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The recent investigation of chains of Rydberg atoms has brought back the problem of commensurate-
incommensurate transitions into the focus of current research. In two-dimensional classical systems or in
one-dimensional quantum systems, the commensurate melting of a period-p phase with p larger than 4 is known
to take place through an intermediate floating phase where correlations between domain walls or particles decay
only as a power law, but when p is equal to 3 or 4, it has been argued by Huse and Fisher that the transition could
also be direct and continuous in a nonconformal chiral universality class with a dynamical exponent larger than 1.
This is only possible, however, if the floating phase terminates at a Lifshitz point before reaching the conformal
point, a possibility debated since then. Here we argue that this is a generic feature of models where the number
of particles is not conserved because the exponent of the floating phase changes along the Pokrovsky-Talapov
transition and can, thus, reach the value at which the floating phase becomes unstable. Furthermore, we show
numerically that this scenario is realized in an effective model of the period-3 phase of Rydberg chains in which
hard-core bosons are created and annihilated three by three: The Luttinger liquid parameter reaches the critical
value p2/8 = 9/8 along the Pokrovsky-Talapov transition, leading to a Lifshitz point that separates the floating
phase from a chiral transition. Implications beyond Rydberg atoms are briefly discussed.

DOI: 10.1103/PhysRevResearch.3.023049

I. INTRODUCTION

Rydberg atoms trapped with optical tweezers are becoming
one of the major playgrounds to investigate quantum matter.
The laser detuning, which plays the role of the chemical
potential and controls the number of excited atoms, can be
easily tuned, and its interplay with the long-range van der
Waals repulsion and the creation and annihilation of excited
states by a laser with appropriate Rabi frequency has opened
the way to a full experimental mapping of the phase dia-
gram in one dimension (1D) [1,2]. This phase diagram is
dominated at large detuning by big lobes of density waves
of simple integer periods [1–3] and at small detuning by
a disordered phase with short-range incommensurate corre-
lations [4,5]. What happens between these main phases is
remarkably rich, however. At very large detuning, devil’s
staircases of incommensurate density waves [6] are expected
to be present because of the long-range character of the
repulsion between atoms [3]. But even at intermediate de-
tuning where these phases are not present, the transition
between the integer-period density waves and the disordered
incommensurate phase is a very subtle issue [4,5,7–9]. The
problem is the 1D quantum analog of the famous problem
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of commensurate-incommensurate (C-IC) transitions in clas-
sical two-dimensional (2D) physics [10–27], a problem still
partially unsolved despite four decades of analytical and nu-
merical work. With their tunability, Rydberg atoms open new
perspectives in the experimental investigation of the entire
boundary of these transitions and in the possible resolution
of the puzzles still posed by the C-IC transition.

A priori, one could expect the transition out of period-
p phases to be simply in a universality class controlled by
the value of p (Ising for p = 2, three-state Potts for p = 3,
Ashkin-Teller for p = 4, etc.). However, when the transition
is driven by the proliferation of domain walls between or-
dered domains simply related to each other by translation, the
disordered phase is incommensurate. The asymmetry between
domain walls induces a chiral perturbation [12] that is in most
cases relevant and has to drive the transition away from the
standard universality classes. For p � 5, it is well accepted
that the transition becomes a Pokrosky-Talapov [28,29] tran-
sition into a critical phase, followed by a Kosterlitz-Thouless
(KT) [30] transition into a disordered phase with exponen-
tially decaying correlations [22]. By analogy to the classical
2D problem, the intermediate critical phase is referred to as
the floating phase.

For p = 3 and p = 4, there is no consensus, however. If,
in the disordered phase, there is a line where the short-range
correlations have the periodicity of the adjacent ordered phase
as is the case for Rydberg chains, the transition is expected to
be a standard transition in the three-state Potts and Ashkin-
Teller universality classes, respectively [15]. This has been
explicitly demonstrated for models with infinite short-range
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repulsions for period-3 [4,7] and period-4 phases [5]. Far from
this commensurate line, it is also by now fairly well estab-
lished numerically that as for p � 5 there is a floating phase
[3]. The main issue is what happens in between. In 1982,
Huse and Fisher [12] argued that the floating phase may not
appear immediately, and that the transition, which cannot be
in a standard universality class because the chiral perturbation
is relevant, could still be direct and continuous, but in a new
universality class that they called chiral. The presence of such
a chiral transition is consistent with the interpretation of recent
Kibble-Zurek experiments on Rydberg chains [2,5]. However,
it has not been possible so far to come up with a compelling
theoretical argument in favor of a Lifschitz point that would
terminate the floating phase at a distance from the Potts point
for p = 3 or the Ashkin-Teller point for p = 4, and in the
absence of such an argument, the issue remains controversial.

In the present paper, we come up with such an argument.
We show that the instability of the floating phase is driven by
a property of the Pokrovsky-Talapov (PT) transition that has
apparently been overlooked so far, namely, that the Luttinger
liquid exponent of the floating phase can change along this
transition. Then, if the Luttinger liquid exponent reaches the
value at which the floating phase becomes instable, which is
the mechanism behind the Kosterlitz-Thouless transition from
the floating phase into the disordered one, the transition can
no longer take place through an intermediate phase, open-
ing the way to a chiral transition. We further argue that the
Pokrovsky-Talapov transition is expected to have this property
for models where the number of particles is not conserved,
and we prove it in the case of a 1D model where particles are
created and annihilated three by three, a model put forward
recently in the context of Rydberg atoms [31] but already in-
troduced earlier in the fermionic description of domain walls
in the context of the C-IC transition in 2D classical systems
[22].

II. GENERAL ARGUMENT

From now on, we will concentrate on the case p = 3 for
clarity. The argument can be straightforwardly extended to
p = 4. Let us assume that there is a line where the correlations
remain commensurate in the disordered phase along which
the transition is in the three-state Potts universality class, and
that there is a floating phase further away along the transition.
Then either the floating phase starts right away as in the
bottom panel of Fig. 1, or it only starts at a Lifshitz point
different from the Potts point as in the top panel of Fig. 1.

In the language of 1D quantum physics, the floating phase
is a Luttinger liquid [32], and it is described by two pa-
rameters: (i) The parameter K that controls the decay of all
correlation functions, often referred to as the Luttinger liquid
exponent; (ii) the velocity v that controls the small momentum
dispersion of the excitations. At a C-IC transition, this inter-
mediate phase is bounded by two very different transitions,
and each of them is a priori controlled by a single parameter:

(1) The parameter K controls the KT transition into the
disordered phase with exponentially decaying correlations.
This transition occurs when an operator present in the model
(or generated under the renormalization-group flow) becomes
relevant, i.e., when its scaling dimension becomes smaller

(a)

(b)

FIG. 1. Sketches of the two main possibilities for the phase
diagram of commensurate melting as a function of the chiral per-
turbation and of the temperature T for 2D classical models or as a
function of the inverse coupling constant 1/λ and the inverse chem-
ical potential 1/|μ| for the 1D quantum model of Eq. (1). (a) The
Luttinger liquid exponent changes along the Pokrovsky-Talapov
transition and reaches the value of K = Kc of the Kosterlitz-Thouless
transition at the Lifshitz point (red dot). Beyond this point, the transi-
tion is chiral in the Huse-Fisher universality class until it reaches the
three-state Potts critical point when the chiral perturbation vanishes
(or when λ becomes infinite). (b) The Luttinger liquid exponent tends
to the noninteracting value K = 1 when approaching the Pokrovsky-
Talapov line, and all constant K lines meet at the three-state Potts
critical point.

than 2. For the operator that simultaneously creates p-domain
walls or particles, this scaling dimension is equal to p2/4K
in a Luttinger liquid with exponent K [33], and this operator
becomes relevant for K > Kc with Kc = p2/8.

(2) The parameter v controls the Pokrosky-Talapov transi-
tion. At this transition, v goes to zero. The dispersion becomes
quadratic, and the dynamical exponent is equal to 2.

There is a priori no reason for the Luttinger liquid pa-
rameter to have a specific value along the PT transition since
this transition is controlled by the velocity. However, it is a
well-known fact that the Luttinger liquid exponent is often
constant along transition lines [32,34], and this applies to the
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Pokrovsky-Talapov transition in certain cases. In particular,
the PT transition describes the transition at which a fermionic
system starts to fill up. If the Hamiltonian conserves the
number of fermions, the system is empty on one side of the
transition. Then, on the other side, in the Luttinger liquid
phase, the density goes continuously to zero at the transition.
In that case, and for interactions that decay fast enough, the
Luttinger liquid exponent is expected to tend to the noninter-
acting value K = 1 at the transition. Then the floating phase
is limited on one side by K = Kc, which is larger than 1 as
soon as p � 3, and on the other side by K = 1. If the two
lines merge at a point along the transition, this point should
correspond to the point where all constant K lines with 1 �
K � Kc meet. This possibility has been discussed by Haldane
et al. [35] and by Schulz [36] in the context of the quantum
sine-Gordon model in which case the point at which the lines
meet was shown to be in the p-state clock universality class
by symmetry. This is summarized in the sketch of the bottom
panel of Fig. 1 where the point where all constant K lines
meet is called the three-state Potts, the standard terminology
for p = 3.

However, if the density of particles does not go to zero at
the Pokrovsky-Talapov transition, and this will, in particular,
be the case if the number of particles is not conserved, the
Luttinger liquid exponent is not fixed at the noninteracting
value of K = 1 along this transition. Then, the constant K
lines do not have to meet at a single point, but they can termi-
nate at different points along the PT transition as sketched in
the top panel of Fig. 1. This opens the possibility of a Lifshitz
point defined as the point where the line K = Kc hits the PT
transition. This point is not a point of special symmetry, and
there is no reason for this point to be the p-state clock. If
the Lifshitz point occurs before the Potts point, then between
them the transition must be the chiral transition predicted by
Huse and Fisher [12].

III. MODEL WITH THE THREE-SITE TERM

We will now show that this is precisely what happens in a
hard-core boson model recently proposed as a dual description
of the period-(p = 3) transition of 1D Rydberg atoms [31].
This model is defined by the Hamiltonian,

H =
∑

i

−t (d†
i di+1 + H.c.) − μni + λ(d†

i d†
i+1d†

i+2 + H.c.).

(1)

Without loss of generality we will fix t = 1 in the following.
When λ �= 0, this model does not conserve the number of

particles, and the U (1) symmetry is reduced to Z3. The last
term splits the Hilbert space into three sectors distinguished
by the total filling mod 3. The Z3 symmetry is broken if
these sectors have the same ground-state energy and unbroken
otherwise. We have studied this model numerically with large-
scale density matrix renormalization-group (DMRG) [37–40]
simulations on systems with up to 3000 sites keeping up to
2000 states and truncating singular values below 10−8. Our
numerical results are summarized in the phase diagram of
Fig. 2. The phase diagram is symmetric around μ = 0, so
we only show and discuss the positive μ side. There are
two gapped phases: (i) the disordered phase at large enough

FIG. 2. Phase diagram of the hard-core boson model with the
three-site term of Eq. (1). It consists of three phases: (i) A disordered
phase (blue) at large μ; (ii) a Z3-ordered phase (yellow) at small μ

and not too small λ; (iii) a floating phase (green) that starts at small
values of λ for small μ, and that extends up to λ ≈ 7 upon approach-
ing the disordered phase. The floating phase is separated from the Z3

phase by a Kosterlitz-Thouless transition (red squares) and from the
disordered phase by a Pokrovsky-Talapov transition (blue circles).
For larger values of λ the transition between the disordered phase
and the Z3 phase is a direct one in the Huse-Fisher universality class
(black diamonds). The dotted lines show the cuts presented in Fig. 6.

μ, which is commensurate with wave-vector zero and corre-
sponds to a full system for λ = 0, and (ii) the Z3-ordered phase
with short-range incommensurate correlations. There is also
a floating phase, a critical phase in the Luttinger liquid uni-
versality class with algebraic incommensurate correlations.
Along the vertical line μ = 0, the wave vector vanishes by
symmetry, making this line the commensurate line along
which the transition should be in the universality class of the
three-state Potts model. As we will see, the floating phase
extends up to a Lifshitz point located at (μ � 0.35, λ � 7),
far from the commensurate line, hence, of the three-state Potts
point. Accordingly, beyond this Lifshitz point, the transition
must be a direct one in the Huse-Fisher chiral universality
class [12,15,31]. The floating phase is separated from the
disordered phase by a Pokrovsky-Talapov transition and from
the Z3-ordered phase by a Kosterlitz-Thouless transition.

Note that the boundary of the disordered phase agrees with
the numerical results of Ref. [31]. In this reference, the authors
also reported that the Z3-ordered phase is gapped provided λ

is large enough, implicitly implying that it might be gapless
at small λ, but they did not try to determine the boundary
where the gap closes. In that respect, our numerical results
complement and correct the numerical results of Ref. [31].
There is indeed a gapless phase at small λ, but it extends
to large values of λ in the vicinity of the transition to the
disordered phase in the form of very narrow floating phase.
The difficulty encountered by the authors of Ref. [31] to
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identify the universality class of the transition is probably a
consequence of this narrow floating phase.

Note also that because of the dual nature of the model
the role of ordered and disordered phases is exchanged with
respect to Rydberg atoms. The period-3 phase of Rydberg
atoms corresponds to the disordered phase of the model of
Eq. (1), and the disordered phase of Rydberg atoms to its
Z3-ordered phase.

The precise form of this phase diagram has been reached
by a careful numerical identification of the various phases and
of the transitions between them that we now review.

1. Floating phase and Kosterlitz-Thouless transition

In the noninteracting case λ = 0, the model can be mapped
on noninteracting spinless fermions. For μ < 2, the state is a
partially filled band up to a wave-vector kF , and all correla-
tions are critical. Along this noninteracting line, the Luttinger
liquid exponent is rigorously equal to K = 1, including at
the Pokrovsky-Talapov commensurate-incommensurate tran-
sition to the gapped phase at μ = 2.

Upon increasing λ, the correlations are expected to remain
critical as long as all operators acting as perturbations are
irrelevant, i.e., have a scaling dimension larger than 2. Now,
the operator with the smallest scaling dimension is expected to
be the three-boson operator. Indeed, the scaling dimension of
an operator creating m particles is equal to m2/4K , and since
the number of particles is conserved mod 3, the only operators
allowed by symmetry correspond to creating m = 3n fermions
with a n integer with an exponent 9n2/4K that is minimal for
n = 1, i.e., for the term creating p = 3 bosons. Its exponent
is equal to 9/4K , so this operator is irrelevant along the non-
interacting line. It only becomes relevant when K = 9/8. As
a consequence, the critical behavior of the noninteracting line
must extend into a critical floating phase up to the constant-K
line K = 9/8 in the λ-μ phase diagram, a property of the
model not discussed in Ref. [31].

To extract the Luttinger liquid exponent inside the float-
ing phase, we have fitted the Friedel oscillations of the
local density profile induced by the open boundary conditions.
Details can be found in Appendix A. To demonstrate the
validity of the criterion K = 9/8 for the transition into the
disordered phase, we show in Fig. 3 the evolution of K along
a vertical cut μ = 1 inside the floating phase, and the correla-
tion length ξ extracted from the density-density correlations
in the Z3-ordered phase. Note that since K is expected to
change only by 12.5%, high accuracy and sufficiently large
system sizes are required to detect such changes. At the KT
transition, the correlation length is expected to diverge very
fast as ξ ∝ exp C/

√
λ − λc. This is consistent with the very

steep divergence of ξ , and plotting ln ξ as a function of
1/

√
λ − λ0 for various values of λ0 shows that the behavior

is linear at λ0 = λc and concave, respectively, convex away
from it, where λc is the value at which K reaches the value of
K = 9/8.

The boundary between the floating phase and the Z3-
ordered phase is almost horizontal and limited to small values
of λ up to μ � 1.8, but then it turns up and slowly approaches
the boundary to the disordered phase. For λ > 1, the floating
phase is extremely narrow with a width �μ < 0.02. The key

FIG. 3. Kosterlitz-Thouless transition at μ = 1. (a) Luttinger liq-
uid parameter as a function of λ. It increases from K = 1 in the
noninteracting case at λ = 0 to the critical value of the Kosterlitz-
Thouless transition Kc = 9/8 at λc ≈ 0.187. The large values beyond
that point (marked with dashed line) are finite-size effects. The Z3-
ordered phase is gapped, and correlations no longer decay as a power
law. (b) Correlation length in the Z3-ordered phase. It is consistent
with a strong divergence upon approaching λc. (c) Scaling of the
correlation length in the Z3-ordered phase as a function of 1/

√
λ − λ0

in a semilogarithmic plot. The scaling is linear for λ0 = λc ≈ 0.187
identified in panel (a) as expected for a Kosterlitz-Thouless tran-
sition, and it is concave for λ0 = 0.25 and convex for λ0 = 0.1,
confirming that the transition has to take place at a finite value of
λ. The solid line is a linear fit, and the dashed lines are guides to the
eye.

qualitative question is whether the two lines get asymptoti-
cally close as λ → +∞, or whether they meet at a finite value
of λ, which would signal the presence of a Lifshitz point. To
address this question, we now turn to a careful investigation
of the transition between the floating phase and the disordered
phase.

2. Pokrovsky-Talapov transition

For λ = 0, the transition at μ = 2 is just a transition be-
tween a completely filled band for μ > 2 and a partially
filled band for −2 < μ < 2 in terms of spinless fermions.
The density is equal to 1 for μ > 2 and decreases with a
singularity (2 − μ)1/2 for μ < 2. In the partially filled band,
all correlation functions decay as power laws with an oscil-
lating prefactor cos(kr), where k is a multiple of the Fermi
wave-vector kF . In particular, the density-density correla-
tions decay as cos(qr)/r2 with q = 2kF . Since between μ =
−2 and μ = 2 the Fermi wave vector grows continuously
from 0 to π , the wave-vector q is generically incommensu-
rate. Close to μ = 2, q approaches 0 mod 2π as (2 − μ)1/2.
At the transition point itself the velocity vanishes and the
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FIG. 4. Main properties of the Pokrovsky-Talapov transition. (a) Scaling of the incommensurate wave-vector q with the distance to the
Pokrovsky-Talapov transition. The solid lines are the results of fits with the Pokrovsky-Talapov critical exponent β = 1/2. The critical point μc

identified with these fits is used in panels (b)–(e). (b) Evolution of the Luttinger liquid parameter K . The system is in the floating phase when K
is below Kc = 9/8. Larger values of K (shown as dashed lines) are finite-size effects since the Z3 phase is gapped with exponential correlations.
The dotted line is a linear extrapolation of the last three points. (c) Inverse of the correlation length on both sides on the floating phase. The
convex curve on the left is consistent with the exponential divergence expected at the Kosterlitz-Thouless transition. In the disordered phase,
the correlation length diverges with the exponent β̄ ≈ 0.49, consistent with the Pokrovsky-Talapov value of 1/2. (d) Average density across the
Pokrovsky-Talapov transition. The solid line is a fit with the Pokrovsky-Talapov critical exponent β̄ = 1/2. (e) and (f) Opposite of the second
derivative of energy with respect to μ—the analog of the specific heat—across the transition. It diverges with critical exponent α = 1/2 below
the transition and approaches a finite value as (μ − μc ) ln(μ − μc ) in the disordered phase.

dispersion is quadratic so that the dynamical exponent is given
by z = 2. For −2 < μ < 2, the Luttinger liquid exponent is
fixed as K = 1. Finally, the second derivative of the energy,
the equivalent of the specific heat for quantum transition,
vanishes identically above μ = 2 and diverges with exponent
α = 1/2 when μ → 2 from below.

This transition is a special example of a Pokrosky-Talapov
transition, and most of its characteristics are generic to this
universality class but not all. So let us review in detail the gen-
eral properties of the Pokrovsky-Talapov universality class.
This is a very asymmetric transition with a dynamical ex-
ponent z = 2. On the commensurate side (the empty or full
side for free fermions), the correlation length diverges with an
exponent ν = 1/2, the specific heat goes to a constant with a
cusped singularity due to a logarithmic correction as shown
by Huse and Fisher [15], and the density is, in general, not
constant but approaches its value at the critical point without
any power-law singularity. On the incommensurate side, the
system is described by a Luttinger liquid with a velocity that
vanishes at the transition and with an exponent K that can
take a priori any value. The wave vector of the correlations
is expected to go to the commensurate one as |μc − μ|1/2,
and the density increases or decreases from its value at μc

with a singularity (μc − μ)1/2. Finally, as discussed above,
the Luttinger liquid exponent is not fixed by symmetry at the
PT transition.

This Pokrovsky-Talapov universality class is expected to
be realized upon reducing μ from the disordered commensu-
rate phase if the transition leads to an intermediate floating
phase with critical correlations. Since the behavior along the
PT transition is central to our analysis, let us first carefully

check the properties of this transition for λ > 0 but not too
large. Our numerical results for a horizontal cut at λ = 1 are
summarized in Fig. 4. All the properties expected for a PT
transition are realized to a high degree of accuracy. We extract
the location of the PT transition by fitting the values of q
as a function of chemical potential μ to the form (μc − μ)β̄

with the critical exponent β̄ = 1/2 as shown in Fig. 4(a). As
one can see, finite-size effects for the system sizes shown
are already negligible. Considering the other characteristics,
the transition is clearly very asymmetric, and all expected
critical exponents are consistent with our numerical results.
The density is already significantly smaller than 1 at the tran-
sition, and it decreases with a square root singularity upon
entering the floating phase. Since the density is not fixed to
1 at the transition, the system is not empty in hole language,
and the Luttinger liquid exponent is not fixed to 1. And indeed,
although it decreases upon approaching the PT transition, it is
consistent with a value definitely larger than 1 at the transition.

3. Lifshitz point and chiral transition

To extract a quantitative estimate of the Luttinger liquid
exponent at the transition point, we have extrapolated the last
three to four points with linear fits, and we have performed
the extrapolation over different sets of points and for various
system sizes to estimate the error bars. The evolution of the
Luttinger liquid exponent extracted in this way along the PT
transition is shown in Fig. 5. This is the central numerical
result of this paper: In agreement with our hypothesis, the
exponent K increases steadily from its noninteracting value
K = 1 at λ = 0. It is impossible to follow it numerically
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FIG. 5. Luttinger liquid critical exponent K as a function of λ

along the Pokrovsky-Talapov critical line. Error bars are estimated
by extrapolating K as shown in Figs. 8(c) and 8(d) over different
subsets of data points and for different system sizes. The dashed line
is a linear extrapolation. It reaches the value K = 9/8 at λ ≈ 7. The
inset: Width �μ of the floating phase as a function of 1/λ.

beyond λ � 3 because the floating phase becomes too narrow,
but a linear extrapolation of the results beyond λ = 3 suggests
that it will reach the critical value K = 9/8 around λ = 7,
hence, that the floating phase has to terminate at a Lifshitz
point located at the end of the PT line at λ � 7.

As an independent check, we have kept track of the width
�μ of the floating phase as a function of λ (see inset of Fig. 5).
A simple polynomial fit as a function of 1/λ suggests that the
floating phase disappears at 1/λ � 0.14, in good agreement
with λ � 7.

To further check this prediction, we have carefully looked
at the nature of the transition across two cuts that intersect
the transition out of the disordered phase at λ = 5 and λ = 10
shown in Fig. 2. As shown in Fig. 6, there is a clear difference
in the way the correlation length diverges along these two
cuts. For the lower cut, the correlation length is expected to
diverge exponentially at the KT transition, algebraically with
exponent ν ′ = 1/2 at the PT transition, and to be infinite
in between. In Fig. 6(a) one can clearly see the asymmetry
between the left and right branches, signaling the existence of
two different quantum phase transitions.

Above the Lifshitz point, the transition is expected to be
a direct chiral transition in the Huse-Fisher [12] universality
class. In this case the correlation length is expected to diverge
on both sides of the transition with the same exponent ν = ν ′.
The solid lines show the results of the fit of the data points on
both sides of the transition with a single critical exponent and
a unique critical point μc. The extracted value of the critical
exponent is consistent with ν = ν ′ � 2/3, in agreement with
recent quantum field theory results [31] with numerical results
on a classical model expected to have a transition in the same
universality class [41] and with the exact result ν = ν ′ = 2/3
derived [42,43] for an integrable version of the chiral Potts
model [44] and extended by Cardy to a family of self-dual
models [45].

FIG. 6. Inverse of the correlation length on both sides of the
Lifshitz point. (a) λ = 5, below the Lifshitz point. The solid lines
are fits in the disordered phase with |μc − μ|ν′

. The value of the
critical exponent ν ′ decreases when the system size increases, and
it is within 10% of the Pokrovsky-Talapov prediction ν ′ = 1/2.
(b) λ = 10, above the Lifshitz point. The solid lines are fits of the
data points on both sides of the transition with a unique critical
transition point and equal critical exponents ν = ν ′. The extracted
values of the critical exponent remain well above 1/2 and are in rea-
sonable agreement with the critical exponents ν = ν ′ � 2/3 reported
previously in other studies of the chiral transition for the period-3
commensurate-incommensurate transition. The data points used for
the fits are marked with filled symbols.

IV. SUMMARY AND PERSPECTIVES

To summarize, we have found a simple physical argument
in favor of the presence of Lifshitz points at commensurate
melting in the 1D models of Rydberg atoms, and we have
demonstrated that it rightly predicts the location of the Lifshitz
point in a model of hard-core bosons with three-site terms.
The core of the argument relies on a simple property of the
Pokrosvky-Talapov transition in systems where the number of
particles is not conserved, namely, that the Luttinger liquid
exponent is not constant along this transition because it is
not fixed by the density. This argument applies to Rydberg
atoms where excited states are created and annihilated by
a laser with appropriate Rabi frequency, and it provides a
solid physical basis to the results recently obtained on this
problem. Interestingly enough, it probably also applies to the
old problem of commensurate melting of surface phases in the
context of which Huse and Fisher came up with the suggestion
that the transition could be in a new nonconformal universality
class if the nonvanishing fugacity of the domain walls is
properly taken into account. Indeed, the role of the particles is
played by the domain walls in these systems, and the fugacity
controls the density of dislocations. So with a nonvanishing
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fugacity one can expect that the exponent of the floating phase
will change along the Pokrovsky-Talapov transition line.

It will be very interesting to revisit the investigation of
various models in quantum 1D and classical 2D physics
along the lines of the present paper. In particular, it would
be interesting to try and measure the exponent of the critical
phases in various models of commensurate melting along the
Pokrovsky-Talapov line and hopefully to locate accurately the
Lifshitz point using the criterion that it reaches the critical
value of the KT transition.

Beyond the Lifshitz point itself, the possibility to de-
termine the extent of the floating phase on the basis of a
numerical investigation of the Luttinger liquid exponent also
opens new perspectives in the field. Indeed, locating the KT
transition by looking at the correlation length is notoriously
difficult because it diverges so fast that it exceeds the acces-
sible system sizes long before the transition, and it is well
known in the context of the XY model that to calculate the
spin stiffness of the critical phase leads to much more accurate
results. Work is in progress along these lines.

Finally, the present results provide a strong motivation to
further investigate the properties of the chiral universality
class, whose realization at commensurate melting is more
likely than ever, but whose characteristics are still partly elu-
sive.

After completion of this paper, it was pointed out to us
[46] that, in addition to a dynamical exponent equal z = 2,
the standard definition of the Pokrovsky-Talapov universality
class includes the fact that the system flows to free fermions,
hence, that the Luttinger liquid exponent of the floating phase
should go to 1 at the transition. For small λ, our numerical
results do not exclude that the transition between the disor-
dered phase and the floating is in this universality class, but
for larger λ, they seem to be inconsistent with this universality
class. Further numerical results are under way to try and fully
characterize this transition.
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APPENDIX A: EXTRACTION OF THE LUTTINGER
LIQUID EXPONENT

To extract the Luttinger liquid exponent inside the floating
phase, we have fitted the Friedel oscillations of the local-
density profile induced by the open boundary conditions. An
example of a typical fit is provided in Fig. 7. In the absence of
incommensurability boundary conformal field theory (CFT)
predicts the profile to be of the form ∝ (−1)x/{sin[πx/(N +
1)]}K . To account for incommensurate correlations, we use the
modified version ∝sin(qx + φ0)/{sin[πx/(N + 1)]}K , which
is expected to describe the asymptotic form of the scaling.
Therefore, to reduce finite-size effects, we fit only the central
part of the profile sufficiently far from the edges x, (N −

FIG. 7. (a) Example of the local-density profile obtained with
DMRG for N = 2100 sites at λ = 1 and μ = 1.7945 and cen-
tered around its mean value (blue dots). The red line is a fit to
the CFT prediction ∝sin(qx + φ0 )/{sin[πx/(N + 1)]}K . The value
of the incommensurate wave vector extracted from this fit is q ≈
0.014 746 88π . The average error between the DMRG data and the
fit is on the order of 10−8. To reduce finite-size effects we only fit the
central part of the profile and discard a few hundred sites at the edges.
(b) Luttinger liquid exponent K extracted from the fit as a function of
the number of discarded sites at each edge. To get a better estimate
of K we take the average over an integer number of helices keeping
a balance between the distance from the edges and the size of the
middle domain (white region).

x) 
 1 as shown in Fig. 7(a). It turns out that the scaling
dimension K is sensitive to both the interval of the fit and
the error in the wave-vector q. The latter problem is solved
by increasing the accuracy of the fit to ≈10−8. The values
obtained for K are then averaged out over different numbers of
discarded edge sites as shown in Fig. 7(b). To get a reliable fit,
the central part used in the fit should contain sufficiently many
helices. This prevents us from getting results in the immediate
vicinity of the Pokrovsky-Talapov transition where the wave-
vector q is very small, but as we will see, the exponent K
varies smoothly as a function of μ, so it is still possible to get
a precise estimate of K in the vicinity of the PT line.

We have extracted the Luttinger liquid parameter and the
incommensurate wave vector for various values of λ. In addi-
tion to Figs. 4(a) and 4(b) for λ = 1, we present our results
for λ = 0.2 and λ = 2 in Fig. 8. Note that for λ = 2 the
width of the floating phase is already very small on the order
of 7 × 10−3. The evolution of the Luttinger liquid parameter
along the Pokrovsky-Talapov transition is presented in Fig. 5.
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FIG. 8. Luttinger liquid parameter and incommensurate wave-
vector for various cuts. (a) and (b) Luttinger liquid parameter K
and (c) and (d) incommensurate wave-vector q as a function of the
chemical potential μ for coupling constant λ = 0.2 (a) and (c) and
λ = 2 (b) and (d). The dotted lines are guides to the eye. The black
dotted lines in panels (a) and (b) are linear fits of the three to four last
points; in panels (c) and (d) we fit all available points to |μc − μ|1/2.
The error bars are smaller than the size of the symbols. Similar plots
for λ = 1 are presented in Figs. 4(a) and 4(b).

APPENDIX B: DENSITY AT THE POKROVSKY-TALAPOV
TRANSITION

We argue that the Luttinger liquid exponent is not constant
along this transition because it is not fixed by the density.
In Fig. 9 we summarize how the density evolves across the

FIG. 9. Density at the Pokrovsky-Talapov transition. (a) Average
density across the Pokrovsky-Talapov transition for various fixed
λ. The circles stand for the data points. The lines are the result of
two types of fits: linear above the transition and of the form a|μ −
μc|1/2 + 〈ni〉c below it. (b) Density along the Pokrovsky-Talapov line
as a function of λ. The errors are smaller than the size of the symbols.
(c) Density as a function of the Luttinger parameter K .

PT transition. We extract the density by averaging the local-
density 〈ni〉. The interval over which we average always lies
between two local maxima. This way, even if the wave-vector
q is close to zero, we obtain meaningful results. To reduce
the edge effects we start with maxima located at 100–200
sites from the edges for N = 600 and at 200–400 sites for
N � 1200.

In order to find the density 〈ni〉c at the PT transition we
fit the data point above the transition with a straight line and
extract the value at the critical point determined from the in-
commensurate wave-vector q as shown in Figs. 8(c) and 8(d).
Below the transition we fit the data with a|μ − μc|1/2 + 〈ni〉c,
where a is the only fitting parameter. As shown in panels
(b) and (c) of Fig. 9, the density changes significantly along
the PT line, and the change in density is correlated with the
nonconstant value of K along this line.
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Quantum Kibble-Zurek mechanism and critical dynamics on a
programmable Rydberg simulator, Nature (London) 568, 207
(2019).

[3] M. Rader and A. M. Läuchli, Floating phases in one-
dimensional Rydberg Ising chains, arXiv:1908.02068.

[4] N. Chepiga and F. Mila, Floating Phase versus Chiral Transi-
tion in a 1d Hard-Boson Model, Phys. Rev. Lett. 122, 017205
(2019).

[5] N. Chepiga and F. Mila, Kibble-Zurek exponent and chiral tran-
sition of the period-4 phase of Rydberg chains, Nat. Commun.
12, 414 (2021).

[6] P. Bak, Commensurate phases, incommensurate phases and the
devil’s staircase, Rep. Prog. Phys. 45, 587 (1982).

[7] P. Fendley, K. Sengupta, and S. Sachdev, Competing density-
wave orders in a one-dimensional hard-boson model, Phys. Rev.
B 69, 075106 (2004).

[8] G. Giudici, A. Angelone, G. Magnifico, Z. Zeng, G. Giudice,
T. Mendes-Santos, and M. Dalmonte, Diagnosing Potts critical-
ity and two-stage melting in one-dimensional hard-core boson
models, Phys. Rev. B 99, 094434 (2019).

[9] R. Samajdar, S. Choi, H. Pichler, M. D. Lukin, and S.
Sachdev, Numerical study of the chiral Z3 quantum phase
transition in one spatial dimension, Phys. Rev. A 98, 023614
(2018).

[10] S. Ostlund, Incommensurate and commensurate phases in
asymmetric clock models, Phys. Rev. B 24, 398 (1981).

[11] D. A. Huse, Simple three-state model with in-
finitely many phases, Phys. Rev. B 24, 5180
(1981).

[12] D. A. Huse and M. E. Fisher, Domain Walls and the Melting of
Commensurate Surface Phases, Phys. Rev. Lett. 49, 793 (1982).

[13] W. Selke and J. M. Yeomans, A Monte Carlo study of the
asymmetric clock or chiral Potts model in two dimensions,
Z. Phys. B 46, 311 (1982).

023049-8

https://doi.org/10.1038/nature24622
https://doi.org/10.1038/s41586-019-1070-1
http://arxiv.org/abs/arXiv:1908.02068
https://doi.org/10.1103/PhysRevLett.122.017205
https://doi.org/10.1038/s41467-020-20641-y
https://doi.org/10.1088/0034-4885/45/6/001
https://doi.org/10.1103/PhysRevB.69.075106
https://doi.org/10.1103/PhysRevB.99.094434
https://doi.org/10.1103/PhysRevA.98.023614
https://doi.org/10.1103/PhysRevB.24.398
https://doi.org/10.1103/PhysRevB.24.5180
https://doi.org/10.1103/PhysRevLett.49.793
https://doi.org/10.1007/BF01307706


LIFSHITZ POINT AT COMMENSURATE MELTING … PHYSICAL REVIEW RESEARCH 3, 023049 (2021)

[14] D. A. Huse, A. M. Szpilka, and M. E. Fisher, Melting and
wetting transitions in the three-state chiral clock model, Physica
A 121, 363 (1983).

[15] D. A. Huse and M. E. Fisher, Commensurate melting, domain
walls, and dislocations, Phys. Rev. B 29, 239 (1984).

[16] P. M. Duxbury, J. Yeomans, and P. D. Beale, Wavevector scaling
and the phase diagram of the chiral clock model, J. Phys. A 17,
L179 (1984).

[17] J. Yeomans and B. Derrida, Bulk and interface scaling proper-
ties of the chiral clock model, J. Phys. A 18, 2343 (1985).

[18] S. Howes, L. P. Kadanoff, and M. Den Nijs, Quantum model for
commensurate-incommensurate transitions, Nucl. Phys. B 215,
169 (1983).

[19] S. F. Howes, Commensurate-incommensurate transitions and
the Lifshitz point in the quantum asymmetric clock model,
Phys. Rev. B 27, 1762 (1983).

[20] J. M. Houlrik and S. J. Knak Jensen, Phase diagram of
the three-state chiral clock model studied by Monte Carlo
renormalization-group calculations, Phys. Rev. B 34, 325
(1986).

[21] N. C. Bartelt, T. L. Einstein, and L. D. Roelofs, Structure
factors associated with the melting of a (31) ordered phase on
a centered-rectangular lattice gas: Effective scaling in a three-
state chiral-clock-like model, Phys. Rev. B 35, 4812 (1987).

[22] M. den Nijs, The domain wall theory of two-dimensional
commensurate-incommensurate phase transitions, Phase Tran-
sitions and Critical Phenomena, edited by J. L. Lebowitz and
C. Domb, Vol. 12 (Academic Press, 1988), p. 219.

[23] H. U. Everts and H. Roder, Transfer matrix study of the chiral
clock model in the Hamiltonian limit, J. Phys. A 22, 2475
(1989).

[24] D. L. Abernathy, S. Song, K. I. Blum, R. J. Birgeneau, and
S. G. J. Mochrie, Chiral melting of the Si(113) (3×1) recon-
struction, Phys. Rev. B 49, 2691 (1994).

[25] J. Schreiner, K. Jacobi, and W. Selke, Experimental evidence
for chiral melting of the Ge(113) and Si(113) 3×1 surface
phases, Phys. Rev. B 49, 2706 (1994).

[26] H. Sato and K. Sasaki, Numerical study of the two-dimensional
three-state chiral clock model by the density matrix renor-
malization group method, J. Phys. Soc. Jpn. 69, 1050
(2000).

[27] Y. Zhuang, H. J. Changlani, N. M. Tubman, and T. L. Hughes,
Phase diagram of the Z3 parafermionic chain with chiral inter-
actions, Phys. Rev. B 92, 035154 (2015).

[28] V. L. Pokrovsky and A. L. Talapov, Ground State, Spec-
trum, and Phase Diagram of Two-Dimensional Incommensurate
Crystals, Phys. Rev. Lett. 42, 65 (1979).

[29] H. J. Schulz, Critical behavior of commensurate-
incommensurate phase transitions in two dimensions, Phys.
Rev. B 22, 5274 (1980).

[30] J. M. Kosterlitz and D. J. Thouless, Ordering, metastability
and phase transitions in two-dimensional systems, J. Phys. C
6, 1181 (1973).

[31] S. Whitsitt, R. Samajdar, and S. Sachdev, Quantum field theory
for the chiral clock transition in one spatial dimension, Phys.
Rev. B 98, 205118 (2018).

[32] T. Giamarchi, Quantum Physics in One Dimension, Interna-
tional Series of Monographs on Physics, (Clarendon, Oxford,
2004).

[33] S. Sachdev, Quantum Phase Transitions (Cambridge University
Press, Cambridge, 2011).

[34] M. A. Cazalilla, R. Citro, T. Giamarchi, E. Orignac, and M.
Rigol, One dimensional bosons: From condensed matter sys-
tems to ultracold gases, Rev. Mod. Phys. 83, 1405 (2011).

[35] F. D. M. Haldane, P. Bak, and T. Bohr, Phase diagrams of
surface structures from Bethe-ansatz solutions of the quantum
sine-Gordon model, Phys. Rev. B 28, 2743 (1983).

[36] H. J. Schulz, Phase transitions in monolayers adsorbed on uni-
axial substrates, Phys. Rev. B 28, 2746 (1983).

[37] S. R. White, Density Matrix Formulation for Quantum Renor-
malization Groups, Phys. Rev. Lett. 69, 2863 (1992).

[38] U. Schollwöck, The density-matrix renormalization group,
Rev. Mod. Phys. 77, 259 (2005).

[39] S. Östlund and S. Rommer, Thermodynamic Limit of Density
Matrix Renormalization, Phys. Rev. Lett. 75, 3537 (1995).

[40] U. Schollwöck, The density-matrix renormalization group in
the age of matrix product states, Ann. Phys. (NY) 326, 96
(2011).

[41] S. Nyckees, J. Colbois, and F. Mila, Identifying the Huse-Fisher
universality class of the three-state chiral Potts model, Nuclear
Phys. B 965, 115365 (2021).

[42] G. Albertini, B. M. McCoy, J. H. Perk, and S. Tang, Excitation
spectrum and order parameter for the integrable N-state chiral
Potts model, Nucl. Phys. B 314, 741 (1989).

[43] R. J. Baxter, Superintegrable chiral Potts model: Thermody-
namic properties, an “inverse” model, and a simple associated
Hamiltonian, J. Stat. Phys. 57, 1 (1989).

[44] H. Au-Yang, B. M. McCoy, J. H. Perk, S. Tang, and M.-L.
Yan, Commuting transfer matrices in the chiral Potts models:
Solutions of star-triangle equations with genus >1, Phys. Lett.
A 123, 219 (1987).

[45] J. L. Cardy, Critical exponents of the chiral Potts model from
conformal field theory, Nucl. Phys. B 389, 577 (1993).

[46] D. Huse (private communication, 2021).

023049-9

https://doi.org/10.1016/0378-4371(83)90001-8
https://doi.org/10.1103/PhysRevB.29.239
https://doi.org/10.1088/0305-4470/17/4/005
https://doi.org/10.1088/0305-4470/18/12/031
https://doi.org/10.1016/0550-3213(83)90212-2
https://doi.org/10.1103/PhysRevB.27.1762
https://doi.org/10.1103/PhysRevB.34.325
https://doi.org/10.1103/PhysRevB.35.4812
https://doi.org/10.1088/0305-4470/22/13/040
https://doi.org/10.1103/PhysRevB.49.2691
https://doi.org/10.1103/PhysRevB.49.2706
https://doi.org/10.1143/JPSJ.69.1050
https://doi.org/10.1103/PhysRevB.92.035154
https://doi.org/10.1103/PhysRevLett.42.65
https://doi.org/10.1103/PhysRevB.22.5274
https://doi.org/10.1088/0022-3719/6/7/010
https://doi.org/10.1103/PhysRevB.98.205118
https://doi.org/10.1103/RevModPhys.83.1405
https://doi.org/10.1103/PhysRevB.28.2743
https://doi.org/10.1103/PhysRevB.28.2746
https://doi.org/10.1103/PhysRevLett.69.2863
https://doi.org/10.1103/RevModPhys.77.259
https://doi.org/10.1103/PhysRevLett.75.3537
https://doi.org/10.1016/j.aop.2010.09.012
https://doi.org/10.1016/j.nuclphysb.2021.115365
https://doi.org/10.1016/0550-3213(89)90415-X
https://doi.org/10.1007/BF01023632
https://doi.org/10.1016/0375-9601(87)90065-X
https://doi.org/10.1016/0550-3213(93)90353-Q

