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On the Relation Between Beam Coupling and Feed
Coupling in Wideband Antenna Arrays

Riccardo Ozzola, Student Member, IEEE, Daniele Cavallo, Senior Member, IEEE, Andrea Neto, Fellow, IEEE

Abstract—We present a study on the beam coupling in radi-
ating structures that support multiple simultaneous beams. The
formation of multiple beams is relevant in modern wireless com-
munication applications, when diverse data streams can be sent
from a single transmitter to users located in different directions.
General expressions are provided that relate the coupling between
radiated beams to the associated current distributions on the
radiating aperture. When expanding the currents in terms of
basis functions, the beam coupling can be also written in terms
of coupling contributions due to each pair of basis functions.
The analysis is applied to antenna arrays with different levels of
mutual coupling between the array elements. More specifically,
arrays of resonant elements, characterized by very low mutual
coupling, are compared with arrays of connected elements, which
are strongly coupled. We show that, even for very high level of
mutual coupling between individual array elements, it is possible
to obtain orthogonal beams if the total current distributions
associated with the beams are uncoupled.

Index Terms—Antenna arrays, beam coupling factor, multiple
beams, mutual coupling, wideband arrays.

I. INTRODUCTION

W IRELESS communications in the near future will
heavily rely on the possibility to transmit and receive

multiple data streams through directive beams connecting the
base station with different users (Fig. 1). With the advent of
5G communications and the planning for future 6G networks,
antennas will focus the radiation in smaller angular regions
with the aim to improve the energy and spectral efficiency,
while reducing interference levels. In such a communication
scenario, base stations will be equipped with phased array
antennas serving several distributed users simultaneously by
means of multiple adaptively steered beams. Thus, multibeam
antennas are regarded as a key technology for enabling massive
multiple-input and multiple-output (MIMO) and high speed
mobile networks [1]–[3].

In the 1960s, the first theoretical works on the multibeam
generation from a single radiating aperture were introduced
[4]–[6]. More specifically, beam coupling factors to quantify
the orthogonality between beams were defined by Stein in
[6]. Stein’s theory linked the coupling between two beams
generated by a radiating aperture to the coupling between
feed lines (or beamformer structures) associated with those
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Fig. 1. Wireless base station simultaneously connecting with several
mobile users.

beams. Later on, these same coupling coefficients were named
envelope correlation between antenna patterns and used in
MIMO communication scenarios [7]–[10], as a statistical value
indicating the similarity in the voltages received by different
antennas in the presence of multipath. In absence of losses,
when associating each beam with a feeding structure, the
coupling between two antenna beams can be approximated
in terms of the impedance or scattering matrix between the
feeds [8].

In MIMO architectures, mutual coupling between antennas
is typically regarded as a limitation, as it is associated with
reduced system capacity [11]–[14]. For this reason, several
techniques have been employed for the reduction of mutual
coupling [15], [16] or the compensation of its effects [17]–
[19]. However, these works typically refer to configurations in
which the beam orthogonality is intended at the level of the
radiation patterns from individual elements of the array. On
the contrary, when each beam is collectively generated by all
antennas, the beam coupling is not directly related to the cou-
pling between individual elements, but to the coupling between
beamforming structures [6]. In these cases, the role of mutual
coupling between individual elements in the performance of
the multibeam systems remains unclear. For example, in [20] it
was shown that a nonzero mutual coupling level maximizes the
gain in arrays when the elements are simultaneously excited.
More recently, MIMO concepts based on high mutual coupling
arrays have been proposed in [21].

The main scope of this paper is to clarify how the inter-
element mutual coupling affects the capability of creating
multiple simultaneous beams with a single phased array. To
this aim, we evaluate the beam coupling coefficients for arrays
of dipoles, comparing two canonical geometries: linear arrays
of collinear resonant dipoles, for which the mutual coupling
is relatively low, and linear arrays of connected dipoles,
characterized by high mutual coupling. Moreover, examples of

Authorized licensed use limited to: TU Delft Library. Downloaded on October 08,2021 at 12:03:52 UTC from IEEE Xplore.  Restrictions apply. 



0018-926X (c) 2021 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TAP.2021.3090536, IEEE
Transactions on Antennas and Propagation

2

two dimensional arrays are presented, namely a narrowband
array of patches and a more wideband array of connected slots
with dielectric superstrate.

For the investigation, we first express the coupling between
two beams in terms of the electric current distributions as-
sociated with each beam. The resulting expression contains
a coupling integral between the two currents similar to a
mutual impedance, but with a kernel that is a singularity-
free Green’s function [10]. By expanding the currents in terms
of basis functions, the beam coupling can be also written as
a weighted sum of coupling contributions between each pair
of basis functions. The derived expressions can be applied to
the different arrays, to quantify the effect of different levels
of mutual coupling on the beam orthogonality. We give a
few examples of multibeam arrays for which the coupling
between beams can be weakly dependent on the level of
mutual coupling between individual elements of the array.

Since high mutual coupling between ports is a characteriz-
ing feature of all wideband wide scanning arrays, this finding
opens the possibilities to largely increase the bandwidth and
scan performance of MIMO arrays. In fact, wide bandwidth is
an important aspect of future wireless communication. When
more and more frequency bands will be used for different
services, having a single narrowband antenna for each sub-
band will become unfeasible for cost and space occupation.
For this reason, the use of wideband arrays that can cover
simultaneously multiple bands will become increasingly im-
portant.

II. BEAM-COUPLING FACTOR

Let us consider a radiating aperture, as depicted in Fig. 2,
which radiates Nb beams, with indexes n ∈ {1, · · · , Nb}. Each
beam is characterized by an electric field en(r), radiated by an
associated electric current distribution jn, where r ≡ (r, θ, φ)
is a generic point in the far-field with radial distance r,
elevation angle θ and azimuthal angle φ. The electric field
for the n-th beam is given by

en(r) = En(k̂)
e−jkr

r
(1)

where k is the free space propagation constant and En(k̂)
represents the far field radiation pattern, which is a function of
the angular direction k̂ = sin θ cosφx̂+ sin θ sinφŷ + cos θẑ.
The radiation pattern can be related to the electric current
distributions by

En(k̂) = −jkζ
4π

[ I− k̂k̂ ] · Jn(k̂) . (2)

In (2), ζ = 120π is the free space characteristic impedance,
I is the identity dyad. The function Jn is the spatial Fourier
transform of jn, given by

Jn(k̂) =

∫∫
Sn

jn(r′)ejkk̂·r
′
dr′ (3)

where Sn refers to the domain in which the n-th current
distribution jn differs from 0.

Fig. 2. Radiating aperture generating Nb beams, characterized by the electric
fields en, associated with the electric current distributions jn.

A. General Definition of Beam Coupling

As formalized in [6], the cross coupling between any pair
of beams with patterns En and En′ can be expressed as

cnn′ =

∫∫
4π

E∗n(k̂) ·En′(k̂)dk̂√∫∫
4π

∣∣∣En(k̂)
∣∣∣2dk̂√∫∫

4π

∣∣∣En′(k̂)
∣∣∣2dk̂ . (4)

The double integral at the numerator of (4) represents an inner
product between two radiation patterns in the angular domain.
The terms at the denominator are normalization factors so
that the modulus of the coupling factor satisfies the following
condition: 0 ≤ |cnn′ | ≤ 1. The notation used for the integrals,
for a generic function f , is explicitly related to the angular
variables by∫∫

4π

f(k̂)dk̂ =

∫ 2π

0

∫ π

0

f(θ, φ) sin θdθdφ . (5)

By substituting (2) in (4) and following the algebraic steps
reported in Appendix A, the beam coupling factor can also be
expressed in terms of the currents spectral distributions [9]:

cnn′ =
Rnn′

√
Rnn
√
Rn′n′

(6)

where

Rnn′ =
k2ζ

16π2

∫∫
4π

J∗n(k̂) · [I− k̂k̂] · Jn′(k̂)dk̂ . (7)

To give an interpretation of the term Rnn′ , it is convenient
to express it in the spatial domain by using (3), leading to

Rnn′ =−
∫∫
Sn

∫∫
Sn′

j∗n(r) · gvis(r− r′) · jn′(r′)dr′dr (8)

where we defined a ‘visible’ Green’s function as

gvis(r− r′)=
−k2ζ

16π2

∫∫
4π

[I− k̂k̂]e−jkk̂·(r−r
′)dk̂. (9)

It is worth noting that the expression (8) resembles a mutual
impedance between the two current distributions, where the
inner product defines a norm as in [22]:

Znn′ =−
∫∫
Sn

∫∫
Sn′

j∗n(r) · g(r− r′) · jn′(r′)dr′dr . (10)
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The function g is the free-space dyadic Green’s function
which relates the electric field to the electric current. Com-
paring (10) with (8), one can note that, while g is obtained
by integrating the spectral Green’s function over the entire
spectrum, the visible Green’s function gvis results from an
integration only on the visible spectrum as in (9). Moreover,
the visible Green’s function does not exhibit singularities
even for co-located sources, since does not include the term
|r−r′|−1 of the standard free-space Green’s function. This can
be observed by realizing that, as demonstrated in appendix B,
the integral on the visible spectrum in (9) can be expressed as

gvis(r) = − ζ

4π
[k2I +∇∇]sinc(kr). (11)

The quantity in (8) represents a ‘visible’ mutual impedance
that depends only on how the two currents interact with their
far-field radiation patterns. It can be demonstrated that, for
real-valued current distributions, normalized so that they are
equal to 1 at the port terminals, Rnn′ coincide with the mutual
resistance, i.e. Rnn′ = Re{Znn′} [24].

B. Expansion of Electric Currents with Basis Functions

Often in antenna problems the current distributions are not
available beforehand, but they have to be evaluated by means
of numerical methods. For instance, one can expand the n-the
current distribution in a sum of basis functions, as typically
done in Method of Moments solutions:

jn(r) =
∑
m

im,nbm(r) (12)

where bm(r) is the m-th sub-domain basis function and im,n
is its corresponding weight. If all basis functions are equal,
(12) becomes

jn(r) =
∑

im,nb(r− rm) (13)

where rm is the center of the m-th basis function. The Fourier
transform of jn(r) can be written as follows:

Jn(k̂) =
∑
m

im,nB(k̂)ejkk̂·rm (14)

where B(k̂) is the Fourier transform of b(r). By substituting
(14) in (8), one obtains

Rnn′ =
∑
m

i∗m,n
∑
m′

im′n′Rmm′ . (15)

where

Rmm′ =
k2ζ

16π2

∫∫
4π

B∗(k̂)·[I−k̂k̂]·B(k̂)e−jkk̂·(rm−rm′)dk̂ .

(16)

The beam coupling in (6) can be then expressed as

cnn′ =
iHn Rin′√

iHn Rin

√
iHn′ Rin′

(17)

where in are the weights of n-th current expansion, R is the
matrix whose entries are defined in (16) and H indicates the

Fig. 3. Geometry for: (a) two center-fed collinear dipoles, with length ld,
distance between centers dx, delta-gap size δ; (b) two connected dipoles, with
total length lc and distance between feeds dx.

Hermitian transpose. As already pointed out earlier, for real-
valued basis functions, the matrix R is equal to real part of the
method of moments impedance matrix. However, cnn′ has still
complex value, since it depends on the complex amplitudes of
the basis functions associated with the two beams, in and in′ .

III. APPLICATION TO DIPOLE ARRAYS

To quantify how the mutual coupling in antenna arrays
affects the beam orthogonality, we evaluate the expressions
given in the previous section for arrays of dipoles. For the
sake of simplicity, we first analyze and compare two simple
geometries: an array of two collinear dipoles, as shown in
Fig. 3(a), and an array of two connected dipoles, depicted
in Fig. 3(b). This choice is motivated from the fact that
two aligned dipoles are typically poorly coupled because of
radiation null along their axis. On the contrary, connected
dipoles are characterized by high mutual coupling, since the
current can flow from one element to the other through the
electrical connection.

A method of moments analysis, similar to the one described
in [26] has been implemented to apply the expression of the
beam coupling from (17). The geometrical parameters are
chosen as dx = 0.45λ0, w = δ = 0.1λ0, ld = 0.4λ0 and
lc = 0.85λ0, where λ0 is the wavelength at 10 GHz.

A. Comparison between Two-Element Arrays of Disconnected
and Connected Dipoles

The reflection coefficient and the mutual coupling between
the two elements of the array is shown in Fig. 4, for both
disconnected and connected dipoles. The S-parameters are
normalized to load impedances equal to 70 Ω for the dis-
connected dipole and 150 Ω for the connected dipole. It can
be observed that, for the separated dipoles in Fig. 4(a), the
|S12| peaks at around 10 GHz with a value of −12 dB. More-
over, the disconnected dipoles exhibit a narrow bandwidth
due to the typical resonant nature of the radiating element.
On the contrary, higher levels of mutual coupling occur for
connected dipoles in Fig. 4(b), higher than −8 dB over the
large bandwidth of investigation. It is well known that, by
electrically connecting the dipoles, the S-parameters become
more frequency independent, achieving wideband impedance
matching [27].

The beam coupling coefficient c12 is also evaluated as a
function of frequency in Fig. 5. In this section, we assume that
the two beams are obtained with one of the two elements active
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Fig. 4. S11 and S12 for 2-element arrays of (a) resonant dipoles and (b)
connected dipoles.

Fig. 5. c12 for 2-element array of resonant and connected dipoles. The beam
coupling is intended between beams obtained with one of the two elements
in the array active and the other passively terminated and vice versa.

Fig. 6. c12, calculated at 10 GHz, versus the inter-element distance for 2-
element array of resonant and connected dipoles; λ is the wavelength at
10 GHz.

and the other terminated on a resistive load. The frequency
dependence of the beam coupling is similar for the two
structures, but the connected array exhibits higher values of
c12, due to the higher mutual coupling.

From Fig. 5, the values of c12 are shown to be close to
0 for both structures at around 11 GHz, which corresponds
to a distance between feeds of around half wavelength. To
better highlight this aspect, we report in Fig. 6 the beam
coupling for a fixed frequency (10 GHz), but varying the
distance of the two elements, for both resonant and connected
dipoles. The curves oscillate as a function of the frequency
creating a interference pattern that depends on the electrical
distance between elements. Much higher levels are obtained
for the connected dipole elements, because of the high mutual
coupling.

Therefore, in the configuration in which the two elements
are to be used independently, i.e. when one beam is associated

Fig. 7. N -element linear array of resonant and connected dipoles. The array
generates two beams, pointing at broadside and ∆θ, respectively.

with one feeding gap, high inter-element mutual coupling
yields high beam coupling. Indeed, in this case c12 is closely
related to the mutual impedance, and thus directly proportional
to the levels of mutual coupling. In this configuration, although
connected arrays are intended to be used over a wide frequency
range, low levels of c12 can be achieved only over a narrow
frequency band.

B. Linear Arrays Generating Multiple Directive Beams

Another case possibly even more important to investigate
is when the array comprises more the 2 elements (arbitrary
number of elements N ) and the beams are collectively gen-
erated by all elements. For this study, we assume that such
an array generates two beams, one fixed pointing at broadside
(beam 1) and the other pointing at a varying angular direction
∆θ (beam 2). Thus, the array is fed simultaneously with two
voltage distributions v1 and v2, given by

v1,n = 1 forn ∈ [1, N ] (18)

v2,n = e−jkndx sin(∆θ) forn ∈ [1, N ] (19)

assuming that the elements are located on the x-axis in the
reference system. The coupling between these two beams is
shown in Fig. 8, for both resonant and connected dipoles, as
a function of the separation between the beams ∆θ and for
different number of elements. The geometrical parameters are
dx = 0.45λ0, ld = 0.4λ0, where λ0 is the wavelength at the
calculation frequency.

The coupling is equal to 1 for total overlap between beams
(∆θ = 0◦) and decreases for larger separation of the pointing
angles. The oscillations are due to the interference between
sidelobes of the two patterns. Zeros of the coupling occur
when the maximum of the main lobe of one beam is aligned
with the null of the other. This corresponds to ∆θ equal to one
half of the first null beamwidth. For smaller arrays, the beams
overlap for a larger range of ∆θ, due to the wider beamwidth.

It can be noted from Fig. 8 that the coupling curves for the
resonant and connected dipoles are very similar, despite the
different mutual-coupling levels.

To reduce the beam coupling after the first null, the side
lobes of the pattern can be reduced with a tapered illumination
of the array. The coupling in Fig. 15(a) refers to arrays of 16
elements with a Gaussian amplitude distribution with edge
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Fig. 8. Beam coupling between two beams, pointing at broadside and ∆θ,
respectively, for linear array of resonant and connected dipoles with (a) N =
16, (b) N = 8, (c) N = 4 and (d) N = 2.

Fig. 9. Beam coupling between two beams, pointing at broadside and ∆θ,
respectively, for linear array of resonant and connected dipoles with N = 16
and Gaussian tapered illumination with edge taper of −10 dB.

taper of −10 dB. The coupling remains very low for the low-
coupled dipoles for ∆θ > 20◦. On the contrary, the connected
array exhibit similar coupling up to ∆θ > 50◦, but increased
values for larger scanning of the beam. The scanning above
50◦ yields some mismatch and aberrations in the patterns, as
shown in Fig. 15(b), which causes the raise in coupling. In
fact the impedance of the array is not anymore well matched
for large scanning, and the impedance varies for each element
of the array due to finite edge effects in connected dipoles
[28].

IV. EXAMPLES OF PLANAR ARRAYS

In this section, we analyze more realistic examples of
two-dimensional planar arrays, simulated using a full-wave
electromagnetic solver. Two different structures are compared:
an array of patches and an array of connected slots, both
consisting of 8 × 8 elements. The two arrays have the same
unit cell size, defined by dx = dy = 0.5λ0, where λ0 is the
wavelength at 10 GHz. The unit cells are shown in Fig. 10. The

(a) (b)

Fig. 10. Unit cell of (a) patch array and (b) connected slot array, with
characteristic geometrical parameters.

Broadside H-Plane - 45° E-Plane - 45°

Frequency [GHz]
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]
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(a) (b)

Fig. 11. Active reflection coefficient of the infinite array of (a) patches, and
(b) connected slots for broadside and scanning up to 45◦ on the main planes.

patch in Fig. 10(a) is backed by a metal cavity, filled with
a dielectric of relative permittivity εr = 2.33 and thickness
tp = 2 mm. The vertical metal walls of the cavity have been
added at the contour of the unit cell to prevent the propagation
of surface waves. The other dimensions are lp = 8.8 mm and
wp = 7.9 mm. The patch is fed by a vertical pin with diameter
of 1.1 mm and the coaxial feed is normalized to a line of
42.5 Ω. The connected slot unit cell is depicted in Fig. 10(b)
and is characterized by slot width ws = 0.2λ0, fed by a δ-
gap generator with size δs = 0.25λ0, and backed by a ground
plane at a distance hd = 0.25λ0. Vertical walls have been
inserted between the ground plane and the array on the E-
plane to improve scanning performance. Moreover the array is
loaded with a wide angle impedance matching layer (WAIM),
that is a thin dielectric layer of relative permittivity εr = 5,
hdiel = 1 mm, and placed at a distance hgap = 2.5 mm from
the array. The port impedance is normalized to 150 Ω.

As shown in Fig. 11,the two unit cells are matched when
scanning up to 45◦ on the main planes, but while the array of
patches can operate on the band 9.5-10.5 GHz, the connected
array is matched over a larger bandwidth, between 7 and
10 GHz. Finite array simulations with 8×8 elements for both
structures (see Fig. 12) have been performed with CST. The
mutual coupling levels for the two arrays are shown in Fig. 13,
between element ports in the center of the array, according to
the indexing specified in Fig. 12. It can be observed that a
higher level of mutual coupling is obtained for the connecting
slots, which is desired to provide a large operational band-
width.

The beam coupling between a beam pointing to broadside
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Fig. 12. S parameters of the 8 × 8 array of (a) patches and (b) connected
slots.
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Fig. 13. S parameters of the 8 × 8 array of (a) patches and (b) connected
slots.
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Fig. 14. Beam coupling between two beams, pointing at broadside and ∆θ,
respectively, for 8 × 8 planar arrays of resonant patches and connected slots
at (a) f = 10 GHz, and f = 7 GHz.

and a beam pointing to ∆θ is presented for the two arrays in
Fig. 14 as a function of ∆θ, at 10 GHz for both arrays and at
7 GHz for the connected slots only. It is evident that, despite
the different inter-element coupling levels, the beam coupling
values remain comparable in all cases, since they are mainly
determined by the beamwidth and the sidelobe level of the
radiation patterns.

V. CONCLUSIONS

We presented a study on the beam coupling factor in
multibeam arrays. The coupling coefficients were expressed
in term of current distributions, mutual impedance and inter-
element mutual coupling. The study dealt with arrays of

dipoles, more specifically comparing resonant dipoles with
connected dipoles. The latter are known to have much higher
level of mutual coupling, which is typically used to enlarge
the bandwidth of operation.

When using the array in the one-beam-per-feed configu-
ration, the coupling between elements is directly related to
beam coupling, thus is not desired. However, when different
beams are generated by the entire ‘active’ array, the beams
correlation is mainly determined by the beam overlap and is
weakly dependent on the mutual coupling. We showed that
the beams can remain uncoupled even with high inter-element
coupling, as long as the beam do not overlap and the active
impedance is well behaved. Example of planar arrays are also
given to support this claim.

The finding of this article are relevant for the potential
exploitation of wideband arrays in multi-beam communica-
tion, which can enable enhanced capability in future wireless
networks.

APPENDIX A
SIMPLIFICATION OF THE COUPLING INTEGRALS

In the present Appendix, we intend to prove that the product
between two radiation patterns satisfies the following identity:

[I− k̂k̂] · Jn′ · [I− k̂k̂] · J∗n = Jn′ · [I− k̂k̂] · J∗n (20)

where we omitted the dependence of the spectral current
distributions Jn and Jn′ on k̂ to maintain a compact notation.
By expanding the dyadic products on the left hand side, one
obtains:

Jn′ · J∗n − Jn′ · k̂k̂ · J∗n − k̂k̂ · Jn′ · (J∗n − k̂k̂ · J∗n) . (21)

Since the term (J∗n − k̂k̂ · J∗n) only selects the transverse
components of J∗n that are not aligned with k̂, whereas the
term (k̂k̂ · Jn′) is parallel to k̂, one can note that

k̂k̂ · Jn′ · (J∗n − k̂k̂ · J∗n) = 0. (22)

By using (22) in (21) and by rearranging the dyadic products,
one obtains:

Jn′ · [I− k̂k̂] · J∗n . (23)

APPENDIX B
ANALYTICAL EXPRESSION OF THE VISIBLE GREEN’S

FUNCTION

In this Appendix, we derive a convenient analytical expres-
sion of the visible Green’s function, which was defined in (9)
as

gvis(r) =
−k2ζ

16π2

∫∫
4π

[I− k̂k̂]e−jkk̂·rdk̂ . (24)

Recalling the following property for the plane-wave spectral
representation

k̂k̂e−jkk̂·r = −∇∇
k2

e−jkk̂·r (25)

and inverting the dyadic operator with the integrals, we can
express the visible Green’s function as

gvis(r) =
−k2ζ

16π2

[
I +
∇∇
k2

] ∫∫
4π

e−jkk̂·rdk̂ . (26)
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The integral figuring in (26) can be closed according to
what is demonstrated in Appendix C, thus gvis can be written
as follows

gvis(r) = − ζ

4π

[
k2I +∇∇

]
sinc(kr) . (27)

APPENDIX C

In the present Appendix we would like to prove the follow-
ing integral identity:

2π∫
0

π∫
0

e−jkk̂·r sin θdθdφ = 4π sinc(kr). (28)

Since r and k̂ can be written as

r = r(sin θ cosφx̂ + sin θ sinφŷ + cos θẑ) (29)

k̂ = (sinβ cosαx̂ + sinβ sinαŷ + cosβẑ) (30)

the left hand side of equation (28) can be rewritten as follows:
π∫

0

ejrk cos β cos θ sin θ

 2π∫
0

ejrk sin β sin θ cos(α−φ)dφ

 dθ. (31)

According to [29], the integral in brackets can be closed in:

2π

π∫
0

ejrk cos β cos θJ0(kr sinβ sin θ) sin θdθ (32)

where J0 is the zeroth order Bessel function of first kind. By
using the asymptotic expansion of J0 given in [29] and by
using trigonometric identities, (32) becomes:

πe−j
π
4

π∫
0

√
2

πkr sinβ sin θ
ejkr cos(β−θ) sin θdθ

+ πej
π
4

π∫
0

√
2

πkr sinβ sin θ
e−jkr cos(β+θ) sin θdθ. (33)

By applying the stationary phase point method, (33) can be
rewritten as:

πe−j
π
4

√
2

πkr sinβ sin θ′s
sin θ′s

π∫
0

ejkr cos(β−θ)dθ+

+ πej
π
4

√
2

πkr sinβ sin θ′′s
sin θ′′s

π∫
0

e−jkr cos(β+θ)dθ (34)

where θ′s and θ′′s are the saddle points of the phase functions
figuring in the first and in the second integral respectively. By
forcing the derivatives of these phase functions to be null, the
stationary phase points can be found:

θ′s = ±β, θ′′s = ∓β (35)

Since for both saddle points the solution must be an element
in the integration domain [0, 2π], it follows that:

θ′s = θ′′s = β. (36)

Fig. 15. Comparison between (28) evaluated numerically and its analytical
solution (i.e. 4π sinc(kr)), for k = 1 m−1.

By substituting (36) in (34), one obtains:

πe−j
π
4

√
2

πkr

π∫
0

ejkr cos(β−θ)dθ+

+ πej
π
4

√
2

πkr

π∫
0

e−jkr cos(β+θ)dθ (37)

As reported in [29], both integrals can be closed into zeroth
order Bessel functions of the first kind, by using their asymp-
totic expansion (37) becomes:

πe−j
π
4

√
2

πkr
e−j

π
4

√
2π

kr
ejkr+

+ πej
π
4

√
2

πkr
ej

π
4

√
2π

kr
e−jkr. (38)

Calculating the products of (38) and then using Euler’s iden-
tities leads to:

4π
sin(kr)

kr
= 4π sinc(kr) (39)

which proves the identity (28).
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