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ABSTRACT
Carbon footprints and other environmentally extended input–
output indicators are obtained as aggregations of emissions embod-
ied in supply chains (EESCs), which express the emissions occurring
in a specific production activity to satisfy a given volume of final
demand. Here we derive theoretical approximations of the expecta-
tions of and covariances between EESCs, as a function of the expecta-
tions of and covariances between source data (technical coefficients,
emission coefficients and final demand volumes) through a Taylor
expansion. We report an empirical test of those approximations,
using a sample of 5 global multi-regional input–output models in
the year 2007, ofwhichweextract 22 single-region input–output sys-
tems with 17 sectors. We find that approximations of multipliers per-
form better than those of EESC, and approximations of expectations
perform better than those of covariances.

ARTICLE HISTORY
Received 24 January 2019
in final form 21 August 2019

KEYWORDS
Input–output analysis;
multiplier; expectation;
covariance; Taylor expansion

1. Introduction

Applications of input–output (IO) analysis (Miller and Blair, 2009) often deal with the cal-
culation of socioeconomic or environmental impacts of consumption decisions. For con-
creteness, in the present study we focus on carbon footprints (Hertwich and Peters, 2009),
keeping in mind that the work developed here applies equally to other environmentally
extended input–output (EEIO) indicators, such as consumption-based carbon accounts
(CBCAs) (Afionis et al., 2017) or emissions embodied in trade (Davis and Caldeira, 2010).
All such quantities are constructed by aggregating emissions embodied in supply chains
(EESCs), which express how much the volume of consumption of a product gener-
ates in terms of emissions of a particular sector. The economic and environmental data
required for the calculation of EESCs are subject to a wide variety of measurement errors
(Sato, 2014). A particular component in the calculation of an EESC is an input–output
multiplier, which express howmuch the final demand of the products of a sector generates
in the total demand of the outputs of (possibly) another sector.
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When researchers are interested in calculating the uncertainty of carbon footprints
these are often performed numerically usingMonte Carlo simulations (Lenzen et al., 2010;
Rodrigues et al., 2018). In order to circumvent the need to perform numerical calculations,
and also to generate theoretical insights, it would be convenient if there were analytical
formulas linking the expectations of and covariances between the source data and the
expectations of and covariances between EESCs.

Althoughwe are not aware of the existence of such formulas for EESCs there is a long tra-
dition in the exploration of the theoretical link between the expectations of and covariances
between source data and the expectations of and covariances betweenmultipliers, reviewed
by Kop Jansen (1994) andmore recently by Temursho (2017). Pioneer work was developed
by Evans (1954) and Quandt (1958). The culmination of this literature was the work of ten
Raa and Kop Jansen (1998), who proposed analytical formulas for the expectations of and
covariances between multipliers when technical coefficients are subject to measurement
errors, which generalized and unified the earlier developments of West (1986), Lahiri and
Satchell (1986) and tenRaa and Steel (1994), amongothers. In parallel to the study of uncer-
tainty in IO analysis there is a large literature on the uncertainty of life-cycle assessment
(Heijungs et al., 2006; Heijungs and Lenzen, 2014; Igos et al., 2018). In particular, Heijungs
and Lenzen (2014) addressed the calculation of the variance of a footprint, as a function of
variances of technical coefficients. As far as we are aware no extension of the expressions
of ten Raa and Kop Jansen (1998) has ever been proposed in the literature, to estimate the
expectations of and covariances between derived quantities, such as EESCs.

The goal of this paper is twofold. First, we derive analytical formulas for the calcula-
tion of the expectations of and covariances between EESCs when the expectations of and
covariances between source data are known. This is carried out in Section 2. Second, we
report an empirical application of the performance of the derived formulas, in Section 3.
Section 4 closes the paper. AnAppendix available online describes the derivation and error
metrics employed in the empirical analysis.

2. Theory

In this section, we present the functional forms of the proposed approximations of the
expectations of and covariances between EESCs. In order to make sense of this result, we
also report the assumptions and calculation method underlying the derivation.

2.1. Notation and problem formulation

In this paper, we adhere as much as possible to the conventional notation of probability
theory and linear algebra. We use uppercase letters to denote a random variable and low-
ercase to denote a realization; with italic denoting scalar and bold denoting a vector or
matrix object. If T, T1 and T2 are arbitrary random variables with a continuous density
function then their expectation and covariance are, respectively:

T = E[T] =
∫

f (t)t dt; (1)

〈T1,T2〉 = V[T1,T2] = E[(T1 − E[T1])(T2 − E[T2])]; (2)
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where f (t) is the density function and E[g(T)] = ∫
f (t)g(t)dt. In this paper we are inter-

ested in obtaining these two properties (expected value and covariance) of a return variable
vector, S, which is a function of a control variable, T, as S = g(T), when the function g(·)
and variables T and S are as specified below.

In the analysis of the results, we will split a covariance into standard deviations and a
correlation. The standard deviation is the square root of the variance and correlation is
the covariance divided by the product of the corresponding standard deviations. Thus, for
arbitrary random variables T, T1 and T2 we define these quantities respectively as

〈T〉 =
√

〈T,T〉; (3)

〈〈T1,T2〉〉 = 〈T1,T2〉
〈T1〉〈T2〉 . (4)

In the analysis of the results we will also report percentiles. The z percentile of a random
variable X is the value x such that P(X ≤ x) = z%.

Mathematically, we define EESC, denoted Rij(k), as the upstream emissions occurring in
production sector i resulting from the consumption of item j in consumption vector k. The
set of all ESSCs can be arranged in the nS × nS matrix R(k) calculated as

R(k) = B̂LŶ(k), (5)

where the Leontief inverse, L, is in turn obtained from the matrix of technical coefficients
as

L = (I − A)−1 . (6)

In the preceding expressions I is the identitymatrix, a circumflex or ˆrepresents diagonal;B
is a vector of production emission coefficients, specifying the volume of carbon emissions
per unit of economic output; and Y(k) is a vector of final demand category k, specifying
the volume of expenditure in each product category. The length of B and Y(k) is nS and the
size of A and L is nS × nS, where nS is the number of sectors. The system is assumed to
be in symmetric format, product-by-product or industry-by-industry (UN, 2018), and we
use ‘sector’ as a neutral term to refer to either products or industries. The iterator k runs
over k = 1, . . . ,nF where nF is the number of final demand categories. The coefficients of
A and B are further obtained from flow data, but how their expectations and covariances
are related is not covered here. We refer to an element of L as a multiplier.

The theoretical problem addressed in this paper is to obtain explicit formulas for the
expectation Rij(k) and covariances 〈Rij(k),Rlm(n)〉 as a function of the expectation and
covariances ofA, B and Y (where the latter has size nS × nF), where i, j, l andm are sectors
and k, n are final demand categories. The expectation of and covariances between carbon
footprints can be afterwards obtained by summing over the appropriate EESCs.

Mathematically, if Q�,� ,� is a carbon footprint (or another EEIO indicator), then:

Q�,� ,� =
∑
i∈�

∑
j∈�

∑
k∈�

Rij(k); (7)

Q�,� ,� =
∑
i∈�

∑
j∈�

∑
k∈�

Rij(k); (8)
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〈Q�,� ,�,Q�′,� ′,�′ 〉 =
∑
i∈�

∑
j∈�

∑
k∈�

∑
l∈�′

∑
m∈� ′

∑
n∈�′

〈Rij(k),Rlm(n)〉, (9)

where Q�,� ,� is the expectation, 〈Q�,� ,�,Q�′,� ′,�′ 〉 is the covariance, and �, � , �, �′,
� ′ and�′ are appropriate sets. For concreteness consider a multiregional context in which
each k iterates over final demand categories and regions. A carbon footprint of household
consumption is obtained by selecting a product j and household final consumption of a
region k, and then summing over all sectors where emissions occur, i. For example, if we
are interested in the carbon footprint of beverages in Australian households, then k cor-
responds to Australian households and j to beverages. A CBCA is obtained by summing
over every final demand category k of the region of interest and summing over every i and
j. Emissions embodied in trade and other EEIO indicators are obtained by selecting and
aggregating over other iterator ranges.

We address this theoretical problem (calculating Rij(k) and 〈Rij(k),Rlm(n)〉) by using the
formulas for the expectations of and covariances between functions of random variables,
S = g(T), proposed by ten Raa and Kop Jansen (1998), in which the covariance formula
was in turn taken from Klein (1956) and Kmenta (1971). These expressions are derived as,
respectively, second- and first-order Taylor approximations around the expectation of the
source data:

Si ≈ gi(T) + 1
2

∑
j,k

∂2gi
∂Tj∂Tk

∣∣∣∣Tj=Tj
Tk=Tk

〈Tj,Tk〉; (10)

〈Si, Sj〉 ≈
∑
k,l

∂gi
∂Tk

∣∣∣∣
Tk=Tk

∂gj
∂Tl

∣∣∣∣
Tl=Tl

〈Tk,Tl〉. (11)

Equation 10 is equivalent to Equation 5 of ten Raa and Kop Jansen (1998) and Equation 11
is equivalent to Equation 4 of the same publication. In order to find analytical expres-
sions for Rij(k) and 〈Rij(k),Rlm(n)〉 we need to systematically obtain all relevant first and
second partial derivatives, where Equations 5–6 define the function, and replace them in
Equations 10–11. The derivation is reported in Appendix A.

2.2. Taylor approximations

The formulas proposed by ten Raa and Kop Jansen (1998) for the expectation of and
covariances between multipliers (Equations 26 and 27 in that publication) are:

LTayij = L∗
ij +

∑
l,m,n,p

L∗
ilL

∗
mnL

∗
pj〈Alm,Anp〉; (12)

〈Lij, Lkl〉Tay =
∑
p,q,r,t

L∗
ipL

∗
qjL

∗
krL

∗
tl〈Apq,Art〉. (13)

Appendix B shows the equivalence between Equation 12 and Equation 26 of ten Raa and
Kop Jansen (1998). In the preceding expressions the left-hand side is adjoined with the
upperscript ‘Tay’ to denote that it is a Taylor approximation, and we used the short-hand
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L∗ = (I−A)−1. Inserting expressions A.9–A.12 in Equation 10 yields the expectation of an
EESC:

RTayij(k) = BiL
Tay
ij Yj(k) + 1

2

⎛
⎝∑

l,m

L∗
ilL

∗
mj〈Alm,Bi〉

⎞
⎠Yj(k)

+ 1
2
Bi

⎛
⎝∑

l,m

L∗
ilL

∗
mj〈Alm,Yj(k)〉

⎞
⎠ + 1

2
L∗
ij〈Bi,Yj(k)〉. (14)

Term LTayij is described in Equation 12. Following the same conventions, inserting expres-
sions A.5–A.6 in Equation 11 yields the covariances between EESCs:

〈Rij(k),Rlm(n)〉Tay = BiBl〈Lij, Llm〉TayYj(k)Ym(n)

+ Bi

⎛
⎝∑

p,q
L∗
ipL

∗
qj〈Apq,Bl〉

⎞
⎠ L∗

lmYj(k)Ym(n)

+ Bl

⎛
⎝∑

p,q
L∗
lpL

∗
qm〈Apq,Bi〉

⎞
⎠ L∗

ijYj(k)Ym(n)

+ BiBl

⎛
⎝∑

p,q
L∗
ipL

∗
qj〈Apq,Ym(n)〉

⎞
⎠ L∗

lmYj(k)

+ BiBl

⎛
⎝∑

p,q
L∗
lpL

∗
qm〈Apq,Yj(k)〉

⎞
⎠ L∗

ijYm(n)

+ 〈Bi,Bl〉L∗
ijL

∗
lmYj(k)Ym(n) + BiBlL∗

ijL
∗
lm〈Yj(k),Ym(n)〉

+ 〈Bi,Ym(n)〉BlL∗
ijL

∗
lmYj(k) + 〈Bl,Yj(k)〉BiL∗

ijL
∗
lmYm(n). (15)

In the preceding expression term 〈Lij, Llm〉Tay is described in Equation 13.
Equations 14–15 are generalizations of the formulas proposed by ten Raa and Kop

Jansen (1998). Their formulas for the expectation of and covariance between multipliers
Lij, Equations 12–13 can be recovered from our expressions bymaking the emission inten-
sity and final demand volume unitary and deterministic, i.e. setting B̄i = Ȳj(k) = 1 and
〈Lij,Bk〉 = 〈Lij,Ykl(m)〉 = 〈Bi,Bj〉 = 〈Bi,Yj(k)〉 = 〈Yi(j),Yk(l)〉 = 0.

3. Empirical application

In this section, we report an empirical application, of which the primary goal is the assess-
ment of the numerical performance of the derived formulas of the expectations of and
covariances between IO multipliers and EESCs. In order to do so, we need to characterize
the expectations of and covariances between source data of an EEIO model. After report-
ing the source data and processing performed on themwe describe the performance of the
Taylor approximations in replicating the empirical expectations and covariances.



ECONOMIC SYSTEMS RESEARCH 197

3.1. Data sources and processing

The main data source of this study is a set of five global product-by-product
(Miller and Blair, 2009) multiregional IO (MRIO) databases that were harmonized
and tailored to calculate country/region-level global carbon footprints in the year
2007. These five MRIOs are constructed from the Exiobase (Wood et al., 2015)
(http://exiobase.eu), WIOD (Dietzenbacher et al., 2013) (http://www.wiod.org/), EORA
(Lenzen et al., 2012) (http://worldmrio.com/, OECD (Wiebe and Yamano, 2016)
(http://www.oecd.org/sti/ind/input-outputtablesedition2015accesstodata.htm) and GTAP
(Peters et al., 2011) (https://www.gtap.agecon.purdue.edu/ databases. EachMRIOdatabase
was harmonized to nR = 22 regions, nS = 17 sectors per region and a single category of
final demand per country, primary inputs and carbon emission types. The regional clas-
sification consists of 20 countries covering 78% of global CO2 emissions and 2 aggregate
regions. The list of regions and sectors can be found in Appendix C, and the concordance
with the original MRIOs can be found in Owen et al. (2014) and Steen-Olsen et al. (2014).
We did not use the original values reported in each original MRIO but the values obtained
after the procedure described in section “Data compression” of Rodrigues et al. (2018).

From this global model a set of nR = 22 single-region models was extracted. That
is, only the blocks along the main diagonal of the full AR matrix were used to obtain
the Ar matrices of each region r. From the multi-regional YR matrix (nRnS × nR) each
single-region Yr of size nS × nF with nF = 2 was obtained as follows: Yr

i,1 = YR
(r−1)nS+i,r

and Yr
i,2 = ∑

k	=r Y
R
(r−1)nS+i,k. In words, the consumption matrix of each region has two

columns: the first is the vector of consumption of domestically produced goods and
the second is the vector of exports. Emission intensities were obtained by splitting the
multiregional vector BR into its appropriate regional components Br.

Now considering a single region we can skip superscript r. For both the IO system
(A, B and Y) and the multipliers, L, and EESCs, R(k), we calculate the expectations and
covariances using suitable discrete versions of Equations 1–2:

T = E[T] ≈
nP∑
k=1

1
nP

t(k); (16)

〈T1,T2〉 = V[T1,T2] ≈
nP∑
k=1

1
nP − 1

(t1(k) − E[T1])(t2(k) − E[T2]). (17)

In the preceding expressions t(k), t1(k) and t2(k) represent the k-th realization of random
variable T, T1 and T2, respectively. nP is the number of distinct MRIOs used in the anal-
ysis. The resulting quantities, L, R(k), 〈L〉 and 〈R(k)〉 are the true values against which the
performance of the Taylor approximation will be examined.

An alternative approach to obtain the expectations of and covariances between either L
or R(k) would be to perform Monte Carlo integration, as in Heijungs and Lenzen (2014).
Using that method probability distributions are assumed and parameterized for the source
data, and a large number of realizations is taken, from which samples of L and R(k) are
obtained. In the present study, we do not follow this approach to avoid having to make
further assumptions by specifying probability distributions for the source data.

http://exiobase.eu
http://www.wiod.org/
http://worldmrio.com/
http://www.oecd.org/sti/ind/input-outputtablesedition2015accesstodata.htm
https://www.gtap.agecon.purdue.edu/
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The question of how representative this data set is was previously discussed inRodrigues
et al. (2018). It turns out that when compared with the literature survey of Hertwich and
Peters (2009), most source data variances are higher than reported in the literature. How-
ever, this is the only dataset that we know in which covariances in the source data can be
estimated, and therefore use it for the empirical application.

3.2. Results

In this subsection, we examine the performance of the formulas derived in Section 2.2. We
do so by examining the deviation between the true value of a given variable, calculated
as described in Section 3.1, and the Taylor approximation, through the formulas reported
in Appendix D. We calculate the deviation (or error) of a particular approximation for
each multiplier or EESC and then study the distribution of errors across all multipliers or

Figure 1. Histograms of the errors of the Taylor approximation (in %). (a) Expectation of multiplier. (b)
Expectation of EESC. (c) Standard deviation of multiplier. (d) Standard deviation of EESC. (e) Correlation
between multipliers. (f ) Correlation between EESCs.
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Table 1. Percentiles of the errors of the approximations.

Variable\percentile 5 10 25 75 90 95

Expectation of multiplier −1.78 −1.07 −0.35 0.55 1.51 2.29
Expectation of EESC −19.34 −10.99 −3.69 8.44 23.77 42.04
Std. dev. of multiplier −16.14 −10.94 −4.69 5.38 14.16 24.02
Std. dev. of EESC −40.62 −29.28 −12.75 32.83 84.67 155.14
Correlation between multipliers −18.18 −11.21 −4.05 5.98 15.49 24.48
Correlation between EESCs −45.10 −31.08 −14.21 16.74 39.62 58.44

EESCs.We sequentially examine the performance of the mean of and covariances between
either multipliers or EESCs. For ease of interpretation the analysis of covariances is split
into variances and correlations.

Figure 1 shows the histograms of the errors of the Taylor approximation, for the expec-
tation of, standard deviation of and correlations between either multipliers or EESCs.
Additionally, we report in Table 1 selected percentiles.

Examination of Figure 1 and Table 1 shows that for less than 10% of data points is
the error of the Taylor approximation of the expectation of a multiplier larger than 3%.
Hence, we can say that the performance of the approximation is reasonable. Furthermore,
the distribution of errors is reasonably symmetric, meaning that the number of over- and
under-estimated data points is roughly the same.

The performance of the approximation for the expectation of an EESC, and the variance
and correlation a multiplier is clearly worse, with around 20% of data points having an
error which is either below−10% or higher than 15%. Besides the decrease in performance
in these cases the distribution of errors is also right-skewed, suggesting some degree of
over-estimation.

Finally, the performance of the approximation for the variance of an EESC and the cor-
relation between EESCs is even worse, with more than 50% of estimates being off by less
than −10% or by more than 15%. The variance of an EESC performs particularly bad and
exhibits a strong degree of over-estimation.

4. Discussion and conclusions

Carbon footprints and other environmentally extended input–output indicators are con-
structed as aggregations of emissions embodied in supply chains (EESCs), which indicate
the emissions occurring in a given production activity to satisfy a certain volume of final
demand. In this study we have developed approximations for the expectations of and
covariances between EESCs as, respectively, second- and first-order Taylor approxima-
tions, extending the work of ten Raa and Kop Jansen (1998) for multipliers. We have then
presented a case study in which we examine the performance of the proposed approxima-
tions. The empirical analysis shows that the Taylor approximation does not perform always
well: the formulas for multiplier expectations performs very well, the formulas for the
covariance between EESCs performs poorly and the other formulas lead to an intermediate
result.

Of course, empirical results depend on the particularities of the empirical data. In the
case examined here it was found by Rodrigues et al. (2018) that there is more variation
in the environmental extension and final demand volumes than in technical coefficients.
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Hence, the approximations that involve only data with low variances (multipliers) per-
form better than approximations that involve data with higher variance (EESCs). We
conclude that the Taylor approximations of expectations of and covariances between either
multipliers or EESCs should be used only when the variances in the source data are small.

In principle it is possible to obtain better approximations by performing a higher-order
Taylor expansion, but the expressions would become more cumbersome. If a source data
sample is available or amultivariate probability distribution can be assumed, from the point
of view of practical calculations there is little benefit of having a theoretically accurate but
very cumbersome expression, as in that case a numerical Monte Carlo integration can be
performed instead.

The analytical formulas developed in this study are relevant for practitioners who wish
to explore from a theoretical point of view the statistical properties of carbon footprints.
This, in turn, has policy implications as it will allow for a better understanding of the uncer-
tainty in empirical applications. The empirical results of this study are a contribution to
the still narrow field of empirical studies of the uncertainty of carbon footprints, which we
believe requires further attention.
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