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A B S T R A C T

Recent research on variable stiffness laminates have shown both numerically and experimentally that further
improvement on the buckling performance is possible by incorporating overlaps that result in variable thickness
profiles. We present the concept of overlap-stiffened designs that take advantage of the non-linear coupling
between the tow steering and the local thickness, allowing embedded regions of higher stiffness into individual
plies of a variable-angle tow (VAT) laminate. The proposed method naturally copes with minimum steering
radius constraints of different manufacturing processes by connecting transition regions by means of fiber
tow arcs, such that the radius of curvature always cope with a desired minimum radius constraint. The
present study focuses on two tow-steering processes: automated fiber placement (AFP) and continuous tow
shearing (CTS). Each individual ply exploring the overlap-stiffened design is described using 5 design variables,
producing a straight stiffener. A first benchmark study compares overlap-stiffened laminates optimized for a
maximum volume-normalized buckling performance under bi-axial compression against a reference straight-
fiber laminate. In a second benchmark, overlap-stiffened panels were optimized for minimum weight under a
design buckling load constraint, and compared against a reference straight-fiber laminate. For both AFP and
CTS, is verified that overlap-stiffened VAT panels can achieve at least the double of the volume-normalized
buckling performance of an optimized straight-fiber panel. Moreover, the proposed design method can at least
achieve the same weight and buckling load carrying capacity of an optimal straight-fiber panel, demonstrating
the potential of the proposed design method to include embedded regions of higher thickness.
1. Introduction

Novel automated manufacturing techniques have the capability to
steer the fibers of each layer towards curvilinear paths, producing vary-
ing fiber orientation that reflects in variable stiffness, which ultimately
enables a higher tailoring potential of composite materials. This opens
even more the development and application of advanced lightweight
composite structural designs. For instance, substantial improvements in
buckling loads were achieved by varying the laminate stiffness in the
direction perpendicular to the applied load due to a redistribution of
the primary loads from the center section of the panel to the simply
supported sides of the panel [1–3].

The variable angle tows utilized in the present study can be realized
during manufacturing mainly by means of bending and shearing [4].
When the tows are sheared, as in the continuous tow shearing pro-
cess [5], the tow width measured perpendicularly to the tow path
changes according to 𝑤𝑡𝑜𝑤 cos 𝜃; where 𝑤𝑡𝑜𝑤 is the nominal tow thick-
ness and 𝜃 the tow steering angle. Note that when shearing occurs the
tow thickness must change due to conservation of mass [6].

∗ Corresponding authors.
E-mail addresses: r.ummels@student.tudelft.nl (R. Ummels), S.G.P.Castro@tudelft.nl (S.G.P. Castro).

Variable angle tows can also be achieved by means of in-plane
bending [1,7], keeping the tow width constant if measured perpen-
dicularly to the tow path, which creates residual in-plane stresses on
the tows to accommodate the variable-angle [4]. Ultimately, this resid-
ual in-plane stresses will determine the minimum radius of curvature
achievable in VAT designs [7]. In automated fiber placement (AFP),
it is customary to avoid thickness variation during fiber steering by
means of cut-and-restart [3]. In the present study, advanced composite
designs are explored by allowing thickness build-up created by the
nonlinear steering-thickness coupling inherent of the CTS process, and
also achievable using an overlap-based design in the AFP process.

An approximate relationship between the local thickness of an
individual ply and the local fiber angle plies where tow overlaps are
allowed, was derived by Castro et al. [6], whereby a ply can thus
be designed for a specific thickness distribution, by tailoring the fiber
directions within the ply to create that thickness distribution. Using
this, stiffener-like structures could essentially be woven into the plies
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666-6820/© 2021 The Author(s). Published by Elsevier B.V. This is an open access a

https://doi.org/10.1016/j.jcomc.2021.100174
Received 9 December 2020; Received in revised form 1 July 2021; Accepted 8 July
rticle under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

2021

http://www.elsevier.com/locate/composites-part-c-open-access
http://www.elsevier.com/locate/composites-part-c-open-access
mailto:r.ummels@student.tudelft.nl
mailto:S.G.P.Castro@tudelft.nl
https://doi.org/10.1016/j.jcomc.2021.100174
https://doi.org/10.1016/j.jcomc.2021.100174
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jcomc.2021.100174&domain=pdf
http://creativecommons.org/licenses/by/4.0/


Composites Part C: Open Access 6 (2021) 100174R. Ummels and S.G.P. Castro
Fig. 1. Arbitrary tow path of one tow within a ply. Theta is counter clockwise positive,
originating from the positive x axis.

of a composite laminate structure during manufacturing, ostensibly
resulting in a higher buckling failure load of the final product.

The present study sets out to complete two main goals. First, de-
velop a design method that can reliably generate the aforementioned
overlap-stiffened plies by taking advantage of the nonlinear steering-
thickness coupling. These plies should be physically possible to man-
ufacture without irregularities, by having the minimum radius of tow
curvature constrained according to the selected manufacturing process.
Moreover, the design should preferably be described with as little
variables as possible.

Second, develop a method for testing and optimizing such overlap-
stiffened plies for a given structural performance. In the present study,
the linear buckling performance is investigated for panels manufac-
tured by means of AFP and a CTS, and compared with the perfor-
mance of a well-known optimized straight-fiber laminate plate from
Haftka [8].

By fulfilling these two goals, the authors can prove the concept for
the new overlap-stiffened design method herein proposed, opening up
a new venture of design possibilities.

2. Proposed design concept

The production of variable-angle tow (VAT) composite laminated
structures via automated fiber placement (AFP) is achieved by means
of robots that are capable of laying tapes or tows of pre-impregnated
(prepreg) fibers along predefined computerized paths [2]. More modern
AFP processes make use of thermoplastic prepregs, whereby the tapes
are heated by a laser source [7]. By laying the tows next to one another,
full plies covering the region of interest are created, and the process is
repeated until the desired full VAT laminate is deposited. An arbitrary
tow within a VAT ply is depicted in Fig. 1, where 𝜃 represents the
local fiber angle between the local tow path and the 𝑥-axis of the plate
domain.

2.1. Thickness and fiber angle distribution

Uninterrupted curved tows cannot be laid neatly next to each other
to produce a ply without creating gaps or overlaps [2,3], or without
using alternative production methods of variable angle tow such as
continuous tow shearing (CTS) [5]. In general, one would like to avoid
irregularities like gaps or localized thickness increases due to overlaps.
However, the thickness increase created by overlaps in fiber reinforced
composite laminates can actually be used to significantly increase the
load carrying capacity and buckling performance [9].

Blom et al. [3] derived an approximate formula for a relationship
between the width of a tow and the effective width as a function of
the local tow angle was proposed. Based on this relationship, Castro
et al. [6] derived Eq. (1), which gives an approximate relationship
between the effective local ply thickness, 𝑡 and the local fiber angle,
2

(𝑥,𝑦)
Fig. 2. The exact thickness distribution created by overlapping adjacent tows through
curvature [6].

Fig. 3. The approximate smeared out thickness distribution created by overlapping
adjacent tows through curvature [6].

𝜃(𝑥,𝑦) within an overlap ply, based on conservation of mass. In the
present study, 𝑡𝑝 represents the nominal thickness of a tow and 𝑡(𝑥, 𝑦)
the local varying thickness.

𝑡(𝑥, 𝑦) ≈
𝑡𝑝

cos(𝜃(𝑥, 𝑦))
(1)

Based on Eq. (1), note that a local fiber steering angle of 60◦

would thus result in an approximate doubling of the effective local ply
thickness.

The origin of this effective thickness increase is illustrated in Figs. 2
and 3. In Fig. 2 adjacent tows follow a path from 0◦ to 70◦ and back
again from left to right. More and more regions of doubled and tripled
ply thickness created by tow overlaps crop up as the local fiber angle
increases. When these localized overlaps are spread out, or smeared
out, over the surrounding area, it creates the thickness distribution
shown in Fig. 3. This smeared out thickness distribution was the basis
for Eq. (1). Lander and Castro [10,11] compared the differences in
modeling the exact thickness distribution vs. the smeared thickness
distribution, demonstrating the good correlation and equivalence in
buckling response of the smeared approach compared to a discrete
representation of the overlaps.

2.2. Overlap-stiffened plies and laminates

The relationship given in Eq. (1) gives rise to the idea that one can
design VAT overlap plies and laminates for a given thickness distribu-
tion by tailoring the fiber angle distribution to create the wanted thick-
ness distribution. Stiffener-like thickness distributions could essentially
be woven into the plies of the laminates during production.

The geometry of an idealized arbitrary overlap-stiffener within a ply
is pictured in Fig. 4. The darker gray region is the region of increased
thickness, which mimics a stiffener. The fiber angle is set to 𝜃1 in the
dark gray region, with the rest of the ply having a fiber angle of 𝜃0. If a
tow laying machine were to follow these angles it would lay paths like
the example tow path given in red. The tow paths follow the direction
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Fig. 4. The geometric description of an ideal stiffener within an overlap-stiffened ply.

of the specified fiber angle distribution from edge to edge. Angles 𝜃1
and 𝜃0 respectively translate to 𝑡1 and 𝑡0 using Eq. (1). Here 𝜃1 > 𝜃0,
and thus 𝑡1 > 𝑡0.

The width of the stiffener is given by 𝑤𝑠. The angle of the stiffener
with respect to the 𝑥-axis is defined as 𝜙𝑠. Finally, the position of the
stiffener along the horizontal axis of the ply is given by 𝑥𝑠. A ply has
a length of 𝑎 in 𝑥-direction, and a width of 𝑏 in the 𝑦-direction. The
thickness of the ply is measured in 𝑧-direction.

As a result, an idealized overlap-stiffened ply within an 𝑎 by 𝑏
laminate made with a tow thickness of 𝑡𝑝 can be described by a vector,
𝑷 , of only 5 variables, given in Eq. (2).

𝑷 𝒊,𝒏 = [𝜃0𝑖,𝑛 , 𝜃1𝑖,𝑛 , 𝑤𝑠𝑖,𝑛 , 𝜙𝑠𝑖,𝑛 , 𝑥𝑠𝑖,𝑛 ] (2)

A full laminate of 𝑛 plies can then be described by a vector of plies,
𝑳, as per Eq. (3).

𝑳𝒊 = [𝑷 𝒊,𝟏,𝑷 𝒊,𝟐,… ,𝑷 𝒊,𝒏] (3)

The previously mentioned geometric variables have a number of
constraints. First off, to ensure that plies can reliably be automatically
generated without having the change of the tow path entering the
stiffener and never leaving again, 𝜙𝑠 is always set to be of opposite sign
compared to the sign of 𝜃0, and 𝜃1. It is theoretically possible to have
them be all the same sign in certain ranges of angle combinations, but
the current constraint ensures physically possible angle distributions
with minimal added complexity to the ply generation algorithm in all
cases.

The next constraint is given in Eq. (4). A 𝜙𝑠 larger than 45◦ or
smaller than −45◦ combined with a 0◦ fiber angle along the 𝑥-axis
would result in the overlap effect being flipped, with the tows now
actually diverging away from one another if they enter the stiffener,
thus resulting in gaps instead of overlaps.

|𝜙𝑠| ≥ 45◦ (4)

Stiffeners with −45◦ < 𝜙𝑠 < 45◦ can still be created through a
rotation trick with the ply generation algorithm. If 𝜙𝑠 corresponds to
this range it is first converted to 𝜙𝑠,𝑎 using Eq. (5).

𝜙𝑠,𝑎 = 90 + 𝜙𝑠 𝜙𝑠 ≤ 0
𝜙𝑠,𝑎 = −90 + 𝜙𝑠 𝜙𝑠 > 0

(5)

All of the other ply variables are fed into the ply generation algo-
rithm as normal together with 𝜙𝑠,𝑎, but with the width 𝑎 and the height
𝑏 values swapped. This results in the ply shown in Fig. 5–(a), where
𝜃0,𝑎 = 𝜃0 and 𝜃1,𝑎 = 𝜃1. The local thickness values are subsequently
derived from the values of 𝜃0,𝑎 and 𝜃1,𝑎.

If the ply is now rotated by 90◦ in the clockwise direction, moving
from (a) to (b) in Fig. 5, 𝜙 will equal 𝜙 , and the tow path will obey
3

𝑠,𝑏 𝑠
all intersection constraints. The translation from 𝜃𝑎 to 𝜃𝑏 is given in
Eq. (6).

𝜃𝑏 = = 90 + 𝜙𝑠 𝜃𝑎 ≤ 0
𝜃𝑏 = = −90 + 𝜙𝑠 𝜃𝑎 > 0

(6)

It should be reiterated that the local thickness values are calculated
with 𝜃0,𝑎 and 𝜃1,𝑎 not 𝜃0,𝑏 and 𝜃1,𝑏.

Furthermore, there are constraints on 𝜃0 and 𝜃1. For 𝜃0, the con-
straint is according to Eq. (7), which was required to limit the amount
of overlap outside of the designated stiffener area; 𝜃1 is constrained by
Eq. (8), which was required to avoid irregularities caused by having
tows overlaps of more than 3 times the tow thickness, as the overlap
height will start to reduce the accuracy of Eq. (1). In addition, the plate
model also starts to become a poor approximation of the shallow shell
for steering angles over 60◦, as discussed by Groh and Weaver [12].

Additionally, 𝜃0 is also constrained to be smaller than 𝜃1 in Eq. (9)
to consider only designs that actually produce a desired region with
higher thickness.

|𝜃0| ≤ 30◦ (7)

|𝜃1| ≤ 60◦ (8)

𝜃1 > 𝜃0 (9)

Putting all of the previously mentioned constraints together leads to
the following design space for the assembly of the ply vectors:

𝑤𝑠 ∈ (0, 0.2) [m]
𝑥𝑠 ∈ [0, 𝑎] [m]
𝜙𝑠 ∈ [−90, 90] [◦]

𝐢𝐟 𝜙𝑠 ∈ [0, 90] ∶

𝜃1 ∈ [−60, 0] [◦]

𝐢𝐟 𝜃1 > −30 ∶

𝜃0 ∈ (𝜃1, 0] [◦]

𝐞𝐥𝐬𝐞 ∶
𝜃0 ∈ [−30, 0] [◦]

𝐢𝐟 𝜙𝑠 ∈ [−90, 0) ∶

𝜃1 ∈ [0, 90] [◦]

𝐢𝐟 𝜃1 < 30 ∶

𝜃0 ∈ [0, 𝜃1) [◦]

𝐞𝐥𝐬𝐞 ∶
𝜃0 ∈ [0, 30] [◦]

𝑷 = [𝜃0, 𝜃1, 𝑤𝑠, 𝜙𝑠, 𝑥𝑠]

2.3. Minimum radius of curvature constraint

The minimum radius of curvature that the tow paths can achieve is
dictated by the manufacturing method. The main method considered in
this paper is automated fiber placement (AFP), which has a relatively
large minimum radius of curvature requirement. This is because the
fibers are essentially bent into a curved shape, which causes buckling
and wrinkling of the fibers on the inside of the curved tow, where
compressive stresses develop.

A secondary method that is considered is continuous tow shearing
(CTS) [5]. This production method curves the fibers through shear,
avoiding residual stresses on the fibers and therefore avoiding tow
wrinkling. Much smaller radii of curvature can be achieved as a result.

The stiffened ply as defined in Fig. 4 cannot be produced with
current AFP processes without compromising the fibers significantly.
Looking at the idealized stiffened ply in (a) of Fig. 6, one can see that
at the edges of the stiffener the tow path angle transfers instantaneously
from 𝜃0 to 𝜃1 and vice versa. This turn effectively has a radius of
curvature of 0 mm. Laminates produced with AFP typically have to
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Fig. 5. (a) Starting orientation of a ply with −45◦ < 𝜙𝑠 < 45◦. Note that the width is denoted by 𝑏, and the height by 𝑎. (b) Orientation of the ply with −45◦ < 𝜙𝑠 < 45◦ after
90◦ clockwise rotation to align with the other plies in the 𝑎x𝑏 laminate. Note that the general fiber direction is in the y direction for such a ply, not the x direction.
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Fig. 6. (a) Tow path of idealized stiffener thickness distribution. (b) Tow path of
stiffener thickness distribution obeying the minimum radius of curvature manufacturing
constraint.

have paths with a minimum radius of curvature, 𝑅0, of at least 400 mm
or state-of-the-art thermoplastic tows heated with a laser source [7]
nd 500 mm for thermoset tows [5].

For the AFP design, the minimum radius of curvature will be set
o 450 mm for the purposes of this paper. For the CTS design, the
inimum radius can be reduced to 50 mm [5].

Making sure all possible ply geometries which can be generated
ithin the previously mentioned design space satisfy the minimum

adius of curvature constraint might seems like a very complex problem
t first. Fortunately, there is a simple yet powerful solution which
atisfies this constraint for all plies within the design space. The tow
aths can be defined such that they follow the exact circular arcs with
adius 𝑅0 required to go from 𝜃0 to 𝜃1 when entering the stiffener, and

to go from 𝜃1 to 𝜃0 when exiting the stiffener on the other side. A tow
path connected by these circular arcs is illustrated in (b) of Fig. 6.
4

i

These circular arcs are straightforwardly implemented in the ply
generation algorithm used in the present study, which consists of three
steps:

Step 1: The idealized stiffener geometry is assigned on a 101 by 101
reference grid with width 𝑎 and height 𝑏. This is illustrated in Fig. 7(a).
The grid used in the image is 41 × 41 to make it easier to see individual
grid spaces. A grid size of 101 by 101 ensures that the transitions are
relatively smooth, and that there are no gaps due to large discretization
steps;

Step 2: A circular arc grid stencil is generated based on the 𝜃0 and
1 values of the current ply, and the size of the grid rectangles in the
eference grid. The stencil used in Fig. 7 can be found in Fig. 8. The
ngle values the grid spaces in the stencil are assigned are the angles
he fibers need to follow the arc shape of the stencil at the location of
hose grid spaces.;

tep 3: The algorithm cycles through the reference grid, identifies the
ntry and exit edges of the stiffener, and pastes the arc stencil along the
dges of the stiffener in the correct orientation, depending on whether
ts an entry or an exit edge. This results in the angle distribution grid
een in Fig. 7(b), which can be converted to a thickness distribution
sing Eq. (1). These three steps are performed for every ply within a
aminate.

The idealized stiffener is now accompanied by an ‘angle transition
egion’, where the angle value is transitioning from 𝜃0 to 𝜃1 or vice
ersa. This in turn leads to a thickness transition region, as the local
iber angle dictates the local thickness. This can be seen in the three
ly plots in Fig. 9.

. Fast buckling evaluation of variable stiffness plates

The design concept herein proposed will be explored using a robust
ptimization scheme driven genetic algorithm, explained in the next
ection. Given the high number of individuals evaluated in the genetic
lgorithm scheme, a fast constraint evaluation is preferred. For linear
uckling of composite plates, fast analytical [13–15]. Semi-analytical
ethods are extremely recommended when the structural matrices can

e analytically integrated, because these methods are able to approx-
mate the continuum with less degrees-of-freedom when compared to
ther lower-order interpolation methods such as finite elements. How-
ver, when numerical integration is needed, the non-local support of
he degrees-of-freedom involved in semi-analytical modeling requires

ntegrands of the size of the entire structural matrices to be evaluated
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Fig. 7. (a) Initial idealized stiffener assigned on the reference grid. (b) The stiffener
after the algorithm has applied the circular arc stencil to all edges. The reference grid
is set to 41 × 41 to make the gridlines visible in this example.

Fig. 8. Stencil used in Fig. 7 to attach to the entry and exit edges to create the circular
arc transition region.
5

𝑆𝑆
Fig. 9. (a) idealized stiffened ply thickness distribution. Plot (b) ply thickness dis-
tribution with transition regions due to radius of curvature constraint. (c) ply angle
distribution with transition region due to radius of curvature constraints. Tows follow
the angle distribution, as illustrated with the example tow path.

per integration point, making the integration process slower [16,17].
Even tough the integration becomes slower, the reduced number of
degrees-of-freedom to discretize the continuum might compensate [10].

The complexity of the stiffness variation of the present designs
motivated the authors to use an alternative method to semi-analytical
approaches, that would allow a high-order approximation of the con-
tinuum while keeping the local support of the degrees-of-freedom, as
detailed next.

3.1. Bogner–Fox–Schmit finite element

The Bogner–Fox–Schmit (BFS) finite element [18] is a classical
C1 contiguous confirming plate element known as one of the most
accurate rectangular finite elements for thin-walled shells, as stated by
Zienkiewicz & Taylor [19, p. 153]. Recently, this element has been
enriched by Castro and Jansen [20] to allow for fast post-buckling
analysis using the Koiter method. The field approximation for the BFS
is obtained by taking tensor products of cubic Hermite splines. With
only 4 nodes per element, the standard BFS element approximates
the out-of-plane displacements using 3𝑟𝑑–order polynomials, which is
still a reasonable low-order interpolation for plates and very simple
to implement [21], in contrast with triangular elements which use
higher order polynomials [21], such as the Argyris element [22]. The
displacement field is approximate as:

𝑢, 𝑣,𝑤 =
∑4

𝑖=1𝑆𝑆𝑆
𝑢,𝑣,𝑤
𝑖 𝒖𝒆𝑖 (10)

where 𝒖𝒆𝑖 contains the 6 degrees-of-freedom of the 𝑖th node. The shape
functions 𝑆𝑆𝑆𝑢,𝑣,𝑤

𝑖 are defined as:

𝑆𝑆𝑆𝑢
𝑖 =

[

𝐿𝑖 0 0 0 0 0
]

𝑆𝑆𝑆𝑣
𝑖 =

[

0 𝐿𝑖 0 0 0 0
]

𝑤 [ 𝑥 𝑦 𝑥𝑦]
(11)
𝑆𝑖 = 0 0 𝐻𝑖 𝐻𝑖 𝐻𝑖 𝐻𝑖
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with 𝐿𝑖, 𝐻𝑖, 𝐻𝑥
𝑖 , 𝐻𝑦

𝑖 , 𝐻𝑥𝑦
𝑖 calculated using natural coordinates [23–25]:

𝐿𝑖 =
1
4 (1 + 𝜉𝜉𝑖)(1 + 𝜂𝜂𝑖)

𝐻𝑖 =
1
16 (𝜉 + 𝜉𝑖)2(𝜉𝜉𝑖 − 2)(𝜂 + 𝜂𝑖)2(𝜂𝜂𝑖 − 2)

𝐻𝑥
𝑖 = − 𝓁𝑥

32 𝜉𝑖(𝜉 + 𝜉𝑖)2(𝜉𝜉𝑖 − 1)(𝜂 + 𝜂𝑖)2(𝜂𝜂𝑖 − 2)

𝐻𝑦
𝑖 = − 𝓁𝑦

32 (𝜉 + 𝜉𝑖)2(𝜉𝜉𝑖 − 2)𝜂𝑖(𝜂 + 𝜂𝑖)2(𝜂𝜂𝑖 − 1)

𝐻𝑥𝑦
𝑖 = 𝓁𝑥𝓁𝑦

64 𝜉𝑖(𝜉 + 𝜉𝑖)2(𝜉𝜉𝑖 − 1)𝜂𝑖(𝜂 + 𝜂𝑖)2(𝜂𝜂𝑖 − 1)

(12)

where 𝓁𝑥,𝓁𝑦 are respectively the finite element dimensions along 𝑥, 𝑦
The values of 𝜉𝑖, 𝜂𝑖 given in Eq. (13) were adopted for each of the four
nodes.

𝑁𝑜𝑑𝑒 𝜉𝑖 𝜂𝑖
1 −1 −1
2 +1 −1
3 +1 +1
4 −1 +1

(13)

In the present study only rectangular elements were used, such that
the natural coordinates can be defined simply as 𝜉 = 2𝑥∕𝓁𝑥 − 1, 𝜂 =
2𝑦∕𝓁𝑦 − 1. All required derivatives of 𝑆𝑆𝑆𝑢,𝑣,𝑤

𝑖 can then be calculated in
terms of the natural coordinates using Eq. (14). All integrations over
the finite element domains are performed numerically using standard
Gauss-quadrature and a mesh of 4 × 4 integration points per element.
𝜕
𝜕𝑥 = 𝓁𝑥

2
𝜕
𝜕𝜉

𝜕
𝜕𝑦 = 𝓁𝑦

2
𝜕
𝜕𝜂

(14)

3.2. Linear buckling analysis

The linear buckling behavior can be calculated applying the neutral
equilibrium criterion [26]:

𝛿2𝛱 = 0 (15)

where 𝛱 is the total potential energy functional. Replacing the ex-
pressions for the elastic energy and external work into Eq. (15), the
following generalized eigenvalue problem can be derived [26]:

𝑲𝟎 + 𝜆𝐾𝐾𝐾𝐺𝐺𝐺000 = 0 (16)

where 𝑲𝟎 is the global constitutive stiffness matrix of the system, and
𝐾𝐺𝐺𝐺000 the geometric or initial stress stiffness matrix. Eq. (17) gives the
xpression used to assemble 𝑲𝟎 with the contribution of each plate
inite element 𝑒 of dimensions in 𝑥 and 𝑦 direction respectively given
y 𝓁𝑥 and 𝓁𝑦.

𝟎 =
𝑘
∑

𝑒=1

𝓁𝑥𝓁𝑦
4 ∬𝜉𝜂

𝑩𝒆
𝑇𝐹𝐹𝐹𝑩𝒆𝑑𝜉𝑑𝜂 (17)

In Eq. (17), 𝑩𝒆 is directly obtained from the shape functions of
Eq. (11) and the kinematic relations for plates, as given in Eq. (18).
Since the BFS element has 6 degrees-of-freedom per node and 4 nodes
per element, the shape of 𝑩𝒆 is 24 × 6.

𝑩𝒆
𝑇 =

[

𝜕𝑆𝑆𝑆𝑢𝑢𝑢

𝜕𝑥
, 𝜕𝑆𝑆𝑆

𝑣𝑣𝑣

𝜕𝑦
, 𝜕𝑆𝑆𝑆

𝑢𝑢𝑢

𝜕𝑦
+ 𝜕𝑆𝑆𝑆𝑣𝑣𝑣

𝜕𝑥
,− 𝜕2𝑆𝑆𝑆𝑤𝑤𝑤

𝜕𝑥2
,− 𝜕2𝑆𝑆𝑆𝑤𝑤𝑤

𝜕𝑦2
,−2 𝜕

2𝑆𝑆𝑆𝑤𝑤𝑤

𝜕𝑥𝜕𝑦

]

(18)

Matrix 𝐹𝐹𝐹 contains the constitutive stiffness for a plate obtained with
classical laminated plate theory (CLPT):

𝐹 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

𝐴11 𝐴12 𝐴16 𝐵11 𝐵12 𝐵16
𝐴12 𝐴22 𝐴26 𝐵12 𝐵22 𝐵26
𝐴16 𝐴26 𝐴66 𝐵16 𝐵26 𝐵66
𝐵11 𝐵12 𝐵16 𝐷11 𝐷12 𝐷16
𝐵12 𝐵22 𝐵26 𝐷12 𝐷22 𝐷26

⎤

⎥

⎥

⎥

⎥

⎥

⎥

(19)
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⎣𝐵16 𝐵26 𝐵66 𝐷16 𝐷26 𝐷66⎦
where the calculation of 𝐴𝑖𝑗 , 𝐵𝑖𝑗 , 𝐷𝑖𝑗 can be found, for instance, in
Jones [27] or Kassapoglou [15].

𝐾𝐺𝐺𝐺000 =
𝑘
∑

𝑒=1

𝓁𝑥𝓁𝑦
4 ∬𝜉𝜂

⎡

⎢

⎢

⎣

𝜕𝑆𝑆𝑆𝑤𝑤𝑤

𝜕𝑥
𝜕𝑆𝑆𝑆𝑤𝑤𝑤

𝜕𝑦

⎤

⎥

⎥

⎦

𝑇
⎡

⎢

⎢

⎣

𝑁𝑥𝑥 𝑁𝑥𝑦

𝑁𝑥𝑦 𝑁𝑦𝑦

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝜕𝑆𝑆𝑆𝑤𝑤𝑤

𝜕𝑥
𝜕𝑆𝑆𝑆𝑤𝑤𝑤

𝜕𝑦

⎤

⎥

⎥

⎦

𝑑𝜉𝑑𝜂 (20)

Note in Eq. (17) for 𝑲𝟎 that 𝐹𝐹𝐹 contains the constitutive terms that
will be used to represent the stiffness variation of the proposed plate
designs. In Eq. (20) for 𝐾𝐾𝐾𝐺𝐺𝐺000 the membrane stress state given by 𝑁𝑥𝑥,
𝑁𝑦𝑦 and 𝑁𝑥𝑦 will also depend on the local stiffness properties. There-
fore, during the numerical integration of 𝑲𝟎 and 𝐾𝐾𝐾𝐺𝐺𝐺000 one must know
the local values of 𝐹𝐹𝐹 (𝜉, 𝜂) and 𝑁𝑥𝑥(𝜉, 𝜂), 𝑁𝑦𝑦(𝜉, 𝜂) and 𝑁𝑥𝑦(𝜉, 𝜂), within
ach finite element. In the present study, the numerical integration
s performed using a mesh of 4 × 4 integration points defined with
tandard Gauss-quadrature rules.

. Optimization through a genetic algorithm

Previous applications of genetic algorithms in the optimization
f composites designs include laminate stacking sequence of several
lates under buckling and strength constraints [8] and stiffened pan-
ls [28] and wingbox structures. For the latter, McIhagga et al. [29]
ompared different search schemes against genetic algorithms. Wan
t al. [30] performed aeroelastic tailoring to minimize the wingbox
kin weight. Arizono et al. [31] used a GA to find the minimum
eight of a supersonic wingbox structure using static strength, local
uckling, and minimum flutter speed as constraints. Castro et al. in-
estigated: fast GA schemes with progressive mesh refinement to allow
or more exploration of the design space [32]; the effect of GA parame-
ers [33]; comparison with gradient-based methods [34]; and different
arameterization schemes [35]. Jin et al. [36] used parallel GA for
arge wingbox optimizations. More recently, Liguori et al. [37] applied
A in the optimization of a variable-angle tow wingbox construction
onsidering post-buckling constraints.

The optimization of the panels herein addressed is a significant
onlinear problem made exponentially more complex by the amount
f variables that become involved as the ply count increases. However,
he vector descriptions for plies and laminates, given in Eqs. (2) and
3) respectively, led to a representation that could well be used as
he genetic data in a genetic algorithm. The present genetic algorithm
as written using the Distributed Evolutionary Algorithms in Python

DEAP) module [38]. The workings of the algorithm are illustrated in
ig. 10.

It should be noted that the previously mentioned constraints for
he variables describing a ply are maintained throughout all steps of
he process. Randomization, mutation and crossover of individual ply
ariables thus become all constrained operations. The same goes for
andomization of full plies, or full laminates.

Some special operations are used during mutation and mating. Two
ypes of crossover and three types of mutation are utilized to try and
aximize the improvement of the genetic data from generation to

eneration.
For mating the more conventional variable crossover from one ply

o another is described in Eq. (21). A random variable in one ply in
laminate is replaced by that same variable from a ply in another

aminate.
𝑷 𝒊,𝒏 = [𝜃0𝑖,𝑛 , 𝜃1𝑖,𝑛 , 𝑤𝑠𝑖,𝑛 , 𝜙𝑠𝑖,𝑛 , 𝑥𝑠𝑖,𝑛 ]

+

𝑷 𝒋,𝒎 = [𝜃0𝑗,𝑚 , 𝜃1𝑗,𝑚 , 𝑤𝑠𝑗,𝑚 , 𝜙𝑠𝑗,𝑚 , 𝑥𝑠𝑗,𝑚 ]

⇓ variable crossover
𝑷 𝒊,𝒏 = [𝜃0𝑖,𝑛 , 𝜃1𝑖,𝑛 , 𝑤𝑠𝑗,𝑚 , 𝜙𝑠𝑖,𝑛 , 𝑥𝑠𝑖,𝑛 ]

(21)

Less conventionally, a full ply crossover of one ply from a laminate,
fully replacing a ply in another laminate, can also be performed, as per
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Fig. 10. Flow chart of the genetic algorithm.
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Eq. (22).

𝑳𝒊 = [𝑷 𝒊,𝟏,𝑷 𝒊,𝟐,𝑷 𝒊,𝟑,𝑷 𝒊,𝟒,𝑷 𝒊,𝟓]

+

𝑳𝒋 = [𝑷 𝒋,𝟏,𝑷 𝒋,𝟐,𝑷 𝒋,𝟑,𝑷 𝒋,𝟒,𝑷 𝒋,𝟓]

⇓ ply crossover
𝑳𝒊 = [𝑷 𝒊,𝟏,𝑷 𝒊,𝟐,𝑷 𝒋,𝟓,𝑷 𝒊,𝟒,𝑷 𝒊,𝟓]

(22)

Variable and ply mutation work the same as they do for ply
rossover, but the single variable/ply is instead replaced by a randomly
enerated variable/ply. Finally, full randomization randomly generates
n entirely new laminate to replace an old laminate. This operation is
ntroduced to ensure a steady stream of genetic data from throughout
he entire design space.

The algorithm starts out with a randomly generated initial popula-
ion of 𝑛 individuals. These get tested for their buckling strength and
anked in performance according to a fitness equation. The best 0.5𝑛
aminates immediately continue to the next generation. The genetic
ata of the entire population is subsequently mixed through mating
nd mutation to create 0.5𝑛 new laminates. These new laminates get
valuated for buckling performance, ranked, and the cycle continues.

After 𝑚 generations laminates remaining should in theory show
ignificantly better buckling performance than the laminates of the
nitial random population. The best panel in the final generation is
utput as the optimized panel.

. Benchmarking against existing literature

To prove that the methodology described above is capable of gen-
rating better performing laminates than conventional straight-fiber
aminates, a benchmark optimization problem is set up.

.1. The benchmark case

The benchmark case is taken from the results of Le Riche and
aftka [8], where straight-fiber laminates were optimized for buckling
erformance under bi-axial compression through a genetic algorithm.
he stacking sequence of the optimal 64 ply laminate used is as follows:
9010, ±452, 902, ±453, 902, ±454)𝑠.

The geometry of the laminate is a simple plate, of which 𝑎 = 0.508
and 𝑏 = 0.254 m. The bi-axial load case is illustrated in Fig. 11. The

oad factor, 𝜆 (N/m), is applied to both the x and y directions [8]. The
late is simply supported on all sides.

The material properties are those of graphite-epoxy carbon rein-
orced polymer. With 𝐸1 = 127.59 GPa, 𝐸2 = 13.03 GPa, 𝜈12 = 0.3,
𝐺12 = 6.41 GPa. The tow thickness is 𝑡𝑝 = 0.127 mm.

In the BFS finite element used in the present study, the 𝜆 achieved
by the reference panel is 6.96 × 105 N∕m. The load factor achieved
in [8], converted from imperial units, was 6.96×105 N∕m, which shows
correspondence to the method employed in [8] to within a 1% error,
verifying the BFS finite element herein implemented for calculating the
7

buckling constraint.
Fig. 11. Bi-axial load case used to determine the buckling strength of the laminates.
From Le Riche & Haftka [8].

The performance comparison against the benchmark is determined
by dividing its buckling failure load, 𝜆, by the total panel volume.
The overlaps of the VAT stiffened panel add volume, and thus weight.
Therefore, the volume-normalized buckling load becomes a fairer way
to compare the optimal straight-fiber plate against the VAT overlap-
stiffened panels with regards to their buckling performance.

This comparison serves as a proof of concept. Once it is proven
that the VAT overlap-stiffened panel can provide a better volume-
normalized buckling performance than a straight-fiber panel, there is
a good probability that one is able to design a VAT overlap-stiffened
panel to be lighter than a straight-fiber panel, while constrained by a
given design load.

6. Overlap-stiffened panel optimizations

The genetic algorithm is set to the same geometric and material
values as those of the reference panel. Additionally, the minimum
radius of curvature 𝑅0 is set to 450 mm for the AFP panel and to 50 mm
for the CTS panel.

The plies within the 64 ply laminates are generated and optimized
with the genetic algorithm as described in the methodology. The pop-
ulation size 𝑛 is set to 100, and the number of generations 𝑚 is set to
50. With these settings the improvement of the laminates generally
tagnates at around the 140th generation in test runs

From generation to generation the better laminates are selected
ccording to the fitness function in Eq. (23). In this way, the genetic al-
orithm works towards optimizing the overlap-stiffened panels aiming
t a maximum volume-normalized buckling load.

𝑎𝑥( 𝜆
panel volume ) (23)

The way the design space is set up and constrained is explained
in the methodology. In the ply generation algorithm all angle values
𝜃0, 𝜃1, and 𝛷𝑠 are set to only take on integer degree values within
the given constraints. The values of 𝑤 and 𝑥 can only be one out
𝑠 𝑠



Composites Part C: Open Access 6 (2021) 100174R. Ummels and S.G.P. Castro
Fig. 12. Final thickness distribution of the optimized VAT overlap-stiffened panel using AFP with 𝑅0 = 450 mm.
of 20 and 100 discretized values, respectively. Even smaller levels of
discretization would most likely not make a meaningful difference in
the achievable level of buckling load, while significantly increasing the
size of the design space.

Taking into account all aforementioned ply generation constraints,
the present optimization problem leads to an approximate design space
having 8 ⋅ 1010 possible 64 ply laminate individuals, with there being
well over 1 ⋅ 109 different individual ply combinations. The uncon-
strained design space is comprised of approximately 1.6 ⋅ 1011 different
laminates.

The relatively simple parameterization of the laminates and plies
herein proposed serves to narrow the design space significantly, as
it could be many orders of magnitude larger with a more complex
parameterization method.

With 𝑛 = 150 and 𝑚 = 100, and making the approximation that
every mutation or crossover will result in a unique untested laminate,
the algorithm will at most test 7600 unique laminates per run. As a
result, the algorithm is almost guaranteed to end up in a highly local
optimum. A more sophisticated algorithm will be required to approach
global optima, or to be able to cycle through a larger part of the design
space in a single run. However, for the purposes of the present study,
the current algorithm is sufficient to show a proof viability of the VAT
overlap-stiffened design method.

7. Buckling load maximization for a given number of plies

The results of the reference panel, the optimized AFP panel, and the
optimized CST panel are displayed in Table 1.

The AFP panel resulted in a 154% improvement in the volume-
normalized buckling load over the reference panel, followed by the CST
panel with 111% improvement. These results are not unexpected. The
reference panel and the AFP and CTS panels all have the same amount
of layers, with the AFP and CTS panels both being able to achieve
a higher thickness due to the overlapping. The increase in thickness
will generally always result in a panel with a better volume-normalized
buckling load.

The final thickness distributions of the AFP and the CTS panel are
illustrated in Figs. 12 and 13, respectively; where both show a relatively
similar trend, with the thickness increasing towards the center of the
panel. The AFP panel achieves a higher maximum and average overall
thickness compared to the CTS panel. The difference in thickness
distributions is likely a direct result of the way in which the minimum
radius of curvature setting interacts with the thickness distribution of
the plies. The AFP panel’s 𝑅0 is almost as big as the ply, meaning that
the thickness transition regions accompanying the ply stiffeners will
usually cause an increase in thickness over a majority of the ply area.

The CTS panel, on the other hand, has a relatively small 𝑅0 setting,
thus creating small thickness transition regions. The thickness increase
will, as a result, remain more localized to the actual idealized stiffener
8

location, resulting in plies with a thinner average thickness.
Table 1
Final result comparison of buckling performance of the reference panel and the VAT
stiffened panels.

Panel 𝜆 [N/m] Volume
[m3]

Volume-normalized
𝜆 [N/m3]

Improvement over
reference panel [%]

Reference
panel [8]

6.96e5 1.05e−3 6.63e8 0

AFP panel 23.5e5 1.63e−3 16.9e8 154
CST panel 21.4e5 1.53e−3 14.0e8 111

Consequently, the AFP panel result is likely to be thicker than the
CTS panel result, as confirmed by the present results.

Finally, it should be noted that the present results should not be
taken as the maximum volume-normalized buckling values that can be
achieved by the present design parameterization, considering that the
genetic algorithm does not guarantee a global optimum. The reader
should interpret the values in Table 1 as the best results of multiple
runs of the genetic algorithm for each panel design.

The present GA optimization can be improved by giving special
attention to the conservation of potentially good genetic material in
the populations. For example, a 64-ply laminate can be described using
320 variables, where it is entirely possible for a single mutation to only
affect a single one of these variables. Such a mutation has a very small
effect on the performance of the laminate, but if the parent laminate
was among the fittest set of laminates, the child laminate would more
than likely be along the fittest set of laminates too. As a result, two
copies of virtually the same laminate would make their way through
to the next generation, pushing out other individuals with potentially
valuable genetic material. Thus, the final generations have a population
dominated by copies of only a few elite individuals. Even with this
feature, the present benchmarking case led to a overlap-stiffened panel
stronger than the reference laminate.

8. Weight minimization for a target buckling load

In a real lightweight design scenario the minimum weight for
a given design load is usually sought. Therefore, in the context of
lightweight design, it is more representative to compare different de-
sign strategies with respect to the achieved minimum weight for a given
reference load. In this second benchmark case the minimum weight
of a straight-fiber design is compared against the proposed overlap-
stiffened panel design. Additionally, the inclusion of lay-up constraints
for symmetry and balancing are investigated.

The balancing constraint is included by ensuring that every ply
has a ply counterpart that is flipped about the laminate 𝑥-axis that is
illustrated for instance in Fig. 1. The sections with 𝜃0 and 𝜃1 on one
ply, will have −𝜃0 and −𝜃1 on the mirrored ply. The orientation of
the stiffener is also flipped, which is a necessity given the limits on
combinations of 𝜃 , 𝜃 and 𝜙 that are allowable. Flipping the entire
0 1 𝑠
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Fig. 13. Final thickness distribution of the optimized VAT overlap-stiffened panel using CTS with 𝑅0 = 50 mm.
Fig. 14. Laminate thickness distribution of laminates generated through optimization for reference panel buckling strength target. Left: 𝑅0 = 450 mm. Right: 𝑅0 = 50 mm.
ply geometry along the 𝑥-axis circumvents any fiber and stiffener angle
combination problems, and it remains to be investigated the effect of
the proposed balancing procedure on the overall balancing of the panel
stiffness, and on implications concerning manufacturing, both outside
of the scope of the current study. Note that the proposed balancing
scheme do not increase the number of design variables, thus influencing
on the optimization performance.

For this second benchmark optimization the elitism issue identified
in the first benchmark is circumvented. First, a sequential serial number
is given to the individuals of the initial population. Children of these
laminates will receive the same number as their parents, with cross-
over children receiving the number of the parent from which most of
the genetic material is shared. When evolving to the next generation,
at most two laminates with the same serial number may go through,
preventing any elite laminate from taking over the entire population
within a couple of generations.

The number of plies in the laminate can now by augmented through
mutations and crossover, enabling the overlap-stiffened laminates to
achieve a lower weight than the reference panel. The panels of the
initial generations are generated with between 32 and 64 total plies,
with only an even number of plies being possible, as each ply is
accompanied by a balancing ply.

8.1. Fitness evaluation and genetic algorithm setup

Finding a fitness function that could simultaneously promote mini-
mum weight and maximum strength proved to be difficult. A myriad of
functions which combined the ratios of weight and strength compared
to the weight and strength of the reference panel were tried. The
method herein implemented consist on first encouraging an increase
in buckling strength for a predefined number of generations, and then
to transitioning to a weight minimization optimization that constraints
the buckling strength to a minimum design value, which in the present
study is the value of buckling strength of the reference panel. Hence,
the first fitness to be maximized is simply the buckling strength 𝜆.
The final population of this first optimization is then used as an initial
9

population for the second optimization aiming minimum weight, with
the fitness function to be maximized given in Eq. (24).

fitness =
{(

1
𝑣𝑜𝑙𝑢𝑚𝑒

)

if 𝜆 ≥ 𝜆𝑟𝑒𝑓
0 if 𝜆 < 𝜆𝑟𝑒𝑓

(24)

where 𝜆𝑟𝑒𝑓 is the reference panel buckling strength.
Overlap-stiffened panel optimization using AFP and CTS manufac-

turing constraints are examined. The panel parameters and load case
remain the same as in the first benchmark case, and the optimization
is run for a total of 800 generations, with a population size of 100.

8.2. Weight minimization results

Table 2 summarize the buckling strengths, volumes (𝑉 ), and the
volume ratio of the best individuals. The final thickness distributions
of both AFP and CTS overlap-stiffened panels are illustrated in Fig. 14.
Note the symmetry about the 𝑥-axis that is achieved due to the balanced
lay-up constraint.

The AFP panel could not achieve a weight lower than that of the
reference panel, with the best individual being 2.9% heavier than the
reference panel. The CTS panel, on the other hand, with a more relaxed
curvature constraint for the fiber steering, achieved a weight decrease
of 0.6% compared to the straight-fiber reference.

Within the current experimental framework, and with the study
case herein investigated, it seems possible to create overlap-stiffened
designed panels with similar buckling strength and comparable weight.
Manufacturing processes with small fiber radius constraints such, as the
CTS, have certainly more potential to explore novel overlap-stiffened
designs, as briefly demonstrated in the present study.

9. Conclusions

Variable-angle tow overlap-stiffened panels were presented as a
new design possibility that explicitly parameterizes variable thickness
patterns in order to create embedded stiffened regions. The variable
thickness patterns are created by means of tow overlaps in automated
fiber placement (AFP), or by the inherent steering-thickness variation in
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Table 2
Final result comparison of buckling performance of the reference panel and the VAT
stiffened panels.

Panel 𝜆 [N/m] Volume
(𝑉 ) [m3]

𝑉𝑉 𝐴𝑇 ∕𝑉𝑟𝑒𝑓
[–]

Weight increase over
reference panel [%]

Reference panel [8] 6.96e5 1.049e−3 1 0
AFP panel 6.96e5 1.079e−3 1.029 +2.9
CTS panel 6.97e5 1.043e−3 0.994 −0.6

continuous tow shearing (CTS). The design and optimization examples
herein demonstrated included manufacturing constraints and used a de-
sign parameterization with 5 variables per ply containing one straight
overlap-stiffener.

The minimum radius of curvature manufacturing constraint was
successfully satisfied in the ply generation algorithm by connecting two
different assigned thicknesses with circular arcs, of which the radius of
curvature will always comply with the minimum allowable radius of
curvature.

In a first benchmark, a genetic algorithm was written for the op-
timization of the volume-normalized buckling loads of both AFP and
CTS panels simulating overlap-stiffened 64-ply designs. These panels
were benchmarked against a straight design also with 64 plies, opti-
mized for biaxially compressive loading conditions. The AFP and CTS
panels are capable of outperforming the reference panel on the volume-
normalized buckling load by at least 154% and 111%, respectively. The
AFP panel was 60% heavier than the reference panel, and the CTS panel
was 50% heavier.

The second benchmark aimed at weight minimization for a given
design load. The optimization enforced balanced laminates to create a
single embedded stiffened region that is symmetric with respect to the
𝑥-axis of the laminate. The optimized overlap-stiffened panels for AFP
and CTS constraints were compared against a straight-fiber laminate,
with the AFP reaching a 2.9% heavier design, whereas the CTS a 0.6%
lighter design.

In conclusion, a preliminary investigation on the design potential of
overlap-stiffened laminates was carried out, with the method showing
potential in being able to improve the buckling performance of com-
posite panels, especially in the case where regions of larger thickness
are required, such as in the case of skin pad-ups or reinforced regions
around discontinuities such as cutouts.

9.1. Future studies

Investigate gradient-based optimization methods that can guarantee
local minima, or a combination of these local-search algorithms with
global optimizers, such as the genetic algorithm herein presented.

Additionally, the method could be modified with countless different
design parameters that would suit different geometries and desired
design assumptions. Examples of possible designs to be explored are:
multiple stiffeners per ply, curved stiffeners, a mix of normal straight-
fiber plies and embedded overlap-stiffened plies, fiber paths that are
not circular in the transition region, stiffeners that can vary in thickness
along their length, and incorporating the same stiffener in every single
ply to create one big laminate stiffener.
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