab-
solute range of motion of 20 mm and a relative range of motion of 13.3 %. Angular stiff-
ness is reduced by 99.9 % from 10.20 Nmrad−1 to 0.01 Nmrad−1 over a range of 0.4 rad
or 23°. This is a difference in stiffness by two and three orders of magnitude with a fac-
tor 84 and 1020 respectively. This is a significant improvement over previously reported
statically balanced mechanisms with stiffness reduction factors of 46, −21.2, −4.2 and
3.3 with corresponding reduction percentages 97.8 %, −104.7 %, −123 % and 70 % from
[45, 47, 48, 79].

A force of 27.11 N and a torque of 0.79 Nm on the main stage is required to transition
irreversibly from high to low stiffness. Reversible transition is possible by actuating the
bistable switch with 36.56 N and −8.87 N in the linear device, and 29.81 N and −4.82 N in
the angular device. All measurements are in good agreement with simulations.
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The presented mechanisms could set the stage for innovative mechanical logical sys-
tems, adaptive and programmable metamaterials and other types of mechanical digital
machines. To enable miniaturization and micro-fabrication required for such machines
we have carefully considered scalability. All required components are integrated in a sin-
gle piece device that can be fabricated with conventional surface-micro-machining or
upcoming micro 3D printing technologies. Although the introduced devices are passive,
scaling down presents opportunities for actuator implementation by replacing the pas-
sive bistable switch with an active micro-relay commonly reported in scientific literature
about MEMS.
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5
PERMANENT STIFFNESS

REDUCTION BY THERMAL

OXIDATION OF SILICON

Stiffness in compliant micro mechanisms can negatively affect performance. Current
methods for stiffness reduction in micro electro mechanical systems (MEMS) consume
power, have a large footprint or are relatively complex to manufacture. In this paper stiff-
ness is reduced by static balancing. A building block commonly used for stiffness reduc-
tion in large scale compliant mechanisms is made compatible with MEMS. Preloading
required to create negative stiffness is obtained from residual film stress by thermal oxi-
dation of silicon. Instead of buckling a plate spring by moving its end points, a SiO2 film
1900 nm to 2500 nm thick will stretch micro-beams 24µm wide, while the end points are
fixed.

To show efficacy of our method, the building block is coupled with a simple linear stage.
However, the building block can readily be combined with other compliant micro mech-
anisms to reduce their stiffness. Statically balanced MEMS will enable novel designs in
low-frequency sensor technology, low-frequency energy harvesting and pave the way to
autonomous micro-robotics. We show a stiffness reduction of a factor 9 to 46. The balanc-
ing effect remained after SiO2 removal, due to plastic deformation of the beams.

This chapter has been published as a scientific article: P. R. Kuppens, J. L. Herder, and N. Tolou. Permanent
stiffness reduction by thermal oxidation of silicon. Journal of Microelectromechanical Systems, 28(5):900–909,
2019. doi: 10.1109/JMEMS.2019.2935379
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5.1. INTRODUCTION
Compliant mechanisms (CM) move due to deformation of slender segments. They are
a necessity rather than a design choice for micro electro mechanical systems (MEMS),
because CMs can be monolithic [1] and assembly is economically unjustifiable [2]. Even
though CMs have many advantages over conventional mechanisms (e.g. increased pre-
cision, increased reliability, reduced wear and simplified manufacturing [3]) a disadvan-
tage is that they store a significant part of the input energy as strain energy due to stiff-
ness [4]. This may affect the input-output relation with an insufficient travel range, a low
energy efficiency and a high natural frequency [5, 6].

Stiffness in MEMS can be reduced by active methods such as electrostatic actuation,
piezo electric actuation and joule heating [7]. However, these methods consume power,
have a large footprint and manufacturing complexity is relatively high. A passive alter-
native is static balancing (SB) [6].

L
0

     x

x=0

L
0
-¢L

¢L

F,x

x=0

F

Figure 5.1: Balancer with negative stiffness used for static balancing, comprised of a compression spring with
free length L0 on a cart. In the unloaded configuration (left), displacement of the cart results in a returning
force to the stable equilibrium at x = 0. If preloaded a distance ∆L, displacement of the cart results in a force
away from the unstable equilibrium at x = 0, i.e. negative stiffness.

In a statically balanced system the potential energy is kept constant over the entire
range of motion, instead of in just one or multiple positions [8]. A balancer (e.g. the
mechanism in Fig. 5.1) is responsible for counteracting all elastic forces generated by
the functional mechanism, ensuring a sustained static equilibrium. It is essentially a
mechanisms with opposing (negative) stiffness in parallel to a functional mechanism.

Negative stiffness (NS) mechanisms may have different forms [9–12], but they all re-
quire some kind of embedded potential energy. An inverted pendulum for example, re-
quires to be put upright. Compliant mechanisms with negative stiffness, require flexible
elements to be preloaded in postbuckling [13].

Preloading in large scale CMs is relatively straightforward by displacing the end
points of plate springs. Literature shows plenty of examples [14–18]. However, preload-
ing on micro-scale becomes a significant challenge since physical handling of micro
structures with high precision and without causing damage is difficult [19]. Even though
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several concepts have been developed to circumvent preloading assembly, no methods
are available for introducing the required potential energy to move the device into the
statically balanced domain [19–21].

Statically balanced compliant micro mechanisms may find applications in low-
frequency sensor technology [22, 23], low-frequency energy harvesting devices [24, 25]
or compliant micro transmission mechanisms [26]. In addition they may revolution-
ize micro-robotics, because actuators do not have to overcome self-stiffness or the stiff-
ness of the underlying kinematic structure. This would relax the energy requirements
and pave the way to their autonomy. Applications of these robots in minimally invasive
medicine are widespread [27].

In this paper a commonly used balancing building block [15] is made compatible
with MEMS and their manufacturing techniques. We do so by stretching a silicon plate
spring while keeping the endpoints fixed, instead of displacing the endpoints. The
stretching is achieved by thermally growing a thin film of silicon dioxide on the silicon
micro mechanism.

Thin films usually contain residual stresses. The film tends to expand if this stress is
compresive and tends to shrink for a tensile stress [28]. Any film containing compressive
residual stress will induce a tensile stress in the silicon substrate and stretch it. Surface
stress has been suggested for removing inter component clearance and preloading [29]
and is known to change the natural frequency of cantilever and doubly clamped micro-
beams [30–32]. However, it has never been used to create a building block for statically
balancing compliant micro mechanisms.

The MEMS balancing building block could be used to balance any sort of MEMS
structure, such as a gripper [15, 16] or a rotational mechanism [14]. In this paper we
introduce our method by balancing a simple linear stage. A balanced and unbalanced
stage are compared to show efficacy.

The method is compatible with semi-conductor batch manufacturing techniques,
enabling mass fabrication. It consumes no power after manufacturing, has a low man-
ufacturing complexity and has a high resolution by controlling the film thickness. The
equations of motion of a beam show that our method is theoretically possible to reduce
stiffness to zero [33]. And it has the potential to be 100% space efficient if positive and
negative stiffness mechanisms are united in a single structure.

In Section 5.2 the stiffness reduction method is explained followed by an implemen-
tation in Section 5.4. Manufacturing is explained in Section 5.5 and simulations are dis-
cussed in Section 5.6. How measurements are done is given in Section 5.7 followed by
the measurement results in Section 5.8. The implications of the results are discussed in
Section 5.9 followed by a conclusion in Section 5.10.

5.2. STIFFNESS REDUCTION METHOD
The positive stiffness Kp of a CM can be reduced by coupling it with a mechanism with
opposing negative stiffness Kn in parallel. The resulting equivalent stiffness is given by
Keq = Kp +Kn and is zero if Kp and Kn are equal but opposite. These zero-stiffness com-
pliant mechanisms are referred to as statically balanced [13].

Various negative stiffness mechanisms exist [9, 10, 15] that can be used as building
blocks to balance an existing design [15]. One of the simplest is schematically shown in
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Fig. 5.1. In this mechanism a compression spring with a free length L0 is preloaded a
distance ∆L, causing instability around x = 0.

L+¢L

F,x

¢L

x=0

(a)

L

L+¢L

F,x

x=0

(b)

Figure 5.2: Commonly used compliant equivalent of the balancer from Fig. 5.1. (a) Shows preloading by moving
the end point of the plate spring a distance ∆L. (b) Shows preloading by stretching the plate spring a distance
∆L. Both systems are equivalent.

A commonly used compliant equivalent is shown in Fig. 5.2a. It is obtained by ax-
ially preloading a plate spring into its post-buckled state. Normally, the plate spring is
preloaded by moving its endpoint an amount ∆L as shown in Fig. 5.2a [10, 12, 14–16].
An alternative, yet equivalent approach, is to elongate the plate spring an amount∆L, as
shown in Fig 5.2b.We elongate the plate springs by uniformly depositing a thin film all
around the silicon micro CM. Thin films virtually always contain residual stress, typically
in the order of GPa [34]. They tend to expand if stress is compressive and tend to shrink
for tensile stress [28].

In a freestanding substrate with a homogeneous thin film, the stress distribution fol-
lows from equilibrium of the normal forces and bending moments over the entire cross-
section. Consequently, stress at the interface between film and substrate reverses sign
and is small if the film thickness is small compared to substrate thickness [35].

If the film is in compression it will induce tension in the substrate. Hence, if the film
is substantially thick, it will stretch the substrate. To prevent bending, the film should
be applied uniformly around the substrate. This way all induced moments cancel each
other. Generally speaking, large stresses should be avoided in thin films, because they
can lead to cracking or buckling of the film itself. One typically aims to get a compressive
stress in the order of a few hundred MPa [28].

5.3. MINIMUM REQUIRED FILM STRESS
The total residual film stress σ f is a combination of intrinsic σI and thermal σT stress:

σ f =σI +σT (5.1)
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Intrinsic stress σI is generally hard to predict due to dependency on processing pa-
rameters [36]. For example, the stress in sputtered thin films is dependent on gas pres-
sure, substrate bias, gas atomic mass, target atomic mass, angle of deposition, angle of
emission, target shape and cathode power [37].

Thermal stresses σT are caused by a mismatch in the coefficient of thermal expan-
sion (CTE) between the bulk and film materials. It is well understood and easily calcu-
lated with the following equation:

σ f (T ) = (
αb −α f

)
∆T

E f

1− v f
(5.2)

where αs and α f are the CTE of the bulk and film material respectively, ∆T is the tem-
perature difference and E f and v f are the Youngs modulus and poisons ratio of the film.

In doubly-clamped beams film stress induces a net axial force [32]. It is given by the
integral of the resulting axial stress over the beam cross-section. If the axial stress is due
to a thin film only, this amounts to the integral of the stress in the thin film only [38]:

Faxi al =
∫

A f

σ f d A (5.3)

where Faxi al is the net axial force, σ f is a uniform strain-independent film stress and A f

is the cross sectional area of the thin film.
At sufficiently large axial loading the natural frequency of a beam becomes zero. This

load can be derived from its dynamic equations and is called the Euler buckling load Fcr

[33, 39–41]. For loads greater than Fcr the natural frequency becomes complex and the
mode shape unstable [39], i.e. the beam buckles. For uniform beams under constant
axial loading the Euler buckling load is given by:

Fcr = π2E I

(K L)2 (5.4)

where E is the Youngs modulus, I is the surface moment of inertia, L is the length of the
beam (see Fig. 5.2) and K is the effective length factor that depends on the boundary
conditions. For a doubly-clamped beam K = 0.5 [39].

By equating Eq. 5.3 and Eq. 5.4 we can get the surface stressσcr that would cause the
critical load: ∫

A
σcr d A f =

π2E I

(K L)2 (5.5)

Assuming a uniform thin film of thickness t that is negligible compared to the bulk of a
beam of width b and height h (as definded in Fig. 5.4c) and a constant film stress σcr we
get:

σcr
(
2bt +2ht +4t 2)= π2E I

(K L)2 (5.6)

such that the critical film stress σcr becomes:
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σcr = π2E I(
2bt +2ht +4t 2

)
(K L)2

(5.7)

Material properties of silicon according to [42] are substituted in Eq. 5.7 along with
a beam height h = 525µm and a film thickness t = 1.9µm. This yields a function for the
critical stress σcr required for buckling a beam of width b and length L. It is plotted for
various beam lengths in Fig. 5.3. It shows that thermally grown oxide can easily buckle
silicon beams with lengths in the order of millimeters and a thickness in the order of tens
of micrometers.

5.4. MECHANISM DESIGN
To demonstrate our stiffness reduction method the negative stiffness building block
from Fig. 5.2b is placed in parallel with a linear stage, see Fig. 5.4. Although it could be
combined with other mechanisms, see [14–16], this linear stage is arguably the simplest.
The goal is to reduce the stiffness of the stage from Fig. 5.4a as much as possible.

Minimal stiffness is achieved by choosing the length L of the negative stiffness plate
spring such that the critical loads (similar to Fcr ) of the first two buckling modes (see
Fig. 5.5) are the same. The critical load, induced by the film stress, is the load at which
the system loses stability and its state bifurcates, i.e. the system can buckle left or right.
The buckling modes give the shape in which the system will buckle. The modes and
critical load can be computed with a linear buckling analysis (i.e. a linearized eigenvalue
analysis) in any commercially available finite element program.

The residual stress in the SiO2 will cause deformation in the shape of mode 1 or mode
2 (see Fig. 5.5) for large and small values of L respectively. However, for a particular
value of L mode 1 and 2 can theoretically coexist, because they have the same critical
load. Essentially, post buckling happens in the shape of mode 1 and 2 simultaneously,
i.e. some linear combination of the eigenvectors associated with modeshape 1 and 2.
This means that we can move the system from mode shape 1 to mode shape 2 without
changing the potential energy in the system, which means the system is zero stiffness.

Figure 5.3: Required critical stress according to Eq. 5.7 versus beam widths b for various beam lengths L. The
dashed line indicates the maximum reported residual film stress in thermal oxide.
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In practice, the buckling modes will always be slightly separated, i.e. their critical
loads are slightly different. This is affected by modeling errors and by manufacturing
tolerances caused by for example overetching or underetching of silicon. Consequently
the structure will always buckle in either mode 1 or mode 2. A system buckled in mode
1 will have a reduced stiffness. However if the system is buckled in mode 2 it should be
bistable [12, 43].

The length of the negative stiffness plate spring is L = 8.673mm and the plate springs
of the stage are chosen to have a length of LS = 5mm. Please note that although the two
plate springs of the stage are also stretched, they do not create any negative stiffness,
because that would require them to buckle as shown in Fig. 5.2.

All plate springs have the same cross section A-A as shown in Fig. 5.4b and Fig. 5.4c.
The width and height before oxidation are respectively B = 24µm and H = 525µm (wafer
thickness). In practice B and H are slightly different from b and h, because some silicon
is consumed during oxidation.

The shuttle is Sw = 8mm wide and Sh = 2.67mm high. It has a protrusion Pw = 2mm
wide with markers at height Ph = 2.5mm. It enables us to measure force and displace-
ment close to the center of compliance (CC). At our CC all orthogonal compliance com-
ponents are fully decoupled, which ensures no parasitic motions (e.g. r and y direc-
tions in Fig. 5.4) are induced during loading in the desired motion direction (x-direction)
[44]. The markers are added to optically align the sensor probe with the mechanism, see
Fig. 5.4b.

5.5. MANUFACTURING
All mechanisms are produced with DRIE and wet oxidation at 1100 °C from (100) ori-
ented 525µm thick silicon wafers. Five different oxide thicknesses are grown, 1.9µm,
2.05µm, 2.2µm, 2.35µm and 2.5µm on five different wafers. Oxidation times are deter-
mined with the Deal-grove model [45] and thickness is verified in five places across the
front side of the wafer with spectral reflectance using a Leitz MPV SP. Wafers are oriented
vertically in the oven to ensure uniform film growth on the front and back side. Before
oxidation, one unbalanced stage is removed from each wafer.

Unbalanced linear stages with and without SiO2 are manufactured and measured to
determine the positive stiffness Kp to compensate. The balanced mechanisms with SiO2

film are measured and compared with the unbalanced stiffness. In addition we remove
the SiO2 from the balanced mechanisms to investigate plastic effects of thermal oxida-
tion on the Si beams. The SiO2 is removed with a HF vapor etch using a SPTS Primaxx
uEtch.

5.6. SIMULATIONS
Numerical modeling is done with ANSYS. Beam elements (beam188) with a custom
trapezoidal cross sectional area are used. In case thin film is modeled a multi material (Si
and SiO2) cross section is defined as shown in Fig. 5.4. In case no thin film is modeled,
a single material (Si) is defined. For the frame the effect of film stress is neglected, so a
single material (Si) cross section is used. The frame is constrained in all directions to the
ground at one corner.
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Figure 5.4: Stage designs. (a) Shows the unbalanced stage and (b) the balanced stage. (c) Shows the cross
section A-A of the plate springs, which is the same everywhere. The dashed rectangle indicates the silicon
beam before some of its material is consumed by oxidation.

The mono-crystalline silicon is assumed to be perfectly elastic. A constant or-
thotropic stiffness is used according to [42]. Which is equivalent to aligning all beams
with the [010] crystal direction on the wafer, i.e. a 45 degree rotation with respect to the
flat end. A temperature dependent CTE is used according to [46].

The reported material properties of thermally grown SiO2 vary greatly [47]. Reported
values for the CTE of silicon dioxide typically range from 0.5×10−6 °C−1 to values as high
as 4.1×10−6 °C−1 [48]. And even negative values are reported. Youngs moduli range from
50 to 100 GPa and Poisson’s ratios between 0.15 and 0.20 [47]. We have adopted elastic
properties (E = 72 GPa, v = 0.2) from [49], where conditions are relatively comparable
and are similar to data from [50]. A constant CTE of 0.5×10−6 °C−1 is used as reported
by [50]. Volume expansion during growth is accounted for by regarding the ratio of the
atomic volume between Si and SiO2, i.e. 20 Å to 40 Å [51].

A linear buckling analysis to compute the buckling shape modes and critical loads is
performed by cooling down the material 1 °C. All elements are given an initial reference
temperature of 970 °C (the viscous flow point of SiO2) and a final uniform temperature
of 969 °C to all nodes.

Modeling of the force deflection behaviour is done by a nonlinear static structural
analysis. Again all elements are given an initial temperature of 970 °C, but are now given
a final uniform temperature of 20 °C to model the cooling down to room temperature.
Although plasticity of Si is observed in the measurements of the balanced stages, we do
not predict and model plastic behaviour. Instead, we determine how much the neutral
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position has moved in the x-direction by measuring the distance d (see Fig. 5.4b) after
oxide has been removed with a scanning electron microscope (SEM). It equals 55.10µm,
98.59µm, 101.80µm, 90.86µm and 110.14µm for a film thickness of 1.9µm to 2.5µm
respectively.

It is assumed the new equilibrium is stress free (without SiO2) and that it has the
shape of mode 2. Therefore we add buckling shape mode 2 with appropriate amplitude
(distance d) to the original and undeformed neutral position. A uniform temperature of
20 °C is set to all nodes to model the cooling down of the sample. Force deflection be-
haviour is determined by computing reaction forces at regular intervals in the x-direction
at the center of compliance.

Simulations are done for the balanced and unbalanced stages, both with and without
oxide. The unbalanced stages with and without SiO2 do not require any buckling modes
to be added and are shown in Fig. 5.10b and Fig. 5.10a respectively. The balanced stages
with and without oxide are shown in Fig. 5.6a and Fig. 5.6b respectively. Stiffness data is
summarized in Tab. 5.3.

Since the beams are not perfectly straight in practice, we model the influence of such
defects by introducing geometric imperfections. Imperfections are simulated by adding
the first three buckling modes with increasing amplitude to the undeformed nodal co-
ordinates. That is, the sum of the first three buckling modes (at the new equilibrium)
is scaled such that the maximum sideways deviation of the beams is 0µm, 4µm, 8µm,
12µm, 16µm and 20µm. We do this only for the simulations of the balanced stage with
film thickness 2.35µm. Results are shown in Fig. 5.6c.

5.7. MEASUREMENTS
Stiffness is analyzed in the x-direction of each stage by measuring the force deflection
behavior. For this a microforce sensing probe (FT-S10000) with a resolution of 0.5µN is
mounted on a precision linear stage (Physik Instrumente M-060.2DG) with a resolution
of 8.5 nm. The sensor is mounted under an angle of 30 degrees with an aluminum sensor
head and vertically aligned using a manual linear precision stage (Thorlabs PT1). Sam-
ples are placed on a 3D printed L-shaped base plate and positioned using two manual
linear precision stages. A picture of the measurement setup is shown in Fig. 5.7.

The sensing probe is visually aligned with the alignment markers at the CC and ver-
tically halfway the thickness by using a Dino-Lite digital microscope and the manual
precision stages. All measurements are averaged over 10 repetitions to reduce constant
measurement noise, see Fig. 5.10.

Beam thickness is measured by using a low vacuum SEM. In one device all beams are
measured in three locations on the front and back to get an idea of the distribution. In
all other devices the average is taken of two beams, measured in one location on front
and back. For beam measurements of the unbalanced stages, devices that were never
oxidized are used. For the balanced stages, oxide is first removed.

5.8. MEASUREMENT RESULTS
Pictures of the unbalanced and the balanced stages are shown in Fig. 5.8a and Fig. 5.8b
respectively. Measurements of the SiO2 thickness are given in Tab. 5.1. Film thickness on
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(a) Buckling mode shape 1 (b) Buckling mode shape 2

Figure 5.5: The first two buckling modes resulting from uniformly cooling down the sample. Modeling is done
as described in Section 5.6.

(a) (b)

Increasing
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Figure 5.6: Simulation results for statically balanced stages (a) with (b) and without oxide for multiple oxide
thicknesses. (c) Shows the influence of beam imperfections on the force deflection response for the stage
where 2.35µm of SiO2 has been removed.
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Figure 5.7: Picture of the force deflection measurement setup. (a) Shows a closeup of the stage, sensor holder
and digital microscope. (b) Shows a closeup of the microforce sensing probe and a sample.
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Table 5.1: SiO2 Thickness per wafer in nm.

Target Bottom Right Top Left Center

1900 nm 1892 1891 1890 1889 1886
2050 nm 2050 2050 2052 2050 2048
2200 nm 2189 2187 2191 2192 2185
2350 nm 2352 2351 2349 2350 2349
2500 nm 2506 2506 2511 2511 2503

Table 5.2: Measured average front and back beam width in µm for the unbalanced stage (SU) and balanced
stage (SB) without SiO2. Note that SU is never oxidized.

Back Front

Thickness SU SB - SiO2 SU SB - SiO2

1900 nm 20.60 19.01 24.94 22.29
2050 nm 20.30 19.30 25.31 22.42
2200 nm 20.82 19.44 25.44 22.65
2350 nm 21.60 19.04 23.15 21.28
2500 nm 23.94 21.47 25.87 22.40

Table 5.3: Simulated stiffness in Nm−1 for the unbalanced stage (SU) and balanced stage (SB) with and without
oxide.

Thickness SU SU + SiO2 SB + SiO2 SB

1900 nm 13.02 13.65 0.29 0.27
2050 nm 13.13 13.77 0.18 0.32
2200 nm 13.67 14.45 0.17 0.42
2350 nm 12.27 13.40 0.16 0.30
2500 nm 16.92 18.35 0.17 0.37

Table 5.4: Measured stiffness in Nm−1 of the unbalanced stage (SU) and the balanced stage (SB) with and
without oxide.

Thickness SU SU + SiO2 SB + SiO2 SB

1900 nm 13.42 13.73 0.66 0.51
2050 nm 12.83 13.72 0.60 0.41
2200 nm 13.21 13.81 0.70 0.49
2350 nm 13.23 14.63 1.53 1.07
2500 nm 14.92 15.19 0.60 0.32
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average varies −0.28±4.13nm from target thickness and are in agreement with expected
values.

Measurements of beam width on the front and back side are reported in Tab. 5.2. A
typical SEM measurement is shown in Fig. 5.9c. Measurements on the front and back
side had a variation of 0.11µm and 0.32µm respectively. Fig. 5.9a shows that the bal-
anced device is buckled in mode shape 2 from Fig. 5.5b. Fig. 5.9b shows a SEM image of
the alignment markers at the CC.

(a) (b)

Figure 5.8: Manufactured stages. (a) Shows the unbalanced stage and (b) shows the balanced stage.

Force deflection measurements are shown in Fig. 5.10 and stiffness is summarized
for all measurements in Tab. 5.4. Fig. 5.10a shows measurement data for one stage with
SiO2, including the linear fit and simulation results. Fig. 5.10b shows the same for one
stage without 1.9µm SiO2. Measurements are in good agreement with simulations and
stiffness increases 0.694± 0.47Nm−1 on average when oxidized. Measurement results
of the balanced stages with oxide present and after it has been removed are given in
Sections 5.8.1 and 5.8.2 respectively.

5.8.1. BALANCE WITH OXIDE
Fig. 5.10c shows all force deflection measurements for the balanced stages for all SiO2

thicknesses. Fig. 5.10c also includes a linear fit to the low stiffness plateau. A clear re-
duction in stiffness can be observed compared to the non-balanced stages over a range
of approximately 300µm to 380µm. The linear fit reveals a stiffness reduction of approx-
imately a factor 9 to 25 compared to the unbalanced non-oxidized stage.

The low stiffness range increases for thicker films, but it also increases a constant
force offset from approximately 0.2×10−3 N to 0.9×10−3 N, which can be explained by an
increased change in neutral position, see Sec. 5.8.2. In addition it is remarkable that the
curve of the balance stage with 2.35µm SIO2 is more rounded. It is likely that the beams
in this mechanisms are less straight than in the other mechanisms, because Fig. 5.6c
shows that with increasing beam imperfections the force deflection behaviour becomes
more curvy.
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Figure 5.9: Micrographs of a balanced stage. (a) A picture of a balanced stage. It can be observed it is buckled
in the mode from Fig. 5.5b. (b) A SEM image of the markers used to align the microforce sensing probe with
the center of compliance, see Fig. 5.4b. In figure (c) a typical SEM image used for measuring the beam width is
shown.

5.8.2. BALANCE WITHOUT OXIDE
Surprisingly, the balancing effect remained after oxide removal. Force deflection data,
along with a linear curve fit, is shown in Fig. 5.10d. The linear fit reveals a stiffness re-
duction of approximately a factor 12 to 46 compared to the unbalanced non-oxidized
stage. Almost half the stiffness of the balanced stages with SiO2.

After oxide removal the balancing effect should completely disappear under purely
elastic deformations. The remaining effect and the asymmetrical stiffness profiles (they
are not centered around displacement 0 mm) in Fig. 5.10c and in Fig. 5.10d suggest ir-
reversible plastic deformations in the silicon beams. That is, the oxidation process has
permanently stretched the silicon beams, causing the post-buckling state to become the
new equilibrium. However, stresses were not fully relaxed by plastic yielding, since the
balancing domain and the force offset decreased upon oxide removal.

This shift in neutral position also explains the constant force offset, because it adds
positive stiffness to the originally bistable mechanism. If bistability is combined with
positive stiffness, a constant force mechanisms results [52]. The constant force offset
increases for thicker films, because the severity of the bistability is increased for larger
rotations of the plate springs. A parameter study of such a constant force mechanism
can be found in [52].
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Figure 5.10: Force deflection measurements averaged over 10 repetitions to reduce constant measurement
noise. (a) A typical measurement with linear fit along with a simulation of an unbalanced oxidized stage.
(b) A typical measurement with linear fit along with a simulation of a non-oxidized unbalanced stage. (c)
Measurements of the balanced devices with SiO2 with a linear fit to the low stiffness domain. (d) Measurements
of the balanced devices with SiO2 removed with a linear fit to the low stiffness domain.

5.9. DISCUSSION
In this paper we have demonstrated, for the first time, one-time preloading for perma-
nent stiffness reduction of flexible mechanisms at micro scale. A static balancing build-
ing block is made compatible with MEMS by exploiting residual stress from thermal ox-
idation of silicon. Efficacy is shown by coupling the building block to a simple linear
stage, however it can be combined with other mechanisms as well [14–16].

The mechanism is unintentionally buckled in shape mode 2 instead of shape mode
1. Tolerances in manufacturing, caused by for example overetching or underetching of
silicon, most likely changed the length and width of the beams causing a separation of
the buckling modes with preference for mode shape 2. Sideways buckling may be pre-
vented by properly separating the buckling modes, accounting for manufacturing toler-
ances. Ensuring the buckling shape mode 1 assures negative stiffness to be lower than
the positive stiffness (stage flexures). As such, the negative stiffness acts around a stable
equilibrium position and bistability or a constant force offset is avoided. This can be
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easily achieved by making the negative stiffness flexure longer.
However, in some cases a force offset may be desirable. For example when the mo-

tion direction is aligned with gravity. By using an appropriately sized proof mass, a con-
stant force offset is able to counteract the gravitational pull, allowing for low frequency
oscillations in this direction. A similar approach was taken in [23].

If the induced deformation were purely elastic, each device should have been
bistable, as shown in [12, 43]. However, plastic deformation in the silicon beams has
caused buckling shape mode 2 to become the new neutral position. Although mono-
crystalline silicon is often considered brittle, plastic deformation is known to occur [53].
Plastic deformation of the silicon most likely happens during cool down between ap-
proximately 630 °C and 970 °C. This region is above the britle-to-ductile transition tem-
perature of silicon [54] and below the viscous flow point of silicon dioxide [55, 56]. How-
ever, we have no data to confirm this.

Simulations of the unbalanced stages are in good agreement with measurements.
Simulations of the balanced stages model the general behaviour, however there is dis-
crepancy in the force offset. The discrepancy may be explained by violation of the as-
sumption that the permanently deformed shape is stress free. Indeed stress is relieved
due to plastic deformation, however only those that exceed the yield stress. Stress just
below the yield stress will still be present. Properly modeling this phenomenon requires
implementation of constitutive models for the elasto-viscoplastic behaviour of mono-
crystalline silicon, such as [54, 57, 58].

Alternatively one may work with thin films below the brittle-to-ductile transition
temperature of silicon to prevent plastic deformation. Here we are not limited to ther-
mally grown SiO2, because Si3Ni4 (plasma 50 kHz at 350 °C and poly Si (LPCVD between
560 °C and 670 °C are reported to contain residual compressive stress between −0.1 GPa
and −2.1 GPa [59]. It can even be argued that static balance can be achieved with resid-
ual tensile film stress, because a mechanisms that buckles under tensile dead load is
reported in [60].

We have improved upon the state of the art [19–21], by investigating a versatile per-
manent preloading method for micro compliant mechanisms. Our method enables
static balancing of mechanisms by stretching micro beams. By using the balancing
structure as an isolated building block, it should be able to permanently reduce stiffness
in existing mechanisms such as shown in [26].

The method is suited for massive parallelized fabrication, since thermal oxidation of
silicon is a common method in semi-conductor manufacturing. It consumes no power
after manufacturing and has a low manufacturing complexity. It is able to theoretically
reduce stiffness to 0 Nm−1 [33] and has the potential to be 100 % space efficient if posi-
tive and negative stiffness are united in a single structure. Our method is well suited for
further miniaturization, since surface effects become predominant at smaller scales.

5.10. CONCLUSION
In this paper we have demonstrated, for the first time, permanent stiffness reduction
on micro scale suited for mass production by exploiting stress induced by thin films. A
building block commonly used for stiffness reduction in large scale compliant mecha-
nisms is made compatible with MEMS. Stiffness of a simple linear stage is reduced by a
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factor 9 to 46 over a range of maximally 380µm by coupling with the balancing building
block. The negative stiffness is created by stretching all beams by preloading the mono-
crystalline silicon with thermally grown oxide at 1100 °C.

It can be concluded that film stress is a feasible, simple and promising permanent
preloading method for permanent stiffness reduction of compliant micro mechanisms.
It is completely passive, allows parallelized and low complexity manufacturing, can po-
tentially eliminate stiffness completely, has the potential to be extremely space efficient
and is scalable.
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6
DISCUSSION AND CONCLUSION

In this chapter we consider the impact of the presented work and compare it to the state
of the art followed by a conclusion. In particular we discuss scalability of the presented
devices and discuss the balancing quality.
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6.1. SCALABILITY
In this thesis we have demonstrated meter, decimeter and centimeter scale devices that
use zero-free-length and plate springs, yet have zero or near-zero stiffness. They can be
directly applied in for example robotics [1], rehabilitation [2, 3] and medical devices [4,
5], mechanical oscillators for applications in horology [6, 7] and sensors [8–11] to make
them more energy efficient, improve haptic feedback and decrease natural frequencies
of oscillation. The same design paradigm can be used to create smaller devices on the
microscale for mechanical meta materials with variable Poisson’s ratios [12], variable
stiffness [13, 14] and even adaptivity in robotic materials with programmable properties
[15–17], mechanical logic [18, 19], mechanical nanocomputers robust against radiant
environment [20, 21] and other mechanical digital machines [22].

(a) (b)

Figure 6.1: The linear statically balanced mechanism from chapter 4 scaled down by a factor of two. The
mechanism is manufactured on a Prusa MK3 by fused deposition modeling with a nozzle size of 0.25 mm. (a)
shows the high stiffness configuration and (b) shows the low stiffness configuration.

Figure 6.2: Experimental (EXP) and simulation (FEA) results of the mechanism from figure 6.1. Measurements
and finite element simulations are done the same way as described in chapter 4.
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The monolithic nature and the planar architecture of the devices from chapters 3
to 5 are primarily responsible for enabling scalability. Monolithicity eliminates assembly
which means the devices can be scaled down to manufacturing limits. Planarity enables
the use of well established surface-micro-machining techniques and additive manufac-
turing to be used, such as photolithography and two-photon lithography [23, 24], which
are capable of producing micrometer sized features. Two demonstrations of scalablitly
are given below.

The first demonstration of scalability is given in figure 6.1, where the characteristic
length of the linear device from chapter 4 is reduced by a factor of two. This device is also
3D printed by using FDM, albeit with a smaller nozzle size of 0.25 mm, enabling smaller
features compared to a 0.4 mm nozzle size. Measurements and simulations show its be-
havior in figure 6.2, which are done the same way as was done in chapter 4. Although no
transition measurement is shown, high and low stiffness modes are clearly visible.

(a) (b) (c)

Figure 6.3: Permanent stiffness reduction by thermal oxidation of silicon is demonstrated on scale reduced
by a factor 9 compared to the devices from chapter 5. (a) Shows preliminary experimental force displacement
results on a Femtotools FT-NMT03, which are typical for a statically balanced compliant mechanism. (b) Shows
an array of 27 devices in which the length L (see chapter 5) of the negative stiffness flexure is increased with
each successive device, with top left the largest L. (c) Shows two buckling modes. The variation of length L is
chosen such that the first two buckling modes will switch order at some unknown L, at which point the lowest
stiffness should occur.

A second demonstration of scalability is given in figure 6.3 in which the character-
istic length of the devices from chapter 5 is scaled down by a factor of 9 approximately.
The devices are simultaneously manufactured with the devices from [25]. A silicon on
insulator (SOI) wafer is used with a 300µm handling layer, 2µm silicon dioxide and a
50µm thick device layer out of epitaxial silicon. A front and back are etched by DRIE
and vaper hydrofluric adic (VHF) is used to release the devices. Subsequently, a silicon
dioxide thin film of approximately 1µm is uniformly grown on the 5µm wide beams by
using wet thermal oxidation around 1100 °C.

Although many devices were broken for unknown reasons and unsuitable for exe-
cuting the intended experiment, the two buckling modes from chapter 5 can be clearly
observed. In addition one random but intact device in buckling mode 1 was measured to
one side with a Femtotools FT-NMT03. Highly non-linear stiffness is observed in accor-
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dance with results from both chapters chapters 4 and 5. A low stiffness domain can be
observed which indicates the generation of negative stiffness followed by a high stiffness
as the stage reaches its motion limit indicating all beams are strained axially.

Apart from the design paradigm presented in this thesis, literature shows microscale
statically balanced compliant mechanisms are possible today. Extensive numbers of
micro-scale compliant mechanisms have been reported, such as passive bistable mech-
anisms [26–34] and active microrelays [35, 35–49]. These studies demonstrate good
manufacturability of micro compliant mechanisms that store strain energy. Since stor-
ing strain energy has been the primary obstacle in statically balanced micro compliant
mechanisms, they imply good manufacturalibliy of the proposed systems from chap-
ters 3 to 5 as well and suggest they can be made active with current technology. Ac-
tively controlled binary stiffness in micro compliant mechanisms will for example en-
able adaptive robotic metamaterials [15–17] that can change their bulk stiffness with
local changes.

In addition, research into MEMS and semiconductor manufacturing has extensively
focused on controlling stresses in thin film deposition to prevent damage [50]. However,
instead of prevention, the same knowledge can form a basis for maximizing and exploit-
ing those stresses for the preloading in the devices from chapters 3 to 5.

6.2. BALANCING QUALITY
It is observed that with reducing the length scale through the chapters, balancing quality
deteriorates. In chapter 2 perfect balance is achieved, in chapters 3 and 4 a maximum
factor of 1020 and in chapter 5 the best reduction factor is 46. Perfect balance from chap-
ter 2 can only be achieved mathematically. Any embedding, be it in silico or in reality, will
have approximate balance, due to the finite precision of computers and manufacturing.

In engineering the variation of any part dimensions is accounted for by specifying a
tolerance. It is essential in ensuring all the parts of an assembly go together and to meet
mechanical performance specifications. By analyzing the tolerance stack-up, i.e. the
cumulative effect of all individual component tolerances, an engineer is able to analyze
lower and upper bounds of mechanical performance, in this case balancing quality. Of
course, by maintaining stricter engineering tolerances the cumulative effect is reduced,
but producing high precision components is generally more difficult and thus more ex-
pensive.

Since the compliant mechanisms presented in chapters 3 to 5 do not require assem-
bly, the cumulative effect of tolerances is smaller compared to rigid body mechanisms.
However, the relative impact of manufacturing imperfections increases as length scales
are reduced. One way to increase balancing quality at small scales is to account for un-
certainty in the design process. A design that is insensitive to certain geometric varia-
tions can be obtained with the modular Bayesian machine learning framework from [51].
Here a (digtal) experiment is set up to sample the effects of certain geometric variations,
followed by a predictive analysis to generate a full solution space. Next machine learn-
ing establishes a mapping from the obtained solution space to actual device responses
which is then used for computationally efficient design optimization. Even though mod-
eling errors will always be present, this data-driven design approach is advantageous
compared to experimentally guided design and is applicable to the design of stretch-
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and bending-dominated structures under uncertainty [52].
Even when directly accounting for uncertainty, large-downward (top-down) fabrica-

tion, in which progressively smaller pieces of material are manipulated, is intrinsically
limited. An alternative fabrication approach is small-upward (bottom-up) in which the
smallest available building blocks, molecules, are assembled to form increasingly larger
pieces of matter [53]. Various molecular mechanical devices have been fabricated such
as gears, crank slider mechanisms, switches, rotors, tweezers and hinges by using self-
assembly [54] but also active artificial molecular machines such as motors and an elec-
trically driven car [55–57]. Active machines machine components have been realized
by exploiting molecular bistabilty induced by input signals such as light and redox reac-
tions, but are also possible by pH changes, metal ion binding, temperature and chemical
stimuli [56].

Since stiffness is not an emergent property in bulk material it can be measured in
individual molecules [58] and proteins [59]. As such, it should be theoretically possible
to achieve artificial molecular machines that achieve their mobility from the deforma-
tion of individual molecules and proteins. Such molecular compliant mechanisms could
be designed accounting for specific kinematic and dynamic properties and fabricated
with a bottom-up approach by self assembly. Since the notion of storing and releasing
strain energy is equally valid on the molecular scale, chemical bistability can be actively
controlled and many mechanical molecular machines have been demonstrated, I look
forward tot he first nano-scale artificial molecular statically balanced compliant mecha-
nism.

6.3. CONCLUSION
It can be concluded that statically balanced mechanisms with invariant potential energy
are scalable to the micro scale. They have been investigated at various scales working
towards smaller scales as we progressed.

At the large scale, the method from chapter 2 enables the analysis and synthesis of
statically balanced rigid body mechanisms, which are often used as a precursor in the
design process of compliant mechanisms. It is capable of balancing mechanisms with
an infinite complexity by allowing symbolic derivation of balancing conditions for an
arbitrary number of links and zero-free-length springs in 2D and 3D. To accommodate
an easily solvable method, the principle of virtual transmissions has been introduced.
It temporarily constrains the system to a single degree of freedom such that only one
equation needs solving. The conditions generalize to the full unconstrained mobility.

We conclude that preloading difficulties has been primarily responsible for prevent-
ing the state of the art from miniaturization. This is solved by directly accounting for the
manufacturability of micro compliant mechanisms. In various designs all required elas-
tic structures are integrated into a monolithic and two-dimensional architecture. That
is, components responsible for kinematics, negative stiffness and preloading are all in-
tegrated in a single-piece planar component. This makes them directly compatible with
established micro fabrications techniques such as photo-lithography and two-photon
lithography.

The principle of opposing constant force mechanisms has been extended to rotation
with opposing constant torque. New constant force and constant torque mechanisms
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have been introduced that significantly reduce device complexity. When preloaded
against each other with bistable mechanisms, stiffness reduction of 98.5 % and 90.5 %
is achieved for translation and rotation, respectively, with superior relative range of mo-
tion. Bistable mechanisms are responsible for preloading either by directly engaging
them or by moving the central stage over a force threshold.

In addition, a novel elastic structure is introduced that is able to provide negative
stiffness when preloaded, but also provides positive stiffness in the unpreloaded config-
uration. This allows maximization of the ratio between soft and hard modes resulting
in an unprecedented stiffness reduction of 98.5 % (factor 84) and 99.9 % (factor 1020)
for linear and rotational motion respectively, compared to the state of the art which re-
ports reductions of −104.7 %, 91 %, −123 % and 70 % and (factors −21.2, 11.1, −4.2 and
3.3 respectively) [60–63]. A stiffness reduction by three orders of magnitude is sufficient
for considering these mechanisms to be binary in stiffness, enabling binary digital ma-
chines that compute with stiffness.

We conclude that it is possible to preload microscale devices by exploiting residual
stress in thin films. A stiffness reduction of a factor 9 to 46 is achieved by thermal oxi-
dation of silicon, which could potentially be improved by using more severely stressed
thin films such as Si3Ni4 and poly Si. The method is passive and nearly 100 % space effi-
cient. It is a global method, enabling batch processing for massive parallelization at any
level of complexity and since surface effects become more dominant at small scales by
definition scalable.

Although scale and balancing quality are intrinsically limited by the current top-
down approach of fabrication, extremely small artificial molecular machines have been
fabricated in bottom-up fabrication approaches. Such nano-scale mechanical devices
make it likely that mechanisms that exploit the flexibility of molecules and proteins can
also be developed on those scales. Since the notion of negative stiffness is independent
of the particular elastic element, it is likely to assume energy buffers and balancing mod-
ules can be developed by preloading molecules and proteins. These molecular negative
stiffness building blocks could then be used to counteract the elastic properties of other
molecules, achieving molecular sized statically balanced machines, moving closer actual
nano-computers, robust in extreme environments.
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ure 1.2 in chapter 1. The table lists the references in correspondence with the numbers
on the x-axis along with the characteristic device length.
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