
 
 

Delft University of Technology

The interaction of parallel and inclined planar rarefied sonic plumes—From free molecular
to continuum regime

Vesper, J. Elin; Broeders, Theo J.M.; Batenburg, Joëlle; van Odyck, Daniel E.A.; Kleijn, Chris R.

DOI
10.1063/5.0056730
Publication date
2021
Document Version
Final published version
Published in
Physics of Fluids

Citation (APA)
Vesper, J. E., Broeders, T. J. M., Batenburg, J., van Odyck, D. E. A., & Kleijn, C. R. (2021). The interaction
of parallel and inclined planar rarefied sonic plumes—From free molecular to continuum regime. Physics of
Fluids, 33(8), [086103]. https://doi.org/10.1063/5.0056730

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright
Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without the consent
of the author(s) and/or copyright holder(s), unless the work is under an open content license such as Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.

This work is downloaded from Delft University of Technology.
For technical reasons the number of authors shown on this cover page is limited to a maximum of 10.

https://doi.org/10.1063/5.0056730
https://doi.org/10.1063/5.0056730


Phys. Fluids 33, 086103 (2021); https://doi.org/10.1063/5.0056730 33, 086103

© 2021 Author(s).

The interaction of parallel and inclined
planar rarefied sonic plumes—From free
molecular to continuum regime
Cite as: Phys. Fluids 33, 086103 (2021); https://doi.org/10.1063/5.0056730
Submitted: 13 May 2021 . Accepted: 09 July 2021 . Published Online: 04 August 2021

 J. Elin Vesper, Theo J. M. Broeders, Joëlle Batenburg, Daniel E. A. van Odyck, and  Chris R. Kleijn

ARTICLES YOU MAY BE INTERESTED IN

Predicting large-scale pool fire dynamics using an unsteady flamelet- and large-eddy
simulation-based model suite
Physics of Fluids 33, 085109 (2021); https://doi.org/10.1063/5.0060267

Late-time description of immiscible Rayleigh–Taylor instability: A lattice Boltzmann study
Physics of Fluids 33, 082103 (2021); https://doi.org/10.1063/5.0057269

Liquid-jet instability at high pressures with real-fluid interface thermodynamics
Physics of Fluids 33, 083308 (2021); https://doi.org/10.1063/5.0055294

https://images.scitation.org/redirect.spark?MID=176720&plid=1517092&setID=379031&channelID=0&CID=553971&banID=520430996&PID=0&textadID=0&tc=1&type=tclick&mt=1&hc=fd1c72ecb1f3dc5d3ee9f65b5b770b49ce497fc6&location=
https://doi.org/10.1063/5.0056730
https://doi.org/10.1063/5.0056730
https://orcid.org/0000-0002-1218-4068
https://aip.scitation.org/author/Vesper%2C+J+Elin
https://aip.scitation.org/author/Broeders%2C+Theo+J+M
https://aip.scitation.org/author/Batenburg%2C+Jo%C3%ABlle
https://aip.scitation.org/author/van+Odyck%2C+Daniel+E+A
https://orcid.org/0000-0001-6821-0969
https://aip.scitation.org/author/Kleijn%2C+Chris+R
https://doi.org/10.1063/5.0056730
https://aip.scitation.org/action/showCitFormats?type=show&doi=10.1063/5.0056730
http://crossmark.crossref.org/dialog/?doi=10.1063%2F5.0056730&domain=aip.scitation.org&date_stamp=2021-08-04
https://aip.scitation.org/doi/10.1063/5.0060267
https://aip.scitation.org/doi/10.1063/5.0060267
https://doi.org/10.1063/5.0060267
https://aip.scitation.org/doi/10.1063/5.0057269
https://doi.org/10.1063/5.0057269
https://aip.scitation.org/doi/10.1063/5.0055294
https://doi.org/10.1063/5.0055294


The interaction of parallel and inclined planar
rarefied sonic plumes—From free molecular
to continuum regime

Cite as: Phys. Fluids 33, 086103 (2021); doi: 10.1063/5.0056730
Submitted: 13 May 2021 . Accepted: 9 July 2021 .
Published Online: 4 August 2021

J. Elin Vesper,1,2,a) Theo J. M. Broeders,1 Jo€elle Batenburg,1 Daniel E. A. van Odyck,3 and Chris R. Kleijn1,2

AFFILIATIONS
1Department of Chemical Engineering, Delft University of Technology, van der Maasweg 9, 2629 HZ Delft, The Netherlands
2J.M. Burgerscentrum for Fluid Dynamics, Mekelweg 2, 2628 CD Delft, The Netherlands
3Tata Steel, R&D, P.O. Box 10000, 1970 CA IJmuiden, The Netherlands

a)Author to whom correspondence should be addressed: j.e.vesper@tudelft.nl

ABSTRACT

The interaction between rarefied vapor plumes can cause shocks and consequently distinct peaks in mass flux which produce undesirable
non-uniformities. To evaluate the impact of shock formation, we study pairs of interacting planar plumes, varying the degree of rarefaction
and general geometric parameters, namely, the nozzle-separation-distance and the mutual plume inclination. To consider the extremes of
rarefaction, we give the analytic solution for free molecular flow and simulate the inviscid continuum solution using an approximate
Riemann solver. In the transitional flow regime, direct simulation Monte Carlo is applied. To detect the shock location, we make use of the
Method of Characteristics. We conclude that, although the rarefied flow regime physically lies in between the free molecular and the inviscid
continuum flow regimes, the peak value of mass flux in the transitional flow regime exceeds both the one of free molecular flows and the one
of inviscid continuum flows (the latter by �10%). Rarefied flow exhibits a broader, but weaker secondary expansion after the shock than con-
tinuum flow. For planar jet interaction, the occurrence of the shock is rather insensitive to nozzle separation distance. Despite the intuitive
expectation that inclining the plumes away from each other would lead to shock reduction and thus give a more uniform mass flux, the
opposite is the case: Inclining the plumes toward each other leads to a stronger shock, but also to a stronger expansion, thus producing a
more uniform mass flux with less stray mass fluxes.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0056730

NOMENCLATURE

a ¼
ffiffiffiffiffiffiffiffiffi
cRT
p

Speed of sound ms�1

c ¼ ðcx; czÞ Fluctuational velocity ms�1

cp Specific heat J K�1 kg�1

D Length of inlet m
Ekin Macroscopic kinetic energy J
Etot Total energy J
e Specific internal energy J kg�1

F Deformation gradient tensor m�1

f Phase density s6=m3

f0 Maxwellian distribution s6=m3

h Specific enthalpy J kg�1

Kn Knudsen number
kB Boltzmann constant 1:380 649� 10�23 J K�1

L Nozzle separation distance m

M Mach number
m Particle mass kg
n Number density m�3

p Pressure Pa
R Rotation matrix
R Specific gas constant J kg�1 K�1

r ¼ ðx; zÞ Point vector m
t Time s

u Macroscopic velocity ms�1

w Regression weight

Greek

a Inclination angle �

Cþ;C� Characteristics
c Heat capacity ratio
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H Angular component of polar coordinates �

k Mean free path m
l Mach angle �

� Prandtl–Meyer angle �

n Particle velocity ms�1

q Density kgm�3

s Mean collision time s
/ Flow angle �

X Integration domain

Subscripts

in Quantity at the inlet
L Lower jet
S Stagnation quantity
U Upper jet

Superscripts
� In critical section, i.e., M¼ 1

I. INTRODUCTION

In recent years, clusters of rarefied vapor plumes (also sometimes
called jets) have played an increasing role in both space and vacuum
technology: The reaction control systems of shuttle orbiters operate
with multiple exhaust plumes. Micro-satellites use plume clusters as
well, and the number of launches has increased rapidly over the last
decade.1 Linear aerospike engines consisting of two planar plumes,
which expand along the two sides of a spike and merge at the spike’s
end, are a promising rocket and micro-satellite thruster technology.
This design of two interacting plumes can compensate for the decreas-
ing atmospheric pressure and consequently suppress the increase in
expansion at higher altitudes, allowing for single-stage-to-orbit space
vehicles.2 Recently, clusters of sonic zinc vapor plumes have been
introduced as a novel technology to achieve a continuous physical
vapor deposition (PVD) apparatus for galvanizing steel.3,4 For all these
technologies, the fluxes from the plumes are of importance. Shuttle
orbiters operate next to space stations; the momentum flux and the
heat flux from the exhaust plumes may cause damage when impinging
on any sensitive structures, such as solar panels or optically sensitive
components.5,6 In coating technology, highly uniform coating is desir-
able, which requires a uniform mass flux from the deposition plumes.

However, interacting plumes may cause a shock, which results in
mass flow and temperature peaks around the interaction plane. The
subsequent high-pressure region between the shocks leads to another
expansion, called a “secondary jet.” From the secondary jet, a backflow
may emerge which, for aerospikes and thrusters, gives a pressure and
heat load on the surface of the propelled space vehicle itself. In addi-
tion, recirculation in the interaction plane introduces viscous losses
and may reduce the efficiency of thrusters.7

Single plumes are thoroughly studied due to their ubiquitous use
as thrusters in aerospace.5,8,9 Backflows appear for plume thrusters,
especially for small Mach numbers, since then the expansion angle at
the nozzle exit lip is obtuse and the flow is redirected toward the space
vehicle. The resulting forces can disturb the space vehicle orientation
and the heat flux and contamination may damage the vehicle’s surface.
Several researchers studied the backflow and suggested designs to

minimize it.10–13 Plume interaction may increase the backflow and the
subsequent contamination of the space vehicle. Tools based on CFD
(Computational Fluid Dynamics), Direct Simulation Monte Carlo
(DSMC), and approximations have been developed to predict the con-
tamination, heat flux, and disturbance forces due to plume impinge-
ment.14–17 Recently, extraterrestrial plumes were simulated and
compared to their appearance in space.18–20

Plume interaction has so far been much less studied. Since mea-
surements in moderate or high vacuum conditions are difficult, only a
few experiments of plume interaction are reported in the literature,
mainly considering space thrusters. Depending on the process condi-
tions, researchers found density peaks around the interaction
plane.21,22,69 Some observed a small backflow.22 To determine the
occurrence of a shock and its strength under rarefied conditions,
Koppenwallner23 (as cited by Dagum and Zhu24) introduced the pene-
tration Knudsen number Knp, as the ratio of the mean free path in the
interaction plane and the path length between the interaction plane
and the axis of the other plume. A few groups confirmed that the pen-
etration Knudsen number is indeed a determining parameter for the
occurrence of a shock under particular circumstances.25,26 However,
Dagum and Zhu24,27 studied parallel plume interaction at different
nozzle separation distances using the direct simulation Monte Carlo
(DSMC) method and found that the penetration Knudsen number
could not predict the shock impact on the flow field. For three inter-
acting planar aluminum vapor plumes (aligned in one row),
Venkattraman and Alexeenko28 found that the deposition profile can
be described by a superposition of the deposition of three single
plumes at high Knudsen numbers, whereas at smaller Knudsen num-
bers the deviation due to the interaction peak is immense. Baby and
Rajesh29 studied jet interaction for two three-dimensional jets at a
moderate pressure ratio (rp � 2500–9500) and a background pressure
of 5 Pa, which yields barrel shocks which inhibited the interaction
between the jets. Although some simulations and experiments for spe-
cific designs and flow conditions were reported in the literature,30–32 a
comprehensive evaluation of the sensitivity of the mass flux distribu-
tion to geometry and process conditions is missing. This knowledge is
crucial for applications in propulsion systems, but also for coating
technology, where non-uniformities caused by jet interaction deterio-
rate the product.

To execute such a comprehensive evaluation, we study the onset,
location, and strength of the shock caused by two interacting planar
sonic plumes of zinc vapor, as depicted in Fig. 1, depending on the
geometry and process conditions, to make statements about the uni-
formity of mass flow at a most general level. The rarefaction ranges
from the high Knudsen number free molecular to the low Knudsen
number inviscid continuum flow limit.

In Sec. II, we introduce the solution methods, such as analytic
equations for free molecular effusion flow, an approximate Riemann
solver for inviscid continuum flow and direct simulation Monte Carlo
(DSMC) for the transitional flow regime. The Methods section also
describes the shock detection method, the far-field approximation,
and a discussion on the Penetration Knudsen number. The exact
geometry, boundary conditions, and thermophysical properties are
discussed in Sec. III. In Sec. IV, the flow fields for free molecular and
continuum flow are compared to those for rarefied flow. Afterward,
the shock location method is introduced and the effect of rarefaction
on the shock location discussed. The shock location method is
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validated by analyzing the shock structure in relation to the
detected shock location. To evaluate the influence of the shock on
the mass flux distribution, mass flux profiles are compared for dif-
ferent degrees of rarefaction. Afterward, shock location and line
profiles are discussed for the other varied parameters, i.e., nozzle-
separation distance and plume inclination. Finally, we compare the
deposition uniformity for coating applications depending on these
parameters.

II. METHODS

The phase density f ðr; c; tÞ describes the probability of finding a
molecule at location r with velocity c at time t. The evolution of the
phase density f is governed by the Boltzmann equation which, in the
absence of body forces, reads as

@f ðr; n; tÞ
@t

þ n � rr f ðr; n; tÞ ¼
@f ðr; n; tÞ

@t

� �
coll
; (1)

where the left-hand side describes the convective transport and the
right-hand side the collisions between particles. In Sec. IIA, only the
left-hand side of Eq. (1) is considered, giving us the collisionless or free
molecular flow. In Sec. II B, the local equilibrium case is described,
which means that f in Eq. (1) is replaced by the Maxwellian distribu-
tion f0. Integrating the moments of this simplified equation over the
velocity space leads to the Euler equations shown in Sec. II B. For the
steady-state Euler equations in the supersonic regime, the Method of
Characteristics (MOC) describes the flow field, which we used for the
shock detection presented and which can be seen as the basis for
approximate Riemann solvers. Section IIC describes how to solve Eq.
(1) for rarefied gases in the transition regime—where there are too
many collisions to neglect the collision operator on the right-hand
side, but too few to assume Maxwellian or Chapman–Enskog velocity
distributions (which would yield the Euler and Navier–Stokes–Fourier
equations, respectively). Section IID sets out the far-field solution for
the planar case (as the solutions given in the literature apply to a
three-dimensional jet), which is used for the penetration Knudsen
number described in Sec. II E.

A. Analytic collisionless solution

The collisionless flow solution provides the extreme case of rar-
efaction as well as an insight into the non-equilibrium resulting from
velocity sorting. The first analytical solution for free molecular flow
from one slot was outlined by Knudsen33 in 1909. He based his
cosine law for the so-called Knudsen cell on an equilibrium assump-
tion and zero mean velocity at the slot outlet, which is not true for
our case as the vacuum accelerates the flow and thus directs it along
the jet axis, producing a higher density around the jet axis and a
lower density far away from it. It was only in the 2000s that Cai and
Boyd proposed an exact collisionless solution, which includes both
the spatial extension of the inlet and a non-zero inlet velocity.34 We
adapted their solution for a single straight jet to the two inclined jets
by altering the integration domain and superposition, and the details
are given in Appendix A.

B. Continuum flow

Continuum flows are most commonly described by the
Navier–Stokes–Fourier equations, which correspond to the first-order
Chapman–Enskog approximation of the Boltzmann equation and
include shear stress and heat flux. Yet for free expansions of supersonic
plumes into vacuum, convective forces greatly surpass viscous forces
(i.e., the Reynolds number tends to infinity, which yields a flow field
similar to the inviscid limit) and no walls are present to form shear
boundary layers. Since the velocity gradient is aligned with the flow
direction in many parts of the flow field, the impact of shear stress is
expected to be low. With the Prandtl number of gases �2=3 being
close to unity, also thermal conduction is expected to play a minor
role in the energy equation compared to convection. Therefore, vis-
cous forces and conductive heat fluxes can be neglected in a first
approximation (i.e., using a Maxwellian distribution instead of the
first-order Chapman–Enskog expansion). The Navier–Stokes–Fourier
equations then reduce to the Euler equations

@q
@t
þr � ðq uÞ ¼ 0 ; (2)

@

@t
q uð Þ þ r � ðq u� uÞ ¼ �r�p ; (3)

@

@t
q eð Þ þ r � ðq eþ pÞu½ 	 ¼ 0 ; (4)

where the specific energy is e ¼ eint þ 0:5u2 and the enthalpy is
h ¼ eint þ p=q is used to calculate the temperature field. We close the
equations by assuming a calorically perfect gas, i.e., h ¼ cpT and
p=q ¼ RT .

1. Method of characteristics

For purely supersonic flow, the Euler equations exhibit a hyper-
bolic behavior in space, which implies that information propagates in
a wave-like manner. In a steady-state case as ours, the downstream
solution depends only on the upstream solution and can be deduced
from it by using the Method of Characteristics (MOC). A proper deri-
vation can be found in the book by Vos and Farokhi;35 here, we briefly
sketch the underlying physics. In our case, the uniform inflow is
homentropic and homenergetic, which according to Crocco’s theorem
entails that the flow field is irrotational.36 This condition breaks inside

FIG. 1. General flow setup: Plumes emerge from two inlets of length D at a nozzle
separation distance 2L. The domain extends infinitely in the third direction causing
a planar problem. The penetration Knudsen number is defined as Knp ¼ kp=lref .
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the shock where the entropy increases and, consequently, the flow
becomes rotational. The following qualitative visualization is confined
to the planar, irrotational MOC and, strictly speaking, is therefore not
applicable after the shock. The local velocity vector is sufficiently
described by the local speed and flow direction expressed by the Mach
number M and the flow angle u. The local information propagates
along the flow direction with the flow speed a �M and orthogonal to it
with the speed of sound a. Therefore, the domain of influence of each
point is the Mach cone which expands around the streamline with the
Mach angle,

l ¼ sin�1
1
M

� �
: (5)

The left-running Cþ and right-running C� characteristics span the
Mach cone around the streamline as symmetry axis. Figure 2 sketches
a streamline with the corresponding characteristics for one point. The
Prandtl–Meyer function �ðMÞ indicates the angle, through which a
sonic flow turns when it accelerates to a certain Mach number M
greater than 1. A fluid element, which accelerates isentropically from
Mach numberM1 to Mach numberM2, turns its direction by an angle
�ðM2Þ � �ðM1Þ (a compression proceeds inversely).

Along the characteristics Cþ and C�, the following linear combi-
nations of the flow angle and the Prandtl–Meyer-function are constant:

� � u ¼ const: alongCþ :
dz
dx
¼ tan uþlð Þ ; (6)

� þ u ¼ const: alongC� :
dz
dx
¼ tan u� lð Þ ; (7)

where u depends on the location as well as � and l, which are the
functions of the local Mach number.

Figure 3 shows the MOC solution for a sonic plume and a quali-
tative sketch of how the plume interaction modifies the solution (the
non-isentropic process across the shock complicates a completely ana-
lytic solution and the presence of the subsonic region suppresses it
entirely (see Zucrow on backward-facing step37). At the corners of the
inlet, expansion fans arise, depicted by the characteristics emerging
from the corners and spreading into the domain. The flow turns out-
ward toward the vacuum and accelerates. It changes when crossing
one of the depicted expansion fan lines, whereas within each of the

polygons depicted in Fig. 3, the Mach number and flow direction as
well as density, pressure, and temperature are approximated to be
homogeneous (finer spatial discretization, i.e., more expansion fan
lines emerging from the inlet corners, tends toward the correct solu-
tion). The flow direction is along the half angle between the Cþ and
C� characteristics and exemplary depicted by vectors in blue. In the
core of the plume, the interaction of the characteristics deflects them,
but their expansion character remains, i.e., the characteristics are
diverging downstream. Due to the presence of an identical second
plume next to the first one in our problem, the case is symmetric. At
the symmetry axis, the velocity normal to it has to be zero, and on the
left side, immediately after the inlets, the velocity aligned with the sym-
metry axis is small, which results in a subsonic region. The flow from
the expansion fan impinges on the concave part of the subsonic region
causing compression waves which in turn induce a shock. Both the
compression waves and the shock run along Cþ characteristics. The
shock propagates through the velocity field. While around the sub-
sonic region, the incoming flow is nearly orthogonal to the shock pro-
ducing a (nearly) normal shock, further downstream the incoming
flow has a significant tangential component to the shock resulting in
an oblique shock. When crossing the shock, the C� characteristics
slightly bend toward the symmetry axis, where they are reflected and
hit the shock a second time from its downstream side. Since the char-
acteristics remain expansion waves both after crossing the shock and
after the reflection at the symmetry, they bend the shock away from
the symmetry axis.38

Except for the subsonic region, the entire flow field is described
by the Mach numberM and the flow angle u. The inviscid Euler solu-
tion is thus independent of the temperature and density (which can be
deduced along the streamlines using isentropic relations), so that—
except for a change in the shape of the subsonic region depending on
density—the inviscid continuum flow field depends only on the nozzle
separation distance and inclination.

2. Detection of shocks and characteristics

Commonly, shocks are identified as regions with a high density
of pressure isolines or with a pressure gradient magnitude above aFIG. 2. Schematic of characteristics.

FIG. 3. Qualitative sketch of plume interaction explained by Method of
Characteristics. Expansion fans emerge from the inlet corners. The interaction
between the flow and the subsonic region causes compression waves which induce
a shock. The characteristics from the expansion bend when crossing the shock and
get reflected at the symmetry.
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specified value.72 However, the rapid expansions in the problem under
consideration give rise to high-pressure gradients before the shock and
consequently strongly varying shock strength along the shock (we use
the common shock strength definition as the pre- to post-shock pres-
sure ratio). This complicates the shock detection based on the pressure
field. A further obstacle is finite shock thickness, as a shock extends
over several mean free paths [Oð10Þ] and the mean free path in rare-
fied flow is long.39 Kanamori and Suzuki40,41 proposed to detect the
shocks as a singularity in the characteristics field given by the local
unit vectors in the direction dz=dx from Eqs. (6) and (7). As shown in
Sec. II B 1, the compression waves, which are Cþ characteristics
inclined toward each other, merge forming the shock. Anticipating the
characteristics presented in Fig. 8, we see that also other Cþ character-
istics inciding on the shock, merge with it, producing a local sink in
the Cþ-field. Thus, a strong divergence in the Cþ field indicates a
shock. The broader shock in the transitional flow regime makes the
algorithm by Kanamori and Suzuki more difficult to apply. This is
why we base our implementation only loosely on their approach.

First, the deformation gradient tensor of the Cþ field is calculated
in all supersonic regions. Then, the region with negative divergence of
the Cþ field, i.e., the sink, is extracted. From this subset, we extract the
regions where the deformation gradient tensor of Cþ projected into
the flow direction is negative. This second clipping is necessary, to
exclude regions in which the divergence is negative due a gradient
orthogonal to the streamlines (which occurs abundantly around the
point where the sonic line cuts the symmetry) rather than along the
streamlines. From this shock region, a shock line is derived by quartic
regression weighted with the magnitude of the divergence of the Cþ-
field. The shock strength—and with it the magnitude of the divergence
of the Cþ-field—varies rapidly along the shock, since the incoming flow
is highly non-homogeneous due to the upstream expansion. To account
for this variation in weights, the weights were binned based on the x-
coordinate and normalized per bin. This yields the following algorithm:

(1) Calculate Cþ characteristics vector field

CþðrÞ ¼
cos ð/ðrÞ þ lðrÞÞ
sin ð/ðrÞ þ lðrÞÞ

" #
: (8)

(2) Calculate F ¼ rCþ for regions whereM 
 1.
(3) Extract trðFÞ ¼ r � Cþ < 0.
(4) Extract from this the subset û�ðFûÞ < 0 as the shock region

(where û denotes the unit vector in flow direction).
(5) Set the weight to w ¼ jðtrðFÞÞj � Vc, where Vc is the cell volume.
(6) Bin data per x-coordinate and normalize in each bin i the

weights by dividing by the maximum weight, i.e.,

ŵi;j ¼
wi;j

max
j in bin i

ðwi;jÞ
:

(7) Determine shock line as quartic polynomial regression of z over
x weighted with ŵi;j.

For shock detection, in general, this procedure should be repeated for
the C� characteristics.

3. Riemann solver

The Euler equations can be solved by using a conservative
method called approximate Riemann solver,71 in which Eqs. (2)–(4)

are locally diagonalized and split into ordinary differential equations
for the fluxes. At each face in a finite volume mesh, the flux is calcu-
lated by solving local Riemann problems. An approximate Riemann
solver (i.e., dbnsFoam of foam-extend 4.042) with the HLLC (Harten-
Lax-van Leer-Contact) scheme43 is used to calculate the inviscid con-
tinuum mechanical solution of the flow field. While approximate
Riemann solvers can accurately solve supersonic regions, they possibly
give rise to spurious wave modes in the subsonic region,44 which in the
considered flow is the zone between the two jet inlets. A first-order
HLLC flux construction was applied to avoid these spurious waves.45

The temporal discretization is conducted by a fourth-order
Runge–Kutta integration, which is explicit and, therefore, required
small time steps to maintain numerical stability. A constant time step
was chosen, so that the Courant–Friedrichs–Lewy (CFL) number was
below 0.3. A solver verification for a shock tube case is presented in
Appendix B.

C. Transitional flow regime

In the last decade, multiscale methods have been developed
which give promising results at low computational effort for simple
rarefied flows, such as the unified gas kinetic scheme,46,47 discrete uni-
fied gas kinetic scheme (DUGKS),48–50 kinetic relaxation models51,52

and the general synthetic iterative scheme.53 Still, the simultaneously
ongoing improvements of its algorithm54 and its inherent numerical
stability keep direct simulation Monte Carlo (DSMC)55 the method of
choice for accurate predictions of complex rarefied flows. Therefore,
we applied it to study the plume interaction in the transitional flow
regime between the two extreme cases of no collisions and local equi-
librium. In DSMC, the gas is modeled by the movement and collision
of molecules, represented as purely repulsive particles. The particle
movement and collisions are decoupled—which mitigates the time
step requirement as collisions do not have to be detected during the
particle movement. After the movement, the particles are sorted into
cells and collide randomly with other particles from the cell. Only the
number density in the cell and relative velocity between particle pairs,
but not their exact location, determine the collision probability. To fur-
ther speed up the simulation, one simulation particle represents a large
number of real molecules. To obtain accurate results despite these sim-
plifications, the cell size has to be below 1=3k, the time step size below
1=10s and the number of particles per cell above 20 (to ensure enough
collision partners).55 We fulfilled the listed resolution criteria in the
entire flow field, except for the number of particles in the “blind spot”
by which we denote a small region above the inlet with an extremely
low number density, so that collisions are improbable.

We used the dsmcFoamþ solver which is part of OpenFoam-
2.4-MNF.56 The collision partners were selected using the No-
Time-Counter model. The collisions were calculated using the
Variable-Hard-Sphere model.

D. Far-field solution

The far-field solution approximates the number density for
continuum flow. It assumes a point source and a decrease in density
proportional to the inverse of the distance in radial direction for the
two-dimensional case. Hence, in the far-field of a single plume, a self-
similar azimuthal density distribution can be assumed. The density
distribution can thus be split into a radial and azimuthal function,
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nðr;HÞ
n�

¼ A
R�

r
g Hð Þ ; (9)

where A is an integration constant and R� ¼ D=2. For outlet velocities
above zero—which will occur due to the high pressure ratio between
tank and vacuum—the flow does not spread in all directions at the
outlet, but is constrained by the maximum turning angle Hmax.
Boynton fitted an azimuthal function to numerical solutions for a
three-dimensional plume,57 which was afterward commonly used. To
adapt it for the two-dimensional case, the square-root of this function
is considered, which reads

gðHÞ ¼ cos
p
2

H
Hmax

� �� � 1
c�1

; (10)

where for a sonic outlet velocity, as we consider here, the two-
dimensional Prandtl–Meyer expansion (PME) defines the maximum
turning angle Hmax and maximum velocityUmax, which read

Hmax ¼
p
2

ffiffiffiffiffiffiffiffiffiffiffi
cþ 1
c� 1

r
� 1

 !
; (11)

Umax ¼
ffiffiffiffiffiffiffiffiffiffiffi
cþ 1
c� 1

r
U� : (12)

To ensure the mass flux conservation, A is determined by balancing
the flux from the orifice with the mass flux integrated over the sphere
of a certain radius rc,

n�U�2R� ¼ 2
ðHmax

0
n�Umax

R�

rc
Ag Hð Þrc dH ; (13)

which gives

A ¼ U�=UmaxðHmax

0
g Hð Þ dH

; (14)

which yields A¼ 0.572 for monatomic gas. The approximation tends
to be incorrect near the inlet. In addition, the maximum velocity is
based on the maximum velocity in a Prandtl–Meyer expansion,
but considering that in a free expansion flow all thermal energy is
expected to be transferred to kinetic energy, a maximum velocity of
umax ¼

ffiffiffiffiffiffiffiffiffiffiffi
2cpTs

p
would be another reasonable estimate.

E. Penetration Knudsen number

To classify the strength of interaction, Koppenwallner23 (as cited
by Dagum and Zhu24) introduced the penetration Knudsen number
Knp as

KnpðxÞ ¼
kpðxÞ
lref ðxÞ

; (15)

where kp is the mean free path at a position on the symmetry line
based on the number density of the far-field solution, and lref the dis-
tance a particle could theoretically penetrate into the other jet from
this symmetry line position (see also Fig. 1). Koppenwallner assumed
that the lowest penetration Knudsen number Knp;min is appropriate to
classify plume interaction into four different regimes: (1) For a very

high minimum penetration Knudsen number, a free molecular flow
occurs, and consequently, penetration of molecules from one jet into
the other jet; (2) if the mean free path is of the order of the characteris-
tic flow length, collisions between the molecules of the two jets deflect
their paths; (3) a further decrease in the penetration Knudsen number
(Knp;min < 0:2) yields diffuse shocks slightly before the symmetry
plane; after the shock, the flow direction of the molecules nearly aligns
with the primary jet axis; and (4) for very small Knudsen numbers
(Knp;min < 0:02), a back flow may appear, which could interact with
the upstream wall. Other research groups24–27 used this definition to
classify the interaction of plumes: Li and Ladeinde26 tried to improve
the definition by replacing the mean free path based on the
number density only, by the one which accounts for the high relative
velocity between the two jets. Holz et al.25,68 studied the plume interac-
tion experimentally and confirmed the appropriateness of penetration
Knudsen number, which was, however, the more extreme case of
Knp;min ¼ 0:045.

Figure 4(a) depicts the minimum penetration Knudsen number
Knp;min map as a function of the inlet Knudsen numberKn0 and the dis-
tance of the inlets for parallel jets. With an increasing inlet Knudsen
number, the minimum penetration Knudsen number increases propor-
tionally (the proportionality factor is greater than unity). A higher dis-
tance between the jets increases the minimum penetration Knudsen
number only marginally, which makes sense considering the estimations
kp / 1=n / r and lref / r for the two-dimensional case. Figure 4(b)
depicts the minimum penetration Knudsen number Knp;min map as a
function of the inlet Knudsen number Kn0 and the inclination of the
inlet streams for a constant inter-jet-distance l ¼ D=2 (note that lref
does not only depend on the position of the symmetry line, but also on
the jet inclination). When inclining the plumes toward each other—
such as in a linear aerospike engine—the penetration Knudsen number
is below Knp;min ¼ 0:2 even for high inlet Knudsen numbers, predicting
a shock. For plumes inclined away from each other, the penetration
Knudsen number rises rapidly, which makes it promising for avoiding
shocks and the involved non-uniformities, e.g., in coating deposition.

III. CASE SETUP
A. DSMC boundary conditions

The computational domain and boundary conditions for the
DSMC simulation are shown in Fig. 5. To reduce the computational
cost, only half of the domain is simulated using the symmetry in the
interaction plane to split the domain. The computational domain is of
size Lx ¼ 21 mm and Lz ¼ 12 mm; the inlet of length D ¼ 3 mm is
positioned at distance L from the symmetry plane, so that 2L is the
nozzle separation distance.

The assumed stagnation conditions, i.e., the conditions which
are in the reservoir upstream the inlet in an experimental setup, are
Ts ¼ 800K and varying values for ns. The sonic inlet conditions are
calculated by applying isentropic 1D relations58

n� ¼ ns
cþ 1
2

� ��1
c�1

; (16)

T� ¼ Ts
cþ 1
2

� ��1
; (17)

which—with a specific heat ratio c ¼ 5=3 and molecular mass
m ¼ 65:38 u for zinc—yield an inlet temperature Tin ¼ T� ¼ 600 K
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and an inlet velocity of uin ¼ aðT�Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ckBT�=m

p
¼ 356:56 ms�1. All

other boundaries (except for the symmetry) have a vacuum outlet
condition for DSMC, i.e., particles are removed from the simulation
upon impingement. At the symmetry plane, inciding particles are
specularly reflected. Likewise, the walls in the third homogeneous
direction of our two-dimensional problem are specularly reflecting.

B. Riemann solver boundary conditions

For the approximate Riemann solver, the outlet is split into a vac-
uum and a backflow boundary. The supersonic outflow at the vacuum
may give rise to numerical shocks possibly distorting the upstream
flow field. Hence, a wave-transmissive outlet boundary condition is
applied at the vacuum outlets.59 To stabilize the solution process,
the backflow boundary condition was closed during the initializa-
tion. In the final solution, the backflow boundary condition distin-
guishes between outflow and inflow: For outflow, a pressure outlet
po ¼ 10�5 Pa and zero velocity gradient are applied; for inflow, a
zero pressure gradient and a zero convective velocity. (The density
field is calculated from the ideal gas law.) An overview of the bound-
ary conditions is given in Table I. The discretization and a mesh
independence study are presented in Appendix C.

C. Zinc vapor properties

As the intended main application is physical vapor deposition, all
simulations were conducted for zinc. As the viscosity of zinc vapor has
not been studied yet, we applied the inverse-power-law approximation
described by Fan et al.60 to approximate the collisional properties. We
chose potassium as reference metal, which is in the same group as zinc
and whose viscosity is reported in the literature.61 The approximated
Variable-Hard-Sphere collisional diameter of zinc is 5:684� 10�10 m
and the viscosity parameter x ¼ 0:849 at a reference temperature of
Tref ¼ 2000 K. The mass of the zinc molecule is set to 65:38 u. For
the approximate Riemann solver, only the specific heat at constant
pressure is required (as the inviscid equations are calculated), which is
for zinc cp ¼ 317:901 J kg�1 K�1.

D. Parameter variation

The stagnation Knudsen number describes the rarefaction in the
pressure tank upstream of the inlet, which is required to compare to
experiments, and reads Kns ¼ ks=D ; where D is the inlet width and ks
the Variable-Hard-Sphere mean free path at the inlet, which is

ks ¼
ffiffiffi
2
p

pnsd
2
ref

Tref

T

� � x�1=2ð Þ
 !�1

: (18)

For easier reference, the cases are addressed as a multiple of the small-
est Knudsen number Kn0. For the present simulations, which start at
the inlet, it makes more sense to use the inlet Knudsen number
Knin ¼ kin=D. Kns can be converted into Knin using the isentropic
relations in Eqs. (16)–(18), which yields

Knin ¼ Kns
cþ 1
2

� � 1
c�1þ1

2�x

: (19)

The rarefaction, distance between the jets, and their inclination away
from one another were varied according to Table II. In Fig. 4, the dif-
ferent cases are marked by dots to illustrate the link to the penetration
Knudsen number.

FIG. 4. Minimum penetration Knudsen number maps (clipped to values below unity); (a) over Knin and L; (b) over Knin and a. Simulated cases are marked by points whose
color indicates whether a shock (“shock”) or only a region of converging Cþ characteristics (“conv”) could be detected or whether the plumes merge (“merge”). (a) Knp;min

depending on inlet-to-inlet distance L; (b) Knp;min depending on inlet inclination a.

FIG. 5. Geometry and boundary conditions for the DSMC simulation.
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IV. RESULTS AND DISCUSSION

In the first section of the results, the flow field for collisionless
flow is presented for two parallel plumes and the analytical solution is
verified (Sec. IVA), followed by the flow field of the Euler equations
compared with a rarefied flow field (Sec. IVB). Section IVC shows the
characteristics and shock detection for different degrees of rarefaction
to visualize the impact of rarefaction on the shock location and under-
stand the flow from another perspective. The last part focuses on the
practical application: A comparison of estimated deposition profiles
with the DSMC solution (Sec. IVD), an analysis of the impact of noz-
zle separation distance and tilting on the shock location and deposition
(Secs. IVE and IVF), and eventually a discussion of the non-
uniformity of the mass flux (Sec. IVG).

A. Collisionless flow field

Figure 6 shows the contours for various flow properties of the
collisionless flow (Kns !1) for two parallel jets (a ¼ 0�) at a nozzle-
separation-distance L¼D. The collisionless DSMC is shown in the
upper half and the analytic solution in the lower. They agree well in
most regions. In the “blind spot” and far from the inlets, statistical
noise begins to show in the DSMC solution due to the small sample
size in these highly rarefied regions.

The density normalized by the inlet density decreases behind the
outlets [Fig. 6(a)]. Around the symmetry plane, the superposition of
the plumes produces an increased density. The velocity magnitude,

shown in Fig. 6(b), increases downstream of the inlets due to “sorting”
of the particles according to their velocity: While initially directed in
several directions, particles align with the mean velocity the farther
they travel away from the inlet. Therefore, the particles’ velocities con-
tribute increasingly to the mean velocity and decreasingly to the tem-
perature. However, between the plumes the two fluxes from the inlets
are counterdirected and the mean velocity cancels out yielding a low
velocity region. The velocity sorting produces a low temperature in
regions of high alignment between the particles’ velocities and the
mean velocity, e.g., in the expansions, as shown in Fig. 6(c). Between
the two plumes, where the mean velocity cancels out, the immense rel-
ative velocities give a huge variance of particle velocities, and conse-
quently a high temperature—even higher than at the inlet. The Mach
number, shown in Fig. 6(d), depends strongly on the sorting of veloci-
ties, since both the velocity and the speed of sound (a /

ffiffiffiffi
T
p

) are
affected. The Mach number increases in the far-field to a value around
M¼ 1.8. In the near-field of the flow, where a low velocity and high
temperature prevail, a subsonic region occurs around the symmetry
plane.

B. Continuum flow and transitional flow regime

The upper half of Fig. 7 shows the flow field of two interacting
plumes at KnS ¼ 2Kn0 (L¼D, a ¼ 0�) solved by the approximate
Riemann solver for the inviscid Euler equations. As in the collisionless
case, the flow expands downstream from the inlet. Density, tempera-
ture and pressure decrease, whereas the velocity increases with increas-
ing distance from the inlet. The isolines form ellipses, that are
symmetric about the jet axis, which implies that the primary expansion
is well protected against any influence from the other jet. The tempera-
ture drops to a lower level than for collisionless flow, tending toward
zero; and the velocity rises higher, with values above U ¼ 600ms�1.
Both phenomena are caused by an expansion which is not diffuse as in
the collisionless case, but directed by the pressure gradient which in
the presence of collisions efficiently transforms thermal energy into
kinetic energy. Please note that thermal energy is also transferred from
the homogeneous direction (i.e., here the y-direction) into kinetic
energy in the planar flow plane thus enhancing the acceleration, which
is impossible in collisionless flow. Around the symmetry plane a sharp
discontinuity occurs for all flow variables. Density and temperature
rise, the velocity drops. The discontinuity traverses through the entire
flow field in a shape similar to a Laval nozzle. The flow variable

TABLE I. Boundary conditions.

Approximate Riemann solver

DSMC Velocity Pressure Temperature

Inlet nin drawn from Maxwellian
with Tin ¼ 600K and uin ¼ 356:56ms�1

uin ¼ 356:56ms�1 pin Tin ¼ 600K

Vacuum Delete particles Zero gradient Wave transmissive po ¼ 10�5 Pa
at far distance linf ¼ 0:01m

Zero gradient

Back flow Delete particles If outlet: zero gradient
If inlet: u ¼ 0

If outlet: po ¼ 10�5 Pa
If inlet: zero gradient

Zero gradient

Symmetry Reflect particles Symmetry Zero gradient Zero gradient

TABLE II. Variation parameters: rarefaction Kns and corresponding inlet conditions,
nozzle separation distance L, and inlet inclination a. (pin is only listed for cases which
were calculated with the approximate Riemann solver.)

Kns Knin nin½10
20

m3 	 pin ðPaÞ L a (deg)

Kn0 ¼ 0:0047 0.0066 232.09 192.264 D=60 �20
2Kn0 ¼ 0:0095 0.0132 116.05 96.132 D=6 �10
4Kn0 ¼ 0:0189 0.0263 58.02 � � � D=2 0
8Kn0 ¼ 0:0378 0.0526 29.01 24.033 D 10
16Kn0 ¼ 0:0756 0.1052 14.51 � � � 2D 20
32Kn0 ¼ 0:1512 0.2105 7.26 � � �
64Kn0 ¼ 0:3024 0.4209 3.63 � � �
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FIG. 6. Flow field contours of collisionless
flow (Kns !1) for two parallel (a ¼ 0�)
plumes at a nozzle-separation-distance
L¼D: (a) density, (b) velocity magnitude,
(c) temperature, and (d) Mach number.
The upper half shows the DSMC solution
and the lower half the analytic solution.

FIG. 7. Flow field contours of two parallel a ¼ 0� interacting plumes at a nozzle-separation-distance L¼D for a stagnation Knudsen number of Kns ¼ 2Kn0: (a) density, (b)
velocity magnitude, (c) temperature, and (d) pressure.
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extrema in the inter-shock region are close to the “throat” (i.e., the
narrowest section), and from there they mitigate in both directions,
i.e., in the back flow and the so-called secondary expansion. The tem-
perature values are highest next to the symmetry plane, which
increases the pressure; this in turn will keep the number density in the
center of the inter-shock region lower than near the shocks.

The lower half of Fig. 7 shows the flow field of same two interact-
ing plumes (L ¼ D; a ¼ 0�; KnS ¼ 2Kn0) solved by DSMC. The flow
exhibits a higher similarity with the continuum case in the upper half
of Fig. 7 than the collisionless case (Fig. 6), since its rarefaction is low.
However, the shielding of the shock does not hold anymore, and the
high number density of the inter-shock region diffuses into the pri-
mary expansion. The increase in velocity and decrease in temperature
are mitigated, as missing collisions imply less efficient transfer of ther-
mal energy to macroscopic kinetic energy. This entails a delayed
expansion as can be observed in the velocity contours. In the inter-
shock region, the temperature exceeds both the collisionless and the
continuum flow. While the shock—typical of low rarefaction—accu-
mulates the energy behind the shock, the diffuse behavior due to rare-
faction keeps more energy in the thermal than in the macroscopic
kinetic mode. The higher temperature increases the effect of keeping
the number density around the symmetry plane lower than directly
behind the shocks. The shock location—which for continuum flow

was obvious and consistent between all contours—is not clearly deter-
minable for the rarefied solution, which is why we use the MOC to
identify the shock location in Sec. IVC.

C. Visualization by method of characteristics

Visualization by the Method of Characteristics shifts the view
from the descriptive character of the macroscopic thermodynamic
properties to the hyperbolic character, which determines the inviscid
continuum flow behavior and to a large extent still the one in the tran-
sitional flow regime for the considered case, since a sufficient number
of collisions occurs in crucial parts, such as the inlet region and the
shock to approach continuum flow behavior (from a large-scale point
of view). Figure 8 depicts the characteristics of the flow fields as well as
the detected shock region in continuous blue contours; the gray,
banded contours in the background represent the Mach number.
Figure 8(a) shows the inviscid continuum case (with an inlet density
based on Kns ¼ 2Kn0) in the upper half and the corresponding
DSMC solution in the lower half. For the inviscid continuum case, the
C� expansion fan unfolds around the upper corner of the inlet, the
Cþ expansion fan around the lower corner. When crossing each other,
their interaction causes the characteristics to bend slightly. The
streamlines, depicted in blue, run along the half angles. In the shock,

FIG. 8. Characteristics and shock detection (a) for Kns¼ 2Kn0, in the upper half the Euler solution is shown, in the lower half the DSMC, (b) for DSMC solutions for
Kns ¼ 4Kn0 in the upper half and Kns ¼ 8Kn0 in the lower half. The gray, banded contours in the background show the Mach number; the blue, continuous contours represent
the region detected as shock region and are colored by jr � Cþj, clipped at 1000m�1. The blue lines are streamlines, the brown lines C� characteristics, and the beige lines
Cþ characteristics (in the lower part the characteristics are mirrored). The white dotted line is the shock line detected from the regression of the shock region; the white solid
line is the sonic line, i.e., M¼ 1. (a) Kns¼ 2Kn0. The upper half depicts the Euler solution, the lower half the DSMC solution. (b) The upper half depicts the DSMC solution for
Kns¼ 4Kn0, and the lower half the DSMC solution for Kns¼ 8Kn0.
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the Cþ characteristics turn sharply and merge with the shock, while
the C� characteristics cross the shock with only marginal bending.
The streamlines turn accordingly. Upon impingement on the subsonic
region or the symmetry, the C� characteristics are reflected and turn
into Cþ characteristics. Initially the reflection angle is wide and the
post-shock Cþ characteristics hit the shock from downstream and
thus bend it upward. However, further downstream the Cþ character-
istics are parallel to the shock or tend already away from it and so will
not hit it and bend it further.

In the following discussion of the transitional flow regime,
please keep in mind that with rarefaction the characteristics lose
their ability to exactly describe the mechanisms determining the
local solution. Yet the qualitatively similar flow behavior allows a
meaningful visualization using the characteristics. For the DSMC
solution of the Kns ¼ 2Kn0 case [Fig. 8(a) lower half], the Cþ char-
acteristics exhibit a pattern comparable to the Euler solution, but
bend earlier and more smoothly, merging gradually with the shock.
The subsonic region is bigger reaching to the corners of the inlet
and, in particular, exhibits a bigger concave region, from which the
shock region starts. The shock region passes the computational
domain at a rather constant, large width. However, the jr � Cþj val-
ues are lower than for the continuum case and rapidly decrease
when passing through the domain. Even when considering its
broad domain, the shock region distinctly bends more outward
than in the Euler solution. So the secondary expansion is wider, but
the increase in Mach number is less steep, which would be a contra-
diction in pure inviscid continuum flow. The underlying reason is
that the secondary expansion maintains a higher pressure, tempera-
ture and hence speed of sound in the transitional flow regime (refer
to Fig. 7). On the one hand, the information that there is a shock
travels further upstream due to the higher speed of sound (another
equivalent line of argument is that the expansion experiences the
shock, when its pressure is equal to the one behind the shock, which
happens earlier for higher pressures in the secondary expansion).
On the other hand, the high thermal fraction of energy leaves less
for the macroscopic kinetic energy which in combination with the
high temperature gives a lower Mach number. Appendix D com-
pares the shock structure with the detected shock location to vali-
date the applied shock detection method.

Figure 8(b) shows the DSMC solution for Kns ¼ 4Kn0 in the
upper and the one for Kns ¼ 8Kn0 in the lower half. With increasing
rarefaction, the Mach number rises more slowly in the expansions, as
fewer collisions transfer thermal energy into macroscopic kinetic
energy. For a low number density, the characteristics bend more, espe-
cially in the “blind spot.” The Cþ characteristics bend well before the
shock region aligning gradually with the shock. Consequently, the
shock region is much broader than for Kns ¼ 2Kn0, but the strength
of the divergence jr � Cþj is lower. The shock does not pass through
the entire domain, but dissolves earlier. At Kns ¼ 8Kn0, the shock
region is even smaller and a detection of a shock line is not feasible
anymore.

Figure 9 compares the shock location and sonic line for several
degrees of rarefaction. For higher degrees of rarefaction, the subsonic
region becomes thicker (i.e., it extends more into the primary expan-
sion) and shorter, indicating an earlier rise of velocity due to an earlier
onset of expansion. This agrees with the shift of shock line, which
moderately shifts upstream for higher rarefaction.

D. Deposition profiles

After the location detection of the shock, its impact on the
deposition is quantified. To this end, Fig. 10 compares the profiles
for different solutions methods. Both the free molecular solution
and the far-field approximation are superpositions of two single
plumes and exhibit two peaks in number density around the inlet
positions [Fig. 10(a)]. The far-field approximation is in reasonable
agreement with the Riemann solution outside the interaction
region. Between the inlet peaks, the far-field approximation pre-
dicts a smooth uniform plateau, whereas the inviscid Euler solution
produces symmetric profiles about the inlet axis, which means that
the plumes are shielded from each other. However, two sharp peaks
occur close to the symmetry plane marking the shock locations
with high density accumulation in between. Compared to the
approximations, the number density of the transitional flow regime
is qualitatively a blending [Fig. 10(d)]: At a low Knudsen number,
the impact of the shock is severe and the profile resembles the
Riemann solution, but with higher peaks and a deeper trough in
between. This may be explained with the higher temperature and
consequently higher pressure at the symmetry plane [refer to
Figs. 7(c) and 7(d)], which deters particles from the symmetry.
With increasing rarefaction, the density peak due to the shock
diminishes and the rise due to the shock becomes less sharp. The
spread outside the interaction region remains similar to those of
the far-field and continuum solutions, as it is determined by the
collisions right after the inlets, which still play a major role for the
degrees of rarefaction considered.

The axial velocity outside the shock region is higher for the con-
tinuum flow than for the free molecular one [Fig. 10(b)], as in contin-
uum the temperature is actively transformed into kinetic energy, while
in free molecular flow the energy transfer from thermal to kinetic
energy is caused by particle velocity sorting which is diffuse and not
targeted. In the shock region, velocity drops severely for the contin-
uum solution. The velocity profile in the transitional flow regime
[Fig. 10(e)] is as smooth as the free molecular one, but reaches a maxi-
mum velocity as high as the continuum flow (since the collisions after
the inlet are responsible for accelerating the flow), and rather small
values around the symmetry plane (since there are still enough colli-
sions to form a shock).

FIG. 9. Shock location (dashed or dotted line) and sonic lines (solid) for different
degrees of rarefaction. The vertical gray line denotes the inlet, the red dots the
sonic line for free molecular flow.
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The deposition profile is estimated as the product of number
density and axial mean velocity (for perfect sticking the actual deposi-
tion could deviate marginally due to velocity fluctuations, i.e., tempera-
ture). As the peak in density coincides with the trough in velocity, the
deposition profiles have a higher agreement for different methods and
degrees of rarefaction than the density profiles. When comparing the
deposition profile, it is striking that the peaks for the lowest rarefaction
in Fig. 10(f) exceed the ones in the Riemann solution in Fig. 10(c) by
approximately 10%. The reason is that due to the diffusive nature in
the transitional flow regime the density rises in a region where the
velocity is still high, whereas the sharp discontinuity in continuum
flow keeps high density and high velocity regions distinctly apart.
(Consequently, the peaks in deposition are marginally shifted outside
compared to the peaks in number density.)

The temperature for the continuum solution is about three times
lower than the inlet temperature outside the shock region [Fig. 11(a)].
The temperature peak inside the shock region is as high as the inlet
temperature. For free molecular flow, the temperature is approxi-
mately one half of the inlet temperature, except for the region around
the symmetry plane where it peaks at a modest level. The high temper-
ature for free molecular flow is the counterpart to its low velocity, both
stemming from the diffuse distribution of translational energy in the
absence of collisions. In the transitional flow regime, the temperature
profile [Fig. 11(b)] has a shape between those of continuum flow and
free molecular flow, but its peak temperature surpasses theirs, because
the high energy accumulation inside the shock as seen in the contin-
uum flow interferes with the diffuse movement of particles typical of
transitional flow. This higher temperature is responsible for the deeper
trough in number density at the symmetry plane. Despite the
described differences between the Riemann solver solution for the

Euler equations and the DSMC solution, the Riemann solver gives an
estimate of local deposition rates within engineering precision (�10%)
for very low Knudsen numbers, such as Kns ¼ Kn0, whereas the free
molecular solution fulfills this for Kns > 8Kn0. In between these

FIG. 10. Profiles of normalized number density, velocity in x-direction, and normalized deposition rate at x ¼ 6mm for the inviscid continuum flow (Riemann solver, inlet den-
sity corresponds to Kns ¼ Kn0), free molecular flow and the far-field approximation [(a)–(c)] and in the transitional flow regime (DSMC) at different degrees of rarefaction
[(d)–(f)]. (a) Normalized number density, (b) x-component of velocity, (c) normalized deposition rate, (d) normalized number density, (e) x-component of velocity, and (f) normal-
ized deposition rate.

FIG. 11. Temperature profiles for (a) inviscid continuum flow (Riemann solver) and
free molecular flow; (b) for the transitional flow regime (DSMC) at different degrees
of rarefaction.
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Knudsen numbers, DSMC is required to accurately predict the impact
of the interaction. We hypothesize that the validity range of the
Riemann solution could be enlarged by solving the Navier–Stokes–
Fourier equations rather than the Euler equations. This would add the
diffusive character due to viscosity (which increases with temperature
and independent of other variables, such as density62), but not the one
due to rarefaction (which is expected to be considerably higher).
However, further research is needed to test this hypothesis.

E. Distance

Figure 12 shows the subsonic region and shock location
[Fig. 12(a)] and number density contours [Figs. 12(b)–12(f)] for differ-
ent distances between the inlets. For higher nozzle separation distan-
ces, the shock line smoothly follows the concave part of the subsonic
region, before it turns away due to the expansion. The smaller the noz-
zle separation distance, the smaller and more convex the subsonic
region. The shock wave strongly bends away from the symmetry line
for L ¼ D=6. This is caused by the high mass flow into the subsonic
region and across the shock which forces a higher pressure in the sec-
ondary plume which results in a strong expansion. For the even
smaller nozzle separation distance of L ¼ D=60, the subsonic bubble
has a maximum half height of 0:02mm or about 10 times the local
mean free path. The jets merge and no shock is detectable anymore.
The shock does not disappear for high nozzle separation distances (at
least in the considered range)—which is in agreement with the discus-
sion of the penetration Knudsen number for planar plumes in
Sec. II E, but its impact on the deposition changes. Figure 12(g) plots
the deposition profile at x ¼ 9mm for different nozzle separation dis-
tances. For L ¼ D=60, only one peak is visible, which splits into two
for L ¼ D=6. For higher distances, the peaks from the primary plumes
and the interaction shocks become distinguishable. While at a high
nozzle separation distance of L ¼ 2D, the peaks due to the shock are
similar to the peaks from the primary expansions, the non-uniformity
is still high and the deposition per length is small.

F. Tilting

Figure 13(a) shows the shock location and sonic line for several
jet inclinations. Tilting the jets more toward each other (i.e., a ¼ �10�
and a ¼ �20�) reduces the subsonic region. It does not extend that
far into the primary plume, as the high density caused by tilting it
toward the symmetry plane shields the first plume from particles pene-
trating from the other primary plume. On the other hand, the high
number density crossing the shock increases the pressure after the
shock, which drives the secondary expansion, thus enforcing the latter.
Consequently, the expansion bends the shock line more away from
the symmetry plane and the flow expands faster, producing a smaller
subsonic region. (The same phenomenon can also be explained in
terms of characteristics: as the expansion fan from the inlet is more
inclined toward the symmetry plane, the reflected Cþ characteristics
impinge onto the shock at wider angles and thus cause a stronger
expansion. Consequently, the shock bends more away from the sym-
metry plane.) By tilting the inlet streams away from each other (i.e.,
a ¼ 10� and a ¼ 20�), the opposite effect occurs. The subsonic region
starts slightly further upstream, fewer particles cross the shock produc-
ing a weaker secondary expansion. For the inclinations and Knudsen
numbers under consideration, it was decided based on the detected

shock region, whether it is feasible to draw a shock line or whether the
region can be neglected as a compression region not strong enough to
cause a shock. The results are marked in Fig. 4(b). Independent of the
inclination of the jets, a shock was detected for stagnation Knudsen
numbers up to 4Kn0; above 8Kn0, only a compression region emerged
around the subsonic region. However, the deposition profiles do
depend on the inclination.

FIG. 12. Influence of nozzle separation distance for parallel plumes at Kns ¼ Kn0.
(a) Comparison of shock locations, (b)–(f) number density contours, (g) deposition
profile. (a) Shock location (dashed or dotted lines) and sonic line (solid) for different
nozzle separation distances. The vertical solid lines on the left mark the inlet loca-
tion. (b) L¼D=60, (c) L¼D=6, (d) L¼D=2, (e) L¼D, (f) L¼ 2D, and (g) normal-
ized deposition rate at x¼ 9mm.
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Figure 14 shows the profiles for the number density, normalized
by the inlet density, the velocity component parallel to the jet axis, and
the deposition rate normalized by the inlet flow rate over the
z-coordinate at x ¼ 6mm [Figs. 14(a)–14(c)] and x ¼ 15mm
[Figs. 14(d)–14(f)] at KnS ¼ Kn0 for different inclination angles. At
x ¼ 6mm, the shock is at the same position for the different inclina-
tions [Fig. 13(a)], which is reflected by the same location of the two
peaks in the density profile. However, the height of these peaks is neg-
ligible for a ¼ 20� and immense for a ¼ �20�, as with the latter a
much higher number density flux already crossed the shock. The
velocity profiles [Fig. 14(b)] at this position approximately match for
the different inclinations and exhibit a low value in the shock region,
which mitigates the impact of the shock in the deposition profile
[Fig. 14(c)]. Further downstream, at x ¼ 15mm, the two broad peaks
from the shocks dominate the density profile [Fig. 14(d)]. They have a
similar maximum value, but the stronger expansion for cases inclined
toward each other broadened the peaks farther over the domain. In
addition, the density trough around the symmetry is smaller yielding a

flatter, more uniform density profile than for plume inclinations away
from the symmetry. The velocity profiles [Fig. 14(e)] resemble each
other in shape with an undisturbed accelerated flow at the edges of the
domain, a small trough at the start of the shock, and a deeper one in
the center. The main difference between the inclinations being that for
plumes inclined to each other the low Mach number region between
the shocks extends farther and the expansion already began, which
reaccelerates the flow between the shocks and mitigates the velocity
trough in the center. The overall deposition [Fig. 14(f)] in the depicted
segment is considerably higher for plumes tilted toward each other,
since less mass flow leaves the domain. This reduction in stray deposi-
tion is a desirable side effect for coating technology. The non-
uniformity in the deposition rate profile is mitigated compared to the
upstream profile. This applies in particular, to a ¼ �20�, which had
(perceptibly) the highest deposition non-uniformity at x ¼ 6mm and
the lowest at x ¼ 15mm. To provide a more general overview of non-
uniformity, we quantify it in Sec. IVG.

G. Deposition uniformity

A major objective was to determine the effect of nozzle tilting
and rarefaction on the uniformity of the deposition. While small varia-
tions in coating thickness may be tolerable, strong deviations should
be avoided. Based on this consideration, we chose the minimum
square deviation from a constant height c as a measure of non-
uniformity,

Adev ¼ minc2R

ðz60%
z¼0

_n � c
c

� �2

dx ; (20)

where z60% is the position where 60% of the influx would be deposited.
The choice of such a cutoff coordinate is required to exclude the long
thin tail of deposition (which can also not be captured by the finite
computational domain). For a perfectly uniform deposition, Adev¼ 0;
the stronger and more numerous the deviations, the higher Adev.
Figure 15 plots Adev over different degrees of rarefaction and nozzle-
to-plate distances, using a logarithmic scale. For very short nozzle-to-
plate distances, the non-uniformity is high and nearly independent of
the rarefaction, since it captures the non-uniformity from the two jet
inlets only. Non-uniformity decreases with the distance to the inlets. A
strong mitigating effect of rarefaction sets in around x ¼ 6mm, which
corresponds to the start of the shock. For high rarefaction equal to or
greater than Kns ¼ 16Kn0 and for free molecular flow, the minimum
non-uniformity is reached around x ¼ 12mm and increasing again
afterward. While the two plumes superposed each other before, they
merge into one single plume further downstream, which increases
non-uniformity. For lower rarefaction (i.e., equal to and below
Kns ¼ 8Kn0), non-uniformity monotonically decreases with the dis-
tance to the inlet (for the region considered), thus exhibiting lower
non-uniformity at high distances than the higher rarefied cases. This is
the result of the interaction shock which “fills” the trough between the
two primary plumes, producing a broad plateau in the deposition pro-
file. When the jets are tilted toward each other [Fig. 15(b)], the non-
uniformity decreases faster with increasing distance from the inlet.
The minimum for free molecular flow is reached closer to the inlet
than for parallel jets, since the density peaks merge earlier to form a
plateau and then a single density peak. For long distances from the

FIG. 13. Influence of tilting the inlet velocity (Kns ¼ Kn0 and L¼D). (a)
Comparison of shock location and subsonic region, (b)–(f) number density for sev-
eral degrees of inclination. (a) Shock location (dashed or dotted lines) and sonic
line (solid) for different angles of tilting of the inlet velocity, (b) a¼�20�, (c)
a¼�10�, (d) a¼ 0�, (e) a¼ 10�, and (f) a¼ 20�.
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inlet, the minimum occurs for a rarefaction of Kns ¼ 4Kn0 compared
to Kns ¼ 8Kn0 for the non-inclined case.

V. CONCLUSIONS

We have investigated the interaction of two sonic, rarefied, planar
plumes—either parallel or inclined to each other. The extreme cases of
a collisionless analytic flow solution and an inviscid continuum solu-
tion calculated by an approximate Riemann-solver were presented. In
the transitional flow regime, multiple DSMC simulations were con-
ducted. To analyze the flow field, we detected the characteristics and
used their divergence to detect the shock location.

For free molecular flow, the expansion stems purely from the
sorting of the particles’ velocities, producing only a moderate increase
in velocity and a small decrease in temperature compared to collisional
flow. The inviscid continuum solution gives strong expansions, with
rapid increases in velocity and drops of density and temperature. The
interaction causes sharp shocks passing through the flow domain,
which is reflected in two severe peaks in the deposition profile.
Common to both flow regimes is a high temperature in the symmetry
plane. The behavior in the transitional flow regime is a blend of free
molecular flow and continuum flow. However, some flow variables
and fluxes lie outside the limits of these two extreme cases. In and
behind the subsonic region, the temperatures exceed both the free
molecular and the continuum solution. On the one hand, this results
from the high particles and thus energy accumulation, due to the
shock which is typical of continuum/collisional flow; on the other
hand, a lack of collisions compared to the continuum case enables dif-
fuse particle movement and hinders the energy transfer from tempera-
ture to macroscopic kinetic energy. The latter phenomenon yields a

wider, but less strong secondary expansion bending the interaction
shocks apart. The mass flux peak values in the transitional flow regime
exceed the one of continuum flow.

A shock can be perceived up to very small nozzle separation dis-
tances. Only when the distance is of the order of Oð10Þ mean free
paths or less, a shock region cannot be detected anymore and the two
plumes merge into one single plume. Tilting the plumes toward each
other shifts the onset of the shock further upstream and as a result of
the higher flux crossing the shock enhances the secondary expansion
compared with parallel plumes. This causes steep density peaks at
small distances from the inlet. Conversely, the increased pressure
enhances the expansion, resulting further downstream in a more
homogeneous density and mass flux, while decreasing stray deposi-
tion. The non-uniformity in the deposition decreases with distance
from the inlets for high rarefaction, and minimizes approximately at
the coordinate, where the subsonic region ends. When inclining the
plumes toward each other, the distance, at which the minimum non-
uniformity is reached, decreases.

Our findings can support the design of vacuum technology, such
as physical vapor deposition, to obtain homogeneous mass, momen-
tum and energy fluxes. In addition, they may help in analyzing back-
flows of multithrusters and their potential structural damage on space
vehicles, such as micro-satellites.

We studied the planar case of interacting plumes, which in the
broadest sense is representative of linear aerospike nozzles. Especially
in aerospace applications, three-dimensional clusters are common, the
simulation of which involves significantly higher computational costs
for a well-resolved DSMC. For three-dimensional plume clusters, a
mitigation of shock effects is expected, as the gas can escape the shock

FIG. 14. Normalized density, Mach number, and normalized deposition profiles for several inclination angles (a)–(c) at x ¼ 6mm and (d)–(f) at x ¼ 15mm. (a) Normalized
number density at x¼ 6 mm, (b) Mach number at x¼ 6mm, (c) normalized deposition rate at x¼ 6 mm, (d) normalized number density at x¼ 15 mm, (e) Mach number at
x¼ 15mm, and (f) normalized deposition rate at x¼ 15mm.
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region in another direction, while for three-dimensional toroidal aero-
spikes63 an increase in the shock effect is expected, since a higher mass
flux enters the interaction region.
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APPENDIX A: EQUATIONS FOR COLLISIONLESS
FLOW SOLUTION

The velocity n of each particle is split into a local mean velocity
u and a fluctuational velocity c, i.e., n ¼ uþ c. Equilibrium and a
non-zero mean velocity are assumed to prevail at the outlets of the
nozzles, so that the particle velocity distribution results from a
Maxwellian distribution f0ðcÞ shifted by the mean inlet velocity U0.
For each point in the flow domain, Cai and Boyd34 integrated the
moments over a region in velocity space bounded by the velocity
vectors, for which particles leaving from the two utmost points of
the inlet reach the studied point (the corresponding bounding vec-
tors are a and b in Fig. 16). For a planar, sonic, non-inclined jet, the
moment MW 2 ½n; vx; vz; e	 of an invariant W 2 ½1; nx; nz; 1=2c2	
can be obtained by integrating over the invariant weighted with the
phase density, which gives

MWðrÞ ¼
ð ð ð

X
Wf0ðcÞ dc ; (A1)

where the kinematic relation

X :
z � D

2
x

<
cz

cx þ U0
<

z þ D
2

x
(A2)

bounds the integration over velocity space to those velocities which
may reach the point r. The corresponding domain is shown in
Fig. 16 on the right. Cai and Boyd transformed the integration
domain over the velocity space to polar coordinates with the veloc-

ity magnitude jV j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðU0 þ cxÞ2 þ c2z

q
as the radial component

and the angle H which is formed by the jet axis and the vector con-
necting the studied point with a point on the inlet boundary, as the
angular component. The corresponding integration element is
dn ¼ jVjdjVj dH. The transformed integration reads as

MWðrÞ ¼
ð ð ð

X
Wf0ðnÞ jVjdjVjdH ; (A3)FIG. 15. Non-uniformity Adev over different degrees of rarefaction and nozzle-to-

plate distances for two (a) parallel and (b) inclined jets at a nozzle separation dis-
tance L¼D. The inlet number density for the inviscid continuum solution at
Kns¼ 0 is the one for Kns ¼ Kn0. The free molecular solution is kept separate.
The underlying grid of the contour plot is 20 � 8. (a) Parallel jets, i.e., a¼ 0�. (b)
Jets inclined by a¼�20�.

FIG. 16. Single straight jet. On the left, there is a sketch of the jet geometry in real
space, on the right the velocity domain as introduced by Cai and Boyd.34 To obtain
the solution at point r, the velocity space is integrated over the region bounded by
vectors a and b which connect the outlet with point r.
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where

X :
z � D

2

x
< tan Hð Þ <

z þ D
2

x
(A4)

and

0 < jVj <1 : (A5)

This integration produces the solution for a single, straight jet with
the mean inlet velocity U0. The final expressions for density, veloc-
ity, and temperature can be found in the work of Cai and Boyd.34

Similar effusion problems can be solved by altering the integra-
tion domain X. As described below, we adapt the solution for a sin-
gle straight jet to (i) a single inclined jet and then (ii) two inclined
jets next to each other.

1. Single inclined jet

To evaluate the number density of an inclined jet, the coordi-
nate system needs to be rotated to align the jet axis with the direc-
tion of the inlet velocity (Fig. 17) using the rotation matrix

R ¼ cos ðaÞ �sin ðaÞ
sin ðaÞ cos ðaÞ

� �
; (A6)

where a is the inclination angle of the jet. The local coordinate transfor-
mation for integration for the upper jet is r0 ¼ Rr and for the lower jet
r00 ¼ RT r. (For brevity, we give only the solution for the upper jet
when a < 0, as shown in Fig. 18, the solution for a > 0 can be
obtained by switching H1 and H2.) The integration domain at the inlet
boundary has to be split into two different sections as shown on the left
in Fig. 18: the inlet region where x0 < rx so that the mean inlet velocity
U0 is directed toward rx (colored in green, X1 in velocity space) and
that where x0 > rx so that the flow will not pass rx after leaving the inlet
(hatched in blue, X2 in velocity space). The corresponding domains in
velocity space are shown in Fig. 18 on the right, where X1 is limited by
the direction vector between the upper boundary A and the studied
point X shifted from the origin by �U0 and a right angle, while X1

is limited by the direction vector between the upper boundary B
and the studied point X shifted from the origin by þU0 and a right
angle. In the other directions, the integration domain is
unbounded. This can be transformed to polar coordinates, pro-
ducing the limiting angles

H1 ¼ arctan
z0 � cos ðaÞD=2
x0 þ sin ðaÞD=2

� �
; (A7)

H2 ¼ arctan
z0 þ cos ðaÞD=2
x0 � sin ðaÞD=2

� �
: (A8)

The green integration domain X1 is then given by

X1 : H1 < H < min
p
2
;H2

� �
; (A9)

jV1j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðcx þ U0Þ2 þ c2z

q
; (A10)

and the blue hatched integration domain X2 by

FIG. 17. Coordinate transformation for jets inclined at angle a.

FIG. 18. Single jet. On the left is a sketch of the jet geometry in real space, and on the right, there are the two velocity domains compared to Fig. 16. To obtain the solution at
point r, the integration domain is split into a part where the mean inlet velocity is directed toward r (uniform green area) and one where the mean inlet velocity is directed away
from r (hatched in blue area).
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X2 :
p
2
< H < H2 ; (A11)

jV2j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðcx � U0Þ2 þ c2z

q
: (A12)

All solutions can be written as a function of the inlet speed ratio
S0 ¼ U0=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kBT=m

p
and the angles H1;H2. To switch between

regions where only the green depicted integration domain X1 and
the one where also X2 has to be considered, the Heaviside step func-
tion HðÞ is applied. The expressions for number density n(x, z),
velocities uðx; zÞ;wðx; zÞ, and total energy Etotðx; zÞ of a single
inclined plume then read

nðx; zÞ
n0

¼ exp ð�S20Þ
2p

H2 �H1ð Þ

þ 1
4
erfðS0 sinH2Þ � signðH1ÞerfðS0 sinH1Þ½ 	

þH H2 �
p
2

� �
1
2
erfðS0Þ � erfðS0 sinH2½ Þ	

þ S0
2p

ðH2

H1

exp ð�S20 sin 2HÞ cosHerfðS0 cosHÞ dH ;

(A13)

uðx; zÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kBT0=m

p ¼ exp ð�S20Þ
pnðx; zÞ

S0
2

H2 �H1 þH H2 �
p
2

� �
p� 2H2ð Þ

� �
þ S0

4
sin ð2H2Þ � sin ð2H1Þ �H H2 �

p
2

� �
2 sin ð2H2Þ

� ��

þ S20
ffiffiffi
p
p ðH2

H1

cos3H 1þ erfðS0 cosHÞð Þexp ðS20 cos2HÞ dH� H H2 �
p
2

� �
2
ðH2

p
2

cos3HerfðS0 cosHÞ exp ðS20 cos2HÞ dH
 !

þ
ffiffiffi
p
p

2

ðH2

H1

exp ðS20 cos2HÞ cosH 1þ erf S0 cosHð Þð Þ dH�H H2 �
p
2

� �
2
ðH2

p
2

exp ðS20 cos2HÞ cosHerf S0 cosHð Þ dH
 !#

;

(A14)

wðx; zÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kBT0=m

p ¼ 1
4
ffiffiffi
p
p

nðx; zÞ � exp �S20 sin2H1

� �
cosH1 1þ erfðS0 cosH1Þð Þ � exp �S20 sin2H2

� �
cosH2 1þ erfðS0 cosH2Þð Þ

	

þ H H2 �
p
2

� �
2 exp �S20 sin2H2

� �
cosH2erfðS0 cosH2Þ

�
; (A15)

Etotðx; zÞ ¼
T0 exp ð�S20Þ
6nðx; zÞp 3þ S20

� �
ðH2 �H1Þ þ S20

1
2
ðsin 2H2 � sin 2H1Þ

� ��

þ 2S0
ffiffiffi
p
p ðH2

H1

2 cosHþ S20 cos
3H

� �
exp ðS20 cos 2HÞ 1þ erfðS0 cosHÞð Þ dH

�H H2 �
p
2

� �
4S0

ffiffiffi
p
p ð p

2

H2

2 cosHþ S20 cos
3H

� �
exp ðS20 cos2HÞ dH

�
: (A16)

2. Superposition of two inclined jets

The number density of the interacting case is the superposition
of number densities of two single jets given by

nðrÞ ¼ nUðrÞ þ nLðrÞ ; (A17)

where the subscript U denotes the upper jet and L the lower one.
The velocity vectors have to be rotated back into the original coor-
dinate system by

uU ¼ RT u0U and uL ¼ Ru00L ; (A18)

before applying their density-weighted average to obtain the veloc-
ity of the jet interaction

uðrÞ ¼ nU ðrÞuUðrÞ þ nLðrÞuLðrÞ
nðrÞ : (A19)

To obtain the temperature field, the thermal energy is calculated as
the difference of the total energy of both jets Etot and the macro-
scopic kinetic energy Ekin derived from the velocity and number
density field,

EtotðrÞ ¼ m
ð ð ð

XU[XL

n2f0ðnÞ dn ; (A20)

EkinðrÞ ¼ mnðrÞ uðrÞ2 : (A21)

The temperature field is then determined by
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T ¼ 1
3kBnðrÞ

EtotðrÞ � EkinðrÞð Þ : (A22)

The same steps can be conducted to adapt the effusion solution for three-
dimensional single plumes64 to interacting three-dimensional plumes.

APPENDIX B: VERIFICATION RIEMANN SOLVER,
SHOCK TUBE

We verified the approximate Riemann solver using a shock tube
case, which is 1D domain initially split in a high- and a low-pressure
section by a membrane. The sudden destruction of the membrane
yields an expansion wave traveling into the high-pressure section
(driver section) and a shock wave traveling into the low-pressure region
(driven section) until they reach their respective boundaries. The shock
tube setup is often used to test compressible solvers and schemes, as it
is simple, but still covers all fundamental phenomena in compressible
flow, i.e., expansion wave, contact discontinuity, and shock.

We tested multiple compressible solvers and schemes available
in OpenFoam, as listed in Table III. The classical Sod’s shock tube
test is driven by a pressure ratio of 10, for which most of the com-
pressible solvers mentioned hereafter produced reasonable to accu-
rate results.65,66 However, the tremendous pressure ratio due to the

vacuum exacerbates the problem so that the shock is not captured
accurately anymore. To verify the solver for the case of interacting
jets, we adapted the shock tube test case to a pressure ratio of
5 � 105, which is an extreme version of the simulated cases. The
computational domain and initial conditions are depicted in
Fig. 19. No initial or inlet velocity is assumed. The high pressure

TABLE III. Overview of tested solvers.

Cells
Temporal
integration CFL Convective scheme

Advective
schemes Grad scheme

sonicFoam (foam-extend 4.0) 50 000 Euler 0.1 cell
Limited linear 1

van Leer cell
Limited linear 1

dbnsFoam (foam-extend 4.0) 150 Runge–Kutta 4 Flux based Flux: rusanov,
Limiter: Barth–Jespersen

� � � � � �

dbnsFoam hllc 150, 10 000,
100 000

Runge–Kutta 4 Flux based Flux: HLLC,
Limiter: Barth–Jespersen

� � � � � �

rhoCentralFoam
(OpenFoam v18.06)

1000 Euler 0.1 Flux: Tadmor � � � cellLimited least
Squares 1

FIG. 19. Sketch of the shock tube. Driver section on the left; driven section on the
right.

FIG. 20. Pressure, temperature, velocity, and density profiles in the shock tube at
t ¼ 0:0003 s from the analytical solution and different solvers. The thin gray lines mark
from left to right: the expansion head, the expansion tail, the slip surface, and the shock.
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ratio in the driven section may give rise to numerical instabilities,
i.e., either oscillations or over-/undershoots. In addition, it should
be noted that the smaller the sound speed ratio between the driver
and driven section a1=a4 (below unity), the stronger the shock
and the higher the minimum temperature in the expansion wave,
which may yield negative temperatures for an insufficient
discretization.

Figure 20 shows the pressure, temperature, velocity, and den-
sity profiles for the analytical solution58 and different solvers at
t ¼ 0:0003 s. The result of sonicFoam, which is a pressure-based
solver, is far from the solution and does not capture the shock fea-
tures even in qualitative terms (please note that this is the version
in foam-extend 4.0, which differs from the in ESI OpenFoam ver-
sions). rhoCentralFoam, a solver based on Tadmor flux splitting,
qualitatively captures the expansion and shock, but overpredicts
shock speed. Further grid refinement produces oscillations around
the discontinuities, which results in the divergence of the solver.
dbnsFoam, an approximate Riemann solver, produces a result simi-
lar to rhoCentralFoam, when a Rusanov flux scheme is applied.
When a HLLC flux is applied, the shock speed is reduced. Grid
refinement further improves the prediction. However, to obtain a
reasonably accurate solution, 100k cells are required, which is
immense for a 1D problem and illustrates the difficulties in using
CFD for high pressure ratios.

APPENDIX C: MESH INDEPENDENCE STUDY

The independence of the solution from the mesh was studied.
The computational domain was chosen a bit longer than for the
DSMC solution and was 0:012 � 0:03m. All tested meshes had a
completely orthogonal and equidistant meshing to ensure perfect
orthogonality and a fine resolution along the entire shock at the
same time. The resolution for the studied meshes is listed in
Table IV. Figure 21 shows the normalized density and deposition
rate predicted on the three different meshes at x ¼ 15mm. To high-
light the small differences, only the region above the symmetry line
is considered. The coarse mesh predicts the height of the two pla-
teaus before and after the shock correctly, but calculates a lower
steepness across the shock and a larger density drop around the
symmetry compared with the medium and fine mesh. The solution
on the medium and fine mesh matches quite well. For the normal-
ized deposition rate, the parameter which was of foremost impor-
tance in this study, the small deviations in density rate are mitigated
producing a good match between all meshes and an excellent match
between the medium and fine mesh. Hence, the medium mesh was
chosen for all calculations.

APPENDIX D: SHOCK STRUCTURE

To validate the shock detection method and to gain a better
understanding of the shock region, we analyze the changes the flow
undergoes when passing through the shock. Figure 22 compares the
inviscid continuum solution and one rarefied solution for
Kns ¼ 2Kn0. Figures 22(a) and 22(b) show the subsonic region (red
dots), the detected shock (blue solid line), and multiple streamlines
crossing the shock. The changes the flow undergoes within the
shock are shown for streamline No. 0 in Fig. 22(c) for the inviscid
continuum solution and in Fig. 22(d) for the transitional flow
regime. The figures show the profiles of several flow variables
U 2 ½n;T;M;…	 in the immediate vicinity of the shock, normalized
by their local maximum and minimum values before (U1) and after
the shock (U2), which reads

~U ¼ U� U1

U2 � U1
:

First, we focus on the number density profile, as it is commonly
used to define the shock position and shock thickness.39 Before the
shock, the number density declines due to expansion—which is
more clearly visible in the transitional flow regime as the shown sec-
tion covers a longer streamline length—and rises sharply in the
shock. Its crossing of ~n ¼ 0:5 is commonly picked as shock location
and here marked by gray dashed lines. The blue vertical line marks
the location where the shock was detected by our proposed
approach using the MOC. The detected location varied between
~n � 0:3� 0:8 for the streamlines shown, with the exception of

FIG. 21. Profiles of (a) normalized density and (b) normalized deposition rate for
different mesh refinements at x ¼ 15 mm for the inviscid continuum flow (Riemann
solver, inlet density corresponds to the case Kns ¼ 8Kn0). (a) Density at
x¼ 15 mm and (b) deposition rate at x¼ 15 mm.

TABLE IV. Mesh parameters for mesh independence study for the approximate
Riemann solver.

Cells Cells in x-direction Cells in z-direction

Coarse 288 000 1200 240
Medium 1 152 000 2400 480
Fine 1 792 000 3200 560

Physics of Fluids ARTICLE scitation.org/journal/phf

Phys. Fluids 33, 086103 (2021); doi: 10.1063/5.0056730 33, 086103-20

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/phf


streamline No. 0 for the continuum flow with ~n � 0, for which the
broad region of converging characteristics around the subsonic
region hampers localization.

The shock thickness ds is the distance it takes to go from pre-
shock density to post-shock density when applying the highest slope
of the density profile inside the shock, i.e.,

ds ¼ max
d~n
ds

� �� ��1
:

Since the change from pre-shock to post-shock state depends on
the number of collisions undergone, the shock thickness is com-
monly expressed in terms of mean free path lengths from the pre-
shock state, k1. (For inviscid continuum flow, the shock thickness
vanishes, and the continuity of the shown profiles is due to discreti-
zation.) Streamline No. 0 is near the subsonic region for both the
continuum and the transitional flow regime. It enters the shock at a
wide angle and bends more than the other depicted streamlines. For
the case in the transitional flow regime, the shock thickness is
dS ¼ 1:5mm, which corresponds to 11k1. Considering that the
shock is a weak oblique shock with a pre-shock Mach M1 ¼ 2:4
and post-shock Mach M2 ¼ 1:3, the thickness compares reasonably
well with typical thicknesses for weak normal shocks.67,70

The Mach number drops and the temperature rises before the
number density rise occurs. The shift between the temperature and
density profile is about 5k1 for the transitional flow regime. While
in a continuum, only one equilibrium temperature is defined, the
different temperature modes are shifted as well for transitional flow.
We split the temperature in a temperature which is parallel to the
local mean velocity, denoted as Tk, one orthogonal to it (but in the
solution plane), denoted as T?, and one in the quasi-homogeneous
out-of-plane direction, denoted as Ty. First, the parallel temperature
Tk rises, as the decrease in mean velocity due to the mixing of
pre-shock and post-shock particles is reflected in a transfer from
macroscopic kinetic energy to thermal energy. The orthogonal tem-
perature follows closely, one reason being that the streamline bend-
ing breaks the alignment of particle velocities with the mean
velocity. (If collisions played the dominant role in this initial rise of
parallel and orthogonal temperatures, the equidistribution between
modes would transfer the energy to the homogeneous direction
immediately.) Only then does the temperature in homogeneous
direction rise due to collisions, which transfer the energy from the
parallel and orthogonal temperature mode into the homogeneous
direction. This temperature–density separation of 2� 3k1 between
temperatures is maintained across the shock, which indicates that
the free movement of particles between two collisions introduces

FIG. 22. (a) and (b) Streamline positions. (c) and (d) Profiles along the streamlines across the shock. The vertical blue line marks the detected shock location; the gray dashed
lines mark the actual shock location, i.e., ~n ¼ 0:5. (a) Streamlines for Kns¼ 2Kn0. Inviscid continuum solution. The gray solid line marks the inlet position, the light blue solid
lines mark streamlines, and the blue solid line denotes the detected shock position and the red dots represent the sonic line. (b) Streamlines for Kns¼ 2Kn0. DSMC solution.
The gray solid line marks the inlet position, the light blue solid lines mark streamlines, and the blue solid line denotes the detected shock position and the red dots represent
the sonic line. (c) Flow variables plotted over streamline No. 0 in subfigure (a) around the shock position for Kns¼ 2Kn0 (Euler solution). (d) Flow variables plotted over stream-
line No. 0 in subfigure (b) around the shock position for Kns¼ 2Kn0 (DSMC solution).
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non-equilibrium, which cannot be overcome by the redistribution
due to collisions (no comprehensive experimental measurements
are available). The temperature–density separation in oblique
shocks is expected to increase with the velocity component tangen-
tial to the shock.)

DATA AVAILABILITY

The data that support the findings of this study are available
from the corresponding author upon reasonable request.
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