
 
 

Delft University of Technology

Influence of the finite element type of the sleeper on vehicle-track interaction: a numerical
study

Xu, Lei; Lu, Tao

DOI
10.1080/00423114.2020.1769847
Publication date
2020
Document Version
Final published version
Published in
Vehicle System Dynamics: international journal of vehicle mechanics and mobility

Citation (APA)
Xu, L., & Lu, T. (2020). Influence of the finite element type of the sleeper on vehicle-track interaction: a
numerical study. Vehicle System Dynamics: international journal of vehicle mechanics and mobility, 59
(2021)(10), 1533-1556. https://doi.org/10.1080/00423114.2020.1769847

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright
Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without the consent
of the author(s) and/or copyright holder(s), unless the work is under an open content license such as Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.

This work is downloaded from Delft University of Technology.
For technical reasons the number of authors shown on this cover page is limited to a maximum of 10.

https://doi.org/10.1080/00423114.2020.1769847
https://doi.org/10.1080/00423114.2020.1769847


Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalInformation?journalCode=nvsd20

Vehicle System Dynamics
International Journal of Vehicle Mechanics and Mobility

ISSN: (Print) (Online) Journal homepage: https://www.tandfonline.com/loi/nvsd20

Influence of the finite element type of the sleeper
on vehicle-track interaction: a numerical study

Lei Xu & Tao Lu

To cite this article: Lei Xu & Tao Lu (2021) Influence of the finite element type of the sleeper on
vehicle-track interaction: a numerical study, Vehicle System Dynamics, 59:10, 1533-1556, DOI:
10.1080/00423114.2020.1769847

To link to this article:  https://doi.org/10.1080/00423114.2020.1769847

© 2020 The Author(s). Published by Informa
UK Limited, trading as Taylor & Francis
Group

Published online: 24 May 2020.

Submit your article to this journal 

Article views: 803

View related articles 

View Crossmark data

Citing articles: 1 View citing articles 

https://www.tandfonline.com/action/journalInformation?journalCode=nvsd20
https://www.tandfonline.com/loi/nvsd20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/00423114.2020.1769847
https://doi.org/10.1080/00423114.2020.1769847
https://www.tandfonline.com/action/authorSubmission?journalCode=nvsd20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=nvsd20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/00423114.2020.1769847
https://www.tandfonline.com/doi/mlt/10.1080/00423114.2020.1769847
http://crossmark.crossref.org/dialog/?doi=10.1080/00423114.2020.1769847&domain=pdf&date_stamp=2020-05-24
http://crossmark.crossref.org/dialog/?doi=10.1080/00423114.2020.1769847&domain=pdf&date_stamp=2020-05-24
https://www.tandfonline.com/doi/citedby/10.1080/00423114.2020.1769847#tabModule
https://www.tandfonline.com/doi/citedby/10.1080/00423114.2020.1769847#tabModule


VEHICLE SYSTEM DYNAMICS
2021, VOL. 59, NO. 10, 1533–1556
https://doi.org/10.1080/00423114.2020.1769847

Influence of the finite element type of the sleeper on
vehicle-track interaction: a numerical study

Lei Xua and Tao Lu b

aSchool of Civil Engineering, Central South University, Changsha, People’s Republic of China; bDelft
University of Technology, Faculty of Civil Engineering and Geosciences, Railway Engineering Group, Delft, the
Netherlands

ABSTRACT
In the framework of vehicle-track interaction, this work puts an
emphasis on clarifying the influence of sleeper finite element types
on system dynamic responses. Three sleeper element types, namely
the rigid-body, extensible Euler-Bernoulli beam and solid element
are used respectively in the track systemmodellingwith detail math-
ematical formulations presented. The rails are modelled as Timo-
shenko beams. The ballasted track system is subject to a moving
vehicle with coupled wheel-rail interactions. From aspects of both
frequency- and time- domain analysis in the numerical study, the
effectiveness of this model has been validated. The influences of the
sleeper finite element type, the sleeper support stiffness and damp-
ing coefficient on the system responses have been investigated.
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1. Introduction

In commonly built tracks and heavy haul lines, ballasted tracks are widely used, where the
railway sleepers play a vital role in supporting the rails, spreading the pressure from the
moving trains to the ballast layer and holding the rail gauge width and inclination, etc.
It has therefor long been conscious of the importance to study the influence of sleeper
vibration characteristics on railway engineering evaluation and management. See for
instance, the performance improvement [1,2], damage detection [3–5] and dynamic anal-
ysis [6,7] of sleepers have attracted more and more attention from railway researchers and
engineers.

Unlike in situ or laboratory experimental studies [3,8–11] which require large finan-
cial arrangements, modelling of railway tracks has been a hot topic accompanied by the
development of computer technologies since it is economical and efficient. Early in 1995,
in the work of Grassie [12], the length, the mass and the cross-sectional dimensions
for totally 12 sleepers of different types were tested and summarized, and then experi-
ments were conducted to calculate natural frequencies of the sleepers. A simple dynamic
model for monobloc concrete sleepers with non-uniform cross-sections had been derived
using Timoshenko beam theory. To consider both rails in railway tracks supported by
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continuous foundation, Tran et al. [13] presented an analytical model including two rails
supported by sleepers, where the sleepers were modelled as Euler-Bernoulli beams by
introducing the Green’s function and the relation between the rail reaction force and the
rail displacement in frequency domain. Using finite element package such as ANSYS®,
Kaewunruen and Remennikov [14] employed the solid element SOLID65 and nonlinear
material constitutive to characterise the tension cracking and the compression crushing of
sleepers.

The above researches facilitate the understanding of sleepers on their mechanical
behaviours and frequency characteristics. However, the coupled interaction between the
running vehicle and the tracks is neglected by only loading the moving loads unidirection-
ally. Regarding thismatter,many scholars have conducted extensive researches considering
the cooperation of vehicular excitations and its interaction. Sadri et al. [15] presented
a frequency domain model with a double periodicity layer where the sleeper periodic-
ity and the non-uniformity of track properties can be considered, besides the vehicle is
assumed as a moving mass wheel; Aiming at investigating the dynamic behaviour of a
typical prestressed concrete sleeper, Kumaran et al. [16] developed a time domain model
using MSC/NASTRAN software considering wheel-track dynamic interaction, moreover,
the effects of wheel/rail imperfections and various parametric conditions are discussed. In
their work, solid finite elements are implemented to model the rail, the sleeper and the
sub-ballast, thus limited to 12 sleepers due to high degrees of freedom (d.o.f.). In the work
of Zhai et al. [17], refinement of wheel-rail contacts at 3-D space is put on the emphasis for
constructing the vehicle-track coupledmodel. In the ballasted tracks, the sleepers aremod-
elled as mass elements with the vertical-, the lateral- and the rolling- motion considered.
Similar work had also been carried out in [18–21].

Highlighting vehicle-track interaction in a coupled way, considerable researches have
been done but a dedicated work investigating the influence of sleeper model on system
performance is rather rare andhas not given special attention.With a summation, the rigid-
body sleeper [17,18], elastic-beam sleeper [12] and solid sleeper [14] have been adopted in
vehicle-track modelling construction, but the analysis on clarifying the applicability and
engineering practicality of the sleeper model is not revealed.

The aim of this work is therefore to take an investigation into the effects of sleeper
modelling differences on vehicle-track interaction. Vehicle-track interaction model will
be firstly established in Section 2 considering moving vehicles on tracks modelled by finite
element method. Then the mathematical formulation for constructing ballasted tracks by
different finite elemental types will be presented in Section 3. To investigate the vibration
characteristics of system components in frequency- and time- domain, its precondition is
solving the dynamics equation of motion for vehicle-track interaction, as shown in Section
4. Numerical examples will be presented in Section 5 to validate this model and to show
the dynamic influence of sleeper finite element types on system vibrations and finally
concluding remarks will be derived this work.

2. Dynamic model for vehicle-ballast track interaction

In this work, a three-dimensional vehicle-ballast track interaction model, as shown in
Figure 1, is developed based on the vehicle-track coupled dynamics theory [22]. With-
out loss of generality, the dynamic equations of motion for vehicle-ballast track interaction
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Figure 1. Vehicle-ballast track interaction model (a. side view; b. end view).

can be expressed by
[

MVV 0
0 MTT

]{
ẌV
ẌT

}
+

[
CVV 0
0 CTT

]{
ẊV
ẊT

}

+
[

KVV 0
0 KTT

]{
XV
XT

}
=

[
FV
FT

]
(1)

where M, C and K denote the mass, damping and stiffness matrices respectively; the
subscripts ‘V ’ and ‘T’ indicate quantities for the systems of the vehicle and the track, respec-
tively; Ẍ, Ẋ andX denote the acceleration, velocity and displacement vectors, respectively;
F denotes the loading vector.

The vehicle is modelled as a multi-rigid-body system including one car body, two bogie
frames and four wheelsets, and each body possesses six degrees of freedom (d.o.f.), i.e. the
linear displacements (x, y and z) along the X-, Y- and Z- axes and yaw, pitch and rolling
angle (ψ , β and θ) around Z-, Y- and X-axis respectively. The car body is connected to the
bogie frames by the secondary suspension system, and the bogie frames and the wheelsets
are connected by the primary suspension system.

The ballast track system consists of the rail modelled by Timoshenko beams and the
sleepers modelled by the rigid body, the elastic beam such as Bernoulli-Euler beam and the
solid element. The rail pads are modelled as spring-dashpot elements connecting the rail
and the sleeper. The interaction between sleepers induced by the friction of ballast particles
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Figure 2. Ballast track model for different finite elemental sleepers, end view. (a. rigid body sleeper; b.
elastic-beam element sleeper; c. solid element sleeper).

is also equivalently depicted by spring-dashpot elements. The bottom of the sleepers is
continuous supported by linear springs and dashpots.

To couple the vehicle and the track in light of the wheel-rail interfacial contact, a
wheel-rail spatially coupling model in [17] is compiled into this vehicle-track interaction
programme.

3. Modelling of sleepers using various finite elements

In the next Subsections, the modelling matrices for the rigid-body element, the elastic-
beam element and the solid element sleepers, as shown in Figure 2, will be respectively
illustrated.

3.1. Rigid-body element sleeper

If the sleeper is modelled as a rigid body element, the work done by the inertial effects
caused by the mass is considered, and accordingly the mass matrices of the sleeper can be
harvested by

Mss =
∑
i
Mss,i (2)

withMss,i = diag
([

ms ms ms Js,x Js,y Js,z
])
,

where the subscript ‘i’ denotes the ith sleeper;ms is the sleepermass, and Js,x, Js,y and Js,z
denote respectively themoment of inertia aroundX-,Y- and Z-axis at the sleeper centroid.
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3.1.1. Interactionmatrices between the rail and the sleeper
The rail-sleeper interaction stiffness and damping matrices can be derived by the elas-
tic deformational energy of the rail pads and the negative value of the work done by the
damping force between the rail and the sleeper respectively, that is,

⎧⎪⎪⎨
⎪⎪⎩

Krs =
∑
i

∑
j
(Krs,X,i,j + Krs,Y ,i,j + Krs,Z,i,j)

Crs =
∑
i

∑
j
(Crs,X,i,j + Crs,Y ,i,j + Crs,Z,i,j)

(3)

with

Krs,X,i,j = krs,x([Nx
r,j] − [Nx

s,j])
T([Nx

r,j] − [Nx
s,j]),

Nx
r,j] = [ ··· 0 ··· 1−ξr,j ξr,j ··· 0 ··· ] , ξr,j = xr,j/lr,

Nx
s,j] = [ ··· 0 ··· 1 (−1)j+1ys,j −lH/2 ··· 0 ··· ] , ys,j = ws/2 − b,

Krs,Y ,i,j = krs,y([N
y
r,j] − [Ny

s,j])
T([Ny

r,j] − [Ny
s,j]),

Ny
r,j] = [· · · 0 · · · 1 − 3ξ 2r,j + 2ξ 3r,j (ξr,j − 2ξ 2r,j − ξ 3r,j)lr 3ξ 2r,j

− 2ξ 3r,j (ξ 3r,j − ξ 2r,j)lr · · · 0 · · · ],
[Ny

s,j] = [ ··· 0 ··· 1 lH/2 xs,j ··· 0 ··· ] ,Krs,Z,i,j = krs,z([Nz
r,j] − [Nz

s,j])
T([Nz

r,j] − [Nz
s,j]),

[Nz
r,j] = [· · · 0 · · · 1 − 3ξ 2r,j + 2ξ 3r,j − (ξr,j − 2ξ 2r,j − ξ 3r,j)lr 3ξ 2r,j

− 2ξ 3r,j −(ξ 3r,j − ξ 2r,j)lr · · · 0 · · · ]
Nz
s,j] = [· · · 0 · · · 1 (−1)jys,j −xs,j · · · 0 · · · ,

where the subscript ‘j’ indicates the location of the rail seat; Krs,X,i,j, Krs,Y ,i,j and Krs,Z,i,j
denote respectively the rail-sleeper longitudinal, lateral and vertical interaction stiffness
matrix; krs,x, krs,y and krs,z denote the rail-sleeper longitudinal, lateral and vertical interac-
tion stiffness coefficient; lr is the length of a rail element andws is the width of the sleeper; b
is the distance between the left-side of the sleeper and the rail-sleeper contact point along
the Y-axis direction; lH is the height of the sleeper and xs,j is the distance between the
rail-sleeper contact point and the sleeper centroid along the X-axis direction; the damp-
ing matrices Crs,X,i,j, Crs,Y ,i,j and Crs,Z,i,j have respectively the same expressions as Krs,X,i,j,
Krs,Y ,i,j and Krs,Z,i,j, only needing to substitute the stiffness coefficients krs,x, krs,y and krs,z
with damping coefficients crs,x, crs,y and crs,z.

It should be noted that the non-zero quantities of the shape function [N] are actually
corresponding to specific degrees of freedomof the finite elements. The basicmethodology
and principle for deriving above equations have been presented in [18] with details, which
can be referred to.

3.1.2. Interactionmatrices between the sleeper and the subgrade
The role of the railway ballast is offering the elastic supports and absorbing the vibration
energy, which is regarded as continuous support stiffness and damping coefficients under-
neath the sleeper. The interaction stiffness and damping matrices, denoted byKss′ andCss′
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respectively, between the sleeper and the constraint subgrade can be harvested by

⎧⎪⎪⎨
⎪⎪⎩
Kss′ =

∑
i
(Kss′,X,i + Kss′,Y ,i + Kss′,Z,i)

Css′ =
∑
i
(Css′,X,i + Css′,Y ,i + Css′,Z,i)

(4)

with

Kss′,X,i = kss′,x
∫ ws/2

−ws/2

∫ lW/2

−lW/2
[Nss′,x]T[Nss′,x]dysdzs,

Nss′,x] = [· · · 0 · · · 1 −ys zs · · · 0 · · · ],

Kss′,Y ,i = kss′,yws

∫ lH/2

−lH/2
[Nss′,y]T[Nss′,y]dzs,

Nss′,y] = [· · · 0 · · · 1
lW
2

−zs · · · 0 · · · ],

Kss′,Z,i = kss′,z
∫ ws/2

−ws/2

∫ lW/2

−lW/2
[Nss′,z]T[Nss′,z]dxsdys,

[Nss′,z] = [ · · · 0 · · · 1 −xs ys · · · 0 · · · ]
,

where kss′,x, kss′,y and kss′,z denote respectively equivalent longitudinal, lateral and vertical
stiffness coefficients provided by the railway ballast; lW is the width of the sleeper at the end
cross-section; the damping matrices Css′,X,i, Css′,Y ,i and Css′,Z,i have the same expressions
asKss′,X,i,Kss′,Y ,i andKss′,Z,i just needing to substitute the stiffness coefficients ‘kss′,x’, ‘kss′,y’
and ‘kss′,z’ with the damping coefficients ‘css′,x’, ‘css′,y’ and ‘css′,z’.

3.2. Elastic-beam element sleeper

In this section, the sleeper is modelled as an extensible Euler-Bernoulli beam. Once the
sleeper is modelled as an elastic-beam element, the work done by the inertial forces and
the elastically axial- and bending- strain energy of the sleeper should be accounted for,
and the mass and stiffness matrices of the sleeper can be represented byMss and Kss. The
method for derivingMss and Kss is omitted here for brevity and can be referred to [19].

3.2.1. Interactionmatrices between the rail and the sleeper
The rail-sleeper interaction stiffness and damping matrices can be derived by the elas-
tic deformational energy of the rail pads and the negative value of the work done by the
damping force between the rail and the sleeper respectively, that is,

⎧⎪⎪⎨
⎪⎪⎩

Krs =
∑
i

∑
j
(Krs,X,i,j + Krs,Y ,i,j + Krs,Z,i,j)

Crs =
∑
i

∑
j
(Crs,X,i,j + Crs,Y ,i,j + Crs,Z,i,j)

(5)
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with

Krs,X,i,j = krs,x
(
[Nx

r,j] − [Nx
s,j] +

lH
2
[NθYs,j ]

)T (
[Nx

r,j] − [Nx
s,j] +

lH
2
[NθYs,j ]

)

Nx
s,j] = [

··· 0 ··· 1−3ξ2s,j+2ξ3s,j −(ξs,j−2ξ2s,j−ξ3s,j)ws 3ξ2s,j−2ξ3s,j −(ξ3s,j−ξ2s,j)ws ··· 0 ···
]
ξs,j = ys,j/ws

ys,j =
{
b − (nj − 1)ws when j = 1
(Ws − b)− (nj − 1)ws when j = 2

nj =
{
ϒ(b/ws)+ 1 when j = 1
ϒ((Ws − b)/ws)+ 1 when j = 2

[NθYs,j ] = [ · · · 0 · · · 1 − ξs,j ξs,j · · · 0 · · · ]
Krs,Y ,i,j = krs,y([N

y
r,j] − [Ny

s,j])
T([Ny

r,j] − [Ny
s,j]) [Ny

s,j] = [NθYs,j ]

Krs,Z,i,j = krs,z([Nz
r,j] − [Nz

s,j])
T([Nz

r,j] − [Nz
s,j]),N

z
s,j] = [Nx

s,j]

where j = 1,2 denote respectively the left- and right- side of the rail seat for a sleeper;Ws is
the total length of a sleeper;ϒ(·) is an operator rounding each element towards the nearest
integer.

3.2.2. Interactionmatrices between the sleeper and the subgrade
The interaction stiffness and damping matrices, denoted by Kss′ and Css′ respectively,
between the sleeper and the constraint subgrade can be harvested by

⎧⎪⎪⎨
⎪⎪⎩
Kss′ =

∑
i

∑
k

(Kss′,X,i + Kss′,Y ,i + Kss′,Z,i)

Css′ =
∑
i

∑
k

(Css′,X,i + Css′,Y ,i + Css′,Z,i)
(6)

with

Kss′,X,i = kss′,xlH
∫ ws

0
[Nss′,x]T[Nss′,x]dys, [Nss′,x] = [Nx

s,j]

Kss′,Y ,i = kss′,ylH
∫ ws

0
[Nss′,y]T[Nss′,y]dys,

Nss′,x] = [ · · · 0 · · · 1 − ξs,k ξs,k · · · 0 · · · ]
, ξs,k = ys/ws;

Kss′,Z,i = kss′,zlW
∫ ws

0
[Nss′,z]T[Nss′,z]dys, [Nss′,z] = [Nx

s,j].

where the dampingmatricesCss′,X,i,Css′,Y ,i andCss′,Z,i have the same expressions asKss′,X,i,
Kss′,Y ,i andKss′,Z,i just needing to substitute the stiffness coefficients ‘kss′,x’, ‘kss′,y’ and ‘kss′,z’
with the damping coefficients ‘css′,x’, ‘css′,y’ and ‘css′,z’.



1540 L. XU AND T. LU

3.3. 8-node solid element sleeper

Once the sleeper is modelled as the combination of 8-node solid elements, the method for
deriving Mss and Kss can be referred to [19] as similar to the modelling of the subgrade
system, here not presented for brevity

3.3.1. Interactionmatrices between the rail and the sleeper
Being similar to Equations (3) and (5), the rail-sleeper interaction stiffness and damping
matrices can be also obtained by

⎧⎪⎪⎨
⎪⎪⎩

Krs =
∑
i

∑
j
(Krs,X,i,j + Krs,Y ,i,j + Krs,Z,i,j)

Crs =
∑
i

∑
j
(Crs,X,i,j + Crs,Y ,i,j + Crs,Z,i,j)

(7)

with

Krs,X,i,j = krs,x([Nx
r,j] − [Nx

s,j])
T([Nx

r,j] − [Nx
s,j]),

[Nx
s,j] = [· · · N1 0 0 N2 0 0 N3 0 0 N4 0 0 N5 0 0 N6

0 0 N7 0 0 N8 0 0 · · · ]
N1 = (1 − s)(1 − t)(1 − g)/8, N2 = (1 − s)(1 + t)(1 − g)/8,

N3 = (1 − s)(1 − t)(1 + g)/8, N4 = (1 − s)(1 + t)(1 + g)/8,

N5 = (1 + s)(1 − t)(1 − g)/8 N6 = (1 + s)(1 + t)(1 − g)/8,

N7 = (1 + s)(1 − t)(1 + g)/8, N8 = (1 + s)(1 + t)(1 + g)/8,

s = 0, t = (ys,j − (nj − 1)ws − ws/2)/(ws/2), g = −1;

Krs,Y ,i,j = krs,y([N
y
r,j] − [Ny

s,j])
T([Ny

r,j] − [Ny
s,j])

[Ny
s,j] = [· · · 0 N1 0 0 N2 0 0 N3 0 0 N4 0 0 N5 0 0 N6

0 0 N7 0 0 N8 0 · · · ]
Krs,Z,i,j = krs,z([Nz

r,j] − [Nz
s,j])

T([Nz
r,j] − [Nz

s,j]),

[Nz
s,j] = [· · · 0 0 N1 0 0 N2 0 0 N3 0 0 N4 0 0 N5 0 0

N6 0 0 N7 0 0 N8 · · · ]

where s,tand gdenote respectively the longitudinal-, lateral- andvertical- local natural
coordinate; the meaning ofnjis equal to that explained in Equation (5); the damping
matricesCss′,X,i,Css′,Y ,iand Css′,Z,ihave the same expressions asKss′,X,i,Kss′,Y ,iand Kss′,Z,ijust
needing to substitute the stiffness coefficients‘kss′,x’,‘kss′,y’and ‘kss′,z’with the damping
coefficients‘css′,x’,‘css′,y’and ‘css′,z’.
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3.3.2. Interactionmatrices between the sleeper and the subgrade
The interaction stiffness and damping matrices, Kss′ and Css′ , between the sleeper and the
constraint subgrade can be harvested by

⎧⎪⎪⎨
⎪⎪⎩
Kss′ =

∑
i

∑
k

(Kss′,X,i + Kss′,Y ,i + Kss′,Z,i)

Css′ =
∑
i

∑
k

(Css′,X,i + Css′,Y ,i + Css′,Z,i)
(8)

with

Kss′,X,i = kss′,x
∫ ws/2

−ws/2

∫ lH/2

−lH/2
[Nx

ss′]
T[Nx

ss′]dzsdys

Kss′,Y ,i = kss′,y
∫ ws/2

−ws/2

∫ lH/2

−lH/2
[Ny

ss′]
T[Ny

ss′]dzsdys

Kss′,Z,i = kss′,z
∫ ws/2

−ws/2

∫ lH/2

−lH/2
[Nz

ss′]
T[Nz

ss′]dzsdys [Nx
ss′] = [Nx

s,j],

[Ny
ss′] = [Ny

s,j] and [Nz
ss′] = [Nz

s,j], in [Nx
ss′] and [Ny

ss′],

s = 1, t = ys/(ws/2), g = zs/(lH/2), [Nz
ss′], s = xs/(lW/2)t = ys/(ws/2), g = 1,

where k denotes the number of solid elements for a sleeper; the damping matrices Css′,X,i,
Css′,Y ,i and Css′,Z,i have the same expressions as Kss′,X,i, Kss′,Y ,i and Kss′,Z,i just needing to
substitute the stiffness coefficients ‘kss′,x’, ‘kss′,y’ and ‘kss′,z’ with the damping coefficients
‘css′,x’, ‘css′,y’ and ‘css′,z’.

4. Methodologies for themodel dynamics solution

4.1. Frequency response function (Receptance)

To gain an insight of the characteristics of the coupled system in the frequency domain,
the frequency response function will be analysed. After assembling the components of the
mass, stiffness and damping matrices to obtain the global system matrices, the governing
equations of the vehicle-track system can be written as follows in matrix form:

Mẍ + Kx + Cẋ = f (9)

where M, K, C are the N × N global mass, stiffness and damping matrices, respec-
tively. In addition, x = [x1, · · · , xm, · · · , xn, · · · , xN]T is the displacement vector and
f = [f1, · · · , fm, · · · , fn, · · · , fN]T is the force vector. If harmonic forces are considered, the
force vector can be written as

f = F · exp(i�t) = [F1, · · · , Fm, · · · , Fn, · · · , FN]T · exp(i�t) (10)

where F is the amplitude vector of the force and � is the frequency of the applied load.
Correspondingly, the response can be written as

x = X · exp(i�t) = [X1, · · · ,Xm, · · · ,Xn, · · · ,XN]T · exp(i�t) (11)
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where X is the amplitude vector of the displacement. Although the proposed three-
dimensional model can deal with non-identical excitation on the left and right rails, in
this work the receptance due to symmetric point excitations on both rails is calculated,
i.e. two unit point loads on the left and right rail heads at the same longitudinal coordi-
nate respectively are considered. Assuming the two unit point loads fm = Fm · exp(i�t) =
1 · exp(i�t) and fn = Fn · exp(i�t) = 1 · exp(i�t) are applied on the left and right rails
at the mth and nth DoFs respectively, upon substitution of the force to Equation (9), one
obtains:

[−M�2 + K + i�C]X = F (12)

where F = [F1, · · · , Fm, · · · , Fn, · · · , FN]T = [0, · · · , 1, · · · , 1, · · · , 0]T , the response Xq
of an arbitrary qth degree of freedom (1 ≤ q ≤ N) can be obtained by solving Equation
(12).

4.2. Time-domain response solution

With consideration of a vehicle moving on the tracks and the nonlinearity of wheel-rail
contacts in geometry and force, step-by-step time integral scheme is used to obtain the
time-dependent solution of vehicle-track interactions.

Houbolt method is a kind of unconditionally stable implicit integration algorithm, its
acceleration and velocity finite difference expansion formula can be expressed as

⎧⎪⎨
⎪⎩
[ẍt+�t] = 1

�t2
(2[xt+�t] − 5[xt] + 4[xt−�t] − [xt−2�t])

[ẋt+�t] = 1
6�t

(11[xt+�t] − 18[xt] + 9[xt−�t] − 2[xt−2�t])
(13)

Introduce the above formula into the dynamic equations of motion for vehicle-track
interaction, one can get

(
2
�t2

[M] + 11
6�t

[C] + [K]
)
[xt +�t] = [Rt +�t] +

(
5
�t2 [M] + 3

�t [C]
)
[xt]

−
(

4
�t2

[M] + 3
2�t

[C]
)
[xt−�t] +

(
1
�t2 [M] + 1

3�t [C]
)
[xt−2�t]

(14)

From Equation (12), it can be seen that three steps’ displacement vector responses, i.e.
[xt], [xt−�t], [xt−2�t] should obtained as preconditions, thus this algorithmwill be started
by other integration schemes.

5. Numerical studies

In the numerical studies, the vehicle speed to be 200 km/hunless otherwise stated. The time
step size used in the time-domain integration is 10−4 sec. The vehicle and track parameters
are listed in the Appendix; and the system performance of the vehicle and the tracks in
time- and frequency- domain will be investigated.
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Figure 3. Maximum response of the sleeper against the element number of an elastic-beam sleeper (a.
vertical acceleration; b. vertical displacement).

Figure 4. Maximum response of the sleeper against the element number of a solid element sleeper (a.
vertical acceleration; b. vertical displacement).

5.1. Confirmation of the number of finite elements in a sleeper

For the sleeper elements established by elastic-beam and solid element, it is of necessity to
confirm the minimum element number in constructing the sleeper system with guarantee
of both the solution precision and efficiency.

It is known that the dynamic performance of a structure is directly influenced by its
own dynamic characteristics. Figures 3 and 4 therefore show the maximum displacement
and acceleration responses of a sleeper against different sleeper element numbers. It can
be clearly seen from Figures 1 and 2 that when the sleeper element number reaches 4–6,
the maximum sleeper vibration responses are basically convergent to a specific value and
only with very slight deviations. It is therefore can be concluded that the minimum sleeper
element number can be chosen as 4 to promote the computational efficiency in this work.

5.2. Influence of the finite elemental type of the sleeper on system responses

5.2.1. Receptance analysis
In this section the receptances of both the rail and the sleeper are analysed for vertical and
lateral motions. Symmetric unit point loadings which are stationary on the left and right
rails are considered.

5.2.1.1. Influence on dynamics of the rail. In Figure 5 the receptances of verticalmotion of
the rail are presented. Symmetric unit point loads are applied vertically on both rails at the
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Figure 5. Driving point receptance of the vertical motion of the rail (a. stationary load at mid-span; b.
stationary load above a sleeper).

Figure 6. Driving point receptance of the lateral motion of the rail (a. stationary load at mid-span; b.
stationary load above a sleeper).

same longitudinal position. Because of symmetry of the applied loads, the receptance on
the left rail and right rail are the same. Therefore, one can chose either receptance of the left
rail or the right rail. The first peak at around 40Hz corresponds to the rigid-body motion
of the sleeper. The rail and the sleeper vibrates in phase. At about 1080Hz, pinned-pinned
resonance occurs. It can be concluded that the type of sleeper elements have no influences
on the rigid-body motion and pinned-pinned mode as expected. On the contrary, in the
range of 100–400Hz, considering the sleeper as rigid gives poor prediction since elastic
deformation of sleepers occurs in this frequency range.

Figure 6 shows the influence of element types of sleepers on lateral motion of rails.
Symmetric unit point loads are applied laterally on both rails at the same longitudinal
position. Similar to that of vertical motion, the two major peaks at 40 and 600Hz corre-
spond to rigid-body and pinned-pinned motions in the lateral direction, respectively. The
predictions resulting from the elastic beam element and rigid-body element are in good
agreement till 2000Hz. However, consideration of solid element leads to extra peaks and
dips after the pinned-pinned frequency.

5.2.1.2. Influence on dynamics of the sleeper. The receptances of vertical motion of sleep-
ers are shown in Figure 7. In Figure 7 (a), results obtained from rigid-body element and
elastic beam element are compared. For the case of elastic beam element, two points are
investigated, namely the centre of the sleeper and the point of sleeper under rail fastener.
For each peak and dip of the elastic beam case, the deformation pattern of the sleeper is



VEHICLE SYSTEM DYNAMICS 1545

Figure 7. Receptance of the vertical motion of a sleeper, stationary load on the track above the sleeper
(a. rigid-body versus beam element; b. rigid-body versus solid element).

Figure 8. Receptance of the lateral motion of a sleeper, stationary load on the track above the sleeper
(a. rigid-body versus beam element; b. rigid-body versus solid element).

plotted. It can be concluded from Figure 7 (a) that it is not adequate to consider the sleeper
as rigid since only the predictions of the rigid-bodymotion and the pinned-pinnedmotion
are accurate. The elastic motions of sleepers which can occur below and above the pinned-
pinned frequency should be taken into account. In Figure 7 (b), the predictions by applying
solid element for sleepers are comparedwith those from rigid-body element. Implementing
solid element gives similar predictions to those of Euler-Bernoulli beam element. However,
generally solid element leads to lower natural frequencies of the sleeper. Moreover, com-
paring results between Figure 7 (a) and (b), it is shown that Euler-Bernoulli beam element
is not an accurate assumption after the pinned-pinned frequency for modelling vibrations
of sleepers.

The same comparison is made for the lateral motion of sleepers in Figure 8. Both
the rigid-body element and elastic beam element give poor predictions above 300Hz
comparing with results from solid element.

5.2.2. Time-domain response analysis
In the time domain analysis, track irregularities realistically measured from a railway line
in China with spatial sampling interval of 0.25m are loaded as the system excitation, as
shown in Figure 9.

In Figures 10 and 11, the time-varying wheel-rail vertical and lateral forces with regard-
ing to various sleeper finite elements are presented. It can be seen from these two figures
that the wheel-rail vertical forces derived by the elastic-beam element model and the solid
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Figure 9. Track irregularity excitation (a. vertical irregularities at the left-side of the rail; b. vertical irreg-
ularities at the right-side of the rail; c. lateral irregularities at the left-side of the rail; d. lateral irregularities
at the right-side of the rail).

Figure 10. Comparison on wheel-rail vertical forces (a. time-domain responses; b. PSD).

element model approach to each other with a higher degree comparing to that of the rigid-
body element model, in general, the maximum response of the rigid-body element model
is relatively larger than those of the other two models but within a maximum difference
of 5 kN. Being different to the wheel-rail vertical forces, the wheel-rail lateral forces of the
elastic-beam element model and the rigid-body element model coincide well with each
other comparing to those derived by the solid element model, but the difference is also
actually very small, the maximum responses difference is smaller than 2 kN.

From the Figures 10 and 11, it can be cognised that it causes difference of the wheel-
rail forces due to the choices of difference sleeper finite element types, but the difference is



VEHICLE SYSTEM DYNAMICS 1547

Figure 11. Comparison on wheel-rail lateral forces (a. time-domain responses; b. PSD).

Figure 12. Sleeper displacement against different sleeper finite elements (a. sleeper vertical displace-
ment; b. sleeper lateral displacement).

Figure 13. Sleeper acceleration against different sleeper finite elements (a. sleeper vertical acceleration;
b. sleeper lateral acceleration).

generally in a small variation range. Obvious the influence of sleeper finite element types
shows slight effects on vehicle dynamics behaviours.

The sleeper fix-point vibrations are shown in Figures 12 and 13. It can be observed from
Figure 12 that the sleeper displacements of different finite element types possess different
vibration characteristics, where the maximum vertical displacement for the elastic-beam,
rigid-body and solid element sleeper are respectively 1.721, 1.70 and 1.73mm, and the
maximum lateral displacement for the elastic-beam, rigid-body and solid element sleeper
are respectively 0.105, 0.093 and 0.108mm. Obviously the vibrational displacement of
the elastic-beam and solid element sleeper coincide well with each other in response
amplitudes.
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Figure 14. Comparison on sleeper vertical displacement at centroid (a. time-domain responses; b. PSD).

Figure 13 illustrates the sleeper vertical and lateral acceleration respectively. It can be
observed from Figure 13 (a) that the vertical acceleration of the elastic-beam and the solid
element approaches to each other with absolute maximum value of 18.71 and 18.73m/s2,
while the vertical acceleration of the rigid-body sleeper is a little smaller with absolute
maximumvalue of 17.25m/s2. As to the sleeper lateral acceleration, the absolutemaximum
values for the elastic-beam, rigid-body and solid elemental sleeper are respectively 6.526,
4.735 and 6.452m/s2 respectively, namely the lateral vibrations of the sleeper derived by
the elastic-beam and the solid element are much closer comparing to that derived by the
rigid-body sleeper.

Moreover, the short wavelength irregularities can be also considered to illustrate the
influence of sleeper elements on system responses at high frequencies, where the short
wavelength track irregularities are simulated by spectral density function below [22]

S(f ) = Af B (15)

where A and B are short wavelength irregularity spectrum parameters; f is the spatial
frequency with unit: m−1. The minimum sampling interval of short wavelength track
irregularities is 0.005m, and its effective wavelength range is from 0.01m to 0.50m.

In the high frequency analysis, an emphasis is put on clarifying the sleeper finite ele-
ments on sleeper vibrations. Figures 14 and 15 show the vertical and lateral displacements
of a sleeper at the centroid, respectively. It can be clearly seen from Figures 14 and 15 that
the sleeper displacements regarding various sleeper finite elements show slight difference
at low frequency domain, but it can be observed that a large difference becomes obvious at
frequency higher than 230Hz. As to the sleeper vertical displacement, the results derived
by the rigid body element are smaller than those derived by elastic-beam and solid element
at high frequency domain, while for the sleeper lateral displacement, the results derived by
the rigid body element are larger than those derived by other two elements. Moreover it
can be seen that the difference between the sleeper lateral displacements of the rigid body
element and the solid element is relatively small, while to the sleeper vertical displacement,
it can be noticed that the peak frequency of power spectral density (PSD) for the sleeper
beam element and solid element is respectively 305 and 370Hz, that is, there still exists
difference between the elastic beam element and the solid element.

Figures 16 and 17 further illustrate the result comparison on sleeper accelerations, from
which it can be seen that the peak frequencies of PSD of the elastic beam element and the
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Figure 15. Comparison on sleeper lateral displacement at centroid (a. time-domain responses; b. PSD).

Figure 16. Comparison on sleeper vertical acceleration (a. time-domain responses; b. PSD).

Figure 17. Comparison on sleeper lateral acceleration (a. time-domain responses; b. PSD).

solid element are respectively 304 and 371Hz, which are close to those of the sleeper dis-
placement PSD distribution as elaborated above. Besides, it can be seen from Figure 16 (a)
that the sleeper vertical acceleration of solid elements fluctuates more violently than those
by rigid body elements and elastic-beam element. As to sleeper lateral acceleration, the
rigid body acceleration is generally lower than those using elastic beam and solid elements
at high frequency domain.

5.2.3. Influence of the support stiffness and damping coefficients of the ballast
Set the support stiffness coefficient of the track bed to be varied from 10 MN/m to 100
MN/m with an interval of 10 MN/m with constant support damping coefficient of track
bed. Figure 18 shows the maximum system response for different dynamic indices such
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Figure 18. Themaximumresponses of system indices against the increasingof vertical support stiffness
coefficients of the track bed (a. rail vertical displacement; b. sleeper vertical displacement; c. rail vertical
acceleration; d. sleeper vertical acceleration; e. wheel-rail vertical force; f. car body vertical acceleration).

as the rail and the sleeper acceleration and displacement, the wheel-rail force and the car
body acceleration.

The results shown in Figure 18 (a) and (b) indicate that all sleeper finite elements have
almost the same changing treads against the increasing the track bed support stiffness,
where the rail and the sleeper displacements are gradually decreased, and the displace-
ment responseswith respect to various sleeper finite element types are actually rather small.
Being contrary to the changing rule of rail and sleeper displacement, the rail and sleeper
accelerations are generally increased by the enlargement of the track bed support stiffness,
as shown in Figure 18 (c) and (d). Besides it can be noticed that the acceleration devia-
tion is more obvious comparing to those of the displacement response between different
sleeper finite element types, also, the maximum accelerations derived by models with the
sleeper elastic-beam element and solid element are significantly approaching to each other
comparing to those derived by the model with the rigid-body element of sleepers. When
the support stiffness of the track bed reaches the maximum value of 200 MN/m, the rail
maximum vertical accelerations for the elastic-beam, rigid-body and solid sleeper element
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Figure 19. The maximum responses of system indices against the increasing of vertical support damp-
ing coefficients of the track bed (a. rail vertical displacement; b. sleeper vertical displacement; c. rail
vertical acceleration; d. sleeper vertical acceleration; e. wheel-rail vertical force; f. car body vertical
acceleration).

are respectively 32.1, 27.6 and 32.0m/s2, and it seems that the sleeper acceleration devia-
tions between different sleeper finite element models are more and more noticeable when
the track bed support stiffness coefficient is larger than 150 MN/m.

Apart from the track vibrations, Figure 18 (e) and (f) respectively illustrate maximum
response treads of wheel-rail vertical force and car body vertical acceleration. It can be seen
that the track bed support stiffness exposes significantly influence on wheel-rail vertical
forces. When the track bed support stiffness is increased from 10 MN/m to 200 MN/m,
the maximum wheel-rail vertical is increased by about 37.56%. Similarly the response
amplitudes corresponding to the elastic-beam element and the solid element are rather
approachable to each other comparing to that of the rigid-body element. The car body
acceleration is also influence by the track bed support stiffness but in a rather small extent.

Setting the support damping coefficient of the track bed to be varied from 10 kN/(m/s)
to 100 kN/(m/s) with an interval of 10 kN/(m/s), Figure 19 shows the system maximum
responses also for indices of rail and sleeper vertical displacement and acceleration, wheel-
rail vertical force and car body vertical acceleration. With the increasing of the damping
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Figure 20. The maximum responses of system indices against the increasing of lateral stiffness coef-
ficients of the track bed (a. wheel-rail lateral force; b. car body lateral acceleration; c. sleeper lateral
displacement; d. sleeper lateral acceleration).

coefficient of the track bed, the response amplitudes of the presented indices are all gener-
ally decreased. Moreover, to different dynamic indices, the influence degree of the sleeper
finite elements is also a little different. For example, the rail vertical vibrations correspond-
ing to the model with sleeper rigid-body element, as shown in Figure 19 (a) and (b) is
obviously smaller than those with sleeper elastic-beam and solid elements, and the maxi-
mum difference is about 0.13mm and 2.2m/s2, besides, with the increasing of the support
damping of the track bed, the response amplitudes derived by the models with the elastic-
beam element and the solid element gradually approach to each other. With almost the
same law, the wheel-rail forces of the elastic-beam and solid element models are almost
the same but relatively larger than that of the rigid-body element model.

The influence of lateral stiffness and damping coefficients of the track bed on the system
dynamic performance can be also assessed. As an example, Figure 20 shows the maximum
responses of wheel-rail force, car body acceleration and sleeper displacement and accelera-
tion at the lateral direction against the increase of the lateral resistance stiffness of the track
bed. It can be seen fromFigure 20 (a) that thewheel-rail lateral force is increased by increas-
ing the lateral stiffness coefficient of the track bed for all sleeper element types. While to
the sleeper lateral displacement, as shown in Figure 20 (c), it is gradually decreased by the
increase of the lateral stiffness of the track bed, besides, it can be seen that the maximum
responses of the sleeper lateral displacement derived by the solid sleeper are smaller than
those derived by the other two sleeper types especially for small lateral stiffness coefficients.
Moreover it is interesting to see that the car body lateral acceleration and the sleeper lateral
acceleration both experience a process of first rise and then falling, and the responses reach
the maximum values when the lateral stiffness reaches 40–50 MN/m.
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Figure 21. The maximum responses of system indices against the increasing of lateral damping coef-
ficients of the track bed (a. wheel-rail lateral force; b. car body lateral acceleration; c. sleeper lateral
displacement; d. sleeper lateral acceleration).

Moreover, Figure 21 shows the maximum responses of wheel-rail force, car body accel-
eration and sleeper displacement and acceleration at the lateral direction for different
lateral damping coefficient of the track bed. From the figure it can be seen that the max-
imum responses of all dynamic indices are attenuated gradually accompanied by the
increasing of the lateral damping of the track bed. As to different finite element types, it
can be observed that the sleeper finite element type also shows inevitable effects on system
lateral vibrations but the difference is generally smaller than 10%.

6. Conclusion

In this work, the influence of the sleeper finite element types on systemdynamic behaviours
is investigated in detail based on numerical studies on the time- and frequency-domain.
Apart from model validations, several conclusions can be drawn as follows:

(1) The elastic deformation is of significance for vibrations of both rails and sleepers. The
influence of element types of modelling sleepers on dynamics of sleepers is greater
than that on rails. The 1st bending motion of sleepers in vertical direction falls in
between the in-phase rigid-body resonance and the pinned-pinned frequencies. The
elastic motion of sleepers in lateral direction plays an important role after 300Hz.
Summarily elastic motions of sleepers need to be taken into account in the middle
and high frequencies ranges for both vertical and lateral motions.

(2) The sleeper elemental types representing different elasticity and vibration characteris-
tics. Generally the sleepermodel built by elastic beams can obtain approachable results
to those derived by solid element model but with higher computational efficiency, and
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the track vibrations with rigid-body sleepers show relatively large differences to elastic
sleepers.

(3) The sleeper element type shows little influence on wheel-rail interaction and vehicle
vibrations butmainly affecting the track structural performance. However the support
stiffness and damping coefficients of track bed both in vertical and lateral directions
show non-negligible effects on the whole system’s dynamic behaviours. For larger ver-
tical support stiffness, the smaller of the rail and sleeper displacement, but the larger of
the acceleration, and the increasing of lateral stiffness will result in lower sleeper lateral
displacement and higher wheel-rail lateral force. However, the influence of lateral stiff-
ness of track bed on car-body and sleeper lateral accelerations is not monotonous and
there exists a value of stiffness (between 40–50MN/m) at which the accelerations have
a peak. Besides, the increasing of the support damping coefficients in both vertical and
lateral directions can significantly reduce the track vibrations in the corresponding
direction.

(4) It is noted that in frequency domain the results using rigid body sleeper shows signifi-
cant differences to those using elastic sleeper elements in themiddle to high frequency
ranges. However, the differences of the time domain responses using models with
different sleeper elements are generally not that large from engineering evaluation
viewpoint if the equivalent effective frequency of typical track irregularity excitations
has not reached those high frequencies. In line with the frequency-domain response,
the time-domain responses using different finite element types are generally different
at high frequencies when short wavelength irregularities are considered. Rigid-body
modelling for sleepers is not recommended for the case of high frequency excitations.
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Appendix

Table A1. Vehicle parameters.

Item Value Units

Wheelset mass [mw] 2400 kg
Bogie mass [mb] 3300 kg
Car-body mass [mc] 48000 kg
Primary stiffness per axle box [kpx , kpy , kpz] 14.68, 6.47, 1.176 MN/m
Secondary stiffness per axle box [ksx , ksy , ksz] 0.167, 0.167, 0.323 MN/m
Primary damper per axle box [cpx , cpy , cpz] 0.0, 0.0, 9.8 kN·s/m
Secondary damper per axle box [csx , csy , csz] 67.1, 39.20, 9.8 kN·s/m
Moment of inertia of car-body [Icx , Icy , Icz] 149.97, 2267.76, 2139.90 Mg·m2

Moment of inertia of bogie [Ibx , Iby , Ibz] 2.67, 1.81, 3.30 Mg·m2

Moment of inertia of wheelset [Iwx , Iwy , Iwz] 949, 118, 967 kg·m2

Wheel normal radius [Rw] 0.43 m
Half of wheelbase [lt] 1.25 m
Half of bogie centroid distance [lc] 8.75 m
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Table A2. The parameters for the ballasted track.

Notation Parameter Value Units

Er Elastic modulus of the rail 2.1×1011 Pa
κ Timoshenko shear coefficient of the rail 0.4
mr Rail mass per unit length 60.64 kg/m
Ar Rail cross-sectional area 7.67×10−5 m2

μ Rail Poisson’s ratio 0.3
L Sleeper distance 0.6 m
I0 Torsional inertia of the rail 3.741×10−5 m4

Iy Rail second moment of area about the Y axis 3.217×10−5 m4

Iz Rail second moment of area about the Z axis 5.24×10−6 m4

Kr Rail torsional stiffness 1.9587×105 N·m/rad
Ms Sleeper mass (half ) 125 kg
krs,z Fastener stiffness in the vertical direction 1.2×108 N/m
krs,y Fastener stiffness in the lateral direction 2.94×107 N/m
crs,z Fastener damping in the vertical direction 5.0×104 N·s/m
crs,y Fastener damping in the lateral direction 5.2×104 N·s/m
ksy Lateral stiffness of the ballast 5.0×107 N/m
csy Lateral damping of the ballast 2.0×104 N·s/m
ksz Vertical stiffness of the ballast 5.29×107 N/m
csz Vertical damping of the ballast 2.0×104 N·s/m
ls Sleeper spacing 0.545 m
ls Effective support length of the sleeper 1.90 m
ws Sleeper width 0.273 m
ρb Ballast density 1.8×103 kg/m3

Eb Elastic modulus of the ballast 1.1×108 Pa
cb Ballast damping 5.88×104 N·s/m
kw Ballast shear stiffness 7.84×107 N/m
cw Ballast shear damping 8.0×104 N·s/m
α Ballast stress distribution angle 35 ˚
hb Ballast thickness 0.55 m
Es Young’s modulus of sleeper for beam element 2.0×1010 Pa
Isx Sleeper second moment of area about the X

axis for beam element
8.942×10−4 m4

Isz Sleeper second moment of area about the Z
axis for beam element

3.6501×10−4 m4

As Sleeper cross-sectional area for beam element 0.0828 m2
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