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Suppression of Mainbeam Deceptive Jammer With
FDA-MIMO Radar

Lan Lan , Member, IEEE, Jingwei Xu , Member, IEEE, Guisheng Liao, Senior Member, IEEE,
Yuhong Zhang , Senior Member, IEEE, Francesco Fioranelli , Senior Member, IEEE,

and Hing Cheung So , Fellow, IEEE

Abstract—Suppression of radar-to-radar jammers, especially
the mainbeam jammers, has been an urgent demand in vehicular
sensing systems with the expected increased number of vehicles
equipped with radar systems. This paper deals with the suppression
of mainbeam deceptive jammers with frequency diverse array
(FDA)-multiple-input multiple-output (MIMO) radar, utilizing its
extra degrees-of-freedom (DOFS) in the range domain. At the
modelling stage, false targets, which lag several pulses behind the
true target, are considered as a typical form of mainbeam jammers.
To this end the data-independent beamforming is performed to
suppress false targets by nulling at the equivalent transmit beam-
pattern with an appropriate frequency increment. However, the
suppression performance degrades in the presence of transmit spa-
tial frequency mismatch, which could be induced by quantization
errors, angle estimation errors and frequency increment errors. To
solve this problem, a preset broadened nulling beamformer (PBN-
BF) is proposed by placing artificial interferences with appropriate
powers around the nulls of the equivalent transmit beampattern.
In such a way, effective suppression of deceptive jammer can be
guaranteed owing to the broadened notches. At the analysis stage,
numerical results in a scenario with multiple unmanned aerial vehi-
cles (UAVs) are provided to illustrate the effectiveness of the devised
data-independent BF, and the signal-to-interference-plus-noise ra-
tio is improved compared with the conventional data-independent
BF.

Index Terms—Mainbeam deceptive jammer suppression, FDA-
MIMO radar, unmanned aerial vehicles (UAVs), data-independent
beamforming, joint transmit-receive spatial frequency, artificial
interference.

I. INTRODUCTION

ARRAY signal processing has been widely used in civil-
ian applications, including autonomous vehicles (AVs),
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Fig. 1. Pictorial sketch of relevant jamming scenarios for ground and aerial
vehicles applications.

unmanned aerial vehicles (UAVs), as well as traffic control [1]–
[4]. For vehicular sensing systems, radar techniques has obtained
increasing attention due to its all-day and all-weather operational
ability for detecting range and radial velocity [5], [6]. However,
increasing number of vehicles with multiple radar on-board,
anti-jamming capabilities become an urgent demand as there are
some intended and unintended jammers from surroundings (See
Fig. 1) [7]. Those jammers degrade the detection capabilities and
can cause sensor blindness, which in turn impacts the autonomy
and safety of the system [8]. Among various types of jammers,
the deceptive jammer, which can intercept radar signals and
generate false targets based on an appropriate time modulation in
digital radio frequency memory (DRFM) [9], poses a significant
threat to existing radar systems. It makes detecting the target a
rather difficult task when false targets are located within the
mainbeam.

In these circumstances, various methods to mitigate decep-
tive jammers have been investigated. Generally, signals corre-
sponding to different radars must be separable at least in one
dimension, such as time, frequency, space, or code/waveform
[10]. In this respect, signal processing techniques including an-
tenna polarization, separating time slots/radio channels, antenna
nulling and coding approaches have been proposed in automo-
tive vehicles, which were summarized in [11]. For mainbeam
deceptive jammers, traditional approaches have been proposed
to discriminate the true and false targets in various domains,
such as time [12], frequency [13], as well as polarization [14].
However, emulated false targets from the mainbeam cannot be
easily discriminated and suppressed with traditional techniques.
Hence, there is an urgent demand for anti-jammer capabilities
in emerging radar systems.
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Recently, the frequency diverse array (FDA) radar, which
provides an advantage of increased degrees-of-freedom (DOFs)
in the range domain, has been widely investigated [15]–[17].
Different from the phased array radar which provides only angle-
dependent transmit beampattern, a range-angle-time-dependent
beampattern can be generated in FDA by introducing a small
frequency increment across adjacent array elements [18]. Much
attention has been paid on the analyses of the transmit beam-
pattern [19]–[21]. However, in standard FDA, frequencies of
elements are increased linearly, which yields a coupled ‘S’-
shape beampattern in the joint angle-range domain, leading
to possible ambiguities in the range-angle dimension during
the target localization process. Furthermore, the time-variant
beampattern is not desired for target localization in practice. To
cope with these problems, the multiple-input multiple-output
(MIMO) technique is combined with the FDA framework. In
FDA-MIMO radar, the transmit waveforms are separated in the
receiver, and the time-independent transmit steering vector is
obtained. It has been found that the FDA-MIMO radar is capable
of fulfilling practical tasks that the conventional MIMO radar
cannot handle [22]–[24].

Compared with the conventional MIMO radar whose
transceive beampattern is only angle-dependent, mainbeam de-
ceptive jammer can not be effectively suppressed due to lack of
controllable DOFs. In contrast, extra DOFs in the range domain
is obtained with FDA-MIMO radar whose transceive beampat-
tern is range-angle-dependent. As pseudo-randomly distributed
false targets are generated, they have different transmit steer-
ing vectors. In this respect, the true and false targets with an
identical angle are distinguishable in the range domain. Several
approaches have been considered to suppress the mainbeam
deceptive jamming with FDA-MIMO radar [25]–[27]. It is
noteworthy that the signal model in [25] is a special case due to
missing the time delay term. Besides, it is not feasible to find
perfectly orthogonal waveforms for all Doppler and delay pairs
in practice. The signal model has been been re-derived in [26],
[27], where the estimation of jammer-plus-noise covariance ma-
trix was addressed in [26], and the ability of jammer suppression
was studied under the condition of a priori knowledge in [27].
However, the aforementioned methods are developed based on
data-dependent beamforming, where the training data was used
to estimate the jammer-plus-noise covariance matrix. Further-
more, this is still a difficult task for sample selection, because
training samples collected from adjacent range bins are no longer
independent and identically distributed. As a result, it is worth
an investigation of mainbeam deceptive jammer suppression
with data-independent beamforming. Furthermore, suppression
performance degrades in the presence of mismatches, such as
range quantization errors and angle estimation errors, which
have not been considered in the existing literature.

This discussion motivates the present study which
addresses mainbeam deceptive jammer suppression using
data-independent beamforming with FDA-MIMO radar. At the
modelling stage, false targets, which lag several pulses behind
the true target, are considered. Selecting a proper frequency
increment and performing data-independent beamforming,

false targets which dwell at nulls of the equivalent transmit
beampattern are suppressed. Specifically, only the false target
generated after delay larger than one pulse repetition time (PRT),
can be suppressed. Furthermore, considering the presence of
transmit spatial frequency mismatch, which may be caused by
quantization errors, angle estimation errors and frequency incre-
ment errors, a preset broadened nulling beamformer (PBN-BF)
is developed to guarantee effective suppression. In this context,
artificial interferences with appropriate powers are imposed
to broaden the nulls, and the covariance matrix is constructed
with artificial interferences. At the analysis stage, we consider
the scenario of multiple UAVs, where other UAVs can generate
intentional deceptive or accidental jamming. It is worth noticing
that, the detection range of some UAVs with large models can
operate at hundreds of kilometers [28]–[30]. The suppression
performance in UAVs is evaluated by the output power of data-
independent 2-D BF as well as the output signal-to-interference-
plus-noise ratio (SINR). Numerical results validate the
effectiveness of the suppression of mainbeam deceptive jammer.

The remainder of this paper is organized as follows. Section II
presents the signal model and the principle of the mainbeam
deceptive jammer suppression with FDA-MIMO radar. To en-
hance the robustness of jammer suppression in the presence
of transmit spatial frequency mismatch, the PBN-BF method
is investigated in Section III. Simulation results are given in
Section IV. Conclusions are drawn in Section V.

Notations: Boldface is used for vectors x (lower case), whose
n-th entry is x(n), and matrices A (upper case), whose entry in
the m-th row and the n-th column is [A]m,n. The transpose, the
conjugate, and the conjugate transpose operators are denoted by
the symbols (·)T, (·)∗, and (·)H, respectively. diag(·) indicates
the diagonal matrix. IN and 1N denote respectively the N ×N
identity matrix and theN × 1 vector with all elements being one.
CN , RN , and N+ are respectively the sets of N -dimensional
vectors of complex numbers, N -dimensional vectors of real
numbers and positive integers. For any x ∈ CN , ‖x‖2 denotes
its Euclidian norm. � and ⊗ represent the Hadamard product
and the Kronecker product, respectively. The letter j represents
the imaginary unit (i.e. j =

√−1). For any complex number z,
|z| is used to denote the modulus of z. Finally, [a, b] indicates
a closed interval of R with a and b being the beginning and the
end, respetively.

II. DECEPTIVE JAMMER SUPPRESSION WITH

FDA-MIMO RADAR

A. Signal Model of FDA-MIMO Radar

Consider a colocated MIMO radar with M omnidirectional
transmit and receive elements in a uniform linear array. The
frequency increment Δf is introduced in the transmit array with
the first element being the reference. Thus, the carrier frequency
of the m-th element is

fm = f0 + (m− 1)Δf, m = 1, 2, . . . ,M, (1)

where f0 is the reference carrier frequency. Assume that a phase-
coded pulse, composed of P subpulses, is transmitted by each
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element, and the transmitted signal of the m-th element is

sm(t) =

√
E

M
xm(t)u

(
t

Tp

)
ej2πfmt, (2)

where u(t) =
{ 1, 0≤ t≤ 1

0, else
, E is the transmitted energy, Tp is the

radar pulse duration, and xm(t) the m-th complex envelope
signal given by

xm(t) =
1√
τb

P∑
l=1

ϕm(l)u

[
t− (l − 1) τb

τb

]
, l = 1, · · · , P,

(3)
where τb is the length of each subpulse with τb =

Tp

P and

ϕm(l) = ejφm(l), (4)

where φm(l) ∈ [0, 2π].
Suppose a target in far-field at angleθ0 and rangeR0, the signal

received by the n-th (n = 1, 2, . . . ,M ) element is written as

yn(t) = β

M∑
m=1

xm (t− τ0) e
j2πfm(t−τm,n)

≈ βej2πf0(t−τ0)e
j2π d

λ0
(n−1) sin(θ0)

M∑
m=1

xm (t− τ0) e
j2πΔf(m−1)(t−τ0)e

j2π d
λ0
(m−1) sin(θ0),

(5)

where xm(t) is the complex envelope of the m-th transmit-
ted signal, τm,n = 2R0−d(n−1) sin(θ0)−d(m−1) sin(θ0)

c denotes the
round-trip propagation delay from the m-th transmit element
to the n-th receive element, τ0 = 2R0

c , c is the speed of light,
β is the complex echo amplitude (accounting for the transmit
amplitude, phase, target reflectivity, and channels propagation
effects), d is the inter-element spacing, and λ0 is the wavelength.
The approximation holds true as long as (M − 1)2Δf d

c 
 1.
Notice that as the method investigates beamforming in the
spatial dimension and this is independent of Doppler processing,
the Doppler term is neglected in the analysis for the sake of
simplicity.

After matched filtering with M waveforms, by stacking the
received signals into anM 2 × 1 space-time snapshot, we express
the received signal of the target in a simple form as

ys = α0r� [b (θ0)⊗ a (R0, θ0)] , (6)

where α0 = βe−j2πf0τ0 , r ∈ CM 2
indicates the output vector

of the matched filtering, a(R0, θ0) ∈ CM and b(θ0) ∈ CM

represent the transmit and receive steering vectors, respectively,
which have the forms of

a (R0, θ0) =
[
1, ej2π d

λ0
sin(θ0)e−j2πΔf

2R0
c , . . . ,

e
j2π d

λ0
(M−1) sin(θ0)e−j2πΔf(M−1) 2R0

c

]T
, (7a)

Fig. 2. Generation of false targets.

b (θ0) =
[
1, ej2π d

λ0
sin(θ0), . . . , e

j2π d
λ0
(M−1) sin(θ0)

]T
.

(7b)

Please refer to Appendix A for detailed derivations.
Consider a false target generator (FTG) locating at angle θj

and range Rj which also acts as a target for the victim radar.
In this case, the angle of the mainbeam deceptive jammer is the
same as that of the true target, i.e., θj = θ0, and the distance
from the target and the distance from the interferer are identical,
i.e., Rj = R0. The FTG intercepts the radar waveforms and
generatesQ pseudo-randomly distributed false targets to deceive
the victim radar. Hence, the actual range of the false target is
larger than that of the true target, and two different kinds of
false targets generation strategies are considered. The former
can repeat false targets very fast, and they are settled in the
same receive pulse with the true target. The latter can generate
false targets with relatively large time delays, hence, they lag at
least one pulse behind the true target. We focus on the latter in
this paper. Fig. 2 shows the generation of false targets, where
different colors represent different slow time pulses, i.e., range
ambiguity regions. Assume that the true target is unambiguous.
The “false targets 1 and 2” have one delayed pulse (i.e., the
range ambiguity index is 1) while it is two for the “false target
3” and three for the “false target 4,” respectively. As is intuitively
shown, the true and false targets are distinguishable due to the
difference of delayed pulses.

It is worth emphasizing that, the steering vectors for all
false targets, generated by an identical FTG, are assumed the
same in [25], which is a simplified case. In contrast, from a
more practical point of view, different false targets have differ-
ent steering vectors due to time delay in FTG. Take the q-th
(q = 1, 2, . . . , Q) false target for example, its actual range is
calculated as Rq = Rj +

cΔtq
2 with Δtq being the time delay

in FTG. Similarly, after matched filtering, the received signal of
the q-th false target takes the form

yq = αqr� [b (θ0)⊗ a (Rq, θ0)] , (8)

where αq is the complex amplitude of the q-th false target.
Besides, the velocities of the true target and deceptive jammers
are the same, thus, the effect of Doppler on the beamforming for
moving targets can be ignored.

Considering all received signals in an identical pulse, we
have

y = ys +

Q∑
q=1

yq + n, (9)

where n ∈ CM 2
indicates the noise vector.
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B. Mainbeam Deceptive Jammer Suppression With
Data-Independent Beamforming

Data-independent beamforming is performed for deceptive
jammer suppression in this subsection. It is worth noting that two
assumptions are considered, i.e., (i) a priori coarse knowledge of
the true target, i.e., the number of delayed pulses, is available; (ii)
the number of delayed pulses for the true target and false ones are
different, since the false targets are time delayed. Specifically,
the method can only deal with the case that the delays of the
false targets are larger than one PRT. According to the transmit
and receive steering vectors, the transmit spatial frequencies of
the true target and the q-th false target in FDA-MIMO radar are
respectively defined as

f s
T = −Δf

2R0

c
+

d

λ0
sin (θ0) , (10a)

fq
T = −Δf

2Rq

c
+

d

λ0
sin (θ0) . (10b)

Furthermore, it follows from the receive steering vector in (7)
that the receive spatial frequencies are f s

R = fq
R = d

λ0
sin(θ0).

As stated in (10), the transmit spatial frequency is range-
dependent, and the range-dependence compensation can be
implemented henceforward by applying a compensating vector
range-by-range on the received data [31], namely

h (r̃) =
[
1, ej2πΔf 2r̃

c , . . . , ej2πΔf(M−1) 2r̃
c

]T
, (11)

where r̃ is obtained with the range bin number and bin size. Fur-
thermore, the compensating vector in the joint transmit-receive
spatial frequency domain is given by

g = 1M ⊗ h (r̃) . (12)

Then, the compensation procedure is performed as ŷ = y �
g. Suppose that the numbers of delayed pulses for the true target
and the q-th false target are ps and pf (pf > ps), respectively.
After compensation, denoting by rΔ the the principal range dif-
ference, the remaining range values of the true and the q-th false
target are R0 − r̃ = rΔ + psRu and Rq − r̃ = rΔ + pfRu, re-
spectively, where Ru = c

2fr
denotes the maximum unambigu-

ous range with fr being the pulse repetition frequency (PRF).
For simplicity, assume that rΔ = 0, thus, the transmit spatial
frequencies corresponding to the true target and the q-th false
target are expressed as

f̃ s
T = −2Δf

c
psRu +

d

λ0
sin (θ0) , (13a)

f̃q
T = −2Δf

c
pfRu +

d

λ0
sin (θ0) . (13b)

Subtracting (13a) from (13b), we have the difference between
the transmit spatial frequencies

fΔ
T = f̃ s

T − f̃q
T = p

2Δf

c
Ru = p

Δf

fr
= p (z + u) , (14)

where z = int(Δf/fr) is the integer part, p = pf − ps, p > 1
is the difference of delayed pulses between the true and false

Fig. 3. Positions of true and false targets in joint transmit-receive domain.

targets. The frequency increment is expressed as

Δf = (z + u) fr. (15)

Due to 2π periodicity of the phase difference, the influence of
z can be ignored. In order to guarantee effective discrimination
between the true and false targets, fΔ

T /∈ Z+ must be satisfied,
which leads to pu /∈ Z+. If pu ∈ Z+, false target suppression
becomes invalid because the transmit frequencies of the true
target and the false target are identical. For simplicity, assume
henceforth that ps = 0, thus, the equivalent normalized transmit
beampattern in the transmit spatial domain is expressed as

P (fT) =
1
M

· sin (πMfT)

sin (πfT)
ej2π(M−1)fT . (16)

where fT = d
λ0
sin(θ). Please refer to Appendix B for detailed

derivations. The nulls of the pattern occur when the numerator of
P (fT) is zero and the denominator is non-zero, that is,MπfT =
kπ, k ∈ Z+ and πfT �= kπ, k ∈ Z+ respectively. This results in

fT =
k

M
. (17)

For the first null with frequency fT = 1
M , if u = 1

M , the false
target which is delayed by one pulse is exactly settled at the first
null. Thus, the frequency increment in (15) becomes:

Δf = fr

(
z +

1
M

)
. (18)

Moreover, for the false target with p delayed pulses compared
with that of the true target, the frequency increment is assigned
as

Δf = fr

(
z +

i

pfM

)
, i = 1, 2, . . . ,M − 1. (19)

Hence, by substituting the designed frequency increment into
(13b), the transmit spatial frequency of false target with p
delayed pulses is equal to that of the p-th null, indicating that the
false targets with 1 to (M − 1) delayed pulses can be suppressed
because they correspond to the first to (M − 1)-th nulls of the
beampattern. Fig. 3 shows the locations of true and false targets
in the joint transmit-receive spatial frequency domain. It can be
seen that the true target is located on a diagonal line because the
transmit and receive spatial frequencies are identical, whilethe

Authorized licensed use limited to: TU Delft Library. Downloaded on June 25,2021 at 08:41:51 UTC from IEEE Xplore.  Restrictions apply. 



11588 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 69, NO. 10, OCTOBER 2020

false target with p delayed pulses is positioned exactly at the null
of the equivalent transmit beampattern. It is due to the fact that
p delayed pulses leads to an offset by − 2Δf

c pRu in the transmit
spatial frequency.

Then, received signals are processed through a transmit-
receive 2-D BF, where the weight vector is written as

wC = u (R0, θ0) = b (θ0)⊗ ã (θ0), (20)

where ã(θ0) = [1, ej2π d
λ0

sin(θ0), . . . , e
j2π d

λ0
(M−1) sin(θ0)]T de-

notes the steering vector of the target after range compensation.
For simplicity, ã(θ0) is written as a0 in the rest of the paper.

III. SUPPRESSION IN THE PRESENCE OF TRANSMIT

SPATIAL FREQUENCY MISMATCH

A. Motivation and Problem Formulation

In practice, false targets may not be exactly located at the
presumed directions, which leads to a small deviation from
their presumed nulls in the equivalent transmit beampattern.
Hence, the performance of the deceptive jammer suppression
with data-independent beamforming degrades. Such mismatch
could be induced by quantization errors in the range and angle
measurements. In this respect, the actual transmit spatial fre-
quency of the q-th false target in the q-th null region is expressed
as

f̂q
T = −2(Δf +ΔfΔ)

c
(pRu + rΔ) +

d

λ0
sin (θ0 +Δθ) .

(21)

where rΔ �= 0 indicates the presence of the quantization error
[31],Δθ denotes the angle shift representing the DOA mismatch,
and ΔfΔ denotes the frequency increment error.

Besides, the mismatch frequency is expressed as

fΔ = −DΔf
2pRu

c
−Δf

2Dr

c
+ d

sin (Dθ)

λ0
. (22)

To address this problem, it is desired to broaden the
beampattern notches in order to mitigate possible an-
gle/quantization/frequency mismatches. Thus, the problem is
formulated as

minmax
wd

Z
(∥∥wH

d a (fq)
∥∥

2 − ξ
)

subject to

⎧⎨⎩wH
d a

(
f̃ s
T

)
= 1∣∣∣fq − f̃q

T

∣∣∣ ≤ ΔfT, ∀fq ∈ Θq

, (23)

where the function Z(x)
Δ
= max{x, 0}, wd ∈ CM 2

denotes
the designed weight vector, fq is an arbitrary transmit spa-
tial frequency corresponding to the q-th null region, i.e.,
Θq , a(f̃ s

T) = [1, ej2πf̃s
T , . . . , ej2π(M−1)f̃s

T ]T ∈ CM denotes the
target steering vector after range compensation, a(fq) =
[1, ej2πfq , . . . , ej2π(M−1)fq ]T ∈ CM denotes an arbitrary steer-
ing vector corresponding to the q-th null region, ξ is the prede-
fined null depth, andΔfT is the maximum permissible deviation
which is relative to the mismatch.

B. PBN-BF for Mainbeam Deceptive Jammer Suppression

It is not easy to address the optimization (21) directly due to
the large computational complexity. To this end we resort to a
non-adaptive method by broadening the nulls of the beampattern
to mitigate possible angle/quantization/frequency mismatches.
Hence, the PBN-BF algorithm is designed by imposing artificial
interferences with appropriate powers around the nulls of the
false targets. More specifically, the PBN-BF method is elabo-
rated as follows: (i) The jammer-plus-noise covariance matrix
is constructed with artificial interferences instead of real data.
(ii) The artificial interferences are uncorrelated, while the false
targets generated by an identical FTG are correlated. This is
feasible because the range and angle information of target is
available while the information of false targets can be predicted.
(iii) As the response of an array to interference depends on
its strength [32], the powers of the artificial interferences are
calculated in closed-forms according to a predefined depth of
the desired null. (iv) In practice, the exact information about
jammers is unknown. Hence, all possible notches should be
broadened to adequately suppress false targets.

In the first stage, we calculate the initial jammer-plus-noise
covariance matrix by imposing artificial interferences succes-
sively

R1 = R0 + σ2
1a1a

H
1 , (24)

where a1 ∈ CM denotes the steering vector of the first artificial
interference, R{0} = σ2

wIM 2 ∈ CM×M with σ2
w being the noise

power, σ2
1 is the power of the first interference as

σ2
1 =

σ2
w

M
· β01 − ξ

ξ
(

1 − |β01|2
) , (25)

where β01 =
aH

0 a1
M , and σ2

w is the variance of the Gaussian white
noise.

When imposing theQ-th artificial interference signal, the final
jammer-plus-noise covariance matrix with successive artificial
interference construction is updated as

RQ = R0 +

Q∑
q=1

σ2
qaqa

H
q , (26)

where the power of the q-th interference is calculated as

σ2
q =

aH0 (Rq−1)
−1 (aq − ξa0)

ξaH0 (Rq−1)
−1

[
a0a

H
q (Rq−1)

−1aq − aqaHq (Rq−1)
−1a0

] .
(27)

Please refer to Appendix C for detailed derivations.
Thus, the jammer-plus-noise covariance matrix is obtained as
Rj+n = RQ. The weight vector is calculated according to
the minimum variance distortionless response (MVDR) BF as

w =
R−1

j+na0

[aH
0 R−1

j+na0]−1 .
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Fig. 4. Beampatterns with PBN-BF method. (a) Beampattern with different ΔfT. (b) Beampattern with different ξ. (c) Beampattern with the first 4 broadened
notches when u = 3

M . (d) Beampattern with the first 4 broadened notches when u = 7
M .

However, it requires Q times to compute the jammer-plus-
noise covariance when successively imposing artificial inter-
ferences. In order to reduce the computational complexity, an-
other approach is proposed via concurrent artificial interference
construction. The jammer-plus-noise covariance matrix is con-
structed as

Rj+n = σ2
wIM +ASjA

H, (28)

where A = [a1,a2, . . . ,aQ] ∈ CM×Q, Sj = diag{σ2
1 , σ

2
2 ,

. . . , σ2
Q} ∈ CQ×Q denotes the power matrix of the interference.

The jammer-to-noise ratio (JNR) matrix is defined as

Σj
Δ
=

Sj

σ2
w

= diag

{
σ2

1

σ2
w

,
σ2

2

σ2
w

, . . . ,
σ2
Q

σ2
w

}
= diag {ρ1, ρ2, . . . , ρQ} . (29)

Then, the inverse of the jammer-plus-noise covariance matrix
is

R−1
j+n =

1
σ2
w

[
IM −A

(
IQ +ΣjA

HA
)−1

ΣjA
H
]
. (30)

The weight vector w is calculated as w = ΛR−1
j+na0 where

the normalized coefficient Λ is given by

Λ =

{
M

σ2
w

[
1 − βH

0J

(
IQ +ΣjA

HA
)−1

ΣjMβ0J

]}−1

, (31)

whereβ0J
Δ
=

AHa0
M ∈ CQ denotes the spatial correlation vector.

Subsequently, the weight vector is obtained as

w =
Λ

σ2
w

[
IM −A

(
IQ +ΣjA

HA
)−1

ΣjA
H
]
a0. (32)

With a predefined depth at aq , the equivalent transmit
beampattern of the FDA-MIMO radar can be calculated as
Popt(aq|a0) = ΛwHaq = ξ. Solving the problem, the power of
the q-th interference signal is expressed as

σ2
q =

[
hHP−1

]
q[

βH
0J − hHP−1AHA

]
q

σ2
w, (33)

where P ∈ CQ×Q with [P]i,j = ξPC(ai|a0)− PC(aj |ai),
(i, j = 1, 2, . . . , Q), h ∈ CQ with [h]q = M−1ξ −
M−1PC(aq|a0). Please refer to Appendix D for detailed
derivation.
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In the PBN-BF method, the initial matrix can be chosen as
(28). Within the null region of the q-th false target, we define a
set of artificial interferences, and the transmit spatial frequency
of the l-th artificial interference is formulated as

f̃ lq
T =

{
f̃q
T − 1

2
l+1

2 −1
ΔfT, l is odd

f̃q
T + 1

2
l
2 −1

ΔfT, l is even
, (34)

where f̃q
T indicates the transmit spatial frequency that the q-th

false target may possible appear.
Adding artificial interferences fromQ regions simultaneously

in the l-th iteration, the jammer-plus-noise covariance matrix is

Rl = Rl−1 +AlSlA
H
l , (35)

where Al = [al1,al2, . . . ,alQ] ∈ CM×Q with alq = [1,

ej2π f̃ lq
T , . . . , ej2π(M−1) f̃ lq

T ]T ∈ CM , and Sl = diag{σ2
l1, σ

2
l2,

. . . , σ2
lQ} ∈ CQ×Q denotes the power matrix of the interference

during the l-th iteration with [Sl]q,q = σ2
lq being the power of

the q-th artificial interference. The inverse matrix of Rl is

(Rl)
−1 = (Rl−1)

−1 − (Rl−1)
−1

Al

(
I+ SlA

H
l (Rl−1)

−1Al

)−1
SlA

H
l (Rl−1)

−1.
(36)

The weight vector is calculated as

wl = Λl(Rl)
−1a0

=
Γl−1 − (Rl−1)

−1Al(I+ SlΥl)
−1SlA

H
l (Rl−1)

−1a0

ΓH
l−1a0 − ΓH

l−1Al(I+ SlΥl)
−1SlAH

l (Rl−1)
−1a0

,

(37)

where Υl = AH
l (Rl−1)

−1Al ∈ CQ×Q, Γl−1 = (Rl−1)
−1a0 ∈

CM , and the coefficient is:

Λl =
(
aH0 (Rl)

−1a0

)−1
(38)

For a predefined response of the beampattern, i.e.
Poptl(aq|a0) = wH

l aq = ξ, the power of the q-th interference
signal in the l-th iteration is calculated as

σ2
lq =

(
ηH
l Y

−1
l

)
q(

zHl − ηH
l Y

−1
l Υl

)
q

, (39)

where zl
Δ
= AH

l Γl−1 ∈ CQ, Yl
Δ
= AH

l (Rl−1)
−1

(ξa01
T
Q −Al) ∈ CQ×Q with [Yl]:,q = AH

l (Rl−1)
−1(ξa0 −

aq), and ηl
Δ
= ξ1Qa

H
0 Γl−1 −AH

l Γl−1 ∈ CQ with [ηl]q =
ξaH0 Γl−1 − aHq Γl−1. Please refer to Appendix E for detailed
derivation.

Define a function to collect the positive difference in the l-th
iteration as

Dl =
1
Q

Q∑
q=1

1
F

∫ f̃q
T+ΔfT

f̃q
T−ΔfT

Z (|Pd(fi)| − ξ) dfi, (40)

where fi(i = 1, 2, . . . , F ) indicates the discretized spatial fre-
quency with F being the total numbers of discretized spatial

frequencies within Θq, the function Z(x)
Δ
= max{x, 0}, Pd(fi)

Algorithm 1: PBN-BF.
Require: number of false targets Q, ε, prescribed depth ξ,
A = [a1,a2, . . . ,aQ], β0J , a0, σ2

w

Initialization: l = 1
1. Calculate σ2

q according to (33) and obtain
Sj = diag{σ2

1 , σ
2
2 , . . . , σ

2
Q};

2. Obtain R0 = σ2
wIM +ASjA

H;
3. Calculate Λ1 = (aH0 (R0)

−1a0)
−1 and

w1 = Λ1(R0)
−1a0;

4. Calculate D1 according to (40) using w1;
while Dl > ε do

5. Select f l
Tq according to (34);

6. Calculate σ2
lq using (39) and obtain

Sl = diag{σ2
l1, σ

2
l2, . . . , σ

2
lQ};

7. Update Rl = Rl−1 +AlSlA
H
l ;

8. Update wl = Λl(Rl)
−1a0 using (37);

9. Calculate Dl according to (40) using wl;
10. l = l + 1.

end while;
Output: the designed weight vector wd = wl.

TABLE I
SIMULATION PARAMETERS

denotes the response of designed beampattern at fi, and ΔfT
represents for the maximum permissible frequency deviation.
It is required that Dl ≤ ε, and the iterative process continues
if Dl > ε. The procedures of the PBN-BF are summarized in
Algorithm 1. The main computational complexity lies in calcu-
lating the inverse of the jammer-plus-noise covariance matrix
for the equivalent transmit beampattern, which is O(LQM 2)
with L being the number of total iterations.

With the PBN-BF, a preset equivalent transmit beampattern
with broadened notches is obtained. Subsequently, the weight
vector is written as

wPBN−BF = b (θ0)⊗wd. (41)

It should be mentioned that with the PBN-BF method, we
can still constrain the response of the SOI to be unity, i.e.,
wH

PBN−BFu(R0, θ0) = 1. False targets which deviate from the
presumed nulls are located within the broadened notches, where
the corresponding responses are constrained to be a minimum
predefined value.

IV. SIMULATION RESULTS

In this section, simulations are provided to assess the effec-
tiveness of mainbeam deceptive jammer suppression in UAVs
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TABLE II
PARAMETERS OF TARGETS

Fig. 5. Results with PBN-BF method. (a) Spectrum distribution in joint transmit-receive domain. (b)Transmit-receive 2-D beampattern. (c) Equivalent transmit
beampattern for different methods. (d) Equivalent transmit beampattern with transmit spatial frequency mismatch.

Fig. 6. Dl versus iteration numbers.

using FDA-MIMO scheme. Typically, UAVs have radar operat-
ing in the 2.4 GHz and 5.8 GHz band [36], [37]. We assume
the carrier frequency at 5.8 GHz, but the proposed method
can be ported to other carrier frequencies. Without loss of
generality, it is assumed that the elements are half-wavelength
spaced. The simulation parameters are listed in Table I. For
an operational civil UAV with a maximum weight 20 kg, the
maximum detection range is up to 40 km [28], [29]. Hence, the
maximum unambiguous rangeRu = 7.5 km with PRF= 20 kHz
is reasonable. Besides, polyphase codes with 100 sub-pulses are
considered to be the transmitted waveforms, optimized with the
Multi-CAN algorithm [38].

Fig. 4 presents equivalent transmit beampatterns with PBN-
BF. Fig. 4(a) shows beampatterns with different ΔfT at the
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TABLE III
PERFORMANCE METRICS

Fig. 7. Output power of matched filtering. (a) Output power with different mismatch factors. (b) Output power with different methods.

Fig. 8. Output SINR versus fΔ.

6-th null. The width of the null becomes larger and larger with
the increase of ΔfT. In practice, the exact knowledge of the
mismatch factor is unknown. Hence, in order to consider as
many values as possible for the mismatch factor, the notches are
broadened about 30% of the mainbeam width, which means a
relatively large permissible mismatch region. The beampatterns
with different predefined depths are presented in Fig. 4(b). It is
shown that a larger depth ξ results in a deeper notch, which en-
hances the suppression performance. Theoretically, all possible
notches should be broadened. In particular, when u = 1

M , the
false target with 1 delayed pulse dwells at the first null point
of the beampattern. In this case, artificial interferences within
the mainbeam of the beampattern will lead to a distortion. To

avoid this problem, a larger u should be selected. Consider a
representative example where the first to the fourth null regions
are supposed to be broadened because false targets are generated
soon to guarantee effective deception. For a false target with
a relatively large number of delayed pulses, it should be sup-
pressed to some degrees by the lower sidelobe level. Assume
u = 3

M , Fig. 4(c) presents the designed transmit beampattern
where the first four nulls are broadened with ΔfT = 0.0194. In
contrast, the locations of the first 4 nulls change with u = 7

M in
Fig. 4(d).

Consider a specific example with four false targets. For sim-
plicity, we assume that there is no range ambiguity for the true
target, i.e., ps = 0. Notice that the number of delayed pulses is
less than 4, and parameters are given in Table II. It is assumed
that the false targets 1, 2 and 4 are settled ahead of the true
target with negative range offset, while the false target 3 lags
behind the true target with a positive range offset. Moreover, the
false targets 1 and 2 have an identical number of delayed pulses.
Herein, the frequency increment is 107500 Hz with z = 5 and
u = 6

M . Thus, the false target with one delayed pulse dwells at
the 6-th null of the beampattern.

Considering the presence of mismatch, where the angle es-
timation error is assumed to be 1.5◦, and the frequency in-
crement error is −10 Hz. As for the quantization error, for
example, the first false target dwells in the 168-th range cell,
and its corresponding principle range is 5040 m. However, its
actual principle range is 5050 m and the quantization error
is rΔ = 10 m. Fig. 5(a) shows the spectrum distributions of
true and false targets in the joint transmit-receive domain after
range-dependence compensation. Notice that false targets 1 and
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Fig. 9. Output SINR versus input SNR. (a) Output SINR with different methods. (b) Output SINR with different fΔ.

Fig. 10. Output SINR versus different errors. (a) Output SINR with quantization errors. (b) Output SINR with angle estimation errors. (c) Output SINR with
frequency increment errors.
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2 are located in an identical point because they have identical
delayed pulses. It can be seen in the enlarged figures that in the
presence of transmit spatial frequency mismatch, there are devi-
ations from their pre-assumed locations. Fig. 5(b) presents the
transmit-receive 2-D beampattern with broadened notches and
a predefined depth where the maximum permissible deviation
of the frequency is assumed as ΔfT = 0.0194. As depicted in
Fig. 5(c), the equivalent transmit beampattern with wide notches
and a predefined depth ξ = −65 dB is obtained. Compared with
the covariance matrix taper (CMT) [33] and linear constraint
sector suppressed (LCSS) [34] methods, the PBN-BF has a
deeper notch and lower sidelobe level (SLL), which implies
the suppression performance is improved. Furthermore, within
each null sector, data-dependent BF is performed using 6 in-
terferences with JNR = 30 to estimate the jammer-plus-noise
covariance matrix [35]. Moreover, four performance metrics,
i.e., the maximum main-lobe-to-side-lobe (MLSL) ratio, aver-
age sidelobe level, and average depth of the notches are given in
Table III. Fig. 5(d) demonstrates the beampattern in the presence
of the transmit spatial frequency mismatch. Results show that
the frequencies with different errors lead to deviations from their
presumed nulls. However, with the PBN-BF, they can still dwell
within the notches. Besides, Fig. 6 illustrates the average depths
of null steering regions versus iteration numbers, where the Dl

drops to −65 dB rapidly after about 16 iterations. The result
shows that the proposed method can broaden the nulls with high
speed of convergence.

Fig. 7 demonstrates the output power of the matched fil-
ter in the presence of transmit spatial frequency mismatch,
where the angle estimation error, the frequency increment error,
and the quantization error are 1.5◦, −10 Hz, and rΔ = 10 m,
respectively. Shown in Fig. 7(a), the output powers of false
targets are high when mismatch exists, which in turn generates
a high false-alarm ratio. In contrast, with the PBN-BF method,
the false targets with both negative and positive range offsets
are suppressed, and the maximum power is obtained at the
true target. The data-dependent BF in [35] is performed in
Fig. 7(b). Compared with the CMT, LCSS, and data-dependent
BF methods, the PBN-BF method has no false target residu-
als at the output of the matched filter in the presence of all
errors.

Simulations using Monte Carlo experiments with 200 trials
are carried out to evaluate the suppression performance. Fig. 8
plots the output SINR versus fΔ. It is seen that the larger the
width of null sector, the higher the output SINR. Thus, false
targets are located within the wide null sectors when transmit
spatial frequency mismatch exists, indicating that the robustness
of the deceptive jammer suppression is enhanced. The deceptive
false targets can be effectively suppressed when |fΔ| ≤ ΔfT is
satisfied.

It is demonstrated in Fig. 9(a) that in the presence of trans-
mit spatial frequency mismatch, false targets are effectively
suppressed with the PBN-BF method. This leads to a SINR
performance improvement compared with the CMT, LCSS
and data-dependent BF counterparts. Also, SINR improvement
of 30 dB is achieved compared with the conventional data-
independent BF. Further simulations are carried out in Fig. 9(b)
to show the output SINR versus fΔ. It is seen that the output

SINR decreases as fΔ increases. In contrast, for mainbeam
deceptive jammer suppression in FDA-MIMO radar using data-
dependent beamforming [35], the performance degrades due to
insufficient covariance estimation.

The output SINR results versus different errors are plotted in
Fig. 10. We observe that the conventional data-independent BF is
very sensitive to the arrival angle mismatch, and it is more sensi-
tive when the SNR is lower. Except for the data-independent BF
in [35], the methods which can broaden the null steering regions
maintain steady output SINR with the varying mismatch. The
PBN-BF outperforms the other approaches in terms of output
SINR.

V. CONCLUSION

In this paper, we have demonstrated how the mainbeam decep-
tive jammer is suppressed using the FDA-MIMO scheme for ve-
hicular systems based on data-independent beamforming. It has
been realized by setting the false targets at the null points of the
equivalent transmit beampattern with an appropriate frequency
incrrment. In practice, deceptive jammers cannot be effectively
suppressed when transmit spatial frequency mismatch exists,
which occurs due to quantization errors, angle estimation errors
and frequency increment errors. The PBN-BF method has been
proposed by designing a predefined beampattern with broadened
notches where false targets may possibly appear. It has been
implemented by adding artificial interferences, and the closed-
form expressions of the JNRs have been obtained according to
a predefined depth of the null in the beampattern. The jammer-
plus-noise covariance matrix is constructed iteratively and the
weight vector is obtained. Subsequently, the received signals
are processed through a transmit-receive 2-D data-independent
BF. Finally, the method has been applied to UAVs, where the
mainbeam deceptive jammer has been effectively suppressed.
Notice that we focus on jammer suppression for UAV detection,
however, our results are also applicable for automotive applica-
tions. The results highlight the satisfactory performance of the
PBN-BF method in terms of SINR improvement compared with
the other BF counterparts.

Future studies could be focused on investigating the jammer
suppression performance exploiting different and more complex
vehicular systems. Furthermore, the presence and effect of dif-
ferent types of clutter will be considered and modelled.

APPENDIX A
DERIVATIONS OF THE RECEIVED SIGNALS

AFTER MATCHED FILTERING

Actually, the echo received by each element is a linear combi-
nation of all echoes corresponding to M transmit elements. The
received signals in (2) are firstly multiplied by e−j2πf0t. Then,
the echo is digitally mixed with e−j2π(l−1)Δft (l = 1, . . . ,M),
it yields,

ȳn(t, θ0) = α0e
j2π d

λ0
(n−1) sin(θ0)e−j2πΔf(l−1)t

M∑
m=1

xm(t− τ0)e
j2πΔf(m−1)(t−τ0)e

j2π d
λ0
(m−1) sin(θ0).

(42)
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Then, the received signals pass through a bank of matched
filters on each receive channel, where the output of the n-th
received signal from the l-th filter, i.e., hl(t) = x∗

l (−t), is ex-
pressed as

ŷn,l(t, θ0) =

∫ ∞

−∞
ȳn(τ, θ0)hl (t− τ) dτ

= α0e
j2π d

λ0
(n−1) sin(θ0)

M∑
m=1

e
j2π d

λ0
(m−1) sin(θ0)

∫ ∞

−∞
xm(τ − τ0)x

∗
l (τ − t) ej2πΔf(m−1)(τ−τ0)e−j2πΔf(l−1)τdτ

s=τ−τ0= α0e
j2π d

λ0
(n−1) sin(θ0)e−j2πΔf(l−1)τ0

M∑
m=1

e
j2π d

λ0
(m−1) sin(θ0)

∫ ∞

−∞
xm(s)x∗

l (s− (t− τ0)) e
j2πΔf(m−1)se−j2πΔf(l−1)sds

= α0e
j2π d

λ0
(n−1) sin(θ0)e−j2πΔf(l−1)τ0

M∑
m=1

e
j2π d

λ0
(m−1) sin(θ0)χl,m (t− τ0, (m− l)Δf), (43)

where

χl,m (t− τ0, (m− l)Δf)

=

∫ ∞

−∞
xm(s)x∗

l (s− (t− τ0)) e
j2πΔf(m−l)sds

≈
∫ Tp

0
xm(s)x∗

l (s)ds = Rl,m, (44)

where the approximations rely on the use of pulses whose
cross-ambiguities is Doppler tolerant, i.e. the ambiguity func-
tion exhibits a flat behavior in a neighborhood of the origin
χl,m(0, 0). Thus, the signal after matched filtering is expressed
as

ŷn,l(t, θ0) = α0e
j2π d

λ0
(n−1) sin(θ0)e−j2πΔf(l−1)τ0

M∑
m=1

Rl,me
j2π d

λ0
(m−1) sin(θ0)

= α0e
j2π d

λ0
(n−1) sin(θ0)e−j2πΔf(l−1)τ0e

j2π d
λ0
(l−1) sin(θ0)R̃l,

(45)

where R̃l = Rl,l + e
−j2π d

λ0
(l−1) sin(θ0) ∑M

m=1,m �=l Rl,m

e
j2π d

λ0
(m−1) sin(θ0).

Subsequently, the received signals from the n-th element can
be expressed in a vector form as

yn (t, θ0) = [ŷn,1 (t, θ0) , ŷn,2 (t, θ0) , . . . , ŷn,M (t, θ0)]
T

= α0e
j2π d

λ0
(n−1) sin(θ0)

[
R̃� a (R0, θ0)

]
, (46)

where R̃ = [R̃1, . . . , R̃M ]T ∈ CM . Hence, the total received
signals of the target are expressed in a M 2 × 1-dimensional

vector as.

ys = [y1 (t, θ0) ,y2 (t, θ0) , . . . ,yM (t, θ0)]
T

= α0r� [b (θ0)⊗ a (R0, θ0)] , (47)

where r = 1N ⊗ R̃ ∈ CM 2
indicates the output vector of the

matched filtering.

APPENDIX B
DERIVATIONS OF THE EQUIVALENT TRANSMIT BEAMPATTERN

The equivalent normalized transmit beampattern is obtained
with summation of components of the transmit steering vector
after range compensation, which is

P (fT) = wH
T ã (fT) =

1
M

·
M∑

m=1

ej2π(m−1)fT

=
1
M

· 1 − ej2πMfT

1 − ej2πfT

=
1
M

· e
jπMfT

(
e−jπMfT − ejπMfT

)
ejπfT (e−jπfT − ejπfT)

=
1
M

· ejπ(M−1)fT sin (πMfT)

sin (πfT)
, (48)

where wT = 1
M [1, . . . , 1]T ∈ RM , ã(fT) = [1, ej2πfT , . . . ,

ej2π(M−1)fT ]T ∈ CN denotes the transmit steering vector after
range compensation, and fT = d

λ0
sin(θ0).

APPENDIX C
DERIVATIONS WITH SUCCESSIVE ARTIFICIAL INTERFERENCE

CONSTRUCTION

Using the matrix inversion lemma, the inverse matrix is

R−1
1 =

1
σ2
w

[
IM − σ2

1

σ2
w +Mσ2

1

a1a
H
1

]
. (49)

Subsequently, the weight vector is

w1 = Λ1R
−1
1 a0 =

Λ1M

σ2
w

[
a0

M
− βH

01
σ2

1

σ2
w +Mσ2

1

a1

]
, (50)

where β01 =
aH

0 a1
M and Λ1 = { 1

σ2
w
M [1 − Mσ2

1
σ2
w+Mσ2

1
|β01|2]}−1.

Subsequently, the beampattern is calculated as

Popt1 (a |a0 ) = wH
1 a

=
Λ1M

σ2
w

[
PC (a |a0 )− Mρ1β01

1 +Mρ1
· PC (a |a1 )

]
, (51)

where ρ1
Δ
=

σ2
1

σ2
w

, PC(a|ai) denotes the beampattern with the
mainbeam at ai.

As Popt1(a1|a0) = ξ is desired, the power of the first inter-
ference is calculated as

σ2
1 = ρ1σ

2
w =

σ2
w

M
· β01 − ξ

ξ
(

1 − |β01|2
) . (52)
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Then, after imposing the second interference, the jammer-
plus-noise covariance matrix is updated as

R2 = R1 + σ2
2a2a

H
2 . (53)

The weight vector is updated as

w2 = Λ2R
−1
2 a0

= Λ2

[
(R1)

−1a0 −
σ2

2(R1)
−1a2a

H
2 (R1)

−1a0

1 + σ2
2a

H
0 (R1)

−1a2

]
, (54)

where Λ2 = {aH0 [(R1)
−1 − σ2

2(R1)
−1a2a

H
2 (R1)

−1

1+σ2
2a

H
2 (R1)

−1a2
]a0}−1.

According to Popt2(a2|a0) = ξ, the power of the second
interference is calculated as

σ2
2 =

aH0 (R1)
−1 (a2 − ξa0)

ξaH0 (R1)
−1

[
a0a

H
2 (R1)

−1a2 − a2aH2 (R1)
−1a0

] . (55)

Subsequently, the power of the q-th interference is calculated
using mathematical induction as

σ2
q =

aH0 (Rq−1)
−1 (aq − ξa0)

ξaH0 (Rq−1)
−1

[
a0a

H
q (Rq−1)

−1aq − aqaHq (Rq−1)
−1a0

] .
(56)

When adding the Q-th interference, the final jammer-plus-
noise covariance matrix is updated as

RQ = RQ−1 + σ2
QaQa

H
Q

= RQ−2 + σ2
Q−1aQ−1a

H
Q−1 + σ2

QaQa
H
Q

= R0 +

Q∑
q=1

σ2
qaqa

H
q (57)

APPENDIX D
DERIVATIONS WITH CONCURRENT ARTIFICIAL INTERFERENCE

CONSTRUCTION

The value of the transmit beampattern at aq with a predefined
depth ξ is calculated as

Popt (aq|a0) = ΛwHaq = ξ

=
MΛ

σ2
w

[
PC (aq|a0)−MβH

0J

(
IQ +ΣJA

HA
)−1

ΣJPC (aq|aJ)
]

=
PC (aq|a0)−MβH

0J

(
IQ +ΣJA

HA
)−1

ΣJPC (aq|aJ)
1 − βH

0J(IQ +ΣJAHA)−1ΣJMβ0J

,

(58)

where PC(aq|aJ ) Δ
=

AHaq

M ∈ CQ denotes the beam-
pattern response vector for Q regions, PC(aq|ai) =
aH
i aq

M , (i = 1, 2, . . . , Q) is the response of the conventional
beampattern which is pointed at the steering vector
ai and evaluated with aq . Define P ∈ CQ×Q with
[P]i,j = ξPC(ai|a0)− PC(aj |ai), (j = 1, 2, . . . , Q) and h ∈
CQ with [h]q = M−1ξ −M−1PC(aq|a0). Thus, we have a set

of Q equations to be determined, and the problem is expressed
as

βH
0J

(
IQ +ΣjA

HA
)−1

ΣjP = hH. (59)

Notice that since Σj , A, and P are both Q×Q full-rank
matrices, the matrix (IQ +ΣjA

HA) is a nonsingular matrix.
Firstly both sides of the equation are multiplied byP−1 andΣ−1

j

sequentially. The equation is processed by the following steps:

βH
0J

[
IQ −Σj

(
Σj +

(
AHA

)−1
)−1

]
= hHP−1Σ−1

j(
βH

0J − hHP−1Σ−1
j

) (
Σj +

(
AHA

)−1
)

= βH
0JΣj

βH
0J − hHP−1AHA = hHP−1Σ−1

j(
βH

0J − hHP−1AHA
)
Σj = hHP−1. (60)

Notice that hHP−1 and βH
0J − hHP−1AHA are both 1 ×

Q vectors. As Σj is a diagonal matrix, the JNR of the q-th
interference is expressed as

[
Σj

]
q,q

= ρq =

[
hHP−1

]
q[

βH
0J − hHP−1AHA

]
q

. (61)

It follows the power of the q-th interference as

σ2
q = ρqσ

2
w =

[
hHP−1

]
q[

βH
0J − hHP−1AHA

]
q

σ2
w. (62)

APPENDIX E
SOLUTIONS TO POWERS OF INTERFERENCES WITH PBN-BF

The beampattern evaluated at aq is calculated as

Poptl (aq |a0 ) = wH
l aq

=
ΓH
l−1aq − ΓH

l−1AlSl(I+ SlΥl)
−1AH

l

(
R{l−1})−1

aq

ΓH
l−1a0 − ΓH

l−1Al(I+ SlΥl)
−1SlAH

l

(
R{l−1})−1

a0

= ξ. (63)

For Q false targets, it is further expressed as

zHl (IQ + SlΥl)
−1SlY = ηH

l , (64)

where zl
Δ
= AH

l Γl−1 ∈ CQ, Yl
Δ
= AH

l (Rl−1)
−1

(ξa01
T
Q −Al) ∈ CQ×Q with [Yl]:,q = AH

l (Rl−1)
−1(ξa0 −

aq), and ηl
Δ
= ξ1Qa

H
0 Γl−1 −AH

l Γl−1 ∈ CQ with [ηl]q =
ξaH0 Γl−1 − aHq Γl−1.

Since Sl, Υl, and Y are all Q×Q full-rank matrices, thus
(IQ + SlΥl)

−1SlYl is a nonsingular matrix, thus, after multi-
plied by [(IQ + SlΥl)

−1SlYl]
−1 to both sides of the equation

simultaneously, the equation is finally expressed as

zHl − ηH
l Y

−1
l Υl = ηH

l Y
−1
l S−1

l . (65)

Then, the power of the q-th artificial interference in the l-th
iteration is calculated as

σ2
lq =

(
ηH
l Y

−1
l

)
q(

zHl − ηH
l Y

−1
l Υl

)
q

. (66)
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Thus, the power matrix in the l-th iteration is given by

Sl = diag
{
σ2
l1, σ

2
l2, . . . , σ

2
lQ

}
. (67)
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